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Abstract

The study of diagonal self-affine carpets is a main highway in the study of self-affine
sets, since they provide one of the simplest examples of sets with differing box-counting and
Hausdorff dimension. This in general is a rare occurrence ([6]). With separate cylinders, many
previous studies has been done (see [18], [1], [2], [4], [8], [14], [15]), Fraser with Shmerkin ([9])
considered the allowance of some overlapping with the aim of typical type results. To add to
this, we will also allow some overlapping, with the constraint that the projection of the IFS
to the z- and y-axis satisfies the weak separation condition.

In this thesis we provide formula for the Hausdorff and box-counting dimension for diag-
onally aligned self-affine carpets whose projections to the z-, and y-axis satisfying the weak
separation condition, and who have homogeneous contractions along the z- and y-axes. We
also prove various formulas for the upper box-counting dimension in the case when the homo-
geneity of the contractions along the z- and y-axes is not assumed.

1 Introduction

We begin with the basic concepts of fractal geometry.

Definition 1.1 (IFS) Let (X,dist) be a complete metric space. We say that a map S : X — X is
a contraction if there exists A € (0,1) such that for any x,y € X : dist(S(x), S(y)) < A-dist(z,y).
We call a finite collection of contractions § = {S1,S2,...,Sq4} an Iterated Function System. If X
is an affine space, and § consists of only affinities, then the IFS is called self-affine, in particular
if X =R?, and S; are similarities, then self-similar.

From now on, we restrict our view to the later case, when X = R% with the Fuclidean distance.

The study of self-affine iterated function systems has been in noticeable focus in the past
decades, whence the understanding of this greatly harder subfield than the self-similar is, is in
constant growth. One of the most basic affinity but not similarity can be believed to be scaling
with different values along different axes. Coupled this with translations, one gets the definition of
the diagonally aligned or diagonal self-affine IF'Ss.

Definition 1.2 (Diagonally aligned IFS) An IFS§ is said to be diagonally aligned or diagonal,
if its functions attain the form

s 2]

Ti2| T2 ti2
Obviously one can extend the definition to arbitrary dimensions, but in this paper we focus on R?.

By Hutchinson ([11]) we have that for any IFS there exist a unique non-empty set, denoted by
A throughout the paper (with sometimes subscripts), such that A = (Jgcz S(A). This is called the
attractor. A set is said to be a self-affine/self-similar set if it is an attractor of a self-affine/self-
similar IFS. The study of the attractor is one of the main pillars of research in fractal geometry,
and we aim for that as well. This can be done trough characterizing its dimensions, most notable
of these are the following two, who will be the targets of our paper.

Definition 1.3 (Hausdorff dimension) Define the Hausdorff dimension of a set E in R? as

dimp(E) :=sup {s > 0 | H*(E) > 0} (Eq. 1.2)



where the s dimensional Hausdorff measure, H*(.) is defined as follows

H(E) = lim H3(E)

:= lim i i|°
5lg%)mf{z|Ul

Eq. 1.3
|U;| <6, U U DE, Iis countable}. (a. 1)
iel

icl

Definition 1.4 (Box-counting dimension) Define the lower and upper boz-counting dimension
of a set E in R? as

)

_ log Ns(E
dimp(E) :=limsup log Ns(E)
6—0*t —log 4

log N5(E
dimp (E) :=liminf 08N 5(E)
50t  —logd
if the limit exists, where Ns(E) := min{m > 0 | 3z1,2,...,2m : E C ", B(:,0)}. In par-
ticular, if the upper and lower boz-counting dimension agree, then it is said that the box counting
dimension exists, and is the agreed upon value.

(Bq. 1.4)

)

For the basic properties of these dimensions, one may read the book of Falconer ([5]) or take
any introductory fractal geometry course at a university.

1.1 Overview of the various results of the past

To contextualize the statements of our thesis, we begin by a brief introduction of previous advance-
ments regarding special types of diagonal self-affine IF'Ss, from the perspective of the box-counting
and Hausdorff dimension.

1.1.1 Bedford-McMullen carpets

Diagonally aligned IFS’s were first studied by Bedford ([4]) and McMullen ([18]) separately, who
both studied carpets generated in the following way: let n > m be integers, and R a set of integer
pairs (i, 7) such that 0 <i < m, 0 < j < n. Then define the IFS

e KA R A ST

Denoting the attractor with A, they proved:

dimg (A) = log,, (Z#{j | (1,7) € R}lognm>

(Eq. 1.6)

. . S #R
dimg(A) = log,, (#{z | dj:(i,4) € R}) + log,, <#{Z ‘ )< R})’
where # A denotes the cardinality of the set A.

The functions are structured by rows of their images of [0, 1]2, these are the level-1 cylinder
rectangles or cylinder rectangles. This ordering by the rows phenomena persist in the area, and
we will see that it is related to the fact that 1/m > 1/n. Now imagine the image of [0,1]? by a
high iterate, it will be an “exponentially tall” rectangle. Imaging that we would like to cover this
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Figure 1: A Bedford-McMullen carpet’s second and fourth iteration.

optimally by square-alike objects, we notice that the diversity of the attractor along the y-axis
won’t be relevant.

Kenyon and Peres proved ([12]) the analogous formula in arbitrary dimension, and in [13]
they considered another graph-directed self-affine type construction, not necessarily self-affine but
similarly interesting, and the main theorem of this paper has ideas resembling what we will consider.

Then exploration of the area followed with weakening the assumptions of the grid-like structure,
with firstly letting the uniform scaling factors to differ, while preserving separation amongst the
cylinders rectangles (by separation now think of that any two level-1 cylinder rectangle have
intersection with 0 Lebesgue measure), and after that with assuming even weaker versions of
separations.

1.1.2 Gatzouras-Lalley carpets

Gatzouras and Lalley ([15]) considered a more general case:

ij O i
3= {Si7j(x1,x2) = [ada bi:| Bj + {Cd:} } 7 (Eq. 1.7)
(4,7)ER

where 0 < i < m, 0 < j < n,;, assuming a;; < b; < 1 for all pairs, >_."; b; <1, Z] 165 <1
for each i. Also 0 < d; < -+ < dppy < 1 with djpq1 — d; > b, 1 — dyy > dm and for an i
0< Cij1 <0< Cip < 1 with Cij+1 — Cij > Q; 5 and 1 — Cin; > Qi n; -

They proved that if a p € R is defined by

ibf =1 then Zbe ?lij(A =1 (Bq. 1.8)
=1

=1 j=1

and



Figure 2: A Gatzouras-Lalley carpet’s second and fourth iteration.

>2i 2 Dijlogpi;
22 pijloga;

+ (Z(Zj:pi,g‘)log(;pm)) (Zi 5 ;j TTRb pll-,j oo am’)} (Eq. 1.9)

%

dimyg (A) = max {

where we maximize over the probability distributions on R (= discrete set of pairs). They also
joined the discussion whether the dimp = dimy case is typical, but we will avoid this dispute.
Their formula for the Hausdorff dimension of A is not so surprising, since it connects fairly to the
general formula for the Hausdorff dimension of a self-similar measure achieved by Feng-Hu ([7]),
which was inspired by the earlier work of Ledrappier and Young ([16], [17]).

1.1.3 Feng-Wang and Bararnski carpets

Baraniski ([1]) considered

;0 "
5= {Si,j(xl,@) = {% b} Bl} + {Z’;:% Zk] } , (Eq. 1.10)
i k=17K4 ) i jyer

where 0 < i <n, 0<j <m and Z?:laizzgn:lbj =1.
He derived that

dimp(A) = max{d;,ds} where Z af“b;-ll_Sm =1, Zaf‘” =1
(i.)ER @

S a1 Yt
J

(i,5)€R

(Bq. 1.11)

A more general theorem was proved by Feng-Wang ([8], [2]) about the box-counting dimension:



Figure 3: A Baranski carpet

Theorem 1.1 (Feng-Wang) Given that a diagonally aligned IFS

i 0 t;
5= {Si(m,xz) = [ro’l 7 2] [i;] + [t;] } (Bq. 1.12)
7 " i=1,...m

satisfies the Rectangular Open Set Condition (ROSC), which is that S;([0,1]%) C [0,1] for any i
and S;((0,1)?) N S;((0,1)%) = 0 for any pair i # j, we have that

m
dimp(A) = max{dy,d2} where Z |ri71|dimB(A)|ri72|d1*dimB(A) =1
i=1

m
Z |ri71|d2—dimB(|A) ‘Ti,gldimB(lA) =1

i=1

(Eq. 1.13)

where A and |A are the projections of A to the x- and y-axis.

At this point the nexus between these results is not entirely clear, but later, with the introduc-
tion of Hutchinson’s Theorem (1.2) for self-similar sets, it will. We stated the nexus between the
result of Feng, Wang and the result of Baranski, because we will also obtain a similar result to the
one Feng and Wang obtained. But by the work of Zerner ([19]) for self-similar sets satisfying the
weak separation condition, we will have the luxury that the dimensions of the projection IFSs are
computable (Theorem 1.5).

Kolossvéry in [14] used the method of types to calculate the box-counting dimension of Barariski-
like and Gatzouras-Lalley-like carpets (sponges) in arbitrary dimension.

1.1.4 Fraser-Shmerkin carpets

Generalizing these advancements, one would have to open the possibility to some overlaps be-
tween the cylinder rectangles, like what Fraser and Shmerkin did. They considered ([9]) Bedford-
McMullen type construction with the change that they translated the rows vertically by a param-



Figure 4: A Feng-Wang carpet’s second and fourth iteration.

Figure 5: A Bedford-McMullen carpet’s first and third iteration in the upper row, while in the
lower a perturbed version of it, like what Fraser and Shmerkin considered.



eter t € [0,1 — 1/m]#{ro%s}. By this we mean that they considered the TFS:

o= [0 BRI, e

With this they allowed the overlapping of cylinder rectangles, what makes the study generally
more challenging. They proved that unless ¢ is in the set of exceptional parameters F of Hausdorff
dimension #{rows}—1 in the parameter space, we have that the formulas of Bedford and McMullen
work.

They built upon the work of Hochman ([10]), who investigated, in a broader context and
specifically in the self-similar case, the phenomenon of super-exponential concentration of higher
level cylinders. Hochman also re-examined the situation of exact overlaps between cylindrical
rectangles (i.e., S;([0, 1]?) = S;([0, 1]%)). These two phenomena are closely linked to the dimensional
reduction observed in Bedford’s and McMullen’s formulas.

1.2 Self-similar sets as tools

The theory of self-similar sets is well-developed compared to the self-affine case, we only state few
constructions from here.

Theorem 1.2 (Hutchinson, [11]) Given a self-similar IFS of contraction rations {\;}icr sat-
isfies the Open Set Condition, we have that

dimy (A) = dimp(A) = s,, (Eq. 1.15)

where s,, the so-called similarity dimension is defined implicitly by the equation

Z Ao =1. (Eq. 1.16)
il
From this theorem follows that the Baranski case is a consequence of the Feng-Wang Theorem, since
in Baranski’s construction the projection IFSs are self-similar and satisfy the Open Set Condition,

that is there exists an open set U such that S;(U) C U and S;(U) N S;(U) = 0 for any i # j. We
will utilize the following theorem:

Theorem 1.3 (Falconer, [5]) Let A be a self-similar set, then

dimB (A) = dlmH (A) (Eq. 1.17)

1.2.1 Weak Separation Condition

The case, when the super-exponential concentration of cylinders is forbidden, is called exponential
separation condition. A slightly different condition was introduced earlier by Lau Ngai, what is
called the Weak Separation Condition (or at some occurrences Weak Separation Property), where
not only the at most exponentiality is assumed for the concentration of cylinders, but it needs to
be comparable to the overlapping cylinder rectangle’s length. Generally the WSC may be defined
in many ways, we adopt a topological one.

Definition 1.5 (Weak Separation Condition) We say that a self-similar IFS § satisfies the

WSC, iff the identity map is not an accumulation point of the following group of transformations
.V)::{Si_llo'--osi_klo o~--oS¢2|Si€S,k§€€N} (Bq. 1.18)

Tk41



with the metric defined between two similarities
d(f,g) == max {|cy — 4|, [OF — Og ||, Ity — t4lI} (Eq. 1.19)

where a similarity h : RY — RY has the form hz) = cpOpx + ty, where ¢, € RT O is an
orthogonal matriz, and t; € RY.

Given the WSC we can state the following assertions, but before that, define the Moran cut-set
for a self-similar IFS {S;} and 6 € (0,1) as

k

M(;:{Silon-osi

(Siy 00 S (M) < 6 < (S, 0+ -0 iy, ) (M)} (Ba. 120)
where we denote a set, E’s diameter by |E|.
Lemma 1.4 (Zerner, [19]) A self-similar IFS {S;}ies satisfies the WSC if and only if

JreA Fe>0 V6>0 VS;,S5€ Ms: if (S71S5)(2) #2 = |(S7'S;)(x)—z| > €. (Eq.1.21)
Theorem 1.5 (Zerner, [19]) Given a self-similar IFS {S;}iex satisfying the WSC, we have that

dimg(A) = lim %.

50 —logd (Ba. 1.22)

Lemma 1.6 (Zerner, [19]) Given a self-similar IFS {S;}icx satisfying the WSC, we have that
In < 0o Vo € R? VS > 0 we have that:

#{S; | S5 € My and S5(A) N B(x,8) # 0} <n. (Eq. 1.23)

The WSC is only defined for self-similar sets, since an exact overlap and some rotation could
provide a sufficient series to the identity map. So in this paper we will use the assumption, that
the projections to the coordinate axes, who are one-dimensional, and hence self-similar, attain the

WSC.

2 The setup and results

§ = {Si(m,xz) = {7’81 r?z} Bj + BZj } (Bq. 2.1)
7 ' i=1

be an IFS, A it’s attractor. Define the projection IFS-s by

Let

8= {8i00) = a4t}

- (Bq. 2.2)

|§ = {|Sz($2) =TTy + ti,Q}i:17
denote their attractor by A, |A respectively. In some cases for convenience we write proj,(...) instead
of ... and |... . The case when j = 1 is the projection to the x axis, so proj; refers to ... . Writing
conv(...) for the convex hull, we assume that [0,1]> = conv(A) x conv(]A), this can be done
without the loss of any generality because if conv(A) x conv(|A) =: [a1,bp] X [az,bs] then define
a diagonal affinity A moving [a1, bp] X [az, be] into [0, 1]%, then A(A) will have self-affine structure



with generating IFS: § := {A0 S, 0 A7}, and will have the same Hausdorff dimension, Box-
counting dimension, . ... We might call this assumption the property that the attractor or the IFS
fills [0, 1]2. Denote

Tmax,1 ‘= INax ({|ri71|};“:1) Tmin,1 ‘= mMin ({|rl1|}‘2“:1)

Eq. 2.3
Tmax,2 1= INax ({|ri72|}?‘:1) Tmin,2 ‘= mMin ({|7‘1,2|}§“:1) (a. 2.3)

Definition 2.1 (Symbolic space) Let ¥ denote the set {1,...,m}, for k € N let $*¥ the set
{1,...,m}*, 2 the set ¥V, and ©* the set Uken Yk, The elements of ©°° are the infinite words,
who are denoted by boldface letters such as i,j,k. While finite words in 3* should be denoted by
the style i, j, k. In particular, if we refer to an element in 3, then we will use i, j, k. The length of
a word is denoted by |i|.

For sufficiently large finite word i = (41,42, ...,4)3) or for any infinite one, we use the notations:
i = (Tha1,---,00
|(1?,e] (. e ) (B0, 24)
== (i1, .0, 0)5—1)-

One can say that i is a prefix of j or j, iff for some ¢:

i=jlog or 1i=jlo.g- (Eq. 2.5)

For i = (iy,42,...,4)3) € ¥, then write

|4 li
Ti1 = Hm,l Tig 1= Hm,m (Eq. 2.6)
=1 =1
similarly define
Si =8, 0-08,. (Eq. 2.7)
For i € ¥*° the pointwise limit of
Sil O---0 S'Ln (Eq. 2.8)

is, by the contracting property, a function mapping the whole R? to a single point in it, hence one
can define the map 7 which maps to an infinite word i to the point in R? where the whole plane
is deformation retracting.

Vi € £ 3ln(i) € R? such that S; : R? — 7(i). (Eq. 2.9)
We say that two functions, S; and S; are cylinder-disjoint, if
5:((0,1)*) N S;((0,1)%) = 0. (Eq. 2.10)

Otherwise call them cylinder-intersecting.
We define various sets generated by the functions in the IFS:

As:={ie¥" | min{|ri|,|ri2|} <6 <min{|ri_ 1], [ri- 2

H

Atlg = {1 S Ag | ‘Ti,ll > ‘Ti’2|}, A(Q; = {1 (S Aﬁ | |Ti,1| < |Ti’2|}, (Eq. 2.11)
S5 :={S: | 1 € A5}, S :={S: | i€ A}},
Gni= {8 |iex"),
Gr :={|5: | 1 € "}, G, :={S;|1iex"}, (Eq. 2.12)
G; = {Si € G, | [7ia] > |rie }7 Gi = {Si € G, | ri1] < |ri,2|}'

10



2.1 Main results

The characterisation of the upper box-counting dimension is not usual. We consider this, since we
expect that the formulas below to explain the box-counting dimension as well, and we expect the
currently assumed condition for the homogeneity of the projection IFSs to be only a technical one.
On the other hand, for the Hausdorff dimension, where we also obtain results with the homogeneity
assumption, we expect the general formulas to be more involved.

We start with the result for the upper box-counting dimension, which compares to the results
of Feng and Wang (compare Eq. 2.15, Eq. 2.16 t0 Eq. 1.13).

Theorem 2.1 (Upper Box-counting Dimension) Let

T = {Si(l‘l,m) = [7’81 7"?2:| Bj + {Zj } (Eq. 2.13)
7 ' i=1

be a diagonal self-affine IFS, with attractor filling [0,1)? such that the principal projection IFSs,
5= {ﬁi(ml) =TT +ti,1};n:1 and |F = {|Si(x2) =T 22 —‘rti’g};n:l satisfy the weak separation
condition. Then

1. we have that

dimgA = max lim sup

=12 5_0 —logd

(bg(#gf%)

log (M, imp proj., Ti 4 Sj_ € S]
+dimerojj(A)(1+ 8 (Maimg proj, (1) {I71,51 | 5}))> (Bq. 214)

—logd

1

L 1 n » p .
where Mp(z1,...,z,) = (E Yot xi> is the power mean.

2. We also have that dimgA = max{d},d?} where

. dimp proj, (A)
1= Z ::11:) 1 |Ti,2|d‘157 d! := limsup d}
i,2

Sie5; T (Eq. 2.15)
. dimp proj, (A) a5
1= |r1’2|> ’ ri,1|d§, d? :=limsup d3.
S;es? |Ti,1| §—0
3. Finally: dimpA = max{ai,ai} where
. dimp proj, (A) —1 _ _
1= Z \7‘1,1\) ' |rs 2]%, di := lim sup di
S.eal ‘Ti,Q‘ n— o0
T , _ (Eq. 2.16)
; dimp proj, (A) —2 _ _
1= Z (—‘T1’2‘) ’ |rs1]%, di := lim sup di.
S,€G2 ‘Ti,l n—00

Remark: As mentioned above, both dimg proj; (A) = dimp(A) and dimg proj,(A) = dimg(|A)
can be calculated by the theorem of Zerner.

11



Assume that the generating functions only differ by the translations, and not by the contracting
ratios among the z-, and y-axis. Then without the loss of any generality we will assume |ry| < |rq.
Looking at the expression Gatzouras and Lalley obtained, we expect the general case for the
Hausdorff dimension to be not straight forward from the proof, what we will present, although
many ideas generalise well.

Theorem 2.2 (Box-counting Dimension) Let

s {simen= [y 0[]+ ]} o
’ i=1

be a diagonal self-affine IFS, with attractor filling [0,1)? such that the principal projection IFSs,
F = {ﬁi(atl) =rir + ti,l}?:l and |§ = {\Si(xg) 1= Tolo +ti72}:;n:1 satisfy the weak separation
condition. Then the boz-counting dimension exists. Furthermore, W.L.O.G. assuming |ri| < |ra|

1] lo G, 1 lo G,
dimp(A) = — li_)m - glo(#| ) (1 — 1og|r2|> + ig(# )
n—00 g |72l og |r1] og |71 (Ba. 218)
. log [r2| . 1log (G}
_ M(1- ~ lim ~ -2 n)
dims(] )( log|r1\) o log |r1]

For the statement concerning about the Hausdorff dimension, classify the elements of G,, with
respect to their projections into |G,,:

Gn= |J Ry, ,where Ryg :={S;€G,||S;=]S:}.

Eq. 2.19
[S:€[Gn (B )

Theorem 2.3 (Hausdorff Dimension) Let

el s QL) e

be a diagonal self-affine IFS, with attractor filling [0,1)? such that the principal projection IFSs,
g = {ﬁi(ml) = rix + ti,l};;l and |§ = {\Sl(xg) 1= oo +ti72}?1:1 satisfy the weak separation
condition. W.L.O.G. suppose that |r1| < |rz|. Then

dimp(A) = lim. { —ilogm{ > (#Rmi)l%'”}}. (q. 221)

|Si€\Gn

In the next section we present two examples, and then we present the proofs, which take many
ideas from the mentioned paper of Gatzouras and Lalley ([15]), as well as adopts some ideas of
Zerner ([19]).

2.2 Examples

In general, the presented formulas can be challenging to compute, but with some ingenuity, many
man made examples can be solved. We present one example dedicated to the box-counting dimen-
sion, and one to the Hausdorff.

12



]
I!I I’ § :={S1, 52, 53,54},

(4 0] =]
" S1:= 0 1/3 ’

X2

14 07 [aa] |, [3/16
I* 52510 1/3) || T _2/9}’

14 07 [aa] , [6/16
I! 5= 0 1/3) [m| T _4/9}’

I! g /4 0] n] '3/4}

l! 0 1/3] |zo) T 2/
fl (%.2) & :={[51,1S2, S5, 54},
1
’ .{ 1Sy = /3,
|* 1Sy == z/3 +2/9,
|S5:=x/3+4/9,
[Sy:=x/3+2/3.

Figure 6: The first example.

2.2.1 First example
Consider the IF'S defined in figure 6.
Remark 1 The dimension defining structure of A is bipartite:

e [t has exact overlaps on all levels after 1, but these are generated only by 2 equalities: S14 =
521 and 524 = 531.

e |A has additional exact overlaps, generated by the equality: |S34 = |S41.

For proving that the projections satisfy the WSC either use Lemma 4.5.2 and Theorem 4.4.10
from [3] or remembering Lemma 1.4 observe the following: |G,s are the Moran cut-sets of |A by
the homogeneous contractions. If we let n € NT,|S;,|S; € |G, be such that |S;(x) # |S;(z), then

(IST2 0183) (@) — 2| > ¢ = [1S;(x) — |Su(x)| > & (%)” (Bq. 2.22)

holds with z = 0 and any € < % , since cylinders at the same level either completely overlap, or
overlap with the intersection belng 3 of the whole length of the cylinders. Precisely

|155(0) = [5:(0)| = ’:z_:: 2 > g : (%)n, (Eq. 2.23)

where ay, by € {0,2,5,2}, and p=sup{k € {1,...,n} | aj # by} exists since |S;(0) # |S;(0).

3p
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The same obviously holds for A with z again being 0 and ¢ < %. Now for Theorem 2.2 it is
enough to compute the quantities
log (#]Gn)  log (#Gy)

p , o . (Eq. 2.24)

For the growth rate of G, and |G, we notice is that the cylinders form two type of objects a
disjoint cylinder square, and the 3 overlapping one building some kind of stair. Call these two
constellations type 1 and type 2. Now we can see that a type produces after one iteration exactly
one type 1 and a type 2, while a type 2 gives rise in the next level to a type 1 and 3 type 2. Hence,

4G, =[1 0] [1 ﬂ H (Eq. 2.25)

where the left vector is for the initial square, and the right vector finally decomposes the con-
stellations into not entirely overlapping n-th level cylinders. Therefore by the Perron-Frobenius

Theorem @ is log(\), where A is the largest eigenvalue, 2 + V2 of the matrix in the middle.
For |G,, recognise that

#|Gp, =3#|Gpo1+ 1, [Go=1 = |G,= Z?ﬁ (Eq. 2.26)

and hence w = log3 (which agrees with the observation that |[A = [0,1], and hence
dimp(|A) =1, and r2 = 1/3). We conclude that

dimp(A) = — lim 1{1°g (#1Gn) (1- 1og|r2|) | log (#Gn)}

n—oom | log|rs] log |r1]| log |r1]

(Eq. 2.27)

= 1.093295401221 . ..

_log3 (1 B logS) log(2 4+ v/2)
~ log3 log 4 log4
2.2.2 Second example

Consider the example presented in figure 7. With a similar method as used in the first example,
one can prove that the x and y projections attain the WSC.
For the Hausdorff dimension we use

dimg(A) = lim {1 logs { Z (#R|Si)log4 3} } (Eq. 2.28)
nee (M |S;€|Gn,

Using the symbolic notation, and Remark 1 with equation (4.62) from [3] we have the bijection

(G 4 T o= {3 = (i1 1) € {1,2,3)"

Vhk=1,...,n—1:igip1 13}. (Eq. 2.29)

For |S € |G, and |S «— i, then let (#Rs,)'°%43 be denoted by R;. Then

> (#Ris) ==Y R ZR+ZR+Z Z R;

|S;:€|Grn iel', iel, iel, iel,
=1 in=3 in=2
in1=2 (Eq. 2.30)
n—1 in—ki2=2
_. (n) (n) (n) in— k4272
=:ay +a;’ + E Qg g
k=1
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i
i
i 175: ::{51752a53}7
;! 14 0 a1
S = 0 1/3] |22]”
i a0 m], [1/4
J 92310 173) [wa) T [2/9]
2 _ 14 07 m], [3/4
S5 = 10 1/3] |wa| T |2/3]
i ol
F f o ‘S ::{|Sla|523|53},
(§7§)
% I |S1 = $/3,
.l |Sy := /34 2/9,
F |Ss :=x/3+2/3.
~
1
4
Figure 7: The second example.
where the last line defined a§”) i € {0,1,...,n} in order. Let aE") := 0 for ¢ > n, and denote
a™ = (aé"), al™ ol .) € RN, Let a = log, 3. Notice that
. . 1 n
dimg(A) = lim_ {nlog3 | >||1}, (Eq. 2.31)

where ||.]|; is the usual 1-norm of real sequences. The decomposition of a(™ may seem ad hoc, now
we show what it represents: if 1 € I';, ends with 1 or 3, then the restriction, that 13 cannot occur,
means that for any j € {1, 2,3} we have R;; = R;. On the other hand, if i ends with exactly ¢ 2s,
then Rijo = R;3 = R;, but Ry1 = (£ + 1)* - R;, since

|5'122...221 = |5122...213 = \5122...133 == \51134..333 (EQ» 2~32)

while SiQQ___le, Si22_”213, Si22...1337 ey Silg___ggg are ¢+ 1 different functions, if in 122...221 the 1
in the end was preceded by exactly ¢ 2s. Therefore

n—1
a(()"): Z Ri: Z Ri+ Z R1+Z Z Ri
iel'y ) k=1 i

i€ly, i€l iel, iel,
in=1 in=1 in=1 in=1
in—1=1 in—1=3 in—1=2
Zn—k.i1:2
in— k72
n—1 00
~1 ~1 -1 N 1
= aén )+ agn )+ Z(k + l)aagj_l )(—i— 0 disguised as Z(k + 1)O‘a§:j_1 )).
k=1 k=n

(Bq. 2.33)
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Similarly

ZR_ZR+ZR+ZZR

iel, iel, iel, iel',
1n=3 in=3 in= in=
in—1=1 Tn—1=3 in—1=2
i h1=2 (Eq. 2.34)
in—k7#2
n—1 [e%s}
o (n—1) (n—1) . . (n—1)
=0+a; + E ap, ;| +0 disguised as g apir )
k=n
Next ( (
n n—1 n—1
) _ § : R, é )+a1 ),
i€l, (Bq. 2.35)

In=

7;n717£2
while for j € {3,...,n}:

aﬁn): Z R; = Z R—a(" 1).

iel, i€l, 1

il i (Eq. 2.36)
" "
From these we conclude that
™ =La™ Y =... =L"(1,1,1,0,0,...) = L""(0,1,0,...) (Bq. 2.37)

where we define the operator L : RN — RN as

1 1 2¢ 3% 4« 5«
0 1 1 1 1 1
11 0 0 0 O
L=|00 1 0 0 0 (Eq. 2.38)
00 0 1 0 O
00 0 0O 1 o0

Lemma 2.4 There exists a unique oo > X\* > 1 such that there is a € RY with positive entries,
ag, a1, as > 1 and with La = X*a. Furthermore

= i E*(\*)27F 4 ﬂ (Eq. 2.39)
A —1 =

Lemma 2.5 2 log|la™|; — log \*, and hence

(Eq. 2.40)
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Proof of Lemma 2.4:
Let a € RY be such as in the statement, then we will arrive to an equation unequally solved by
a \*. We assume

Z k%ay < 0o (Eq. 2.41)

so that A* < co. Suppose La = Aa, A € (1,00), then

Vk>3: Map=Lap =ar_1 — ar=\>"Fay (Bq. 2.42)
o0 o0 )\
/\alsz=a1+2ak=a1+2)\2_ka2:a1+a2>\_1 o alzagm. (Eq.2443)
k=2 k=2
Finally
/\aO—Lao—a0+a1+Zk ak—a0+a2 +Zko‘/\2 kg
k=2
. \ - (Bq. 2.44)
— koz)\Q—k)
e Aq((Aq)ﬁZ @2
k=2
and \
Aas = Las = ag + ay, a1 = agm (Eq. 2445)

implies that

1 )\2
)\7)\—1( —1 +Zka)\2 k) _1 _1Zka)‘2 k _1) (Eq.2.46)

On A € (1,00) the left-hand side of Eq. 2.46 strictly increases from 1 to co continuously, while the
right-hand size decreases continuously from oo to 0, proving that Eq. 2.46 is solved by a unique A\*
n (1, 00).
Proof of Lemma 2.5:
Let M € N7, define Ly, : RM — RM as (Lo proj,,)|ar, where proj,, is the projection of RY to
the subspace spanned by the first M coordinates. Then L), can be represented as the non-negative,
irreducible aperiodic, M by M matrix:

11 2% 3% ... (M—2)2 (M—1)]
0 1 1 | 1 1
11 0 0O - 0 0
LM: 0 0 1 0 0 0 (Eq. 2.47)
oo o o -- 0 0
00 0 0 - 1 0 |

By the Perron-Frobenius Theorem 3! Ap; > 0 s.t. lim, o0 % log ||L7,v]|1 = log Aps for any 0 # v €
RM with non-negative entries, and there is a v* € RM with positive entries such that Ljsv* =
Apv*. Therefore, with computations like Eq. 2.42—Eq. 2.46 we have:

VE€[3,M —1]: Iyvj=vi_, = v} =\ v (Eq. 2.48)
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M—-1 M-1 M-1

1
Ao = v+ =i+ Y AR = = DA (Eq. 2.49)
k=2 k=2 M k=2
Finally
M-1 1 M—-1 =
AMUs = vy + 0] + Z kv = vf = (W Z )\?\Zk_i_ " Z ka)\?\;k)’l);
k=2 M k=2 M k=2
(Eaq. 2.50)
and y
* * * * * ]' - 2—k
Amvy = vy + 01, U] =0y Yo — 1 A (Bq. 2.51)
M k=2
implies that
1 A M-1 | Mo
Ay = —(vi +o) = —H PPl EON2TR, Eq. 2.52
M v§(0 1) ()‘Mfl)2k2=2 M )\Mflé M (Eq )

From Eq. 2.46 and Eq. 2.52 we have that limy oo Ay = A*, and |[L*'a®M |, > L3 a®| a0
follows inductively on n, remembering that all entries of a(!) are non-negative. Whence

1
liminf — log |[L" " *a™M||; > log Aay — log A*. (Eq. 2.53)
n—oo N

Finally let a € RN be such that La = M\*a, ag, a1, as > 1 and the rest of the entries of a are positive.
Then

LWy < L7 afly = (A7) lalh (Ba. 2.54)
hence 1
lim sup - log [|[L" ta™M]]; < logA* (Eq. 2.55)
n—oo

which with Eq. 2.53 proves the statement. Finally Eq. 2.46 lets us to numerically express some digits
of the Hausdorff dimension:

dimg (A) = logs 2.8960013515886529426596184724862681808317981559701975298582 . . .

= 0.967885533595539319438037445903385862252724017052009287837 . . ..
(Eq. 2.56)

3 Upper box-counting dimension in the general case (thm
2.1)

Recall the definitions:
As:={1i€ X" | min{|ry 1|, |ri2} <8 <min{|rs_ 1|, |ri—2[}}
§5 = {Sl | i€ Aé}
Ay = {i€ D | rial > |riol}
Ag = {i € Ns ’ |75,2| > ‘Ti,1|}

(Eq. 3.1)
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where for j = (j1,...,Jk—1,Jx) we have defined j— as (j1,...,jk—1). Now

Ns(A) = Ns( [ Si(n)) (Ea. 3.2)
i€ElAs
and even
Ns(A) = Ns( | Si(a)) (Eq. 3.3)
Si€Ss

where for each function we choose one representative i € ¥*. This holds by the fact that As is
a cut-set, meaning that for any i € X°° has a unique prefix i in As. Therefore the set in Nj()
remains the same. But notice that the number of elements in S5 may be lower than in As, which
in the limit will be the enforcer for the dimension to drop from the values the formula of Bedford
and McMullen would assign. Next define

Sy :={S: | i€ L}

s2.= {5, | ie A2} (Ba. 34)
and 5 5
|Sg = {|S; € |§ | S: €S§} (0. 25)
S;:={S; €3 | 5: €S5}.
Then

Ns( U sy =ns( U s (5a. 3.)

Siesé j€{172} Slesg

Whence we may conclude the (finite) stability of the upper box-counting dimension:

max {Nﬁ( U Si(A))}gN(;( U U sy <

je{172} SiGSJé j€{172} SiESg
< Ns( | Sa(A) + Ns( | Si(A) <2+ max {N5( U Si(A))}. (Eq. 3.7)
je{1,2} ;
S; €S8 S; €83 S; €8
Therefore
—— . log Ns(A) . log N5(Ujeq1,2) Usiegg Si(A))
dimgA = limsup —————— = limsup
50 —logd §—0 —logd
log mane{l,Q} {N(;(Usiegg Sl(A))}
= lim sup (Eq. 3.8)
5§—0 —logé
. log N5(Usg, g7 S:(A))
= max < limsup 2 ,
jef12y | 50 —logd
where we used that
Vi : limsup a((;) < lim sup max agi) =—> maxlimsup a((;) < lim sup max agi) (Eq. 3.9)
6 é g g é é ?

and we can take a sufficient subsequence of max; agi), say 0y such that the lim sup realises over it,
((SZ;C) = agjk ) for infinitely many k, and hence

37 : lim sup max a((;i) = lim sup max a((si) = lim sup a((;i) < max lim sup a((;i). (Eq. 3.10)
0 ? k g k ) g 6

then there is an index j such that max; a

19



Now we proved

Lemma 3.1

— log Ns(Ug, ess S1(A))
dimpA = max { lim sup 5168 , (Eq. 3.11)

je{r2} | s-0 —logé

Eq. 3.11 lets us focus on N5(USieS}5 Si(A)) and N6(Usiesg Si(A)) individually. Notice that S? is
defined to be slightly more general, and hence we massage this one while constantly monitoring
that for S} the same would work as well.

3.1 Upper and lower bounds

We start with an easy upper bound:

Ns( | Si(A) < D Ns(Si(0), (Bq. 3.12)

S; €82 S; €82

which will work.
Towards the lower bound we construct:

M} = {Gex | |8 <o< |85 W)} ={5€Z | Iryal <6 <l|rj_al}
M= {S;=15j0...08; | 5= (.-, jx) € M}}
Lo . (019
M= {3 | IS5(M)] <6 <[IS5— (M)} = {5 €= | Iry2l <6 < ry_2l}
M3 :={S5=5j,0...08, | =0, ....0K) € M3 }.
Then let . r L M2 Sl 5enm?
Ms:={S|SeM;}, Mj={S|SeMj} (Eq. 5.14)

Ms:={|S|SeMs}, [M;={|S]|SeMj}

Here M} and |M? are subsets of the usual Moran covers of the projection IFSs, but the rest aren’t.
Fortunately, they can be covered by not too many Moran covers. Let’s study A%:

i€l = || <6<|riia| = S e M; = S C M;. (Bq. 3.15)

Here we can use Lemma 1.6, since § is assumed to satisfy the WSP and hence In < oo Vz €
RVY§>0:
#{S, e M} | S,(M)Nfx— bz +d]#0} <n (ka. 3.16)
from where
#{S, €83 | Sy (M) N[z —b,2+0] #0} <#{S, e Mj | S;(A) N[z —6,2+5]# 0} <n.
(Eq. 3.17)

In other words: for any interval [z — &,z + 8] only n many S;(A) can intersect it, where S, € S3.
This implies that any § length interval may only cover n many cylinders at most. Whence

n-Ns( | Si() = ) Ns(S,(4)). (Ba. 3.18)

S,€83 S,€83
For the other projection we only have

i€ A} = §<l|rial Irial <l|rial = max{|ri1],6rmin2} < |71 (5. 3.19)
q. 3.
= 0 - max{Tmin,1, "min,2} < |71 2]
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71,2 < (Pmax,2)! log(5) 108 (rmax.2)
(Tl )|1\ H:X‘T | <5 - |7’172| < (TmaX’Q)log(rminJ) = § 1°8("min,1) | (Eq. 3.20)
min, 1 = (M1 =

Hence we have

hg h2
ieN; = Sie (ML = 1S5S U MG (Eq. 3.21)
k= h1 k= hl

where

. 10g(5) L log(5 . maX{Tmin,la Tmin,Q})
hl T \J-Og(rmin,l)J ’ h2 _’V log(rmaX,Q) _‘
_ [ log(6) log(max{min,1, Tmin,Q})-‘
log(rmaX,Z) log(rmaXQ) -

(Eq. 3.22)

Now Lemma 1.6 gives the system |§ an m < oo such that for each any = € R for any k: [z —
(Tmax.2)¥, 2 + (Pmax.2)*] might only cut into at most m-many |S;(|A), where |S; € |[M?

(""maX,2)k.
Therefore at most (m(hy — hy))-many |S;(|A) from {|S;(|A) | [Si[SE(A)} € {IS:(|A) | 9: €
Uk hy M Tmax2)k} can cut into [z — (Tmax,2)", 2 + (Tmax.2)"?]. This means that any length &
interval can only cover at most (m(hy — hl)w) many |S;(JA), where |S; is from |[S3. Then
5
mihe — )y N IS0 2 X No(Si(A). (sasao)
’ |S;€|S2 |S;€(S3
Now using the two projections:
1 Tmax?
N, ( U Sl(A)) > ﬁ (5 hg — hl Z Né (Eq. 3.24)
Si€S§ Si €S2

Substituting the values hy and hs

IV log(8-max{rmin,1:"min,2}) —|
log(rmax,2)

No( | s 2 2 )

Z % (|'10g(6‘max{7'mm,1,rm;nyg})‘l _ L log(d) J)(s . Z Né(Sl(A))
S; €S2 log(Tmax,2) log(7min,1) S;eS?
log(8-max{rmin,1,"min,2})
: 20 41
9 (Fmax.2) 108 (" man,2)
Z % . (]og(é-max{rmmJ,rmm,z}) B log(48) N 2)5 . Z N&(Sl(A))
log(rmax,2) I0g(Tmin,1) S;€s2 (Eq. 3.25)
2 (Tmax72) <0 maX{rmin,ly Tmin72}’
= % ’ log(d-max{Tmin,1,"min,2}) log(4) 2§ ’ Z N‘s(Sl(A))
( 1og(Tmax,2) " Tog(Tmin,1) +2) S;€82
_ 2 (rmax,Z) : max{rmin,h rmin,2}
- % ’ log(§) + log(max{Tmin,1,"min,2}) . log(9) +2 ’ Z N(S(SI(A))
log(Tmax,2) log(rmax,2) log(rmin,1) S; €82

Using once L’Hopital’s rule, and elementary analysis one can derive that

g 2 . (rmax,2) max{rmin,1,"min,2 }

nm log(d) log(max{rmin 1 J‘min,Z}) log(8)
lim o (Pmax2) © 108(rmax2) T et 2/ 0 (Eq. 3.26)
6—0 _ log Ky

and then from Eq. 3.12 and Eq. 3.25 we conclude the statement
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Lemma 3.2

) log Né(USieSQ Si(A)) . log Zsies2 Ns(Si(A))
lim sup 2 = lim sup 2

(Eq. 3.27)
5—0 —logd §—0 —logd

3.2 To the atomic level!

Now we need to estimate the covering of one S;(A) for i € A% We certainly have |r; | < 4,

whence:
N3(S4(A)) = Nsxs(S5(A))

= Ns;l(éxa)(A)
(

= Ng—1(5x6)([0,1] x [S3(]A)) (Bq. 3.28)
= Nifry 1 -1 x6-ro|-1 ([0, 1] X [Si(|A))
= N(S‘l’l‘iyzl_l(lA)

where we abuse the notation N, (b) to mean the optimal covering of the set b wherever it is by
copies of a (we use this only here and nowhere else).

Figure 8: visualizing the argument for a fixed cylinder and three ¢ by § square transforming

1

S8 % 0)

e
51 —— ——]

ESS===ss

| < 0ux(s07'0)

|
. S==S

For self-similar sets, and in particular for |A and, A the box-counting dimension exists ([5]). There-
fore

==L T—71 T

dimg(JA) = lim log Ns(|A)

5—0 —logé (a. 3.20)
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meaning that Ve 3I' = I'(¢) > 0 such that ¥§ < I" we have:
log N5 (|A)

—logd
Ns(JA) € (5— dimB(lA)-i-fs7 5= dimB(|A)_5).

€ (dimB(|A) —¢,dimp(|A) + 5) ( )
Eq. 3.30

This alone wouldn’t be enough because as § approaches 0, the value of §-|r; »|~! may not converge,
but rather cycle back every so often. Luckily, we have that for i € A% § - |rio|™t < §-(5-
max{Tmin 1, Tmin2}) * = mln{rmm s m1n2} Therefore

Lemma 3.3 For any e > 0, there is a ¢ = ¢(e) > 0 such that for any i € A§ we have

No(Sua)) € (e 0 )’dimB(‘A)“,c. (L)*di“‘B('A)’E). (Eq. 5.31)

71,2 \Ti,2|

To see this we only need to derive an appropriate c:

. TV IR G PR Niproart (1)
ien? (ﬁ)*dlmg(ll\)fs 716A§,6-\7‘i,2|—1>1‘ (ﬁ)fdlmB(M)fs

:max{l’ sup {Nawmrl(IA)( g )dimB(‘AHE}} (Eq. 3.32)

i€AZ 8 |ry 0|7 1>T |71,2]

< rnax{l Nr(|A) - (min{rf 1, 7 o )dimB(‘AHE} =

min,1s " min,

inf{ N5.‘T112‘71(|A) }—min{l inf { Né“ri’Qlil(‘A) }}
SEN2 s \—dimp(JA)+e [T TN AT s \—dimp(|A)+e
<25 Umar) R SN (.
5 im —
:min{L o {Na‘mzrl(lf\)( ) time (1) a}} (Bq. 3.33)
L€A2,5:r1,2|~1>T ’ |72

> mins 1, N

min{r__

(1A) - ()t I0Fe ) = oy

T‘

min,1’ min, 2}

c:=max{cy,cy '} (Eq. 3.34)

3.3 Bounds arriving at once

Remembering Eq. 3.27, we use Eq. 3.31 and Eq. 3.20:

~ dimp (|A)—<
log(Zsjes%' (Fa) )

log (Zsiegg N5(Si(A)))

lim sup < lim sup
550 —logd 50 —logd
5 \—dimp(A) | e(pepmesly)
) logc . log (Zsiesg (|ri,2|) S 0T D ) (Eq. 3.35)
< limsup + lim sup
5—0 —logd 5§—0 —logd
5 dimg (|A)
. 10g ( ZS ES ( [ri2] ) ) log(rmax 2)
< lim sup Fe(l———=
550 —logd log(rmin,1)
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similarly

_ —dimg (|A)+
108 (Teem Na(SuA)) g (Sgemet ()" IV
lim sup > lim sup
§—0 —logd 5—0 —logd

log(rmax,2)

5\ dimp(h) e(iimea) )
log C_l 1Og (ES1€S§ (m) . 6 log(rmin,1) )

> lim inf li
= —logd + H?_%lp —logd

5 - dims(|A)
. IOg (ZSiES§ (‘Ti,Z‘ ) ) log(rmax 2)
> lim sup _ef 1 - 2e\imax2) )
§—0 - 10g5 log(rmin,l)

(Eaq. 3.36)

Observe that € was arbitrary, hence:

Lemma 3.4

(Eq. 3.37)

— dimg(|A)
g (e M) g (Sees () Y)
1m su = l1msu .
6%0p —logd 6%Op —logd

This can be reorganised to:

s \—dimg(|A) ri,2]\dims (|A)
log (ZSiES§ (m) ° ) _ log #S§ N log (fgg‘ Zsiesg ( 62 ) ; )

—logd —logd —logd

(Eq. 3.38)

log#S log (5* () L S |ri,2|dimB<|A>)
—logd —logd

_ log #Sg
- —logd

N ) 2
+ dimp(|A) (1 + log Mp{|rs 2| | Si € Sa}>

—logd

where we have the power mean

T =

(Eq. 3.39)

My(@1see ) = (%iﬁ)

i=1

with exponent p = dimp(|A) € [0, 1] and with n = #S2. Using Eq. 3.11, Eq. 3.27 and Eq. 3.37 (in order)
conclude

S , log Ns(A) , log N5(Ug, ess S:(A))
dimgA = limsup —————— = max < limsup
s0  —logd je{1,2} 550 —logé
log #} 10g Maimg proj, (a) { 71,31 | Si € S5
— max { limsup og # 5+dimeroj4(A) 14 g Mg BPOJJ(A){‘ J | 5}
je{r2y | smo0 \ —logd ! —logd

(Eq. 3.40)
which is the first part of Theorem 2.1.
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3.4 Secondary formula

Now we can achieve a formula complimenting that Feng and Wang obtained (Eq. 1.13). For 6 > 0

define d}, d%,d!,d? with the following equations:

. dimg (A)
1= Z (m> \Ti,z\d‘l*, d! := limsup d}

SieS}; |Ti,2| d—0
. dimp(|A)
1— Z (|7'1,2|> ria]%, d? := lim sup d2.
I GSZ |7'i,1| §—0
1 €55

Then

dimp (A .
1= Z (:Tl 1:) |7’12|d5 < Z |’I" |d1mB (§Tmin,2)_dlmB(A) .5d¢1$
Seest T2 S,esl

imp (A) — dimp (A d:
- Z @
T -0
2
1 ( |> min,

hence taking the logs—: of both sides, using techniques from Eq. 3.38

108 Maimg(a){Iri1] | Si € St}
—logd

log #S;
—logd

log Tmin,2

1
<
ds = log d

and similarly

. dimgp (A) . )
1= Z (|7“1,1|) B |Ti’2|d‘§ > Z |,r,i’1|d1111B(A) .5~ dimp(A) | (5Tmin,2)d‘1;

T.
S;esk 7] S;€est
Z ( ) dimp (A) dl 5d1
-l . S5
= min,2
s )
S;est 741l

which implies

log #8; | ..
" Togd +dimg(A) | 1+

d: >

10g Maimg ) {Irs.1| | S € S5} 1 log7min 2
—logd J log &

SO

1og Tmin.2 log #S} log M gim (A){|ri 1| | S; € S};}
1 s > ") B(4A 5
d5(1+ on'3 ), e +dims(d){ 1+ oss .

(Eq.

(Eq.

. 3.41)

. 3.42)

. 3.43)

3.44)

. 3.45)

3.46)

For 82 and d2 the same can be done. Both 287min2 5y 198 rmina goes to 0 as § approaches 0, hence

log o log o
remembermg Eq. 3.40 We got:

dimp(A) = max{d!,d?}.
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3.5 Tertiary formula

The sets S} and S are uncomfortable to compute, but we will show that a similar formula is true
with the level-n functions instead. Recall

G}l = {Sl S Gn | |Ti71‘ Z ‘Ti72|} (Eq. 3.48)
Gi = {Sl S Gn | |7"i)1‘ < ‘Ti,2|}~

Then define )
. imp (A —1 . _
1= Z |T171|) rs2]%, di := lim sup di
Sj€G1 |r172| n—oo
’ i (Eq. 3.49)
i o]\ dims(|A) - _ _
1= Z Irlgl) ri1|®, di := lim sup di.
S,€G2 Ti,1 n—00

To see that they also give the Box-dimension, for any 7 € [rmax,2, 1) we have:

1 . . z : Ti1 ! « ]
— >“ II) < : ) T4 < 5
a m {a 1ms ( | 5 | | ]72| (Eq. 3. 0)

k—o0 SiGS;k
1/n
"‘) < 1}. (Eq. 3.51)

Indeed, the first equality holds by the following observations: For any a > d} there exists ¢ > 0,
there is a kg > 0 for which any k > kg satisfies a —e > d}]k (we will have the hierarchy: a > a—e >

and

_ 1| dims (4)
di _inf{a >0 limsup( Z (‘Tl’”) ’ 75,2

n— 00 5,eGL ‘Ti,2|

d;k), and therefore by the definition of d}]k, and using: |r; o] < 0¥ we will have

1/k
. |7ni 1 ‘ dimp proj; (A) /
lim sup Z ( ’ ) |ri2|®

k—o0 Siest, |7‘i,2
n
1/k
e |7~i,1| dimp proj, (A) o /
<n~ ¢ -limsup Z (lr |> |7"i,2|
k—oc0 SiES;k i,2
1/k
) |7-_171| dimp proj, (A) o —ek /
= lim sup Z ( ) 7327 (Bq. 3.52)
k—o0 SiESlk |ri,2|
n
1/k
: |ri,1| dimp proj, (A) a—e /
< lim sup Z (m) 75,2
k—o00 SieS:Ik i,2
1/k
] |7~i’1| dimp proj, (A) dr, /
< hlrcnsup Z (T“ 2|) [rs2]™n =1L
— ;
e’} SieSilk i
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For the other way, let Voo < d}k we have that Vkg > 0 3k > kg such that o < d})k and now

dimp projq (A) 1/
> ) il
H (a. 3)
Eq. 3.53
|7~i 1 | dimp proj, (A) dt 1/k
> ’ |ri2| ™" =1
[7s.2] ’

S eS; N

—1 -1
In the cases of a > d,, and a < d, one can do the same. Next, we show that these two sums differ
only by a subexponential amount. Observe

SiES;k:>T|‘ < ria| <P <|rie 2|<7"H71

min,2 — max,2
log Tmin,2 . log Tmax,2
= |i] /B2 > —1). o ma%e L
4] logn - (i =1) logny = (Bq. 3.54)
1 1
— ik —28" i<k —22T 4,
log Tmin,Q lOg rmax,2

Therefore for any d

r dimp proj; (A) s dimg proj; (A)
T <| 1,1\) ryalt < $ (| 1,1|> 1740+
1 i, 1 |Ti,2|
Siesnk SiEGk logn
1og "min,2
Ti1 dimg proj; (A)
-+ Z (:Tl :) Irs 2| (Bq. 3.55)
Si€G' .. 1,2
k Tog Tmax,2 +
now
1/k
i |rs,1]dimB pr0j1(A)| |d /
1m sup Z ( - ) Ti,
k—o0 Siest, 75,2 1,2
n
k logl:);idx 21! | I\ ) 1/k
. Ti1 imp proj; d
< lim sup Z Z ( ) |71,2]
k—oo <n log 1 S5 EGl 1,2| "

log "min,2

) 1 Ky logn 4 | | dimp proj, (A) 1/k
08 "max 5 im rojq
< lim sup (( _ 08T + k 087 + 1) max. Z 731 ) |ri,2|d>

k— o0 log T'min,2 log T'max,2 n:kloglf‘% S.eGl |ri,2|
min, 1€Gy,

(Eq. 3.56)
remembering the definition of Ei, and using that limy,_,o k'/* = 1 we can observe that the above

-1
equation is not greater than one, for any d > d,. Therefore,

—1

d, > d;. (Eq. 3.57)

For the opposite direction, we proceed similarly. Observe

S; € G = 7Frming < |rial < Thax2r  Tming < |rial < 0
— k<n- 10g Tmax,2 lOngin,Q, k> logrﬂ (Bq. 3.58)
logn logn logn
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Then for any d

(|ri,1|)dimB projl(l\)|r_ 2|d
1,
S;€Gy |ri’2|
L" log "max,2 198 Tmin,2 J
To. o
n gn & n |7"i,1| dimpg proj; (A) d
< Z Z el 712|"  (Ea. 3.59)
P
therefore
1
. ‘7"171 ‘ dimp projy (A) d /m
lim sup Z (\r ‘> 71,2
n—oo S.€Gn i,2
108 "max,2 _ 108 "min,2
) |_n logn ogmn J ‘ri 1 ‘ dimp projq (A) d 1/m
< lim sup Z Z (\r ‘> |71,2] (Eq. 3.60)
nreo b [ log Tmin, 2 " Si€8, b2
- logn
. n‘log;,r;?;xj - 10glz’§;n’2 J ‘7"1 1 ‘ dimp projq (A) d 1/n
< limsup | an - max Z - ) Iri,2]
" 00 e [n ogllg,mz" SiGSnk ‘7’1,2‘
where a,, := |n 1og1;~g;x,2 - loglgg“;]“’2J - %], but still lim sup,, , -, ar/™ = 1. Again assigning

any d > d!, we achieve that by the definition of d! the above equation is bounded by 1, and hence

d, > d! (Bq. 3.61)

whence .
d, =d} (Eq. 3.62)

. . -2
as stated. A mirror computation shows the d, = d? case.

4 Box-counting dimension in the homogeneous case (thm
2.2)

Assume, as in the theorem, that for any i € X: 7,1 = r1,7, 2 = ro. Suppose that |rq| < |ra2|. Now
from 2.1 with the use of |r; 1] <6 < |ri— 1] < |ria|- 7,1 We can conclude

-1
ri|\ —n dimg(|A)
_ ) log (ZSieGn (%) ° )
dimg(A) = limsup log 1]
n—oo -
r —ndimg (|A
) log ((%) B(| )#Gn>
= lims
e —nlog|ri]|
@ —dimB(\A))
_ log (( |r2\)  limsup log (#Gn)
—log |r1] n—ooo —nlog|ry|
1 Gy,
> + lim sup %.
log |r| n—oo —nlog|r]

(Bq. 4.1)

log|rs|

= dimp(|A) (1
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For the lim inf we will consider subsystems, define one n-th level strongly separated sub-self-affine
set (nothing stops us from abbreviating it by SSSSAS), G with the following algorithm:

e Factorise G,, :

Gn= |J Ry, .where Rjs :={S;€G, ||S;=]S}. (Eq. 4.2)
|Si€|Gn

e For each Rg, let RTS_ be a maximal populous subset such that functions in it are cylinder-
disjoint.

e Now define |G} C |G, iteratively: Order the elements of |G, with the values #R[g,, then
continuously remove maximal elements (whose #RTSi are maximal) from |G,,, adding them

to |G} iff their respective |S; is cylinder-disjoint from those who correspond to the ones
added before to |GY.

e Finally

Gr= |J R, (Eq. 4.3)
[Si€lGy,

G} is another diagonal IFS, we let A,, denote its attractor. Trivially (since G}, C G,,) A,, C A for

any n, consequently
dimp (A) > dimp(A,) (Ba. 1.4

for any n € N\ {0}. We have that G}, is sufficiently large, since using twice Lemma 1.6 we have

46, <46 =4 J Rst<c#{ U Ry}

|SE|IGn |SelGn

<lc.c- #{ SEIJG* Rrs} = |C-C-#G*, (Eq 15)

where the constants |C and C depend only on |A and on A. One particular reason why we needed
to construct G is that this IF'S satisfies the ROSC. Now using Theorem 1.1, we get that

dimp(A,) = max{dy,dy} where Y [ry| BB |py|ndimndims(A) — (Eq. 4.6)
SieGy
Z |T1|nd27ndimB(|A)‘TQ‘ndimB(M) - 1. (Eq. 4.7)
SLEG:L

Observe that we in fact do not need to figure out whether d; or ds is larger, since from Eq. 4.7 we
obtain:

. log |ra|\  11log (G
d> = dp(n) = dimg(| )( 10g|r1|) n loglry| ’ (Ba. 4:5)
and now circling back with Eq. 4.4 and Eq. 4.5:
dimp(A) > dimp(A) > dimp(A,) = dimp(A,) > da(n) — dimp(A). (Eq. 4.9)
Finally utilizing Theorem 1.5 and Theorem 1.3
1 Gy,
dimp(|A) = dimg (JA) = — lim 1 10g (#[Gn) (Eq. 4.10)

n—oon  log |ra|

from where one can conclude the statement of the theorem.
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5 Hausdorff dimension in the homogeneous case (thm 2.3)

We again assume that for any ¢ € X : r; 1 = r1, r;2 = ro. Suppose |r1| < |rz| without loss of
generality. We will use the following pair of statements:

Theorem 5.1 (L.S. Young, Theorem 1.4.20 in [3]) Let A be measurable with u(A) > 0. Sup-
pose that

I B
VreA:  a<liminf BPBEN) (B, 5.1)
r—0 logr
Then
a S dlmH (A) S b. (Eq. 5.2)

Lemma 5.2 (Volume Lemma, Theorem 1.9.5 in [3]) Let p be a Borel, probability measure
in RY, such that
log u(B(z, 7))

u(v) a < }1_% log 7 <b (Eq. 5.3)

then
a < dimp(p) < b, (Eq. 5.4)
where u(V) x means: for p-almost all x. In particular, if p(¥v) © € A : lim,_o w =d,

then dimy (1) = d.
The plan is the following:

e We will construct a series of measures supported inside the attractor, of whose Hausdorff
dimensions can be lower bounded by the Volume Lemma.

e We will use Young’s theorem to get an upper bound for the Hausdorff dimension of the
attractor.

e Finally, we will observe that the achieved series of lower bounds converge to the upper bound
with the use of the assumed weak separation condition.

5.0.1 Approximate squares

The value liminf,_ log”l(ow is called local dimension, and it suggests to investigate how for

an arbitrary x € A a small neighbourhood surrounding it looks like. For this, we define, for § > 0,
the symbolic approzimate square: approximate, because we let k, ¢ be such that |ry|* < § < |ry[F~?
and |r2|® < < |ro|*~L. Explicitly k = k(d) := [log|,, d] and £ = £(5) := [log),,  d]. Then

ilioa = lios } (V{5 €2 | 185,410, 1]) = ISy, (10.1])}

:{j ’ i and j have the same letters untill k& steps} (Eq. 5.5)

Bs(i) ::{j e nx

ﬂ {j ‘ S:([0,1]%), S;([0, 1]*) are in the same row in the ¢-th step}

is called a symbolic approximate square, its image trough 7 is to be called an approximate square.
The second set in the intersection can be characterized as the set of js such that Zf:k 1 tiae|rel’ =

Zf:kﬂ tj,.2 - [r2|’, which means that from the k + 1-th to the ¢-th level their y coordinate wise
translation agrees with the one for i, we denote this by il 2 = Ll 20
One similarly can define the n-symbolic approzimate squares, B (i), who take k and ¢ to be

multiples of n (k(6) := n[log,. (0)/n],£(5) := n[log,,(d)/n]).
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5.1 Lower bound

The measures who will provide the lower bound will arise as a self-affine measures of a large enough
separated subsystem. For this let G}, be an n-th level strongly separated sub-self-affine set (defined
in Eq. 4.3).

Define a self-affine measure on it: Let p, be a probability vector of length m™, weighting the
elements of X" in a way that if S; ¢ G, then p; := 0, and if S; = S; then only the lexicographically

smallest can have weight. Define v, on ¥ :=J, cy ({1, ... ,m}n) sfor i € ™ let v,(1) :=

Hlil pi,, then by Kolmogorov’s existence theorem we can extend this to a measure on :°. Let
tn be the push-forward measure of this extended measure: p, = pp, = TVp,, .

We have that dimg (A, ) > dimg(u,) for any particular choice of p,,, so we will use the Volume
Lemma (5.2) to lower bound dimpy(u,, ), and then maximize the given formula in p,, to achieve the
sufficiently large lower bound.

To relate the measure of a Euclidean ball and of an approximate square we have the following
lemma:

Lemma 5.3 Assuming p, is not supported in a line segment, we have that
o, (w(i) ‘ B(w(i), 8|r |V 811 5) N A, C w(B§(i)) for all § sufficiently small) =1. (Eq 56)

The proof can be found in [15] with the address Lemma 3.2. The assumption restricting p,, from
being supported in a line segment will be satisfied with the general assumption that the original
IFS fills [0, 1]2, and with the choice of p,, we will achieve from the maximization at the end of this
section.

In essence, the Lemma lets us to cover a Euclidean ball’s intersection with the attractor by an
approximate square, with only experiencing a subexponential price, which gets eliminated as we
take lim,_,q. Precisely: given that u,, is not supported only on a line segment, by the Lemma 5.3
we have that for r sufficiently small (i.e. v, (V)i Ir, = ro(i) ¥Vr < ro)

fn (B(w(i), [V PE T)) < tin (w(Bf(i))) (Eq. 5.7)
for 1, (V) i, and by the separation of the cylinder rectangles in the constructed A,s we have that
i (7(B2D) ) = v, (BL () (Ea. 5)

for i such that m(i) € A,, and for any § = |r2|V, N € N (the existence of the limit will reason the
ability to use a subsequence). Also

. log r
lim

r—0 log (7"’1"1‘7“ /10g|r1\" r)

=1. (Eq. 5.9)

For i such that n(i) € A,, we have an explicit formula for the symbolic measure of a symbolic
approximate square

LYCONY () —k(r) 4
nis\) _
Vp, (By (i) = ( H Pi|(i_n,(i+1)_n]> ( H E pj> (Eq. 5.10)
=0 =0 JEX™ iy, (4 1)en) 2= (0,n) 72
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Finally |ro|® <6 < |r2|* means that £(r)log|rs| < logr < log(|ra|*() - ﬁ) and hence
log (Eq. 5.11)
im—————— = 5.
70 ((r) log [ra] !
Out of all of these we get that
1 n(B(m(i), 1 (Bl
lim —2 (B(r(i), r)) > lim 08 (¥p, ( T(l)». (Eq. 5.12)
r—0 logr r—0  4(r)log |rs|
Now calculate!
log(vy, (B (1) _
£(r) log |ro|
k() _y
. log (len() pi|(i4n,(i+1)-n])
€(r)log [r|
| L —k(r) 4
og | Ilio ZjGZ": Bilon (i 1) ]2 =03 (0,0 2 Pj
_|_
£(r)log |ro|
oy
B Zi:o log (pi\u-n,(iﬂ)-n])
£(r) log |ro|
L=k 4 |
N Y ico og ZjGZ": il (i (1) m).2 =0 (0] 2 Dj
{(r)log |rs|
. k() g
1 k(r) B2 ity log (pi‘(i-n,(7ﬂ+1)-n])
nl(r) log |rs|
L “”’“”—11
1 k(r) Zi@ Zi:o 08 ZJGE”Z bl (i (i41)-m] 2T (0, 2 b3
+-(1-72)
n £(r) log |2
(Eq. 5.13)
Following by the Strong Law of Large Numbers, we have that:
k() 4
. 1 n
lim <k<> > log <pi|<i«n,<i+1>-n]>> = > pilogps =t 4 (Ba. 5.14)
n =0 iexn

L(r)—k(r)
— 5 1

. 1
1ﬁ%<e<>k<> > o ( > pj>>

n =0 jexn: ti‘(i-n,(i+1)-n]azztjl(gyn]a2

- Z p: log ( Z pj) =:B (Eq.5.15)

iexn JEX™: ty,2=15,2
also o) ogins
. T 0og 79
1 — ) = . .
0 (M) log |r| (Bq. 5.16)
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Hence
(Eq. 5.17)

lim log pun, (B(w (i), 7)) - 1< A N (17 10g|r2|) B )

r—0 logr n log || log |r1|/ log |r2]

for any i such that (i) is in A,,. This is still dependent on the choices of p;, but can be maximized
using for example the Lagrange multiplier method.

For a fix n let p; ; be p; iff S; € G7, is the j'th cylinder rectangle in the i’th row in A,, and i
is the lexicographically smallest among those, then

12222, piglogpi
n log |71

Z Zp” log me <1Og|r2| log|r1|> ZZ;D” (Eq. 5.18)

is our Lagrangian. Differentiate it to get

AFw) _1 1 !
== 1 1 ig) 1 i A
o = T D S ;Z“ los(2_ps) ) (g~ ) *

F(p):=

11 1/ 1
s+ ) G2 )
(logprs +1) + log|r1| o %:pm og( me

n log |r| log 72|

1 1 1 1 1
S 1 1 ( )( )1
et 045 ogral ~ Toglrl ) \ope zj:p’“ * Zp’“

nlog|ry|
Zpk,]  log szm B

nlog|r| (logpys +1) + n\log|ra|  log|ri| Og;pk’j )t
(Eq. 5.19)
hence
o(F
(3171(cpl)> =0 = logpr+10g),, 1| + (log 3 pr.;)(10g),  [r1] = 1) + Anlogry = 0
| ) (Eq. 5.20)

(Z Dhj )(1 log,.,| 1)
"l" |)\n+1/log\r2|

<~ Dk, =

Now one can deduce that pj ¢ is the same for functions having cylinders rectangles in the same
row. Denote the measure on the i’th row by p;, and the number of cylinder rectangles in the i’th
row by n;, then

(Z Dk, )(1 log| ., | [r1]) (pk;)(l_log‘W‘ |r1])

Pk =) Dkt = NkPr1 = T g lral R e og ] (Ba. 5.21)

0

using that >, pr =1
nzog\rl\ 2] 1 n:’g\rl\ 72| zog\r“ [ra|—1 ( )
= = . Eq. 5.22
Pk log,. | Ir2]’ Pkl ny 10g|r1\ Iral — log,. | Ir2] 4
20Ty Doem 2emy
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logy,. | Ir2]

Using these, and the notation: K :=3%",n,
iy 108 1B (i), 7)) 1(Zk >0 Pre 10g P e N (1 loglrzl) 2ok Pk logpk>

=0 logr —n log || ~ log|r] log |rq|
1 /208 2Pt ((logw ra| — 1) logny — log K)
N n( log ||
log |rs| ok pk(logm |r2| log ny — 10gK)
(=)
log |r1] log |r2|
B 1((10g|r1| [ral — 1) >, pr log ng, _ logK
n log [r1] log ||
n (1 B log|r2\)zkpk10g|m |r2| log n, _ ( B 10g|r2|) log K > _ 1llogK
log |r1| log 72| log |r1|/ log |72 n log |rs
(Eq. 5.23)
and then with the Volume Lemma (5.2) we obtain
Lemma 5.4 )
. % \log,. ||r
VYn: dimg(A) > —5log‘r2| ( Z (#R\Si) Eiry | 2|>. (Eq. 5.24)

|S;€|G,

5.2 Upper bound

As mentioned before, we will use Young’s theorem to deduce a sufficient series of upper bounds.
This requires one to lower bound the measure of arbitrary small balls around ALL the points of
the attractor. This means the measures pu, are insufficient, since they leave many functions, and
hence many points in A, measureless. To combat this, we only change them a little.

Let 1, = np, be defined with weight distribution on X", such that if for i,j € X" we have
that S; = Sj, then only the lexicographically smallest word can have weight, extended it by the
Kolmogorov extension theorem to infinite words. This again is a self affine measure respective to
3™ which in general could not necessarily be derived from a measure defined on ¥, and then
extended to X" as a product measure. Denote g, = 0p, = 1), its push forward. Now we have
that for any j € X°° there is an i € ¥°° with 7(i) = 7(j) such that

0p, (B(n(§), V2r)) = 0, (B} (1))

E(r) _ L) —k(r) 4

n 1 n
> ( H) pi(i'n,(i+1)-n]>( H Z pj). (Eq. 5.25)
= 2

i=0  jeExn: t

(in, (i+1)-n] )2:tj\(om] )

Now choose the weights exactly as in the lower bound: For a fix n let p; ; be p; iff S; € G, is the
4’th cylinder rectangle in the i’th row in A,,, and i is the lexicographically smallest among those,
then choose

1 nzog\rl\ [r2| nLOg\rl\ [r2|—1
Pkl = —

1og ) 172l 108, | 72
n [r1l [r1l
DMy 20y

where n; denotes the number of cylinder rectangles from G in the ¢’th row, and where the sum
1
Sy, "2l is as in the lower bound. With this we have that

(Eq. 5.26)
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k() () =k(r) _q
n n

o) s

i=0  jexn: g

il(iom, (i4+1)n] 2 tjl(O,n] 2

- (i (iom, i )1081ry | 17211 o (i (s, (s )\8im 172
[LZo  n(lint1)n) [T sy (il(ion,(i42)-n)
n
2(r) (

log|,. | Ir2|\ 7n
20y

where for j € ¥ we define n(j) the number of cylinder rectangles in the same row as Sj. Then

Eq. 5.27)

g
log op,, (Br(3)) _ (108 Iral =1\ § . 10g|.,| 72
N - < 1 2, (% ‘n N

0(r) log |72 —( (r) log |r2| ) g 08 (1 i41) 1>+(z(r)1og\r2\)
“o) g
S . £(r) log,, 2|

1Ogn(l|(i~n,(i—i—1)~n]) _< )10g n, ral

_zk:(r) nl(r)log|ra| n

n

£(r)
o —1

1 log,. | |rz2| 1 1 .
1 Z Ir1] ) § : logn(ilii (iaqy.
771 ( 0Ly | : 17 + K(T‘) log |’I“1| . og (1|(z n,(i+1) n})

(Eq. 5.28)

k() 4
1 n )
Z IOg n(1|(i-n7(i+1)'n] )]
1=0

-~ log]ryl
“n g
log.,. \|7’2|) 1 1 X .
1 ! — 1 i, (i41)-7
(ong Tog [ | 207) ; 08 (i (5n, (141)m))

k(7) —1

log|ri| k(r) 1
— 1
log |ra| £(r) k(r) Z 08 (1l on (i41)m)

finally we have that k(r)/¢(r) — log |r1|/ log|r2| and

2(7‘) —1 M_l
1 1 3 .
lim sup ——~ Z lOg n |(z n,(i+1) n]) Z 1Og n(1|(zn,(z+1)n])
r—00 [ (T) =0

W g 1/6(r)
(Hi:nO n(1|(¢-n,(z'+1)-n]))
o) 4,
o n(]m,i41)n)

= log lim sup =0. (Eq 5.29)

T—00

)l/k(r)

Indeed, suppose that the right above limsup < 1, then use the following lemma:

Lemma 5.5 Given {a,}nen, a sequence of real numbers, and ¢ > 1 if limsup,, ,  a[eny/an < 1
then liminf a,, = 0.

One proves this by letting the fraction sequence be at most € € (0, 1) for all n after a sufficiently
large N, and then for a large M writing ap; as the product of ay and an increasing number of
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elements in the fraction sequence who all can be bound by e-s. Then with

k(r) -1

n

Ok (r) ::< H n(i|(i-n,(i+1)~n])

=0

1/k(r)
) , ¢:=log|r1|/log |rs] (Eq. 5.30)

the assumption that the limsup < 1 (i.e. in Eq. 5.29 we have < 0) forwarded by the lemma gives
that for any i
liminfay,) =0 while contrary to that:  ag) > 1. (Eq. 5.31)
r—0

Hence the formula in Eq. 5.29 must hold with = 0. Therefore

.. dogo,, (Br(3)) 1 log|,., | 2]
hITIl_>1(I)1f {(r)log|ra| — n(IOg‘”I 7 e ) (Bq. 5.32)

Finally using Young’s theorem and reformulating it to match the style of the lower bound:

Lemma 5.6

. 1 lo r |7'2
Vn:  dimg(A) < —;log‘m ( Z (#Rys,) Sl ) (Eq. 5.33)

|Sj€|Gn

The not too tired reader may recognise that this method of just substituting the guessed measure
would have worked for the lower bound as well, but building up the proof like that would have left
no sign of how the sufficient measure may arise from the setup.

5.3 Assembling the bounds

We restate Lemma 1.6 as

e J|C<oo VreR Vé>0 we have that:
#{155 € 1) | 155(4) N Blw,8) #0} < |C, (Ba. 5.34)
e JC<oo VzeR V>0 we have that:

#{8, € Gus | 8,0 N B o) 20} < C. (ka. 539

in particular

e 1|C <o VneN\{0} V|S;¢€ |G, we have that:

#{|Sj € |Gy,

S;([0,1]) N |S5([0,1]) # @} <|C, (Eq. 5.36)

e 3C <00 VYneN\{0} VS, €G, we have that:

#{8,€G, | 5;(0,1) NS, (0.1 £0} < C. (Ba. 5.37)
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Finally using these as in the previous theorems

Z (#Rlsi)logw I72 < Z (C- #Rrsi)l"g\m |72 < glsimilrel o Z (#Rl*si)l‘)g\m |72
|S:€|Gn |S:€|Gn ISi€|Gr,
(Eq. 5.38)
and hence we have

1 o T2
dimg(A) = lim —=log,, ( Z (#R|si)1 Bl ) (Eq. 5.39)

n—o0 n
[Si€|Gn

as stated in the theorem.
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