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Probability theory 1 exam, 2024. Jan. 23.
Working time: 100 min. Only simple, non-programmable calculators are allowed,
standard normal distribution table on the other side.
The achievable maximum score (with the Bonus exercise) is 110 points, but we consider 100 points as 100%.

T.1. (a) (2+2+3+3 points) Write down the probability weight function of the binomial and Poisson dis-
tributions and calculate (from the weight function or using another learned method) the expected
value of both distributions.

(b) (7 points) In what limiting case and exactly in what sense can the binomial distribution be appro-
ximated by the Poisson distribution? State and prove the theorem you have learned about this.

T.2. (a) (6 points) State and prove the Cauchy-Schwarz inequality for the random variables X and Y.

(b) (6 points) How do we define the correlation coefficient p(X, Y') of X and Y'? What is the maximum
possible value of it? In what case do we get this extreme value for p(X, Y)? Prove your claims.

(c) (6 points) State and prove Steiner’s theorem!

T. 3. Let X and Y be independent random variables with probability density functions fx(x) and fy(y), and
let Z=X+Y.

(a) (8 points) What formula gives the cumulative distribution function and probability density function
of Z? Prove your claims.

(b) (2 points) How do we define the moment generating function of X ?

(¢) (5 points) How do we get the moment generating function of Z from the moment generating
functions of X and Y ? Prove your claim.

P. 1. 60% of the border guards of Ruritania are superficial, while 40% of them are thorough. Superficial border
guards stop cars that try to enter the county with probability 0.6, thorough ones stop cars with probability
0.9, independently of each other. I want to drive into Ruritania, and I see a blue car and a red car in front
of me. The border guard stopped the blue car, but did not stop the red car.

(a) (9 points) What is the probability that this border guard is superficial in nature?

(b) (8 points) Knowing the fate of the previous two cars, what is the probability that this border guard
will stop me?

P. 2. (16 points) The lifetime of the ,,Mehr Licht” type light bulb is exponentially distributed. According to
the manufacturer’s measurements, 80 percent of the light bulbs survive for at least one year. How should
the manufacturer set the expiration date (i.e., the time limit of guaranteed performance) of the light bulb
if they want no more than 2 percent of customers to complain?

Bonus: (10 points) 1 use this type of light bulb in my study and replace it immediately when it burns
out. Determine the distribution function for the time of the fourth light bulb change (if year is the unit of
measurement of time)! Hint: What do the lightbulb change times form?

P.3. Let X1, Xs,..., X, X,,11 be independent random variables with A'(0, 1) distribution, and define the

random variable Y with the formula Y = %

(a) (6 points) Determine the covariance matrix of the random two-dimensional vector (X;,Y).

(b) (11 points) P(|Y| < [Xpia) =7
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