
1. MATEMATIKA A2 FELADATSOR - MEGOLDÁSOK
1. Határozza meg az alábbi végtelen sorok értékét:

a. 1 + 1
10 + 1

100 + 1
1000 + · · · = 1
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∞∑
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3
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∞∑
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5n
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∞∑
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+

9

100
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1
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10

+
3
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1
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=
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g.
∞∑

n=0

23n+2 + 32n+3

10n
=

4 + 27

1
+
32 + 243
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+
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100
+· · · = 4+

32
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+
256
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+
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4(1 +
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+ . . . ) = 4
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1− 8
10
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1

1− 9
10
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2. Határozza meg a gyökkritériumot haasználva, hogy az alábbi konvergens sorok konvergensek vagy
divergensek (lehet, hogy nem használható a gyökkritérium :():

a.
∞∑

n=1

5n

7n
: lim
n→∞

n

√
5n

7n
= lim

n→∞

5

7
=

5

7
< 1 → konvergens

b.
∞∑

n=1

6n+2

4n
: lim
n→∞

n

√
6n+2

4n
= lim

n→∞

n
√
36 · 6n
n
√
4n

= lim
n→∞

6

4
n
√
36 =

6

4
> 1 → divergens

c.
∞∑

n=1

43n

102n
: lim
n→∞

n

√
43n

102n
= lim

n→∞

43

102
=

64

100
< 1 → konvergens

d.
∞∑

n=1

n3n

4n
: lim
n→∞

n

√
n3n

4n
= lim

n→∞

3

4
n
√
n =

3

4
< 1 → konvergens

e.
∞∑

n=1

n211n

10n+1
: lim
n→∞

n

√
n211n

10n+1
= lim

n→∞

11
n
√
n2

n
√
10 · 10n

= lim
n→∞

11

10

n
√
n2

n
√
10

=
11

10
> 1 → divergens

f.
∞∑

n=1

2n + n2

3n
: lim
n→∞

n

√
2n + n2

3n
= lim

n→∞

n

√
2n(1 + n2

2n )

3n
= lim

n→∞

2

3

n

√
1 +

n2

2n
=

2

3
< 1 → konvergens

g.
∞∑

n=1

2n + 3n

4n
: lim
n→∞

n

√
2n + 3n

4n
= lim

n→∞

n

√
3n(1 + 2n

3n )

4n
= lim

n→∞

3

4
n

√
1 + (

2

3
)n =

3

4
< 1 → konvergens

h.
∞∑

n=1

6n

4n + 5n+1
: lim
n→∞

n

√
6n

5n(5 + 4n

5n )
= lim

n→∞

6

5
n

√
5 + (

4

5
)n =

6

5
> 1 → divergens
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i.
∞∑

n=1

n

n3 + 1
: lim
n→∞

n

√
n

n3 + 1
= lim

n→∞

n
√
n

n
√
n3 + 1

=
1

1
= 1 → nem használható a gyökkritérium

3. Határozza meg a hányadoskritériumot haasználva, hogy az alábbi konvergens sorok konvergensek vagy
divergensek:

a.
∞∑

n=1

5n

7n
: an = 5n

7n , an+1 = 5n+1

7n+1 , lim
n→∞

5n+1

7n+1

5n

7n

= lim
n→∞

5n+17n

7n+15n
= lim

n→∞

5

7
=

5

7
< 1 → konvergens

b.
∞∑

n=1

n

2n
: an = n

2n , an+1 = n+1
2n+1 , lim

n→∞

n+1
2n+1

n
2n

= lim
n→∞

(n+ 1)2n

n2n+1
= lim

n→∞

n+ 1

2n
=

1

2
< 1 → konvergens

c.
∞∑

n=1

(n2 + 1)3n

2n+1
: an = (n2+1)3n

2n+1 , an+1 = ((n+1)2+1)3n+1

2(n+1)+1 = (n2+2n+2)3n+1

2n+2 ,

lim
n→∞

(n2+2n+2)3n+1

2n+2

(n2+1)3n

2n+1

= lim
n→∞

(n2 + 2n+ 2)2n+13n+1

(n2 + 1)2n+23n
= lim

n→∞

3

2

n2 + 2n+ 2

n2 + 1
=

3

2
> 1 → divergens

d.
∞∑

n=1

2n + 3n

4n
: an = 2n+3n

4n , an+1 = 2n+1+3n+1

4n+1 ,

lim
n→∞

2n+1+3n+1

4n+1

2n+3n

4n

= lim
n→∞

4n(2n+1 + 3n+1)

4n+1(2n + 3n)
= lim

n→∞

1

4

2n+1 + 3n+1

2n + 3n
= lim

n→∞

1

4

3n(3 + 2n+1

3n )

3n(1 + 2n

3n )
=

3

4
< 1 →

konvergens

e.
∞∑

n=1

2n

n!
: an = 2n

n! , an+1 = 2n+1

(n+1)! , lim
n→∞

2n+1

(n+1)!

2n

n!

= lim
n→∞

2n+1n!

2n(n+ 1)!
= lim

n→∞

2

n+ 1
= 0 < 1 → konvergens

f.
∞∑

n=1

(n+ 1)!

(2n)!
: an = (n+1)!

(2n)! , an+1 = ((n+1)+1)!
(2(n+1))! = (n+2)!

(2n+2)! , lim
n→∞

(n+2)!
(2n+2)!

(n+1)!
(2n)!

= lim
n→∞

(n+ 2)!(2n)!

(n+ 1)!(2n+ 2)!
=

lim
n→∞

n+ 2

(2n+ 1)(2n+ 2)
= lim

n→∞

n+ 2

4n2 + 6n+ 1
= 0 < 1 → konvergens

g.
∞∑

n=1

n+ 1

n!
: an = n+1

n! , an+1 = (n+1)+1
(n+1)! , lim

n→∞

(n+1)+1
(n+1)!

n+1
n!

= lim
n→∞

(n+ 2)n!

(n+ 1)(n+ 1)!
= lim

n→∞

n+ 2

(n+ 1)2
=

lim
n→∞

n+ 2

n2 + 2n+ 1
= 0 → konvergens

h.*
∞∑

n=1

n!

nn
: an = n!

nn , an+1 = (n+1)!
(n+1)n+1 , lim

n→∞

(n+1)!
(n+1)n+1

n!
nn

= lim
n→∞

(n+ 1)!nn

(n+ 1)n+1n!
= lim

n→∞

nn

(n+ 1)n
=

lim
n→∞

1
(n+1)n

nn

= lim
n→∞

1

(1 + 1
n )

n
=

1

e
< 1 → konvergens

4. Határozza meg az integrálkritériummal, hogy az alábbi végtelen sorok konvergensek vagy divergensek:

a.
∞∑

n=1

1

n2
: f(x) = 1

x2 ,
∫ ∞

1

1

x2
dx = lim

B→∞

∫ B

1

1

x2
dx = lim

B→∞
[
−1

x
]B1 = lim

B→∞

(
−1

B
− −1

1

)
= 1 → konver-

gens

b.
∞∑

n=1

3

2n
: f(x) = 3

2x ,
∫ ∞

1

3

2x
dx = lim

B→∞

∫ B

1

3

2x
dx = lim

B→∞
[
3

2
lnx]B1 = lim

B→∞

(
3

2
lnB − 3

2
ln 1

)
=

+∞ → divergens
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c.
∞∑

n=1

1
3
√
n

: f(x) = 1
3
√
x
,
∫ ∞

1

1
3
√
x
dx = lim

B→∞

∫ B

1

x−1/3dx = lim
B→∞

[
x2/3

2/3
]B1 = lim

B→∞

(
3

2
B2/3 − 2

3

)
=

∞ → divergens

d.
∞∑

n=1

1

n2 + 1
: f(x) = 1

x2+1 ,
∫ ∞

1

1

x2 + 1
dx = lim

B→∞

∫ B

1

1

x2 + 1
dx = lim

B→∞
[arctgx]B1 = lim

B→∞
(arctgB − arctg1) =

π

2
− π

4
=

π

4
→ konvergens

e.
∞∑

n=2

1

n ln2 n
: f(x) = 1

x ln2 x
,
∫ ∞

2

1

x ln2 x
dx = lim

B→∞

∫ B

2

1

x
ln−2 xdx = lim

B→∞
[
−1

lnx
]B2 = lim

B→∞

(
−1

lnB
− −1

ln 2

)
=

1

ln 2
→ konvergens

f.
∞∑

n=2

ln3 n

n
: f(x) = ln3 x

x ,
∫ ∞

2

ln3 x

x
dx = lim

B→∞

∫ B

2

1

x
ln3 xdx = lim

B→∞
[
ln4 x

4
]B2 = lim

B→∞

(
ln4 B

4
− ln4 2

4

)
=

∞ → divergens

g.
∞∑

n=2

1

n lnn
: f(x) = 1

x ln x ,
∫ ∞

2

1

lnx
dx = lim

B→∞

∫ B

2

1
x

lnx
dx = lim

B→∞
[ln |lnx|]B2 = lim

B→∞
(ln | lnB| − ln | ln 2|) =

∞ → divergens

5. Döntse el az alábbi alternáló sorokról, hogy konvergensek vagy divergensek:

a. 1− 1
3 + 1

5 − 1
7 − · · ·+ (−1)n

2n−1 +: an = 1
2n−1 monoton csökkenve tart a 0-hoz, tehát konvergens.

b. 1− 2 + 3− 4 + 5−+: an = n, tehát limn→∞ an = 0 nem teljesül, ezért divergens

c.
∞∑

n=1

(−1)n−1

√
n

: an = | (−1)n−1

√
n

| = 1√
n
, monoton csökkenve tart a 0-hoz, tehát konvergens.

d.
∞∑

n=0

(−1)n

2n
: an = | (−1)n

2n | = 1
2n , ami monoton csökkenve tart a 0-hoz, így konvergens.

e.
∞∑

n=1

(−1)nn

2n
: an = | (−1)nn

2n | = n
2n , ami 0-hoz tart; még a monoton csökkenést kell ellenőrizni: an+1 =

n+1
2n+1 ,

an ≥ an+1 ⇔ n

2n
≥ n+ 1

2n+1
⇔ n2n+1 ≥ (n+ 1)2n ⇔ 2n ≥ n+ 1 ⇔ n ≥ 1,

ami teljesül, tehát monoton csökkenve tart an a 0-hoz, így konvergens.

f.
∞∑

n=1

(−1)nn

n2 + 1
: an = | (−1)nn

n2+1 | = n
n2+1 , ami 0-hoz tart; még a monoton csökkenést kell ellenőrizni:

an+1 = n+1
(n+1)2+1 = n+1

n2+2n+2 ,

an ≥ an+1 ⇔ n

n2 + 1
≥ n+ 1

n2 + 2n+ 2
⇔ n(n2+2n+2) ≥ (n+1)(n2+1) ⇔ n3+2n2+2n ≥ n3+n2+n+1 ⇔ n2+n ≥ 1,

ami teljesül, tehát monoton csökkenve tart an a 0-hoz, így konvergens.

g.
∞∑

n=1

(−4)n−1

n22n
:

∞∑
n=1

(−4)n−1

n22n
=

∞∑
n=1

(−1)n−14n−1

n4n
=

∞∑
n=1

(−1)n−1

4n
, ami egy alternáló sor, an = | (−1)n−1

4n | =

1
4n , ami monoton csökkenve tart a 0-hoz, tehát konvergens
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h.
∞∑

n=1

(−1)n−12n

n!
: an = | (−1)n−12n

n! | = 2n

n! , ami 0-hoz tart; még a monoton csökkenést kell ellenőrizni:

an+1 = 2n+1

(n+1)! ,

an ≥ an+1 ⇔ 2n

n!
≥ 2n+1

(n+ 1)!
⇔ 2n(n+ 1)! ≥ 2n+1n! ⇔ n+ 1 ≥ 2 ⇔ n ≥ 1,

ami teljesül, tehát monoton csökkenve tart an a 0-hoz, így konvergens.
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