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Postural sway feedback torque —

3
(6) + b (t) + (k - 2—?) o) = ——T(t)

\

!

39
~—-01—=<0
21

(Loram, Lakie, Asai, Nomura)

Upper position: unstable position

Stick balancing

69

m, P(t) — ol p(t) = — (m + my)lc f(t)
) P
SNl feedback force
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Frontal plane mediolateral balance

\ [ I'$,(t) — G o(t) =—-CT(t)
! | | q
\'\ '. (Henry, Fung, Horak, 2001; Bingham, Ting, 2013)
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Stick balancing
stick length
reaction time delay
sensory uncertainty

~ critical length?
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Stick balancing on fingertip

U
N
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Stick balancing on pingpong racket
| , 1
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Balancing a linearly driven stick

T 3 q | A||i -‘L'H I

[ m"
'lr/ -l
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m, ¢

A S 4 \ A S 4
Tx = 21m/21/(39) Tg = 2m+/1/(69) = Tal? Tc = 2myJ21/(3g) = Ta
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Ty = 21y/21/(3g)  Tg =2mJ1/(6g) =Tal2  Tc = 2mJ21/(3g) = T,
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@/ |

segment mass length
upper arm | m, = 1.775kg | £, = 0.2874m
forearm ms = 1.015kg | £ = 0.2666m

hand my, = 1.0156kg | £, = 0.0821m = my=23kg my>m
l
(de Leva, 1996) case C

Matematikai Modellalkotas szeminarium
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) = fleW),9®),p®)) Ve[o,t—
(0~ Fo) = ——-qy | AT/ @OPOLEN oLl
For example Q(t) = —k,@(t — 1) — kqe(t — 1)
P A most recent
known time available data T
hiSto )
O_. ...................................................................
Zdesired motion
(p=0,9=0)
>
t—T t L

delay for visual tracking delay for stick balancing using cross-correlation:

Nasher (1976): 150~250ms Cabrera, Milton (2004): 80~200ms
Miall (1993): 200~250ms

Jordan (1996): 100~200ms
Kawato (1999): 150~250ms
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Reaction delay

blankout tests:

] ! i I ] ] ! i
g8 8% 9 891 92 93 94 95 4S9 97 98 99 10

Milton (2011): {s) SUBJECT 1

~ 230ms £

-

S

LCD =
shutter

YELOCITY (mis)

%8 B9 9 091 92 53 94 95 96 97 98 99 0
(d) SUBJECT 3

+
>4
|
7
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Q) =fp®), (), M) I e[0,t—1]

What is the control law? Q(t) =?

P(t) — co(t) = ——Q(t)

PD feedback: Q(t) = —K,@(t — 1) — Kg@(t — 1)

PDA feedback: Q(t) = —Kpp(t — 1) — Kqp(t — 1) —K,¢ (t — 1)
Predictor feedback (PF): Q(t) = —K,¢,(t) — K¢y, (t)
Act-and-wait control:

0 if 0<t<t, (wait)

Q(t) = —Kpp(t —1) — Kt —1) if ty<t<ty,+t,=T (act)

Matematikai Modellalkotas szeminarium
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P(®) — ap(t) = —kpo(t — 1) — kag(t — 1) _39
21
D-subdivision: w=0: k,=a (system parameter)
w # 0: ky = (w? + a) cos(wr)
2+a (w7)
o SIN\WT

0
Stable

Matemati
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¢(t) —ap(t) = —kpp(t — 1) — kqpp(t — 1)

=1
a=0.5 a=1 a=1.5 a= 2
3 , 3 3 . 3 -
2 2 2 2H 2 \
< 2 < < 2 < 2
1 1
0 0 0 1 0 1
o 1 2 3 0o 1 2 3 o 1 2 3 0 1 2 3
k k, ks kp
2
Aerit = 2 (Schiirer, 1948)

Or, for fixed a, Tgpit = \/g = ;Tpi Ty, downward oscillation period

(Stepan, 2009)
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C )
m, ¥
mgy > m
7
= ]
<Q .
Aerit = 3 7
6 T 3
a = Tg — z_f
l — 3972 = 156 l =272 =[39
crit—B — gT - cm crit—=C — ZgT — cm

Experiments: [..i; = 25~30cm (Milton et al., 1990-)
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https://www.youtube.com/watch?v= l _3 5 39
Z6tDfImUObo&feature=youtu.be crit—C — 4.9’[ =

Experiments: [..i; = 25~30cm (Milton et al., 1990-)
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Stick balancing model

Q) =fp®), (), M) I e[0,t—1]

What is the control law? Q(t) =?

P(t) — <0(t) = ——Q(t)

PD feedback: Q(t) = —K,@(t — 1) — kq@(t — 7)

PDA feedback: Q(t) = —K,@(t — 1) — Kg@(t — 1) —K,¢ (t — 1)

Predictor feedback (PF): Q(t) = —K,¢,(t) — K¢y, (t)
Act-and-wait control:

B 0 if 0<t<t, (wait)
A =Kyt = 1) = Kyt =) if ty <t <ty +1t, =T (act)

Matematikai Modellalkotas szeminarium
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@(t) —ap(t) = —kpp(t —1) —kqp(t —T) — ka@(t — 7)

/stick i
stic
ping-pong /
S racket

No sensory feedback from Sensory feedback from
fingertip = PD fingertip = PDA (?)

Matematikai Modellalkotas szeminarium
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¢(t) —ap(t) = —kpp(t —7) —kq@(t —7) —kap(t — 1)
Necessary condition for stability: |k, <1

a=2 t1=1 ka = 0.5

10
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@(t) —ap(t) = —kpp(t —1) —kqp(t —T) — ka@(t — 7)

ke = 0.99 12// ! ! ! / ! T = 1
@O k.| <1

6 1 6 1
ko — 0.9 7 7 7 7
5
= 5 ) 5 , 5 5 5 )
ol [3 3 3(1 3(1
5
4 5 4
L = 0.
2 2
4
2
50 1
kp

-5

s 5 5
ka=0 A .

st 3
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=
0N
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@(t) —ap(t) = —kpp(t —1) —kqp(t —T) — ka@(t — 7)

= =3
T 5 —5 | —— 1 T8 ]- D —
ka=0.99 4f 9 6 = —
é:zj( m@ . 2
11/‘9 2 1 ? ! ’ |ka| S 1
o — 3
ky=0.9 4 3 /i__jb L
< T SR o 7 1 2 1 ’
fn = 0.5 ity 3 3 .
3 Y
_‘;&:2_%‘ 2 ) 2 2 2
1= Qcrit,PDA — 2 Acrit PD = 4/ T2 (Sieber, Krauskopf, 2005)
ka=0 ar
3 1 3 2
“. leritppa = 5 leritpp = 5977 =20 €M
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P(0) go(t) _ __Q(t) Q) = f(e@), (), ¢(¥)) Y e[0,t—1]
What is the control law? Q(t) =?
PD feedback: Q(t) = —K,@(t — 1) — Kg@(t — 1)
PDA feedback: Q(t) = —K,@(t — 1) — Kg@(t — 1) —K,¢ (t — 1)
Predictor feedback (PF): Q(t) = —K,@,(t) — K¢y, (t)

Act-and-wait control:

0 if 0<t<t, (wait)

Q(t) = ~K,p(t — 1) — Kg@p(t — 1) if ty <t <ty +t, =T (act)

—
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¢(t) —ap(t) = -Q(t) Q(t) = f(p(), p(¥), $(9),Q($))
vel0,t—1], £€€]0,t]

©, P A most recent
known time available data prediction
history \ ﬁ/
(N— N
desired motion exact motion
(=0, =0) (not known)
>
tL—T7 t t
Q 4 the control input efferent copies of
is known r s v the actual control
; /\/J /bf\ _, commands
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Predictor-based feedback
Finite Spectrum Assignment
Modified Smith predictor

x(t) = Ax(t) + Bu(t — 1)

0
géﬂ'A (

0 1
a 0

x(t) = (

Matematikai Modellalkotas szeminarium

Mayne (1968), Kleinman (1969)

Manitius and Olbrot (1978)

Michiels, Niculescu, Mondie, Krstic, Jankovic,
Wang, Karafyllis, Mirkin, Zhong, ...

0
—1

(

) u-o=qQt-1)

)
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Predictor-based feedback Mayne (1968), Kleinman (1969)
.. - Manitius and Olbrot (1978)
Finite SpeCtrum ASSIgnment Michiels, Niculescu, Mondie, Krstic, Jankovic,

Modified Smith predictor Wang, Karafyllis, Mirkin, Zhong, ...
x(t) = Ax(t) + Bu(t — 1)
Prediction of x(t + t) from x(t):
X,(9) = Ax,(9) + Bu(@ —1%), 9Ide[tt+17), Xp()=x(1)
t+7T
X, (t + ) = e7x(t) + f eAFT=9)By (Y — ¥)dI

t
Controller: iz

u(t) = Kx, (t + #) = KeA%x(t) + K f AT Bu (9 — £)dY
t

IfA=AB=Band? = rtthenx,(t +7) = x(t + 1)

= u(t—17) = Kx(t) = x(t) = Ax(t) + BKx(t)
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Q) =fp®), (), M) I e[0,t—1]

What is the control law? Q(t) =?

P(t) — <0(t) = ——Q(t)

PD feedback: Q(t) = —K,@(t — 1) — Kg@(t — 1)
PDA feedback: Q(t) = —K,p(t — 1) — Kg@(t — 1) —K,¢ (t — 7)

Predictor feedback (PF): Q(¢t) = —Kp@,(t) — Kq@p (t)

Act-and-wait control:

N = 0 if 0<t<t, (wait)
OO = 1Kot =D = Kap(t = 1) if ty St <ty+ta="T (act

Matematikai Modellalkotas szeminarium
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Motivation: parametric forcing of the inverted pendulum

7
T4 cos(wt) ¢

Mathieu equation:

Y

ROk (—

Matematikai Modellalkotas szeminarium
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57 + o cos(wt))w(t) =0

@) + (6 + ecos(wt))p(t) =0
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Motivation: parametric forcing of the inverted pendulum

5 - ' - 400 - . ;
| Downward N 150 \ Unstable
4 L E —_— S
£ 300} \
. = Stable
Unstable Unstable —
N < 250
]
w Upward o 200t
- p% e Unstable
24 £ 150}
= Umax = 9.81 m/s?
= 100t
1 | qﬁ
~ S -~ - 50 i
Unstable — ~ Stable ~ — Stable
0 ' ' 0 ~=—a
-1 -0.5 0 0.5 1 5 10 15 20
0 Frequency - f [Hz|

Mathieu equation: @ (t) + (6 + € cos(wt))p(t) =0

Matematikai Modellalkotas szeminarium i &miﬂigigi
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Motivation: parametric forcing of the inverted pendulum
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x(t) = Ax(t) + Bu(t)
u(t) = gt)Kx(t —1)

Matematikai Modellalkotas szeminarium
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x(t) = Ax(t) + Bu(t) 1 —o —
u(t) = gt)Kx(t —1) - —— t

(Insperger, Stépan 2006)
if 0<(tmodT)<t, (wait)

0
g(t) = {1 if t,<({modT)<¢t,+t;=T(act)

Matematikai Modellalkotas szeminarium
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x(t) = Ax(t) + Bu(t) 1 —o —
u(t) = gt)Kx(t —1) - —— t

(Insperger, Stépan 2006)
if 0<(tmodT)<t, (wait)

0
g(t) = {1 if t,<({modT)<¢t,+t;=T(act)

Step-by-step solution (t, = Tand t; < 1): Fq

Matematikai Modellalkotas szeminarium
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x(t) = Ax(t) + Bu(t) 1 —o —
u(t) = gt)Kx(t —1) - —— t

(Insperger, Stépan 2006)
if 0<(tmodT)<t, (wait)

0
g(t) = {1 if t,<({modT)<¢t,+t;=T(act)

Step-by-step solution (t, = Tand t; < 1): X

t € [0,t,): x(t) =Ax(t) » x(t) =ex(0) =T v . /

Matematikai Modellalkotas szeminarium
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x(t) = Ax(t) + Bu(t) 1 —o —
u(t) = gt)Kx(t —1) - —— t

(Insperger, Stépan 2006)
if 0<(tmodT)<t, (wait)

0
g(t) = {1 if t,<({modT)<¢t,+t;=T(act)

Step-by-step solution (t,, = T and t, < 7): X r/_\—]

™\

t €[0,ty): X(t) = Ax(t) » x(t) =e'x(0) &+ o L 7 ¢

t € [ty, T): x(t) = Ax(t) + Kx(t — 7)= Ax(t) + KeA(=9x(0)
T
- x(T) = (eAT + j eA(T_S)BKeA(S_T)>x(O)
t

\ w J

Y .. i ]
(x € RM) d € RPXN Finite dimensional map
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x(t) = Ax(t) + Bu(t) 1 —o —
u(t) = gt)Kx(t —1) - —— t

(Insperger, Stépan 2006)
if 0<(tmodT)<t, (wait)

0
g(t) = {1 if t,<({modT)<¢t,+t;=T(act)

Step-by-step solution (t,, = T and t, < 7): X r/_\—]

™\

t €[0,ty): X(t) = Ax(t) » x(t) =e'x(0) &+ o L 7 ¢

t € [ty, T): x(t) = Ax(t) + Kx(t — 7)= Ax(t) + KeA(=9x(0)

T
o x(1) = (47 4 [ eATIBKeA0 | x(0
t

\ w J

Y .. i ]
(x € RM) d € RPXN Finite dimensional map
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x(t) = Ax(t) + Bu(t) 1 —o —
u(t) = gt)Kx(t —1) - —— t

(Insperger, Stépan 2006)
0 if 0<(tmodT)<t, (wait)
g(t) = . _
1 if t, <(tmodT)<t, +t; =T (act)
10 . . -
t=1a=4¢t,=1,¢,=1

|
Deadbeat control is possible! @_

O ................ | ¢ T f
0 3} 10 15
x(0)
T
\ tw J

Y .. i ]
(x € RM) d € RPXN Finite dimensional map
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Why wait?

It might seem unnatural not to actuate at all during the wait period
In a control process, still...

Matematikai Modellalkotas szeminarium
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Why wait?

It might seem unnatural not to actuate at all during the wait period
In a control process, still... consider the way you take a shower...

Constant gain control: slow, continuous
turning

sensation

Act-and-wait: turn and stop, turn and stop

time delay
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Why wait?

It might seem unnatural not to actuate at all during the wait period
In a control process, still... or remember the Lunokhod 2...

January-June, 1973
36 km In 137 days

Earth-Moon-Earth:
2%1.3s = 2.6S

Earth-Mars-Earth:
32min

Matematikai Modellalkotas szeminarium




Act-and-wait control

January-June, 1973
36 km In 137 days

Earth-Moon-Earth:
2%1.3s = 2.6S

Earth-Mars-Earth:
32min

Matematikai Modellalkotas szeminarium

Why w

It might seem unnatural not to actuate
In a control process, still... or rememb
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proportional-derivative (PD)
proportional-derivative-acceleration (PDA)

predictive feedback (PF)
act-and-wait (AAW)

Other effects:

 nonlinearities (sensory threshold, saturation, quantization)
« parameter uncertainties (time-dependent/invariant)

* motor noise

 neural model of reaction delay

Matematikai Modellalkotas szeminarium
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Balancing models
Stick balancing — what is the control law?
Experiments

\/irtual stick balancing

Ball and beam

Pendulum-cart and beam

Balance board
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@
() — 2L () = — = ag(t)
P 2178
ag. acceleration of stick’s bottom
S
as =% . as(t) = —kpp(t — 1) —kq(t —7)
‘_),r
.. _ _ . _ Lol 39
o) —ap(t) =-poet—1)—de(t—1) q =22
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o) —apt) =-pet—1)—det—1)

=03, L =2.0 =03, L=1.0
R — | '[ uncertainty radii
: lAp
: — 2
ad ' i Ep = — 1
5 Dot5Ap
=3 i 3 3k
N ZAd
[ ' b &p = —g—
; do+;Ad
dy = at 1
: 0k i
1 _1 1 [l 1 1
15 0 5 10 15
p 7
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o) —apt) =-pet—1)—det—1)

40 . 40
) (a) (b)
Lerit = Aot 30 0T
E= El
3 =20}
Ao = Z 10
ﬂ 1
0 02 04 06 08 1
5 7[s]
Lerit = a7 0 10
>0 gl ol
: (d)
8t 8t
aq o T _
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Uncertainty radii
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Rolling cart on a see-saw
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Tests by 22 subjects
5-day test series

20 trials per day
Settling time decreases

Overshoot decreases
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Pendulum cart rolllng on a see-saw
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Thank you!

https://www.youtube.com/watch?v=I1V-iP1jSMII
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