PERIODICA POLYTECHNICA SER. MECH. ENG. VOL. 36, NOS. 3-4, PP. 251-264 (1992)

CODES AND LATTICES

A. G. HorRvATH!

Department of Geometry
Faculty of Mechanical Engineering
Technical University of Budapest

Received: November 16, 1992

Abstract

One of the most important questions in the theory of N-dimensional Euclidean lattices is:
How many minima can be found in an N-lattice? As first result G. F. Voronoi proved in
[1] that this number is not greater than 2N+1 _ 2. On the other hand, for the well-known
classical extremal lattices, this number is not ‘enough large’, in these lattices there are

only O(N?) minimal vectors. The first lattices with a lot of minima were constructed by
E. S. Barnes and G. E. Wall. They proved in [1] that in the dimensions N = 2" there
exists such an N-lattice in which the number of minima is s(fy) = c¢- (N%(bs’ N+1)) =
c- (2%[(‘092N)2+‘°52N]). (The assymptotic formula was given by J.Leech in [3].) The
above mentioned lattice for dimension N = 2% is the well-known lattice Eg. Using the
base properties of the Reed-Muller code, in this paper we give the characterization of the
minima of this lattice and determine the number of minima of the 2" — 2-dimensional
lattice that is a generalization of the extremal lattice Eg. We note that the author proved
some similar results in the paper [4] but the precise value of the above number was not
known yet.
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Some Lattices with a Lot of Minima

Let e;, -+, ey be N independent points in EN. Then the set A of points
n .
g = Z:v,-ei, z1, ' ,Tn € Z integers
i=1

is called a lattice. The lattice A* is a sublattice of A if and only if A* C A.
The vector m is a minimum of A if for every lattice-vector v € A,

| m |[<| v |. The number of the minima of A is denoted by s(A). Now we
describe some important lattices with a lot of minima. These lattices are
extremals and in the lower dimension cases (N < 8) they have the most
minimum vector.
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The Lattice Ay

N+1 . N+
AN={Z€Biei|x=(a:1,...,a:N+1)ez + vaz‘:O}-
i=1 =1

Minimum vectors: vectors e;— e; (i # j). Number of minima:

N(N +1).

The Lattice Dy

N N
DN={Z:B,'e,'|x=(:I:1,...,:z:N)EZN ZE;EO(?)}
i=1 1=1

Minimum vectors: vectors te;+ e; (i # j). Number of minima:

OIN(N - 1).

The Lattice Ey (N = 6,7, 8)

2 8
k 1
Es = {IE:I zie; | x ={(z1,... 28) '€ B} or x'e (Z + 5)8 E z; = 0(2)}.

=1

8 8
Er={) ziei|x=(z1,...,25) € E' Y 2; =0},
1=1 i=1

8 7
E(;:{Z:rieilx:(m,,,,,,3;8_)535 $1+$8=Z$i=0}.
=1 =2

Minimum vectors: .
Eg: vectors (*e;*e;) (: # j) and vectors %Z(:i: e;). Number of
=1

minima: 240.

E7: vectors e;te; %(e;Jl +e;,+ e;;+e;, te;;+ e; = e;, te; ), where 1 <
t,j < 8 {i1,---,is} are a permutation of the numbers {1,--- ,8}.
Number of minima: 126 .

Eg: vectors e;—e; (2 <i# j<7)and vectors :I:%(e1+e,-2+ e;,+e;,

- €j;—e;,—e;,—eg), where {12, -+ ,i7} are a permutation of the num-
bers {2,---,7} and the vectors +(ej—es) . Number of minima: 72.
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2.The Barnes—Wall Construction

Let V be an n-dimensional vector space over the Galois field GF(2) ; in
terms of a basis €1,...,en, we may write the elements as o = 5 a;¢; with
coordinates a; which are integers taken modulo 2. The additive group of V,
which we shall also denote by V, is the elementary Abelian group of order
N = 2". Subgroups and cosets of dimension 7 will be denoted generically
by V» and C}, respectively. In N-dimensional Euclidean space E.S.BARNES
and G. E. WALL (Barnes and Wall) consider integral vectors x = (zo) with
coordinates zo indexed by the N elements o of V. If W is any subset of
V, [W] will denote the characteristic vector x defined by :

__{1 if aeW
TV0 if agw

Barnes and Wall denoted by A the sublattices of Z¥ generated by all vectors

Z[L;"][C,.], where C, runs over all cosets in V. They proved the following
theorems:

Theorem 2.1. Let ¢;,...,en be any basis of V. Then a basis of A is given
by the N vectors 2l%57] [Cr], where V; runs through the subgroups of V which
have a subset of €1,...,€n as basis. (see [2] T.3.1)

Theorem 2.2. A is invariant under the following orthogonal transforma-
tions:

i. the permutation of the coordinates xo induced by the transformation
a+— Ta + v of V, where 7 is a non-singular matriz over GF(2) and v is
any fized element of V,
1. the tnvolution
_f[ZTa i a€eW
y"’_{-ma if agWw

where W is any fized subgroup of V of dimensionn — 1.

Barnes and Wall defined the rank of a point x# 0 of A to be the largest
7(0 < 7 < n) for which all coordinates z4 are divisible by 2[] and proved:

Theorem 2.3. A point x # 0 of A is a minimal vector if and only if R is
odd, and for some coset C,_p of dimension n — R

ool = { 2% i o€ Cur
0 if a@Ch_p

(see T.3.2 and (5.2) in [2])
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Theorem 2.4. For the lattice A the number of minima

(2n 18 1) - L (2n—R+l N 1)

n-R
s(A)=2 +1 Z 2(2)[{“,3 where Kn'R= (23_1)._.(2__1)

R odd

J.LEECH in [3] determined this sum, he gave the following form:

s(A) = (242)(2+2%) - (2+2") ~ 1. N2(os2 V+1),

where | = 4,7684... is a constant.

Second-Order Reed—Muller Code and the Barnes—Wall Lattices

A binary code C of length N is a subset of F)¥, where F{' is the N-
dimensional vector space over the Galois field GF(2). The Hamming dis-
tance between two vectors

u=(u,...,un),v=(v1,... ,UN)

u;,v; € GF(2), to be the number of coordinates where they differ:
d(u,v) =] {i : wi #vi}|.
The minimal distance d of a code is
d := min{d(u,v) | u,v € C}.

A code of length N containing M codewords and with minimal distance
d is said to be an (N, M,d) code. A linear code C is a linear subspace of
F,}V: the set of codewords is closed under vector addition and coordinate-
wise multiplication by elements of FJ¥. The dimension k is the dimension
of this subspace, and there are 2% codewords. A linear code of length N,
dimension k and minimal distance d is said to be an [N, k,d] code. The
minimal distance of a linear code is the minimal nonzero weight (the num-
ber of the nonzero coordinates) of any codeword. Let A;(c) denote the
number of codewords at Hamming distance ¢ from a codeword ¢ € C. The
numbers {A;(c)} are called the weight distribution of C with respect to
c. For linear codes {A;(c)} is independent of ¢ and will be denoted by
{A;}.(See for example [6] or [5].) Assume now that N = 2". Denote by
X = {Py,..., Pxn_1} the set of the points of the n-dimensional Euclidean
geometry EG(n,2) over GF(2). Any subset S of the points of EG(n,2) has
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associated with it a binary incidence (or characteristic) vector of length N,
containing 1’ in the components s € S, and zeros elsewhere. This gives us
another way of thinking about codewords, namely as (characteristic vectors
of ) subsets of EG(n,2). If we fix a coordinate system and the points of
EG(n,2) are column-vectors in this system, then this geometry corresponds
with a binary matrix which has n rows and N columns. For example, in
the case of n = 3 we have the incidence-matrix:

Py P Py P Ps B Ps Py
w3 1 1 1 1 0 0 0 0
w2 1 1 0 0 1 1 0 0
W 1 0 1 0 1 0 1 0

It is clear that the complements of the rows of this matrix are the charac-
teristic vectors of hyperplanes which pass through the origin, so these are
subspaces of dimension n — 1. Let’s denote by V!, ..., V™ these subspaces
and denote by [S] the characteristic vector of the subset S. (At this time
the corresponding codewords are [V'!],...,[V"].) Since the coordinatewise
multiplication of two codewords is also a codeword, for which

[S]*[G] = [SNG]

holds, we get that [V']  [V’] is the characteristic vector of a n — 2-dimen-
sional subspaces. For example in the three dimensional case the rows of this
matrix are the characteristic vectors of the three 2-dimensional subspaces
of Ff¥ {€i,€;}, where i # j .The characteristic vectors of the subspaces of
dimension 1 (or 0, resp.) are the collection of vectors formed by component-
wise multiplying these vectors two at a time (or three at a time, resp.):

[10001000] — {0,e3}
(10100000] — {0,e2}
[11000000] — {0,61}
[L0000O0O0 0] — {0}

In this paper the set of indices of the N-dimensional space EY will corre-
spond with the space EG(n,2), so we regard it as an algebraic structure.

The binary r'* order Reed—~Muller code of length N = 2" (R(r,n)) is
the linear code generated by the codewords:

VLIV, .. VLIV VY, L V[V, VTR [V -k [V

T
It can be proved that this code is a [27, " (7),2""] one, so its minimal
=0

distance is 2" (see [5],[6]). We use the following theorems:
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Theorem 3.1.By an invertible linear transformation of the space EG(n,2),

arbitrary codewords in the second-order Reed-Muller code can be trans-
formed to one of the following forms:

[V2z'—1] * |:'||"/'2:7]’I

Ma

a)

..:.
I
—_

b) S v+ 17,
c) EI[V%*I] * [V¥] + Lao 11,
where the linear part of the third case Laocy1 = ) ag[Vi] is not identi-

i=20+1
cally zero, and for o o < 3] holds.

This theorem can be found in the books [6] and [7].
Theorem 3.2. Let AT be the number of codewords of weight i in R(2,n).
Then AT = 0 unlessi = 0,2", ol op 21 £ 2719 for some 0, 0 < o < [F].
Furthermore
AB‘ = Azﬂ - 1,
0‘(0+I) (2n _ 1) . (2n-20‘+1 _ 1)
(4°-1)---(4-1)

A = 2D - 3
i_.,é2n-1

Agn-1 gon-1-0 = 2 0<o< [%]&

We now give the precise characterization of the minima of the lattice
defined by Barnes and Wall. We prove the following statement:

Theorem 3.3. Regard the following n — R-dimensional subspace of

V:W,._p=Vr"R’In.. . NV" and denote by m such a vector of A whose
support is the coset W,_p and the absolute values of its coordinates are
25}, Let W:_R be the set of such indices of m where the corresponding
coordinates are positives. Then the vector m is a minimum vector if and
only if the vector [W]_p] is a codeword of the second-order Reed—Muller

code of length "R which is defined over the subspace Wy,_g.
Before proving this theorem, we have to verify an interesting lemma about
the incidence vectors of subspaces of the space EG(n,2).

Lemma 3.1. Let G; < EG(n,2) @ = 1,...,h be distinct subspaces in
h

EG(n,2). Regard the codewords ¢ = 5" (mod2)(Gi].
=1
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Then the following equality holds:

h
c=)Y [Gi]-2 ) [Gyl*[Gi] +4 Y [Gil*[Gi,]*[Gi] ... +
i=1 i1 #ip i1 i #ia

+(=2)"[G1] %+ * [Gh].

Proof. The above-mentioned equality is an identity if h = 1. Assume
that the statement is true if the number of the components of the sum
is less than or equals h. Regard now the following decomposition of the
codewords c:

h
c= ZmodZ[G;] = ¢ + [Gi]mod2.
i=1

Since if a € G; then 0 = [G;]o so we can see that:

h
Ca = Cy = (Z[Gj] —2 Y [Gu]*[Gyl+4 Y [Gi] *[Gi)*[Gi]-
i i i '

— A (MG [Gical #[Gia] x - % [Ga]) =

=(z-2 % +4E---)a+[G,-]a—2J§i([G;]*[G,-])a+...= '

o alE
h .

= (Xl6i1-2 Y [Ga]*[Gi] +4 Y [Ga]*[Ci]l*[Gi] — ...+
=1 i1#£1s i) #iz#i3

+(=2)"[Gi] x -+ [Gh]) .
For this reason in this case for the index o the statement of the lemma is
true. This means that if there exists such an index 1 for which a € G; then
in the index o the desired equality holds. Assume now that a € N{G; |i =

1,...,h}. Then the value of the left hand side in this index is:

0 if h 1iseven

h
Cla = mod2 G;‘ o — 4 .
(c) (g [Gi) { 1 if h 1is odd.

At the same time the value of the other side is:

_ ok
h—z(g) +4(g) —...+(—2)"'“‘(:) :%_0_221_ = {€)ow
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Thus, the statement of the lemma in this case holds, too.

Proof of Theorem 3.3. BARNES and WALL in [2] proved that the number
of the minima supporting the fixed subspace W,,_p was not greater than the

number 21+ ("7)F(2") | Let ag, &, o j be elements of GF(2) and denoted

by Wi = W,_rNV; forall index 1 < i < n— R. Regard now the following
vector:

m = 2['&;_1]({ao[Wn_R] + Z mod20;[W']+
1<i<n-R

+ Z m0d2a,',j[Wi] * [W]]}) = 2[g][Wn—R]a
1<i#j<n-R '

where the plus in the bracket means the (mod2) sum of those binary vectors
which can be found there. It is clear that m is in the lattice A if and
only if the first member is in A. In this case the vector m satisfies the
conditions of Theorem (2.3), so it is a minimum one. Since the linear
combination in the bracket is a codeword of the code R(2,n — R), so the
number of the distinguished vectors m, which can be stated in the above

n-R) (n-R

form, is 21+ ("7)+("2"). This means that we only have to prove that every
codeword as an N-dimensional (0-1)-vector (the coordinates which are not
in W,,_g are equal to zero) is in A. We now prove that this binary vector
1s a linear combination with integer coefficients of the lattice vectors with
support W'. Note that under a coordinate permutation of EV induced
by an invertible linear transformation of the space W,,_g the lattice A is
invariant (see Theorem (2.2)), so the image vector and the original one are
in the lattice at the same time. By virtue of the Theorem (Dickson) it may
be assumed that the examined vector is in one of the following forms:

h X A%

a) LW« (W],
=1
h X g

b) Z [W21—1] * [W.Zz] + [Wn—R}
=1
h 2i—1 21

c) __ZI[W 1% (W] # Loppr

n—R :
where the sum Loy = ) ai[W'] is not identically zero.
i=2h+1

The cases of a, and b are easy to see from the Lemma 3.1 because for
every odd number R the following equality holds [%] = [E-'{—l] Hence
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we get that :

. h
Z[B‘F]{Z[Wﬁ—ll * [W2i](mod2)} = Z 2[&2-_1][W2i_1] « [W]-

i=1 i=1

h

g E 9. 2[%ﬂ][wzu—1] f [W251] - [W2i2—1] . [W2i2]+
i1,52=1
i1 #ip

foot ()Y 2P W ) =

h
12 Z 2[3—;1‘—‘][W2i—1] N [WZi]__

i=1

_ zh: 2[-“,_,L‘]+1[W2i1—1]*[Wzill*[Wziz—ll *[W%]‘l'---
iy,ig=1
i1 #ip
Here every element of the right hand side is in A, so this is true for the left
hand side, too.

In the case of ¢, we have to apply such an affine transformation T
which does not modify the first part of the sum ¢, and at the same time
for which the equality 7 (Lan41) = [W2*+1] holds. (There exists such a
transformation, see for example in (8] the formula (16.352).) Regard now
the following notes: G; = [W* '] * (W?%] Gy = [W2'*!] and apply the
Lemma 3.1. It is easy to verify that the statement of the theorem is true
in this case, too.

Sublattices of the Barnes—Wall Lattice

Let H be an arbitrary subgroup of V. Let Ay denote the set of those

vectors of A for which Y zo = 0. Then Ay is a sublattice of A . The
a€H

author in [4] proved the following basic theorem:

Theorem 4.1. Let dimH be the dimension of the subspace H.

1. If dimH = dimG, where H and G are subgroups of V, then, the lattices

Ay and Ag are congruents.

2. For every subgroup H of V the minimal value of the sublattice Ay s
equal to the minimal value of the original lattice A.

In this paragraph let the dimension r of the subgroup H be fixed
(0 < r < n). According to the notations of the paper [2] let Np be the
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number of minimal vectors of the lattice A with support C,,_ g, where & ovn
is a coset of dimension n — R . (It can be seen from the theorem 2.2 that
this number is the same for all cosets of dimension n — R.) Denote by
NpR the number of those minima of Ay with support C,_gr for which
dim(Cp,_p N H) = k. It is easy to see that Np is also independent of the
choice of the coset C,_p. From Theorem 3.3 it is clear that this number
is equal to the number of those codewords of an R(2,n — R) code which
have 271 0’s and 2¥~! 1’s coordinates over a k-dimensional subspace V}, of
the original vector space V. In [9] the author determined this number and
proved that:

(4]

NR,k = Z (Zk — 1) SAH (zk—26+2 = 1)2("";+1)_(k;1)+(k—2g+1)_H.
6=1

In the same paper the following recursive formula was verified:
Theorem 4.2. If 1 < k < n — R holds for the number k, then:

2kNR’k - (2k _ 1) 2(ﬂ-f;+1)+1 - NR’k_l :

By the help of these formulas the asymptotic one was given in [4] for the
number Ay when H =< {0} >. It was proved that in this lattice the

number of minima was equal to O(N%(l"g? N+l)). In this paper we shall
prove a similar result.

Theorem 4.3. Regard the lattice Ay N Ag, where H,G are the subgroups
Va1 and < {0} >, respectively. Then for the number of minima of this
lattice the following inequality holds:

S(Avn-1,<{0}>) > C*S(A<{0}>).-

where the constant c* is independent of the dimension N.
Proof. The precise value of the number of minima of this lattice was
determined in [4], this is the following:

s(Avia <o) = 2 {(@F - DNpnopo127Ky ot
R odd

+(2% 7 'Ng + (271 - l)NR,n—R)Kn—l-R—l}'

Substitute the value k = n — R into the recursion formula (see Theorem
4.2) and arrange the equality into the following form:

2" * - 1)Npn_p_y = [(2"'R L by g 2n_RNR,n—R} :



CODES AND LATTICES 261

Then we get:
S(Avn-1,<{0}>) T

2 n-R

= Z {(2R = 1)2R [2("'§+1)+1 - zzn‘R——l)NR’n_R] Kn—l,R+
Rodd

+@" ' Ne+ (2% = 1)Nrp ) Kn-1,r-1 }-
However, from the definition of the number K, _; g it is clear that:

2f 1 K B
m n—-1,R — Kn—l,R—ls

so we have that:

s(Av,_, <{o}>) =

= Z {2R [2(n-§+])+1 (2n—R -1) - 2n_RNR’n_R] Kn1 =1+
R odd

+ (2% INg+ (271 - 1)NR,n—R)Kn—1,R-1} =
= de]{(zn =28 4 2R YN+ (=2" + 277 — 1)Npu ) Ky o

n-R
Here we use the equality: Ny = 20"+ 1f we take into consideration
the equality
2f —1
(21’1 s l)Kn,R = Kn—l,R—-la

too, we get that:

s(Av,, <{0}>) =

R
- Z {(2n_2R—1)+(_2n+2R—1_1)NR,n-R}NR 2 %1 Kn,R:'

# o Ng (27 - 1)
20 =-28) i@t — 2R L D)NR Bpy . & :
= - ’ 28 —1)NpK,r=
RXO;M{ (27 -1) (2 -1) Np }( INRKn, R

_ 1 R-1 Npn-rR1 NRn-RY,oR
=gro 2 (@ =21 =] - SRR - )NeKo
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If we can give a good upper bound for the number N_’;v‘%ﬁ’ we get a lower
one for the number of the minima. Take now the sum-form of the number
Npgn-pg. This is the following:

s

Npn-r = z (2"—R -1)--- (2"-3—26+2 by 1)2('*-!?-226“)_'_1.
6=1

n=R+41
Since N = 2(" )+1, we have that:

n-R+1 ]
2

N;:R = 52=:1 (1 - 2,11.3) (1 - 2n-R{26+2) 2n-R{26+l =t.Ln-p-

It is easy to verify the following recursion formula for the number L,,_p:

1 1 1
Lopg = (L 2n—R) [2n-R—1 T (1 = QTE-T) L"-R-2] r

We prove by induction with respect to the number n— R that the inequality
holds:

2n-R+2 L 1
Ln-rL 30mmra 1
sania= ]

If n— R is equal to 1 or 2, then the above number L, p is % or %, respectively,

so the statement is true. Assume now that

) e |
Lo, p2< _%E"TBTI.'

Then

Ln-ie= (1~ o) [y + (1= gy ) et €

n-R __
<(1- 2nl.11)[2u-1n-1 + (1 - 2"'1”-1 ) :3-22"-" —11] E

zn-R =% %271-1( e (2n—H-l _ 1)(271-1{ N 1)] b
2n-lt’ 27:-—”—1 (%21&—[( — 1) i
271.-[{ S 1 271-[“*‘2 = 1

39n-R _ 1 — Son-kB+2 _ 1’
22" 1 22" 1
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so the inequality holds. Here we used the trivial inequality :

zn—R S 1 2n-R+2 2% 1

%211-}2 e T %2n-R+2 e 1'

Although the limit of the above sequence is % for this reason we have the
same upper bound for the number L,_g, too. So

s(Av, <{0}>) =
= Lo 3 {er -2t - TRy SRR R ) NK e 2

2" =1 e Nr ol
1 gn_glel o ga -
= 2n—1 ded [ 3 ](2 ~ DNpKnp =
27]-1 R
= > (2" = 1)NgKy, r > ¢"s(Acqo}>),
3(2" - )R odd

2-1

where the non-zero constant c* is equal to inf {727——5 n > 3}. So we
proved the theorem.

We remark that the statement of Theorem 4.3 means that the N =
(2" —2)-dimensional sublattice Ay, , <(0}> of the Barnes—Wall lattice A has

at least 0(2%[(l°32N ) Heg N )) minima.
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