ON THE MULTIFRACTAL SPECTRUM OF
WEIGHTED BIRKHOFF AVERAGES
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ABSTRACT. In this paper, we study the topological spectrum of
weighted Birkhoff averages over aperiodic and irreducible subshifts
of finite type. We show that for a uniformly continuous family of
potentials, the spectrum is continuous and concave over its do-
main. In case of typical weights with respect to some ergodic
quasi-Bernoulli measure, we determine the spectrum. Moreover,
in case of full shift and under the assumption that the potentials
depend only on the first coordinate, we show that our result is
applicable for regular weights, like Mobius sequence.

1. INTRODUCTION

Let T: X — X be a measure preserving transformation of the stan-
dard Borel probability space (X,B,v). The well-known Theorem of
Birkhoff states that for any f € L'(X, B,v), the limit

1 n—1
. - k . 2
nh_)ngo - ; f(T"z) exists for v-almost every x.

Moreover, if v is an ergodic measure with respect to T then

n—1

1 Z f(TFz) = /fdy for v-almost every .

The “time” averages %ZZ;& (T*x) are called the Birkhoff averages.
If T is uniquely ergodic then for a continuous potential f € C'(X), the
limit lim,,_o = S0 f(T*z) exists for all z € X and converges to a
constant. That is, there is no multifractal behaviour. However, if the
system (X, T) has a large family of ergodic measures (for example, a
full shift), one may expect that the limit of the Birkhoff averages can
take a wide variety of values. It is a natural question to ask, how large
(for example, topological entropy, Hausdorff or packing dimension) is
the set of points in X for which the Birkhoff average converges to a
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prescribed value a? It leads to the multifractal analysis and there has
been a considerable amount of works on this.

As far as we know, the first work is due to Besicovitch [4] where he
studied the Hausdorff dimension of sets given by the frequency of digits
in dyadic expansions. Then it was subsequently extended by Eggleston
[7]. For further results on digit frequencies, see Barreira, Saussol and
Schmeling [2]. For multifractal analysis of Birkhoff averages, we refer
to [12, 14, 24, 28, 18, 16, 13, 3] and references therein.

Let X be a compact metric space, let T: X +— X be a continuous
transformation, and let ¢: X — R be a continuous potential. Takens
and Verbitskiy [29] showed that for an « € R, the topological entropy
of the set

n—1
.1 k
E(a) = {:c € X: nh—>noloﬁ ,;0 o(T"x) = a}

equals to the Legendre transform of the topological pressure, which
is equal to the supremum of the entropy of all invariant and ergodic
measures for which the “space” average (i.e. the integral of ¢) equals
to «a.

In this paper, we are interested in the generalisation of the problem
above for weighted Birkhoff averages. Let w = {wy }ren be a sequence
of bounded reals and let p: X + R? be a continuous potential and let
a € R?. Is it possible to determine

n—1
o1
Ptop ({JC € X: JLIEOEkakgp(Tkm) = a}) =97

Weighted Birkhoff averages were studied since 1940’, since the cel-
ebrated Theorem of Wiener and Wintner. Since then several gener-
alisations of the weighted ergodic theorems appeared, see for example
[8, Chapter 21]. The first study of weighted Birkhoff averages in the
context of spectrum was by Fan [9]. Lately, there were an additional
motivation for this problem by Sarnak’s conjecture [27]. Let us recall
the definition of the Mobius sequence, p: N +— {—1,0,1},

(n) (—=1)F if n is a product of k distinct primes,
n)=
H 0 if there exists a > 2 such that a?|n.

Sarnak’s conjecture [27] claims that if 7: X +— X is continuous over
the compact metric space X with topological zero entropy then for
every x € X and every continuous potential ¢: X — R

o1
lim —
n—oo M

S ulk)p(Th) = 0.
k=0

Even though Sarnak’s conjecture has been verified for various special
dynamical systems (e.g. rotations on the circle, automorphism of the
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torus with entropy zero etc.), it is still widely open in general. We
refer to [19] for a survey of many recent results on Sarnak conjecture.
El Abdalaoui, Kutaga-Przymus, Lemanczyk and de la Rue [1] showed
Birkhoft’s type ergodic theorem with Mobius weight.

Theorem ([1]). Let T be an automorphism of a standard Borel proba-
bility space (X, B,v) and let f € L'(X,B,v). Then, for v-almost every
x € X, we have

‘ 1 n—1 i
Jim —~ kzzou(k)f(T (x)) =0.

Fan [10] proved a similar result for a more general family of se-
quences, like Davenport’s type. Hence, the usual method of calculating
the spectrum for weighted Birkhoff averages, that is, to show that it
is equal to the supremum of the entropy of invariant measures, is not
applicable. This paper is devoted to present a method, which allows us
to calculate the spectrum. Recently, Fan [11] studied the same ques-
tion, but with strictly different methods. We will point out the main
differences between our and his results.

2. RESuLTS

In the rest of the paper, we restrict our interest to the full shift space.
That is, let A= {1,..., K} be a finite alphabet, and let ¥ = AY. Let
us denote the left-shift operator on ¥ by o. Denote ¥, the set of n-
length finite word. Moreover, denote 3, the set of all finite prefixes of
the infinite words in 3. For an i = (ig,1,...) € X and m > n > 0 let
i|™ = (in,...,%n) be the subword of i between the positions n and m,
and for short denote by i, the first n element of i, i.e. i|,, = i|j*. For
an i € 3, denote [i| the length of i and let [i] denote the corresponding
cylinder set, that is, [i] := {j € ¥ : j|; = i}. We use I(-) to denote
the level of cylinder. Moreover, The space X is clearly metrisable with
metric

(2.1) d(i,j) = emminin20inAin},

In some cases, we extend our interest to a special family of o-
invariant compact sets. Let A be a K x K matrix with entries 0, 1,
and we say that the set Yo C X is subshift of finite type if

Ya = {i= (ig,i1,...) € AV: A =1 for every k =0,1,...}.

We call the matrix A the adjacency matrix. Let us denote the set
of admissible words with length n (i.e. n-length subwords of some
element in ¥4 ) by X4 ,, and denote X . the set of all admissible words.
Without loss of generality, we may assume that X ; = A. Moreover,
we say that YA is aperiodic and irreducible if there exists r > 1 such
that every entry of A" is strictly positive.

Uy ik+1
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2.1. Topological entropy. Before we turn to our main results, let us
recall here the definition of topological entropy on the shift space. Let
¥ = AN be the symbolic space. Let E C 3. Define

Hi(E) := inf Z e U0
Cea

where « is taken over all covers consisting of cylinders of levels large
than r. Clearly, H:(FE) is increasing as a function of r. We define

H(E) = lim H(E) € [0, +00].

The topological entropy of E is the value where the above limit jumps
from +o00 to 0, that is,

hiop(E) :=1inf{s > 0 : H*(E) < +0o0}.
An upper bound of hi.,(E) is given by

(22)  hup(E) < limind % log #0i € 5, : [i| N E # 0.

In fact, the reason is that we can always take a cover with cylinders
of level n when estimating H:(E). If FE is a closed o-invariant set,
then the equality holds (see for example [22, Theorem 2.6]). However,
the equality does not necessarily hold in general, because there might
exist a better cover (in the sense that we could get smaller value of
> cea €19 than covers consisting of cylinders of level n.

To get the lower bound, one has a version of Frostman Lemma as
follows.

Lemma 2.1. Let E C X. Suppose that there exists a probabilistic
measure (1 on E satisfying that there is a constant ¢ such that for every
cylinder C, we have i(C' N E) < ce™) . Then hiop(E) > s.

2.2. Continuity of the entropy. The first aspect of the study is
the continuity of the entropy in a more general setting than weighted
Birkhoff averages. That is, let ¥a be an aperiodic and irreducible
subshift of finite type and let ¢; : ¥ — R be a sequence of continuous
potentials. We say that the sequence of potentials {¢;} are uniformly
equicontinuous if

(2.3) PV = sup var, (¢;),

is finite for every n and converges to 0 as n tends to oo, where
var, (@) := sup sup {[¢(j) — ¢(k)[}.
iex,, jkeli

For i € ¥4, let

n—1

A(i) := lim sup % Z pi(a'i),
i—0

n—oo
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n—1

A(i) —hgglor.}fEZ@ o')

Moreover, if the limit exists let

= lim — E ¢i(0'i)
n—oo N

Given a < g € R, let
La(a,B) ={i€ Ta:A@l) = a and A(i) = B}.
For short, let La(«) := La(a, ). Now we state our first main result.

Theorem 2.2. Let X5 C X be an aperiodic and irreducible subshift
of finite type. For every sequence ¢;: Xao +— R of uniformly equicon-
tinuous potentials, the function a — hyp(La()) is continuous and
concave over its domain, which is a (possibly empty) closed interval.

In his paper, Fan [11] gave upper and lower bounds for A, (La (o)) in
case of full shift by using a generalized topological pressure generated
by the sequence ¢;. If the pressure is sufficiently smooth then these
bounds agree.

It is a natural question how large is the set of irregular points, that
is, let

n—oo M

n—1
1
D = {1 € X lim — Z@ o" i) does not exists }

Theorem 2.3. Let X5 C 3 be an aperiodic and irreducible subshift of
finite type. Let ¢;: XA — R be a sequence of uniformly equicontinuous
potentials. Assume that A(i) takes at least two possible values, that is,

the domain of the function o — hiop(La () is a nontrivial interval.
Then

hiop(D) = hiop(ia)-

2.3. Random weights. Let us now extend our symbolic space ¥ =
AN Namely, Let A = {1,..., N} be another finite alphabet, and let
Q = AN be compact left-shift invariant subsets. Let us define the
extended symbolic space I' := Q x ¥. As an abuse of notation, we
denote the left-shift operator on €2, and I' by ¢ too. Adapting the
notations for 2 and I', let €2, and I',, be the set of n-length finite
words, and denote €2, and I', the set of all finite words. The spaces
2, Y and I are clearly metrisable with the same metric defined in (2.1).
For short, denote i A j = min{n >0 : i, # j,}.

For an aperiodic and irreducible subshift of finite type X5 C X, the
set I'a = 2 x ¥4 is an aperiodic and irreducible subshift of finite type
as well. Denote the set of finite admissible words by I'a . and that of
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words of length n by I'a .. Let f: I'a = R? be a continuous potential.
For a given sequence w € 2 and o € R? let

n—1
Ey(a) = {i € XA lim lZf(akvv,aki) = a} .
k=0

n—oo 1

Our goal is to determine the topological entropy of Fy(a), at least for
the case of typical w € . In order to do so, we need to introduce
further regularity properties on f and on the choice of w.

We say that the potential f: Q x Ya — R? has summable variation
if

> omax o [lf(w.i) — f(z.j)] < occ.
k=0 (w’l):(sz)E.FA,*5
(w,i)A\(z,j)=k

Let v be a o-invariant ergodic measure on 2. We say that v is quasi-
Bernoully if there exists C' > 0 such that for every w,z € (2, with
wz € (),

Cw([wv([2]) < v(fwz]) < Cv([w)v([z]).

Denote by II the natural projection IT: Qx¥ — Q, that is, II(w, i) = w.
Denote by &,(I"), £,(Ia) the set of ergodic o-invariant measures on I'
and I'p respectively, whose marginal is v, i.e., II,;u = v. Denote by
M, (T) and M, (T ) the set of o-invariant measures on I' and "'y with
marginal v. Let

(2.4)
Pa = {a € R?: there exists € M, (I's) such that /fdu = a}.

Denote the relative interior of P by Pg.

Moreover, let us define the conditional pressure of a potential f :
FA — R by

1 .

2.5 P,(f)=1lim — [ lo sup e dy (w),

(2.5) (f) = Jim — giezznje[%) (W)

where S, f = f+ foo +---+ f oo™ ! and log is taken in the base
e. Throughout the paper, we will use the convention that 0 -log0 = 0.
Moreover, we note that we define the supremum over an empty set as
—oo and the topological entropy of an empty set as —oco. Now, we can
formalise our second theorem.

Theorem 2.4. Let ¥po C X be an aperiodic and irreducible subshift
of finite type, and let v be a quasi-Bernoulli o-invariant ergodic mea-
sure on Q. Moreover, let f: Q1 x Lo — R? be a continuous map with
summable variation. Then for every a € PR and for v-almost every
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w € (),

heop(Eu (@) = sup{h, : p € £,(Ta) and / fdu=a}—h,

= sup{h, : p € M,(T'a) and /fdu =a}—h,
= int P((p.f )

Furthermore, there exists ag € R such that for v-almost every w,
(2.6) Biop(Buw (010)) = hiop(Ea).

Combining Theorem 2.2 and Theorem 2.4 we get the following stronger
result for real valued potentials, which shows that for a typical sequence
of weights it is possible to calculate the whole spectrum.

Theorem 2.5. Let ¥a C X be an aperiodic and irreducible subshift
of finite type, and let v be a quasi-Bernoulli o-invariant ergodic mea-
sure on ). Moreover, let f: Q x Yo — R be a continuous map with
summable variation. Then for v-almost every w € 2,

heop(Bu (@) = sup{h, : p € £,(Ta) and / fdu=a}—h,

= sup{h, : p € M,(T'a) and /fdu =a}—h,
=inf (P,(p- f) —a-p) for every a € R.
peR

Moreover, for v-almost every w, the map a — hiop(Ew () is contin-
uous and concave over its domain Pa.

Fan [11] proved some similar results. Namely, he showed a version
of Theorem 2.5 for full shifts with the choice f(oc"w,o"i) = wrp(i),
where (wy)y is an ergodic sequence of real random variables or deduced
from a uniquely ergodic dynamical system, and ¢ depends only on a
finite number of coordinates. In this cases, he shows analyticity of the
conditional topological pressure, while our result only gives continuity.

2.4. Potentials depending on the first coordinate. Let us assume
that f: 2 x X — R depends only on the first symbol, that is, f(w,i) =
fuwo,io- Then for a w € €,

n—1
. . ]‘
By () := {1 €x: Jggoﬁ;fwk,ik = a} :

Let ¢ = (q1, - - - ,qn) € Sy be a probability vector, where Sy denotes
the (N — 1)-dimensional simplex. We say that w € € is g-frequency
reqular, if

(2.7) lim #{k €[0,n]NZ: wy =i}

n—o0 n

=q; for every 1 =1,..., N.
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Notice that there is a bijection between Sy and the probability
Bernoulli measure on 2. In this case, we choose v = v, to be the
Bernoulli measure on §2. Then for the potential f: I' — R, the condi-
tional pressure has the form

N K
(2.8) P(p, f —a)) =) qjlogy e®i),
Jj=1 i=1

Denote by B,(I') the set of all Bernoulli measures on I' with marginal

v. That is, let (p”)] 1iz1 € By(I') C Syi such that S P = 45
Our third main result is as follows.

Theorem 2.6. Let w € {1,.... N} be a q-frequency reqular sequence
with frequencies (qi,...,qn). Then for every a € R.

N
htop(Ew<a)) = sup { ijz Ingﬂ Zp] zf]z = O‘} + Z% IOg qi
=1

(pj,i)EBg(T
= inf {Fy(p- f) —pa} .

Comparing Theorem 2.4 with Theorem 2.5, in the general setup of
Theorem 2.4 we are only able to show that for any possible value of «
one can find a full measure set €2, which might depend on «, while in
Theorem 2.5 in the one dimensional case, we manage to show that there
exists a universal full measure set €2, for which any w € € the spectrum
a = hyop(Ew(a)) can be determined. Comparing Theorem 2.6 with
Theorem 2.5, we can construct a Bernoulli measure with probabilities
q = (q:)s, for Wthh the g-frequency regular sequences will be a set of full
measure. That is, we can explicitly construct the set €2 of full measure
for which the spectrum can be determined. In this sense Theorem 2.6
is a strengthening of Theorem 2.5 for this particular class of systems.

Fan [11] also gave a similar result in his recent preprint. Namely,
Fan shows Theorem 2.6 under a weaker condition that ¢ depends on
finitely many coordinates but under the stronger assumption that it
takes only values —1, 1.

Now we state the corresponding version of Theorem 2.3 for the fre-
quency regular case. Similarly, let

n—oo N,

n—1
1
Dy, = {i €X: lim — Z fuwy.i,, does not ex1sts}

Theorem 2.7. Letw € {1,..., N} be a q-frequency regular sequence
with frequencies (qi,...,qn). Suppose that g; = Zjvzl q;fji s not con-
stant as function of i. Then

htop(Dw) = log K.
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2.5. Examples: weighted Birkhoff averages with frequency reg-
ular weights. Now, we show examples and demonstrate our result on
the spectrum of real valued potentials depending on the first coordi-
nate and frequency regular weights. Here we assume again that our
potentials are supported on the whole spaces ¥ = AY, Q = AN and the
potential ¢: ¥ +— R and the weight A: 2 — R depend only on the first
symbol, that is, p(i) = ¢;, and A\(w) = A,,. Then for a w € 2, let

n—1
1
Ew(a) = {1 cX: JLII;OEZAWCQO% = a}.

Let ¢ = (q1,...,qn) € Sy be a probability vector, and let w € Q be
an arbitrary g-frequency regular sequence. Denote by ¢max = max{y; :
1 <i< K}_and Ymin = min{y; : 1 < i < K}. To avoid the trivial
case, we assume Q. 7 Pmin- Finally, let
(2.9)

I= ®min Z qj)\j + ©max Z Qj)\jy Pmax Z Qj>\j + ©min Z Qj>\]
)\j>0 >\j<0 )\j>0 )\j<0

Now we show a compatible form of hop(Ew () in order to compute
some examples.

Example 2.8. Let w € {1,..., N} be a q-frequency reqular sequence
with frequencies (qi1,...,qn). Then for every a € I

htop (E: Z g, log Z ePAipi—

where p is the unique solution of the equation

DA Qi
(2.10) Zq] Lze] -«

-1 ep>\g Pi

Moreover, if o ¢ I, infy, P,(f,) = —oo, that is, there is no p* € R? such
that inf, P,(f,) = P.(fp*)-

Proof. Let o € I. For sake of simplicity, denote P(p) = P,(p(Ap —a)).
It is easy to check by (2.8) that

N N
= Z q; log Z ePA%i — pay.,
j=1 i=1

It follows that

DPAjpi

z IQOZB I
QJ ) - Q,

‘_ epPAjPi
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and
N N Pi N 0 N -
Pr(p) = 3 g i NP (Dl %) = (T i7"
p) = djA; ~ = )
j=1 (Dimy €P%7)

Since Ymax # ©min, by Cauchy-Schwarz inequality, we see that P”(p) >
0 for all p € R. A simple computation shows that

P'(—00) = Gumin Y @A + Pmax Y 5N — 0 <0,

A;>0 ;<0

and
P,(‘I'OO) = Pmax Z (Ig)\j + ©min Z QJ)\] —a>0.

A;>0 A;<0

Thus P’'(p) = 0 has a unique solution at which P achieves minima.
Now let o ¢ I. It is easy to calculate that

P(—OO) = pEI_Iloop<§0min Z Qj)\j + Pmax Z Qj)\j - Oé),

A;>0 A;<0
and
P(+00) = Wm p(pma D 4525 + Pmin D 435) = ).
)\j>0 )\j<0
Thus inf, P(p) = —o0. O

Example 2.9. Let us consider again the Mobius sequence with the
potential p(i) =iy fori € X =1{0,...,N — 1}, The Mdbius function
18 frequency reqular with

#{Ogign—lzu(i):il}: 3

lim — and
n—00 n T
<i<n—1:pu()=
o B0 a0}
n—o0 n T

see for example [6]. As a special case of Example 2.8 for ¢: {0,..., N—
1 = R with o(i) = ig, we get

ePN

uon (E(0) = (1 - %) log(N)+ 5 log ( . _—11> B ((N ~)o 4 a> p,

where H(p) = =, pilogp;. and p is the unique solution of

(eNFP —1)(N — 1) — (N +1)(e"? —¢?)  m’a
(eMr — 1)(er — 1) =g Joras {

~(N-1)3 (N - 1)3}

b
2 2

A corollary of the above results is that non-degenerate weights and
potentials give us non-degenerate weighted spectrum.
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Corollary 2.10. Let w € () be a frequency reqular sequence with fre-
quencies (qi, . . ., qn) with non-degenerate weights, i.e. Zjvzl ¢;|Aj| > 0.
Let ¢: 3 +— R be a potential depending only on the first coordinate.
Then there ezists ag € I such that hyop(Ew()) = log K. Moreover,
the domain I is a non-degenerate closed interval unless the potential
o(i) = ¢;, is constant. In particular, either the limit of the weighted
Birkhoff average at every point exists and equals cvg or the set of points
at which the limit of the weighted Birkhoff average does not exist has
full topological entropy.

Proof. The first assertion follows by Theorem 2.6 for f;; = \j¢; with

the choice p;; = 4 and ap = (Zfil %) (Zjvzl qj)\j). Moreover, (2.9),
Theorem 2.8 and the continuity of the spectrum give the second claim
by some algebraic manipulation. The proof can be finished by applying

Theorem 2.7. O

The difference between the usual Birkhoff averages and weighted
Birkhoff averages is shown by the following example:

Example 2.11. On the full shift system ¥ = {0,1}" there exist a
potential ¢: 3 — R depending only on the first symbol and a bounded
sequence of weights w = (w;); (which is not frequency regular) such
that

— The a = 0 is the only possible value of the limit of a weighted
Birkhoff average,

— 0 < hiop(Ew(0)) < log2. At all the points in ¥\ Eyw(0) the limit
of the weighted Birkhoff average does not exist.

In particular, to have non-degenerate weighted spectrum, the fre-
quency regularity of the weights is somewhat necessary. The proof of
the example will be given in the last section.

Structure of paper. In Section 2.1, we recall the definition and basic
properties of topological entropy. In Section 3, we prove Theorem 2.2
and Theorem 2.3. In Section 4, we prove Theorem 2.4 and Theorem
2.5. In Section 5, as an application of Theorem 2.2 and Theorem 2.4,
we show Theorem 2.6 and Theorem 2.7. We remark that the proof
of Theorem 2.2 and that of Theorem 2.4 are independent. Thus the
readers who are interested in Theorem 2.4 may read directly Section 4.

3. CONTINUITY AND CONCAVITY OF THE SPECTRUM

Let us recall the conditions and notations of Theorem 2.2. That is,
we assume that ¥4 C ¥ = A" is an aperiodic and irreducible subshift
of finite type. Moreover, let ¢; : a4 — R be a sequence of uniformly
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equicontinuous potentials. For i € X4, let

n—1

A(i) := limsup — Z¢ZUI and A(i) —hmmf—Z@ol.

n—oo n—oo 1
Given a < g € R, let
La(a,B)={ieX: A(l) = a and A(i) = 8}.
For short, let La(«) := La (o, «). Define

B (i) := X_: ¢i(0'1)

and A7 (i) = — mB;EL( i). Let
p;) = sup sup |Ay(j) — Ay (k)]
iEEAYHj,kG[i]

for m,n € N with n > m. It is clear that

1 n
3.1 (2) < = ).
(3.1) <~ ;pz

Since pg) converges to 0 as n tends to oo, so does p,(f).

Lemma 3.1. Let ¢ > 0 and N € N. Suppose that |A} (i) — af < e for
alln > N. Then for m,n > N we have

Proof. The statement follows simply from (n — m)AP (i) = nAj(i) —
mAy(1). O

We remind that for an aperiodic and irreducible subshift of finite type
YA there exists a constant r such that for any two admissible words
i,j € X4 . there exists a word k of length r such that the concatenation
ikj is admissible, moreover one can choose k depending only on the last
symbol of i and the first symbol of j. We fix r for the rest of the section.

We will need the following technical lemma. Note that although the
sequence ¢; is defined only on ¥, C ¥, it can be naturally extended to
Y in such a way that the sequence remains uniformly equicontinuous.
For instance, for every i € ¥ let n(i) = inf{n > 0 : i € Ya.},
that is, i|g(i) is the longest admissible prefix of i and let ¢;(i) :=
Max; n, ¢i(j). We consider a map 7 in the following lemma, which
illustrates that the concatenation of a sequence of admissible words can
be changed into an admissible infinite sequence without changing the
weighted Birkhoff average.

Lemma 3.2. Let (q;)52, be an increasing sequence of integers satisfying
q;/j — o0 and qj41 —q; > 2r. Let m: ¥ — X be a map satisfying the
following properties for every n € N:
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i) if il = jlg then (rD)|% = (xH)|Y for j such that g; < n < gz,
i) if i} # (wi)| thenn € {¢; +1,...,q; +r} for some j.
Then there exists a sequence p7(13) N\ 0 such that for everyi e X and for
every n
| A (i) — Ap ()] < p.
Moreover, for every X C X
Biop(7(X)) = hiap(X).
Proof. Taking j such that ¢; < n < g1 we get
n . ni(se (j _'_ ]‘>T J i 1 qj+l_qj_r
B SRS D SIS S
n ZZO,IEAN
=1 f max{q;j4+1—q;—r—n,0}
J

(j+1r 1 " o
< Z>I§12§N’¢Z()|+ﬁ;( G — i1 — 1) e+ P2

Observe that = 1 i 1(q- — Qi—1 — T)péf),qifl,r — 0 as n — oo. Indeed,

since g¢; — qj—1 —r — 00 as j — oo, for every € > 0 there exists J > 0

, 2
so that for every ¢ > J pgi)_qifl_r < ¢ and thus, 1 TG — g1 —
- 2) .
T) pgf)_qifl_r < 4dide 4 TP This proves the first assertion.

To prove the second assertion, we need a lower and an upper bound.
For the upper bound we notice that the image under 7 of a cylinder
whose level is not of form {g; +1,...,¢;+2r} is contained in a cylinder
of the same level. As for any set X we can construct a family of covers
realizing the topological entropy using only cylinders of levels not of
form {g; +1,...,q; + 2r}, the images of those cylinders will give us a
family of covers of w(X) realizing the same topological entropy.

For the lower bound, let  be a measure supported on X such that
for every cylinder C' of level ¢(C') = n we have

U(C N X) < elhon()+)O).

Then if n is not of form {g; + 1,...,¢; + 2r} but ¢; < n < g4+ then
for every cylinder C’ of level n we have

T (1) (C) < KU elhiop(X)+)UC)

Intuitively speaking but not quite precisely, the map 7 acting on initial
words of length < g;; is at most KUTU"to-1. As j = o(g;), the factor
K70+ is subexponential in ¢; and thus we get the lower bound from
Lemma 2.1. U

The proof of Theorem 2.2 relies on the following technical proposi-
tion. It is a weighted version of the w-measure construction in Gelfert
and Rams [20, Section 5.2]. In simple but very vague words, we have
some collections of sequences with given weighted Birkhoff averages «;
and we concatenate proper parts of them to construct 'Frankenstein’
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sequences with weighted Birkhoff average lim ;. Important part is that
if our starting collections were large (of large topological entropy), we
can do it in a way that the constructed set of sequences also has large
topological entropy.

Proposition 3.3. Let ¢, > 0 and «, be sequences of reals such that
limsup,, o O = Qmax, liminf, ., = i and lim, e, = 0.
Moreover, assume that for every n > 1 there exists a set M, C Y
and a positive integer T,, > 0 such that for every i € M, and m > T,

3

¢k(0ki) — Oy
=0
Then ht0p<LA(amin7 CYmax) > lim lnfn%oo htop(Mn)-

Moreover, in case lim,,_,o a,, = « then there exists a set M C La ()
such that the convergence Aj(i) — « is uniform on M and hiop(M) >
lim sup,, o Ptop(M,,).

For a subset M C X, we denote by Ma,b] = {i € A*~**! . Jj €
M,j® = i}. That is, the collection of (b — a + 1)-words occurring
in certain element of M starting at place a and ending at place b.

Moreover, we use the notation Z2(M) = #M|a,b — 1] for convenience.
It is clear that for a < b < ¢, we have ZS(M) < Z5(M) - Z¢(M).

< &y

1
m

~— =

Lemma 3.4. Let M be a set with hyop(M) > 0. Then for every h <
hiop(M) there exists a sequence (2;)ien of N such that for every z; and
for every n > z; we have

log ZI' (M) > (n — z)h.

Proof. Indeed, if it fails then we would be able to find an increasing
subsequence (n;);eny of N such that log Z,:™ (M) < (ni1 — ni)h, and
by summing them up this would imply log Zg*(M) < (n; — ng)h +
log Z)°(M) , hence hiop(M) < h, which is a contradiction. d

Proof of Proposition 3.3. Let My be the sequence of subsets and T} as
in the assumption. Moreover, let infy hiop (M) > 6 > 0 be arbitrary
but fixed. Then by Lemma 3.4, for every k € N there exists a sequence
(2F)ien such that

(3.2) log Z7.(My) > (n — 25) (hiop(My) — 9) for every n > 2F.

We choose a subsequence (Ng)ren of N satisfying the following proper-
ties:
o No =0, Np_1 > Tp;

o N, € (ZlkH)ieN;
N1

e limy_,o SF_N, = 005
j=1

o log Z'(My) > n(htop(My) — 6) for all n > Nj.
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Now, let us define sequences 2 > 1, > 1 and m(k) € N such that

(m)mUv) - __F , lim rp =1 and lim (ry — 1)g," = oo.
k—1 k—oo k—oo

Define a sequence ()™ by t¥ = | (ry) Ny_1] for i = 0,...,m(k).
By definition, tfn(k) th+1 It is easy to check that

re — < f: ! <7 <1< (/f)
+ IOI' 1 ] m .
k Nk . = f > Tk Nk 1 =t =

Finally, let
M={iec AV:ilM' e Mo, Ny — 1],

i

j;‘;l‘ € Mylth t5,, —1],Y0 < i < m(k) — 1,Vk > 2}

= M;[0, Ny — 1] x H HMktz,tHl 1].

In other words, on positions 0,..., N; — 1 we can put any sequence
that appears in M;. For k > 1, on positions in each [tF, tz+1 1] we can
put any sequence that can appear (on those positions) in M. Note

that M is not necessarily a subset of ¥, since it might happen that
these concatenations are forbidden. We will use this set to construct
one with the properties claimed in the statement, but first we show

that M is a prototype of our goal set. Namely, we will first show that
the set M C Y satisfies

(i) min < liminf, o0 AG(i) < limsup,_, AG(i) < amax for every
ie MN
(ii) htop(M) > lminf, o hrop(M,).

Consider i € M and n € N. Take k € N with N, < n < Njy,. Let
m be the largest number such that n — ¥ > 0. Remark that

k. m(j)-

Bg( BNl +Z Z Bg+1 ‘-’1 ‘I'ZBﬁﬂ tZ +Bk+1( k+11)-
= 2

Observe that for every tZ there exists a j € M; such that for every
t) <i <t |¢i(0'i) — ¢i(0f)| < VaftgH,i(Qbi), and thus

e+1 z+1 1z+1

t“1 Zgﬁzdl ZQSZJJ Zvar . ®;)

i= tj zftj i= t]
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Hence, by Lemma 3.1

Bn( ) <a1N1 + ZOZJ Nj — Nj—l) + (7’L - Nk)ak+1 + €1N1

j=2
k m(j)—1
+ Z ei(th + 1) + Z e (T + 45 + (n+ 6 e
Jj=2 ¢=0
k. m(j)— 1t£+1 1 m— 1t?i_11 1
—1—2 Zvar o ¢l+z Zvarzm (h;) + ZV&I‘k+1_
]22 /=0 = t] =0 = tk+1 = tk+1
Observe that
m(j)—1 m(j)—1 m(j)
3e;Nj_q(r; " —1 3e;N;
&t tt) < D emi(riA N < —— r.(_]1 ) <oT
=0 (=0 J j
Hence,
1 k. m(5)-1 m—1
n Z E5(they 1) + Y crn (G 7 + (n+ 65 eri
Jj= =0 (=0
k
1 3e; 3epp1 Np(rity — 1)
< - —N; + + +(n+th e
_n<;7“j—1 J Tk+1—1 ( m)k+l
k—1
< O(ijz Nj) i ek 35k+1(tf§f1 + 1) n (n + tan)EkJrl
- Ny, re — 1 n(rpe — 1) n
thzl N; 3ek OEk+1
<O(=E + 4 264 = o(1).
< O N, ) re—1 " rp — 1 k1 = o(1)

On the other hand, since p;

M 0 as i — oo, where pgl) is defined in

1 (1) :
(2.3), we get - Zj 1 p; — 0 asi— oo and hence,
. j k+1
ko m(j)—1t—1 m—1t1—1
E E var, . (¢i)+ E g var (di)+ g Vari ®;)
241
i=2 =0 iy (=0 j—gh+1 i1
j k+1
m(j)—1 t%+1 1 m—1%tef1—

R
SZ Zptj +Zzp(’i)ﬂ Z k“*

L+1
- {=0 ;— tk+1 i=tht1

(e — 1)o(1) + ) (tpH — t5™)o(1) + (n — thH" —
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The lower bound is similar, thus we get for every Ny < n < Niyq

+o(1).

This together with Ny,1/Ny — oo implies (i). Moreover, if ap — «,

Ny, + (0 — Ni) o

A3 = n

this shows that the convergence A} — « is uniform on M. So it only
remains to show (ii).
We pick arbitrarily tf < n < & ; for some k € Nand 0 < £ <

m(k) — 1. By definition of M and (3.2), we have
k — k
Zy, (M) > 2 (M) > exp((t§ — Ni—1) (heop(My) — )

The last inequality is due to the fact that Ny_; € (2F)icn. Similarly,
we see that

ZyE (M) > exp((Ny — Ni—1) (huop(My) — 6)).

Since M[N;_y, N; — 1] M[Nj_l,]\fj — 1] are independent for ¢ # j, we
have

k—1

th th F (AT

(33) Zy(M)=Zy (M)- | | Zy' (M)
=1

S

-1

> exp ((ﬂf - Nk—l)(ht0p<Mk) - 5) + (htop(Mi) - 5)(Ni - Ni—l))

Il
—

> exp <tlz(lim inf hop(M;) — o(1) — (5)) :
1—r 00
We define a probability measure u as follows. For any i € ¥, let

k€ Nand 0 < /¢ <m(k)—1 be the unique integer such that t¥ < n <
t§. 1, and let

oy _ #HAe Mo, —1]: [i] D [A]}
74 (1)

It is easy to see that p is a well defined measure supported on M.
Indeed, if |i| < ¢}, then

. #{A e M0,t} , — 1] : [ij] D [A]}
2 1= 2 7y ()
_#{Ac M[O,téﬁ;rl — 1] : there exists j € A such that [ij] D [A]}
: 7y (M)
_ #HAe M.t —1): [i] O [A])

t

k —
Zy " (M)

)
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and if |i| = ¢}, then

g #{A € M0, 1}, 1) : [i7] > [A]}
p([ig]) = R
;4 jEZA ZO€+2(M)
_ #{Ac M[O,t§+2 — 1] : there exists j € A such that [ij] D [A]}

t

k L — tk —~
2 ()2, (M)

tk 5 —
Zy* (M)5ieM[o,tk 1]

k _
tir1 041

t?-«-l T t§+2 =~
Zy (M)Ztk (M)
41
where with a slight abuse of notation we used the £}, ., = thtt,

By (3.3), we have that for every i € M

_l’_

k

| i|n
lim inf — log p([il5)) > lim inf t (lim inf hiop(M;) — o(1) — 5)
n—00 n n—oo N i—00
> li]?_l)g)lf Tk (hzlgglf hiop(M;) — o(1) — 5)

= lim inf Ao, (M;) — 0.
1— 00

By Lemma 2.1, we get (ii).

We are now almost done. We have constructed the set M which has
almost all the demanded properties, the only one that is still missing is
that M is not necessarily a subset of X4. The last step is to find a map
7 satisfying the assumptions of Lemma 3.2 and such that m(M) C ¥a.
Observe that the assertion of Lemma 3.2 will guarantee that the set
M = w(M) will satisfy the assertion of Proposition 3.3.

It is easy enough to do. Let us put the points (¢¥); ; in the increasing
order and denote this sequence by (g;) (ignoring the initial finitely many
terms we can freely assume that g;41 — ¢; > 2r). Observe that each
sequence i]gjfrll is an admissible word in ¥4 .. We can thus modify
i only on positions ¢; +1,...,¢; + ;7 = 1,2,... so that we obtain
a sequence in ¥ o. Each modification on positions ¢; +1,...,¢; +r
can be chosen depending only on i|(q1;714rl and i|g§jlr+1, that is, there
exists j € ¥, such that 1|y ., jil¢/%, 1 € ¥a .. Thus, choosing those
modifications in a consistent way we can construct a map 7 : 3 — X
satisfying the assumptions of Lemma 3.2 and such that w(M) C X4.

Finally, to obtain the second part of the assertion let us consider
the case when lim,,_,., a,, = a. By taking a supsequence nj such that
lim sup,,_, o Ptop(My) = limy_e0 Atop(My,, ), and applying the previous
argument for the sequences {ay, }x and {e,, }x and {M,, }r we get the
claimed statement. U
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Corollary 3.5. If La(a) # (0 then for every 6 > 0 there exists ) #
M C La(«) such that hyop(M) > hiop(La(c)) — 6 and the convergence
of Ap(i) — a on M is uniform.

Proof. Take a sequence €, — 0 be arbitrary but fixed. Since Aj(i) — «
as n — oo for every i € L(«), there exists N, (i) such that for every
m > N,(i), |AJ(i) — a| < e,. For every n > 1 and T' > 1, let

M,r={i€ La(a): N,(i) <T}.

Since La(a) = U, My we get that there exists a T, such that
heop(Mo,) > huop(L () = 5.

By applying Proposition 3.3 for the sequence «,, = «, ¢, and M,, :=
M, 1., we get that there exists a set M C La(«) such that hio, (M) >
lim sup,,_, o Ptop(Mn1,) > hiop(La(c)) — 0, and the convergence is uni-
form on M. g

Corollary 3.6. The map o +— hyop(La(ev)) is upper semi-continuous.

Proof. Let a,, — « be such that L (o) # (). Then we can use Corol-
lary 3.5 to find in each La () a large entropy subset M,, with uniform
convergence of the Birkhoff averages, then we apply Proposition 3.3 to
get the assertion. O

Lemma 3.7. The domain of a — hyop(La(e)) is compact.

Proof. Suppose A(ix) = i for iy, € YA,k € N satisfying that ap — «
as k — oo. We will show a € D(La). Fix € > 0. Then there exists
(Ng)ken of positive integers such that for any n > Ny, |Af (ix) — x| < €
with ¢, — 0. We pick two sequences (my)reny and (ng)ren satisfying
the following conditions:

mo =0, my < ng =myy —r for k € N.

ng > Niiq for k€ N.

nf; —0as k — oo.

The set {n € N:n ¢ [my, ng], Vk} has density 0.

Then we take an i € ¥4 such that i|;s = ix[n for & € N (such i exists
but may not be unique due to that ¥ is irreducible). It follows from
Lemma 3.1 that for m;, < n < ny, we have

. Nep—1 ML 1 /e n —myg T
Ap(i) —al < A (i) — - — + 2¢p.
43(5) — of < AT ) — af + o, o] + L 1 2
Since ™= — 0, oy, — « and r is a constant, we conclude that A% (i) —

Nk
a as n — oo. O

The following proposition is in a sense similar to Proposition 3.3.
Like there, we have some given collections of sequences with prescribed
weighted Birkhoff averages and use them to construct the large set
of their ’Frankenstein’ offsprings. However, the technical process of
constructing the concatenated sequences is noticeably different.
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Proposition 3.8. The domain of f: a — hiop(La(w)) is a (possibly
empty) closed convex set and f is a concave function.

Proof. Let a,a’ be in the domain of f. Assuming that La(«) and
La(a/) are nonempty, we want to prove that La(pa + (1 — p)a’) is
nonempty and that f(pa + (1 —p)a’) > pf(a) + (1 — p)f(a’) for all
p € (0,1). Pick arbitrarily ¢ > 0. By Corollary 3.5, for every ¢ > 0
there exist subsets M («) C La(a) and M (o) C La(c’) such that
o huop(M (@) > f(a) — € and hyop(M (') > (&) — €
e there exists an increasing sequence (Ng)xen such that for every
i€ M(a)and every i’ € M(da/), for every k for every n > Nj
we have |Aj(i) — | < 1/k and |AF(i) — /| < 1/k.
We choose two sequences (t;)ien, (8i)ien satisfying the following condi-
tions.
(1) to = O, tl ] oo and t/L'Jrl/ti \‘ 1.
(iii) (t;41 — t;) is divisible by s; and % o0,

(iv) % — 0 where n is the largest number such that N,, < ;.

For example, we can choose t;11/t; ~ 1+ n and s; ~ n'/3 where
n is the largest number such that N, < t;. We divide each interval
[t;,tix1 — 1] into s; equal subintervals, with endpoints z{ = t;, 2} =
ti+ (tiv1 — ;) /S - - - ,z; = t;y1. We will construct a set McCy step
by step as follows.

Step 0. At positions 0,...,t; — 1 we can put anything.

Step i (i > 1). We put the s; numbers

—-1/2

Wi i=log Z5 (@) —log Z5 (/)i k = 0,1,...5 — 1
k k

in an increasing order and we choose |ps;] largest ones. At those chosen

intervals the sequences in M will be taken from M):f“(@, at the not
. k

chosen intervals from M;’““ ().
k

It is enough to show that M C ¥ has the following properties:
Claim 1: for i € M we have
A@) =pa+ (1 —p)d.
Claim 2: htop(ﬁ) >pfla)+ (1 —p)f(a).
Indeed, just like in the proof of Proposition 3.3, we will prove that

there exists a map 7: 3 +— ¥ such that 7(M) C X5 and the assump-
tions of Lemma 3.2 hold.

Proof of Claim 1. As t;11/t; — 1, it is enough to check that Af (i) —
pa+(1—p)a’ as i tends to co. Pick i and n such that N,, < t; < N, 4.
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By Lemma 3.1, we have

AR (1) = (pa + (1 = p)a’) |

szfl

X AL s (=)

<Ij+1I}+ L,

where
s;i—1
7 1@ (2)
1 ‘ptz+1 t; i1t
k}:O Sl S; S5
T 242 2s;t
i L AT A Silit1
2 )
5 () = Al =)
i
and

B=| = (lpsidact (i~ Lpsil)a) — (pa+ (1= p)ar).

(2

By (ii), it is easy to see that I converges 0 as i tends to co. By
(77i) and the fact that pgz) — 0 as ¢ — oo, we see that I! converges
0 as i tends to oo. By (iv), I converges 0 as i tends to co. Thus we
obtain that AZ“(i) converges pa + (1 —p)a’ as i tends to co. Since

A (i) = % Z;;t(tjﬂ t;) Ay "7(i), we complete the proof. O

Proof of Claim 2. Observe that the constructions for different j are
completely independent from each other: whatever the initial ¢; sym-

bols of i € M, we allow any admissible ¢;; — ¢; symbols to follow.
Thus we have

1—1
(3.4) Zg (M) = zg (M) - [[ i+ ()
k=1
and
39 w1 sl /s s 1 1—(pse /s
Zy (M (H ZZZ“ ) ( Zz“l(M (o )))
(=0
for 1 < k <17 — 1. Moreover, we have
sp—1 A
(3.6) 73 (M(a)) > 2,7 (M(a))
(=0

and

(3.7) H Zi (M(a)| 2 Z3i (M (@),
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The same holds for /. We define the probability measure p such that
foranie X, let t;_1 <n <t; and
. #{Ae Mp,t;—1]:i] > A}
Zy' (M)
Similarly to the proof of Proposition 3.3, u is a well defined probability

measure supported on M. By (3.4), (3.5), (3.6) and (3.7), as t;41/t; —
1, we have that

lim inf — log u(Cr 0 M)
n—00 n
1
> lirginf n (plog Zg (M (a)) + (1 — p)log Z§ (M (c/)))

>pf(e) + (1 —p)f(a),

for any decreasing sequence (C,)nen of cylinders with C,, N M # (. By
Lemma 2.1, this completes the proof. Il

As in the proof of Proposition 3.3, we have now obtained a set M
satisfying all the necessary properties except for one: it does not have to
be contained in . Again, we have the same solution to this problem:
we will find a map 7 satisfying the assumptions of Lemma 3.2 such

that m(M) C Xa. It is done in almost the same manner: we define
(¢;); = (21)k; and then we modify each sequence i € M on the initial
r positions of every interval (g;, g;+1].
Therefore, we complete the proof.
O

Proof of Theorem 2.2. Since any concave function is clearly lower semi-
continuous, Lemma 3.7 and Proposition 3.8 together with Corollary 3.6
implies the claim. U

Proof of Theorem 2.3. There are two cases. Consider first the simple
case: Niop(La()) = hiop(Xa).

Fix some ¢ > 0. We assume that the spectrum domain is larger
than one point, hence by Theorem 2.2 we can find a value a; such that
hiop(La(c1)) > hiop(La(ap)) —e. By Corollary 3.5 we can find a set
M, such that hiop(Mo) > hiop(La(ag)) — € and that the convergence
Ap(i) — o is uniform in M, and we can find a set M; such that
htop(M1) > hiop(La(a1)) — € and that the convergence Af(i) — ay is
uniform in M;. We then apply the Proposition 3.3 to the sequence of
sets My, My, My, My, ..., with «,, being oy or a; depending on n being
even or odd. We get

hiop(La (a0, 1)) > hiop(La(ao)) — 2¢.

Naturally, La (g, 1) C D, hence passing with € to zero ends the proof.
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The complicated case is when hop(La(ap)) < hiop(Xa). Note that
we can still freely assume that hiop(Xa \ D) = htop(Xa ), otherwise we
would have hiop(D) = hiop(Xa) immediately. We start with a simple
observation.

Lemma 3.9. There ezists By such that the sets {i € Ya; A1) < Bo}
and {i € ¥a; A(Q) > Bo} are both of full entropy hiop(Xa).

Proof. The function 8 — hiop(U, g
continuous, hence the set {8 : hop(Uyep La(@)) = hiop(Xa)} is closed.
So is the set {8 : hiop(Uysp La(@)) = hiop(¥a)}, for analogous reason.
Hence, the two sets must intersect — otherwise we would have some /3
which would belong to neither, and this is impossible because

Ya\D= U La(a)U U La(a)U La(B)

a<pf a>f

La(a)) is nondecreasing and left

and all three sets on the right would have entropy strictly smaller than
the one on the left. O

We fix ¢ > 0. Using again the left-continuity of the function g —
hiop(Un<s La(a)) we can find some 8y < Sy such that hep (U, <5, La(e)) >

hiop(Sa) — €. Let My =, 5 La(a) and M_ =, 5 La(c).
We now need a one-sided version of Proposition 3.3.

Proposition 3.10. Let ¢, > 0, ¢, — 0. Let a,, be a sequence such
that co — Py and aggry — B1. Moreover, assume that for every n > 1
there exists a set M, C Yo and a positive integer T,, > 0 such that for
every i € M,, and m > T, we have

1 m—1
— Z ¢k(aki) >, — Ep
m

k=0

(if n is even) or
m—1

1
— Z (bk(O'ki) < oy +Ep
m k=0

(if n is odd). Then we can find a set M C X such that for i € M we
have A(i) < p1 and A(i) > By and that hyop M > liminf by, M.

Proof. The proof is virtually identical with the proof of Proposition
3.3. The construction and the calculation of entropy is the same, the
only difference is that when the sets M; give only one-sided bounds on
the behavior of the Birkhoff sums, we can only get a weaker statement

about A and A. We skip the details. U

We can now fix any sequence ¢, — 0 and use the sets M_ and
M defined above to construct the sets M, satisfying the assumptions
of Proposition 3.10, in such a way that hypMop > hyop My — € and
htopMog+1 > hiopM_ — e (by choosing Tby, resp. Thry1, large enough).
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Using now Proposition 3.10 with those sets M,, we construct a set M
which is by construction contained in D, moreover hyop M > hiop(Xa) —
2e. Passing with € to 0 we end the proof of this case. O

4. TYPICAL WEIGHTS

First, we need to introduce some notations. Let X4 be an aperiodic
and irreducible subshift of finite type, Q@ = AN and 'y = ) x ¥ 4. Let
f:T'a — R be a continuous potential. Let us recall that S, f denotes
the nth Birkhoff sum of f, that is, S,f = f+ foo+---+ foo™ L
For every w € € let

Zn(f7 W) = Z sup 65nf(w,j)7
ies4,, JEl

and define the conditional pressure of f on {(w) by

(4.1) P(f,w) :hmsuplloan(f, w).
n—oo 1
The pressure defined in (4.1) corresponds to the definition of the
pressure given in Fan [11, page 3] in case of fi(i) := f(c*w, i) without
the extra requirement that it exists as a limit. Later, we will show that
for typical w with respect to an ergodic quasi-Bernoulli measures v it
equals to the pressure defined in (2.5).
The following theorem was shown by Ledrappier and Walters [23].
They proved a more general statement but we state here only the form
which corresponds to our main setup.

Theorem 4.1 (Ledrappier, Walters). Let v be a o-invariant measure
on  and let f: T'a — R be a continuous potential. Then

sup{f+ [ S e MuTa)} = [ PUwhb(w)

Unfortunately, this theorem itself does not provide enough regular-
ity conditions in order to do multifractal analysis on weighted Birkhoff
averages. So we adapt the idea of Ledrappier and Walters [23] com-
bining with the methods of Takens and Verbitskiy [29], Feng [17] and
Heurteaux [21].

4.1. Pinsker’s formula. Let us recall that II is the natural projection
IT: Q x ¥ +— Q, that is, II(w,i) = w. Let u be an ergodic o-invariant
measure on ['. Clearly, if p is o-invariant and ergodic then ILp is
o-invariant and ergodic on €2 too. By Shannon-McMillan-Breiman’s
Theorem,

—1
h, = lim — log p[(w,1i)|,] for p-almost every (w,1i),
hn,, = lim — logIT,u[w|,] for IL, pu-almost every w.
n—oo N
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Denote £ the partition generated by the inverse branches I17!(w) =
{w} x 3 = ¢(w). By Rohlin’s Disintegration Theorem, there exists a
family of probability measures {u$,} such that

(1) s, is supported on &(w);
(2) for every A € Br, the map w — p§,(A) is Bo-measurable;
(3) p= [ p5dILpu(w).

The family {u$,} of measures is unique up to a zero II,u-measure set.
Let us define the conditional entropy of u$, by

1S = [ 10w (i (v, ).

The following theorem is the corresponding version of Pinsker’s for-
mula [26], which we need to establish relation between the conditional
entropy, and the entropy of the projection.

Theorem 4.2 (Pinsker’s formula). If p is an ergodic o-invariant mea-
sure then for I, pu-almost every w, we have

—1
(4.3) lim — log i, ([il.]) = hi for 1, -a.e. i.

n—oo N
Moreover,
hy, = hi,, + hi.

For completeness we give a proof here. Observe that the map
(w,i) = —log ,uH 1([t0]) 1s in LYT, ). Indeed,

B = [ =10 (i, 1)
_Awwﬂwu-we%mM%D>”)

/0 / {108 1§y g (Tl > (W ) (W, T}
S [ i o (5 D (v,

keA

<Z/ / “Fdu(w,i)dr = K.

ke A

Let us denote the partition with respect to the cylinders on I' by ‘.
Then clearly,

(4.4) 0. (15F) = iy, for ILpu—ae. w



26 BALAZS BARANY, MICHAL RAMS, AND RUXI SHI

Indeed, o,uSY* is supported on 17! (ow), and by the definition of con-
dltlonal measures,

o (&) dutw) = 0. [ (%) diLatw) = o = g

— [ (o) = [ i lplo)

Thus, (4.4) follows by the uniqueness of the conditional measures.

Proof of Theorem 4.2. Let us first show the first assertion of the theo-
rem. By (4.4), we have

e (i e 1T i (D)
MH(in)([l|n]) - /”LH(w7i)([1|1]) H lug—.
IT(w,i

. EVPe1, —(k— 1.
= 1 (D) [ [ iy (0~ V0" i)
k=2

i) T ASions sy (1 il):
k=2

Taking logarithm and applying Birkhoff’s Ergodic Theorem, we get
= l0g iy g [ia]) = £ 3078 — L0g 1§y s g ([04i1a]) = B for p-almost
every (w,i). Thus, (4.3) follows by Fubini’s Theorem.

Now, we show that h, = h,, + hi. By Egorov’s Theorem, for every
e > 0 there exists J; C I" such that p(J;) > 1 —¢ and the convergences
(4.2) and (4.3) are uniform. That is, there exists C' > 0 such that for

every n > 1 and every (w,i) € J;
Clehmun < 11, ji([w,]) < Ce™merm and O~ e ™% < i€ ([i[n]) < Cle™™h,

By Lebesgue’s density Theorem and Egorov’s Theorem, there exists
Jy C Jp such that pu(Js) > 1 — 2e and there exists N > 1 such that for
every (w,i) € Joand n > N

1

p(O[(W, D)) > 5 p(((w,1)]a]) and p, (LO[(W, D)]]) > Sps (W, 1)]a])-

N | —
[\

Thus, for every (w,i) € J; and every n > N
pl(ws 1)) < 2p(r O [(w,1)]0])

=2 [ (1 (. DD

= Z/H . ]:uf'[(w,i)(c]l N [(w,1)]n])du(w, i)

< AL p([w,])Ce i < 202 hmenthi),
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On the other hand, for every (w,i) € J,
p(l(w, D)) = p(r O [(w, 1)]n])

— [ i (1 DD

_ / oy (1 D LW, D) dpa(w, )
- tw|n]

1 S (w1, Ddu(w, i
25 [ P D)

> L u([wl)C e > et

Thus, the statement follows by Shannon-McMillan-Breiman Theorem.
O

4.2. Regularity of conditional pressure. In this part of the section,
we study the regularity properties of the conditional pressure P(f, w)
under stronger assumptions than the setup of Ledrappier and Walters.
Namely, we assume that f has summable variation, that is,

o0

max sup |f(W; 1) - f(Z,J>| < 0.
o (x,k)ETA & (w,i),(z,§) €[(x,k)]

Moreover, we assume that the measure v is quasi-Bernoulli. Note that
for a quasi-Bernoulli measure v, the transformation ¢ is ergodic for
every m > 1.

The following lemma is an easy calculation.

Lemma 4.3. For every w € €2,
P(f,w) = P(f,0w).
Moreover, if f — g uniformly then P(f,w) — P(g,w).

Proof. Since f: I'p +— R is continuous over a compact set, we get that

|f] is bounded by C. Hence,
Z sup eSn-&-lf(w,j) — Z sup eSnf(aw,aj)ef(w,j)

€Y A nt1 Jeli] i€SA ni1 Jeli]
< sup enflowai) ¢
€Y A i1 Jeli]
< Ke® sup e“nf oW,
ies, , J€0
The direction ZieZA,nH SUpjcpy eSn+1f(Wj) > o=C ZieEA,n SUPje oSnf(ow.j)

is similar.
The second observation follows by the fact that if sup y, jyer, [f(W,1)—
g(w,i)| < e then |S,f — S,g| < en. O
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Since v is ergodic, a simple corollary of Lemma 4.3 is that we can
define the conditional pressure with respect to v

(4.5)  P,(f):= /P(f, w)dv(w) = P(f,w) for v-almost every w.

Here, we abused a notation slightly, since P,(f) of (4.5) does not nec-
essarily equal to the defined conditional pressure in (2.5). However,
we will show in equation (4.12) that it is indeed equal to the pressure
defined in (2.5).

For short, for w € 2 and i € X4 . let

V(f, w,i) := sup e’/ (")

Jeli]
and for an w € Q, let

Y (f,w,i) = sup V(f,z,i) and W(f,w) := sup Zw|([,2).

z€[w] zE[w]

We also use the convention that Z,,(f, w) =1 for m <0.
Since f has summable variation, there exists constant C' > 0 such
that for every n > 1 and every (w, i), (z,j) € I'a with [(w,i)A(z,j)| =n

(4.6) |Snf(W,1) = Snf(z,§)] < C.

Thus, for every w € Q and every, i,j € Y . with ij € Xa .

(4.7) V(f,w,ij) < V(£ w,)V(f ollw,j) < e’ V(f,w,ij).

So clearly, for every w € 2

(4.8) Znm(f, W) < Zn(f, W) Zim(f, 0" W).

On the other hand,

(49) Zo(fs W) Zon(f 0" W) < K"V Z,(f, W) Zy o (f, 0™ W)

< K07 (W),

where r > 1 is such that A" is strictly positive.
Applying the bounded distortion again, we get for every (w,i) €
[a«, and every z € [w] that

(4.10) V(f,2,1) <Y (f,w,i) <eV(f,2,i)
and therefore
(411) Z\w|<f7z) S W(f,W) Secz\wl(faz)'

By (4.8) and Kingman’s subadditive ergodic theorem, we have that
for v-almost every w € €2 the limit

lim lloan(f,W) = P(f,w) = P,(f)

n—oo N,
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exists and
PAf) = i [ log Z,(f, w)dv(w)
(4.12) 1
= lim Ew%; v([w])log W (f, w),

where in the last equation we used (4.11) too.

The next theorem is adapting the result and method of Feng [17,
Section 4] for the situation of subshift of finite type and to the condition
on the marginal measures.

Theorem 4.4. Let v be an ergodic o-invariant quasi-Bernoulli measure
on 2 and let f: T'a — R be a continuous potential with summable
variation. Then there exists a unique ergodic o-invariant measure [
such that there exists a constant C' > 0 such that for every (w,i) € I'a .

Y(f,w,i) ,

Y(f,w,i) ,
VV\WI(ﬁ W)

(4.13) c~ Wt (Fw)

w]) < p(w, i) <C
In particular, Il,pu = v and

- / fdu=P,(J).

Proof. Let z be a generic point such that % Z;é Ogky —> V @S N — Q.
Then let

N = Zm(fﬂ Z)_l Z V(fa z, i)(s(z,ij)a

iGEA,m

where j € X4 is arbitrary but fixed. Moreover, let

n—1
1 § : —k
Vp = — MNon ©0 .
n
k=0

Let {n;} be a subsequence such that
lim;_ 00 n—lj log Z,, (f,w) = P/ and Vp, — p. Clearly, p is a o-invariant
measure on ['p.

Fix (w,i) € I'a, with |w| = |i|. Choose n sufficiently large such
that n > |w| = |i|]. Then by (4.7) and (4.9) there exists C’ > 0 such
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([ 1)) = > o [(w, Bir)

k=0 (o,B)€T Ak (V,T)ET A 20— |i|—k:
(CMW’Y,,BiT)GFA’Qn

-y oy e

k=0 BEXA k:TEXA 2n—|i|—k'
5iT€ZA’2n

C' < V(f,z, BV (f, c*z, )V (f,a"Hrz, 1)
=% 2 Ze(2) 2 (0" 2) Zom (0T Fhz) T (o"2)
50 BES AL, k i 2n—k—|i
TEEA,Qn—m—k
' V(f,o*z,1) k
= |
> Zuoty M7
k=0
Thus, by Birkhoft’s ergodic theorem
p(fw, i) = lim vy, ([w, j])
j—o0
V(f,2,i)
< / — 1w (z)dr(z)
Zy(z) ™
Y (f,w,i)
< C// ? ) vi(lw 7
where we used (4.10) and (4.11).
Now, we show the other inequality. Similarly by using (4.7), (4.8),
we have
vn([w,1])
1 nzl Z V(f,Z,ﬁ)V(f, akz,i)V(f,a|W|+’fz,7-)ﬂ ( kZ)
= (o (1K [w)\@
n k=0 BETA k', TET A 2n—[i|—k' Zk(Z)Z|1|(U Z)ZQTL—IC—N(U‘ I+ Z)
ﬁiTEEAygn
e 2l V(f,z B)V(f, "2 )V (f, o™ g, 7)) K
> Z Z Liwi(0"z)

" Zi(2) Z)3(0%2) Zop -3 (01 Fz)

k=0 IB/GEA7]€7T
T'EXA 2n—[i|—k—r

M~ V(fiota i)

> § ' e i

0 = Zy(0*2)Z,(2) Z,(0TFz) (0"2)
—4|flrK—22r n—1 v b

- : Z (f’ — 1)]1[w](akz)

n Zji|(o*z)

k=0
and thus, taking the subsequence n; and using (4.10) and (4.11), we
have
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Now, since v is quasi-Bernoulli, by (4.7)-(4.8) and (4.10)-(4.11) we have

s 1—1 Y(fa WX, 1.]) v(lwx
plltw i) = € ()
Z O/—Q Y(f,W, 1) Y(fa X,J) ])

Wit (s w) VW ()
> O pu([(w, ))a([(x, ).

This implies that p is ergodic. Since p was an arbitrary accumulation
point and two equivalent ergodic measures are equal, we get that p is
unique.

For every w € €),, and every z € [w]

H*,U([W]): Z U([W7l])

I€EXA |w|
Y(f,w,i)
=€ 2 Waw ™
3 V( ) 2, 1)
S ¢ 1€Z§,|w| |W|(f7 Z) ]>
= C°v([w])

The other inequality IT,u([w]) > C~3v([w]) is similar. Since IT,u and
v are both ergodic, we have I,y = v.
Finally, by (4.12)

= dim 3w, i) log (w1

n—oo N,
(W,i)GFAm

— i TSl tog (v

" (wielan Wiw (f, W)

=h, — /fd,u—i—Pl,(f).

h

By Theorem 4.2, h%, = h, — h,,, which proves the statement. O

The next theorem is a modification of the argument of Heurteaux
[21].

Theorem 4.5. Let v be a o-invariant ergodic quasi-Bernoulli measure
on € and let f,g: 'a — R be a continuous potentials with summable
variation. Then the function p: t — P((1 —t)g + tf) is differentiable
at t = 0. In particular,

7(0) = / (f - 9)dp.
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Proof. 1t is clear by the bounded distortion (4.6) that there exists a
constant C' > 0 such that for every ¢t € R and every (w,i) € I'a .
CY (tf+(1—t)g,w,i) <Y (f, w, 1)V (g,w,i) 7 <CY(tf+(1—t)g, w,i).

Let py and p, be the unique ergodic measures defined in Theo-
rem 4.4. Then for every ¢ € R and every (w,i) € ['a
W(f, w)W(g,w)

c? v(w) < pup((w4]) g ([w, 1)

QY(tf + (1 B t)ga W, i)y
W (f,w)'W(g,w)'~

IN

C

Hence,

B ((1=1t)g+ ft)

Thus, it is enough to show that

Ht) = lm = 3 u(w])log Y uf<[w,i1y>zf:gv<[w,i1>l—t

noeen we, iEEA’n ])

is differentiable.

Claim: There exists a constant C' > 0 such that the sequence

Hu(t) = ) v(iwhlog ) Cﬂfdwyﬂgfﬁg[w,i])“

is submultiplicative H,, (1) < H,(t) + H,,(t) and

H,0)= Y wwhlog S Cprlwe il usfw. i)

wem, i v(Iw))

is supermultiplicative H, ., (t) > H,(t) + H,,(t).

we, iEEAYn

Proof of the Claim. By Theorem 4.4 and the equations (4.7)-(4.11), we
have that the measures y1y and 4 are quasi-Bernoulli, and hence, there
exists a constant C' > 0 such that

> (w5 g (fw, i)

ijeZA,n—Hn

<C Y gl 1) s (0", 3) g (Wl 1]) 11 (07w 1)

ijeEA,n+m

<C ' > g (W i) g (07w, 51) 11 (W 1) g ([0 W, 1)
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On the other hand,

> (w5 g (fw, i)

EXA ntm
>0 Y (Wl i) g (07w, 3]) g (W 1) 1ty ([ w0 1)
ijeXa ntm
CC Y (Wl 1) (02w, 1) g (W A1) g ([0 27w, )
iEEA,nfr
jeZA,m—r
ZO_IC,K_QT Z Mf([w|n7i])t/lf([o-nwvj])tﬂg([vvh?i])l_tﬂg([anw7j])l_t'
iEZAm
jeEA,m

g

Since H(0) = 0 and H,(t) is differentiable for every n, we get for
every n > 1

H H
lim sup ®) < lim sup (1)
t—0 t t—0 n
w,i])t g ([w,i]) !~ (lo w,i])—log pg ([w,i
1 ZieEA,n pp ((w i) g ([w,i]) ,E([fvl]‘)f([ ])—log pg ([w,i]))
= - > (W) (w1 ([w i)
n Z' l“f ) ,U'g El
weQn icAn v([w]) =0
(g n v(wl)
1 . . .
= > pg([w, i])(log pp([w,]) — log g([w, i)
WEQn
iEEA,n
C 1 . Y(f,w,i)r([w]) :
< —+ - 1o ([w,1])(log — log py([w, 1
St 2 saeidlos 5D S 1)
iEEA,n

— /fdug —hy, = B,(f) + hy, as n — oo,
where we applied again Theorem 4.4. The other inequality,

H
liminf$ > /fdug—hy — P,(f) +hy, asn — o0

t—0

is similar. Hence,

P (0) = —P(g)+ P(f)+ / Fdity—hy—Py(f)+hy, — / Fduy / gd
]
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4.3. Weighted Birkhoff average. For a,p € R?, let us consider the
potential f,: I'a — R defined as

fp = <Z_77f - Oz>.

First, we show the upper bound in Theorem 2.4.

Lemma 4.6. For every w € Q and o € R?
hiop(Fw(a)) < inf P(f,,w).
pER? =

Proof. The proof is standard, but for completeness, we give it here.
Let s > 5o > inf cpa P( Ip> w). Hence, there exists pE R? such that

so > P(fp, w). Thus there exists N’ > 1 such that for every n > N’
Z e(Q,Snffan < eon.
ieXA n
By definition,

414) Es@)=( U N {ieX:'%Snf(w,i)—a

M=1 N=1n>N

- 1
A
Since f(w,-): Yo — R?is continuous over a compact set, we get that

it is uniformly continuous. Thus, for every M > 1 there exists C' > 0
such that for every n > 1,1 € ¥, and every j € [i]

Choose M > 1 such that |p|E < (s — s9)/2. By (4.14), we get that
for every N sufficiently large

00
(B () < >
n=N iGEAyn
|Supj€[i] Snf(w,j)—na‘<(l+0)n/M
00
< Z e—n(s—so)/2 Z e—nso—l-(B,Snf—noa)

i
=

iEEA’n
|Supje[i] Snf(W,j)*”a|<(1+C)”/M

e~ ™5750)/2 v ) ag N — oo.

WE

i
z

Recall that
(4.15)

Pa = {a € R?: there exists u € M, (I's) such that /fd,u = a}.
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It is easy to see that Py is a closed and convex set. Moreover, without
loss of generality, we may assume that P, has an interior point. Indeed,
if Pa does not contain interior point then there exists a d’-dimensional
hyperplane V' such that P, C V. By changing coordinates, we may
assume that f: T'a — R?. Also, for v-almost every w,

1
Pa = {a € R?: there exists i € ¥ such that lim —S, f(w,i) = a}.
n—oo N,

Indeed, take the sequence p, = %ZZ:O dokwoki and let p be an ac-
cumulation point of the sequence p, in the weak*-topology, we get
[ fdp = limy_eo [ fdpn, = a and for every g € LY(Q), [gdlLu =

ng

limg oo [ g © Mdpy, = limgeo i Sk, g(ofw) = [gdv. Moreover,
since Oy fly, = [y — %5‘“ + 7%50-n+1w70n+1i, we get that p is o-invariant.

Theorem 4.4 implies that for every p € R? there exists a o-invariant
ergodic measure ji, such that B

(4.16) Py(fp) =15, + / Folty.

Lemma 4.7. The conditional pressure p — P,(f,) is convex.

Proof. Let (1,82 > 0 be with 5; + 82 = 1 and PP, € R?. Then there
exist a measure (1 = fig,p +p,p, € E,(I'a) such that

PV(fﬁlgl-&-ﬂwQ) - hi + /fﬁlpl-&-ﬂszdM

= 6t + b+ o [y dnt 5 [
< ﬁlpu(fgl) + /BQPu(fg2>'
O

Lemma 4.8. For every a € Py, there there erists p* € R? such that
inf, P,(fp) = P.(fp+), where Py denotes the interior of Pa.

Proof. Suppose that @ € P{. Then there exists an n > 0 such that
for every p € R? with [p| = 1 there exists y € M,(I's) such that
[ fdp — o = np. Thus, for every ¢ >0

Po(fep) = B + /@, f—a)du > enlpl* = en.
Thus, limjp| e P,(fy) = o0 and by the convexity of the conditional

pressure Lemma 4.7, we get the statement. U

Lemma 4.9. Let p* € R? be such that inf, P,(f,) = P,(f,») and let
pp= be the conditional equilibrium defined in Theorem j.4. Then

[ o =
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Proof. Let us argue by contradiction. Suppose that [ ¢dp,~ # a. Let
f¢d,up* el a
4= TTéduy—al"
Observe that for any p ,p, € R? and t € R, tf221 + (1 - t)fBQ =
ftp +(1—t)p, . Hence, by Theorem 4.5, the function p: t = P,(fa—t)p*+p*+q)t)
is differentiable at ¢ = 0, moreover, -

:/fp*ﬂ_fp*d“p*'

But p has a minimum at ¢ = 0 so

0=50) = [ fyrsa~ Fydiny = g, [ oy — ) = ] [ oduy —a

which is a contradiction. O

Y

Proof of Theorem 2.4. 1t is enough to show that for every a € P{ and
v-almost every w
hftop<Ew<@)) Z h“g* - hl/7

where g+ is the conditional equilibrium of P,(fy) = infyepa P (fp)
defined in Theorem 4.4. Indeed, Theorem 4.2, Lemma 4.9 and Theo-
rem 4.4 imply that

b =l =, =1, + [ Sy = PAfy) = nt P,
The upper bound follows by equation (4.5) and Lemma 4.6.
Let p$, be the family of conditional measures with respect to the
partition  and p,- defined by Rohlin’s Disintegration Theorem. By
Theorem 4.2, -

—1
lim — log i, ([il]) = Py, — hy for py--almost every (w,i) € T'a.

n—oo N
By Egorov’s theorem, for every ¢ > 0 there exists a set J; C I'a and
a constant C' > 0 such that ji,-(J1) > 1 — ¢ and for every (w,i) € J;

and n > 1

(hu* —hy— 5)
15 (fil ]) S C

Since 1 —¢ < up ()= [ s, (J (w), by Markov’s inequality, we get
that

v({w € Qi (LNEW)) > 1—Ve) >1- e
By Birkhoft’s Ergodic Theorem and Lemma 4.9,
lim — Zf ofw, o) = a.

n—oo 1

Hence, there exists J C J; Such that v(J;\ J) = 0 and for every w € J,
1S, (Ew(a) NJy) > 1 —/e. Thus, by Lemma 2.1 for every w € J

huop(Eu (@) = huop(Bw(@) 0 J1) > By — hy —e.
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Since € > 0 was arbitrary, the statement follows.

Finally, let 11 be the ergodic o-invariant measure on Y5 such that
hi = hiop(Xa). Thenfor ag = [[ f(w,1)du(i)dv(w) we get hiop(Ew(ag)) >
htop(Xa) for v-almost every w. O

Proof of Theorem 2.5. Let I be the domain of the map

pro— ;gﬂgPy(p- (f—a)= ;gﬂg (P(p- f) —pa).

If I is empty or a single point then there is nothing to prove, so we might

assume that I has non-empty interior. By Theorem 4.5, the map p —

P,(p- f) is differentiable and by Lemma 4.7, the derivative p — P/ (p -

f) = [ fdp, is increasing. Hence, I = [lim,, o P,(pf),lim, .o P.(pf)].
Moreover, the map « — p(«) is concave and continuous over .

By Theorem 2.4, for every a € I° and v-almost every w, hyop(Ew (o)) =
p(a). Then by Fubini’s Theorem, for v-almost every w and Lebesgue
almost every a € I°, hyop(Ew () = p(a).

Using Theorem 2.2 with the choice ¢;(i) := f(c'w, 1), the map «
hiop(Ew()) is continuous for every w € €. This together with the
continuity of the map a — p(«) implies that p(a) = hiep(Ew(a)) over
I for v-almost every w. O

5. FREQUENCY REGULAR SEQUENCES

In the rest of the paper, we assume that ¥4 = X, that is, we need
to work on the full shift. In this section, we establish the connection
between v-typical and frequency regular sequences and prove Theo-
rem 2.6. The proof of our main theorem relies on the following con-
struction, which first appeared in Rams [25].

Let w,w’ € Q be two ¢-frequency regular sequences with the same
frequency. We define a permutation v on N such that

(5.1)
v(k) = £ if wy is the nth appearance of the symbol of wy, in w

then ¢ is the position of the nth appearance of w;, in w’.
More precisely, let
My, (W) =min{k > 1: #{1 <j<k:w; =N}=n}
and
Po(w) =#{1 <i<k:w =wg}.
Then
V(k) = Mp, (w).a, (W').

By the definition of y(k), we have wy = w/,). Finally, we set the
map

(5.2) Gww (i) == (i'y(l% ly(2); - - )
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Lemma 5.1. For w,w’' € Q as above, for every a < 1 there exists
C > 0 such that for every i, j € ¥

(5-3) d(Gw,W’ﬁ)a GW,W’ (J)) < Cd(i,j)a.
Moreover, Gy w 0 Gy w(i) = 1.

Proof. The construction clearly implies that Gy w/0Gw w is the identity
map on .

Since w,w’ € Q are frequency regular sequences, we have that \;
appears infinitely often in w, w’. Thus, for every n > 1 we can define
m,, such that m,, is the smallest positive integer such that {1,...,n} C
{v(1),...,v(m,)}. Hence, for every n > 1

if d(i,j) = e ™! then d(Gyw (i), Gww () ="

Thus, to prove (5.3), it is enough to show that
(5.4) lim % = 1.

Clearly m,, > n, so liminf, , = > 1. By the definition of m,, for
everyt1=1,..., N,
(5.5) #{L<k<m,:w,=X\N}>#{1 <k <n:w, =N},

and there exists (at least one) j = j(n) such that
(5.6) H{AL<k<my:w,=\}=#{1<k<n:w,=)\}

By frequency regularity, for every 0 < & < min,; ¢;/2 there exists
N > 1 such that for every n > N

1<k< . :>\z 1<k< : /:)‘i
Hlsfenim b)) [pU=Esm=d) )
Hence, by (5.6) for every n > N
n WL < k<m,:wp =\
Moy — &) < T LS RS 20 = Ay}
n n my
#{1<k<n:w,=\Nwm}
_ - k j(n) < Gjmy + €
Thus, for every n > N, %= <1 + 4e. O

Proposition 5.2. For every g-frequency reqular sequences w, w' with
the same frequency

(5.7) hiop (Ew (@) = hiop (Ew ().

Proof. Let w,w’ be g-frequency regular sequences. Let Gy be the
map defined in (5.2). It is enough to show that

(58) Gw7w/(Ew/<Oé)) g Ew(a).
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Indeed, by (5.3),
ht0p<Ew/(0‘)) = htOP(GW’,wOGW,W’(Ew/(O‘)) < ht0p<Gw,W’(EW’<a)) < htOP(EW(a)>'

The other inequality follows by symmetry.

Let v: N — N be the map defined in (5.1). Let us define p,, as the
largest non-negative integer such that {1,...,p,} C {7y(1),...,v(n)}.
In other words, p, = min{k > 1:k ¢ {v(1),...,7(n)}} — 1. Similarly

o (5.4) one can show that

(5.9) lim — = 1.

Let i € Ew/(a). Then by (5.9)

n—1

%Zf(akw o wa wak Ty(k)

k=0
1
T Z fw—,y(k)’i’Y(k)

pn—l 1 n—1
- Z Jug i + n Z fw;w)viv(k)
v(’lz)zgpn
pa—1
Szp_anwkzk g,
as n — oo. Similarly,
lnz_lw (0* Gy wr >——pnzlf =«
=0 ' w2 "t Pn et 7
as n — 00. Hence, Gy w (i) € Ew(a) which verifies (5.8). O

Proof of Theorem 2.6. Let v be the Bernoulli measure associated to the
weights ¢ = (q1, ..., qn). Simple calculations show that the conditional
pressure P,((f —a,p)) defined in (2.5) equals to P ((f —a,p))in (2.8).

Hence, by applying Theorem 2.4 we get that for every a and v-almost
every w

htOp(Ew(a)) = sup{h By S 5 and ij z'u ]7 } - hu

By convexity, inf,cge P((p, f — a)) is attained at p*. By Theorem 4.4,
we know that the measure /i~ where the supremum is attained can be
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chosen such that

T D ) < (o, ) < O

o-1_ Ve T ~ Ve T
I/VIWI(fg*aVV)V - N mwl(fg*vw)y

wl),

hold for some uniform constant C' > 0, where fy-(w,1) = (p, Aw,Piy— ).
However, in this case,

. Y<fp* y W, 1) i Gy, 6<£*’>‘wk¢ik —a)
W, 1l|) = —————V(|W|) = -
i) = e ) = 1 8

is clearly an ergodic Bernoulli measure on I', since p,- is equivalent
to 7, we have = p,-. This shows that the supreme is attained at
Bernoulli measures.

Finally, since v-almost every sequence w is g-frequency regular, the
statement follows by Proposition 5.2. - U

Proof of Theorem 2.7. Since the function g(i) = Zjvzl q; fji is not con-
stant by assumption, the possible values of «, for which Zl iDjilii =«
and ), p;; = ¢; form a nontrivial closed interval. Hence, the statement
follows by Theorem 2.3.

O

Now we finish the paper by showing the necessity of the frequency
regular condition to have non-degenerate spectrum. Example 2.11 fol-
lows by the next example.

Example 5.3. There exists a sequence w € {0, 1}N, which is not fre-
quency reqular, such that the following holds: For every continuous
potential ¢: {0, 1}V = R, Ey(a) =0 for every a € R\ {0}.

Moreover, if ¢ depends only the first symbol then Ew(0) # (0 if and
only if por < 0, moreover if additionally o # —p1 then hiop(Ew(0)) <
log 2.

Proof of Example 5.5. First, let us define the sequence w € {0, 1}.

Let {M,,}5° , be a fast increasing sequence, that is, suppose that 2M,, <
n M.

= = (. Let w := (wo, wy,...),

Mn+1

M, for every n > 0 and lim,,_,
where

0 if QMn_l <k < Mna
w =
T 1 i M, < k< 2M,,.

Clearly, w is not frequency regular. Moreover, since for every i € 3

 maxies (D) 35 Mo

—0asn— o0
M, ’
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we get that Ey(a) = 0 for every a # 0. On the other hand, if
minex (i) > 0 then

2M,, ) N ) .
2]\14 Z wkgp(aki) > Millien 902(]1\)422_0 M, — m1n1€22 (i) as n — 00,

so Ew(0) = 0 as well. Similarly, Fy(0) = 0 also in the case if
max;ey ¢(i) < 0.

Now, suppose that ¢(i) = ¢;,. Using the previous calculations if
wop1 > 0 then Ey(a) = 0 for every @ € R. So we may assume that
wopr < 0. If g = 0 then the sequence (0,0,...) belongs to Eyw(0),
so let us assume ¢y < 0 < ¢;. Then let us define the sequence i
inductively by the rule i,,.; = 0 if and only if A,,(i) > 0. Thus, i
belongs to Ey(0).

Additionally, suppose that ¢y # —p;. For every m, let n,, be such
that M,, <m < M, 1. By the definition of w we get that

My, min{m,2Mp,, }
Ani) = 223w STy
= — LY, =
" m Vi mM,, m
k=0 ™

M,

> Wiy v )

Since +=2—— — 0 as m — oo and =*= is bounded, we get A,,(i) — 0
M, m )

if and only"if

Yoveoq #F{M,,, <k <min{m,2M,,} :ir = L},
7 —
m

0.

In particular, A,,(i) — 0 implies that

#{(M, <k <2M, =0} o

5.10
( ) M, ©1 — $o

as n — 0.

Denote F the set of all i € X, which satisfy (5.10). Then hop(Ew(0)) <
htop(F).

For short, let p = 71“11—%. Well known (for example, it is an appli-
cation of Stirling’s formula) that there exists K(p) > |H'(p)|, where
H(p) = —plogp — (1 — p)log(1 — p) such that for every ¢ > 0 there
exists L > 1 such that for every n > L

#{16{0,1}";‘#{0<k§":i’“:0}—

p
n

- 5} < o(—plogp—(1=p) log(1-p)+K (p)e)n
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and by (2.2),

]\14 log # {i € Yo, : FN[i] # 0}

n

htop(F) < liminf
n—oo

log H My, —2Mj,—1 ,(=plog p—(1—p) log(1—p)+K (p)e) My
k=1
_ log2—plogp — (1 —p)log(l —p) + K(p)e
; .

Since € > 0 was arbitrary and by assumption p # 1/2, we get hyop(F) <
log 2, which completes the proof. Il

< lim
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