© =RP x R} x 8(,,). The 3-dimensional elliptope:
2




C= %S indeed produces the maximum of the

log-likelihood function
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where \; (i =1,...,p) are positive real elgenvalues of the matrix

C 15 Equality is attained if C™12 =1, i.e, at C.

Lemma: If A and B are symmetric, positive definite matrices, then
AB (not singular) has real positive eigenvalues.

Proof:
ABx = \x

(Bl/ZABl/Z)(Bl/Z ) )\(Bl/2 )

where BY/2ABY/2 = (B1/2A/2)(BY/2AY/2)T is positive definite.
(For pos. def. A = UAUT — AY/2 = UAY/2UT)



Converse statement of Theorem 2: Eugene Lukacs

A characterization of the normal distribution, Ann Math.
Statistics 13 (1942), 91-93.

"A necessary and sufficient condition for the normality of the
parent distribution is that the sampling distributions of the mean
and of the variance be independent.”

This was first proved in

R. C. Geary, Distribution of Student’s ratio for nonnormal samples,
Roy. Stat. Soc. Jour., Supp. Vol. 3, no. 2 (1936).

Here it is proved (for absolutely continuous distributions), by using
characteristic functions.

"This reasoning applies also to the multivariate case.”



Eugene Lukacs

The stochastic independence of symmetric and homogeneous
linear and quadratic statistics. Ann Math. Statistics 23 (1952),
442-449.

"If a univariate distribution has moments of first and second order
and admits a homogeneous and symmetric quadratic statistic @
which is independently distributed of the mean of a sample of n
drawn from this distribution, then it is either the normal
distribution (Q is then proportional to the variance) or the
degenerate distribution (in this case no restriction is imposed on
Q) or a step function with two symmetrically located steps (in this
case Q is the sum of the squared observations).

The converse of this statement is also true.”



The standard Wishart density

The density of the p x p standard Wishart-matrix W:

cnp\W

where n > p and

o [ i (7))

J. Wishart, The generalized product moment distribution in
samples from a normal multivariate population, Biometrika 20
(1928), 32-52.

I. Olkin, The 70th anniversary of the distribution of random
matrices: A survey, Lin. Alg. Appl. 354 (2002), 231-243.



Olkin’s method

Old: X — New: Y = t(X), t is bijection.

pdfx(x) — pdfy(y) = pdfx(t~*(y)) -

det(g—;)

Xpxn — Wpyp, = XXT (p < n) not a bijection, but

pdf of X: T, T17, ﬁeféx,% - ﬁegtr W) —. £(W)

pdf of W: f(W) - h(W), h=2



1. Xpxn — Ypxnt X = AY with Ay, non-singular.

pdfy(Y) = pdfx(AY) -

det (8X)‘ = f(AYYTAT) . |det (A)|",
oY
since

det (gi) =det (I, ® A) = (det (1,))P - (det (A))" = (det (A))".



2. Yoxn — Vpxp: V= YYT. Find pdf of V!
On the one hand, since W = XX7 = AYY'AT = AVA':

pdhy(V) = pdiy(AVAT) - |det (?C’)’

= f(AVAT) . h(AVAT) . |det (A) [P+,

On the other hand, since V depends on Y in the same way as W
depends on X:

pdfy(V) = pdfy(V) - h(V) = f(AVAT) - |det (A)|" - h(V).



We make the two expressions for the pdf of V equal:

f(AVAT) . h(AVAT) . |det (A)[PH1 = F(AVAT) . |det (A)|" - h(V)
h(AVAT) = h(V) - |det (A)|" P~ L

Choosing A such that V = I, yields

n—p—1

A(W) = h(1,) - (det (W))" 5~ = , - (det (W)) "5~
and
1
Cnp = KJPW.

(The non-standard Wishart density is obtained by an easy
transformation.)



Distribution of the standard Wishart eigenvalues

M. L. Mehta: Random matrices. Academic Press, London, 1991.
pdf of W:

n—p—1

p

n—p=1 _1 1y

cnp|W| 2 e 2trW:can<x\j 2 e 2)‘J>
j=1

where A1,..., A, > 0 are the eigenvalues of W (n > p).
@ pdf of W = UAUT — pdf of (A, U)
@ integrating with respect to U, the joint pdf of A1,..., Ay

P
n—p— 1
knp(J ) 2 e 2 ST = Al
j=1 j<k



Without absolute values, this is the van der Monde determinant:

1 1 ... 1
A A A
[Hov-2)=| 2% 23 ... X
Jj<k
AL BT s

If n > p, then the eigenvalues are (w. p. 1) positive and distinct.
The pdf of their ordered sample is p! times the above.



W — (A, U)

# of parameters: p(p+1)/2=p+p(p—1)/2:
A=A, ), a=(q1,---,dp(p-1)/2)

pdf of (A, q):




Some technical steps

We differentiate both sides of UTU = I, with respect to g.:

ouUT . oU
9q; u+u 9q;

= Op><p7

from where -
ou u—_uT ou

_ — s(2)
09, 0qz

is skew symmetric:

for1<x<y<p: S)E}Z/):_S)(/)Z()r z:1,---,(§)-

(Consequently, sD -0 x=1,..., p.)



Some technical steps

We differentiate both sides of W = UAUT with respect to g,:

oW  eu - - ouT
0q, 8quU +UA 9q;’

from where, multiplying by UT from the left, and by U from the
right:

uTWy —s@p _As®),
q:
Equivalently, for the entries:
ow;
94, o UjxUky = 5>(<y)()\y — Ax)s
.k
1<x<y<np, z:l,...,(’z’).

(For x > y we get the same because of the skew symmetry of

s(2))



Some technical steps

We differentiate both sides of UTWU = A with respect to \;:

ow; ON
8)\]k UjxUky = )\Xy = OxyOxt,
jke T ’

1<x<y<p, t=1,...p



Now we collect our knowledge together

The p(p+1)/2 x p(p + 1)/2 Jacobian J = J()\,q):

ow;; Owj

_ | oA 7))
I=1 v O
9q: 9q;

Rows: t=1,...p, z=1,...,p(p—1)/2.
Columns: j—1....p, 1<j<k<p (# ptp(p—1)/2)

- . Ujx U
Auxiliary matrix V:= [ 7Y
2u_,'XUky

Rows: j=1,...,p, 1<j<k<p
Columns: 1< x<y<p (#: p+plp—1)/2)



6xy5xt
TV=10, -a
SX_)/( y X)

Rows: t=1,...p, z=1,...,p(p—1)/2
Columns: 1 < x <y <p.

NRVEVRES | [RVEPHE

x<y

6xy(S t
Sl

X
z) |-
X

Since the right hand side determinant and |V| depends merely on
q:
BQa) =TTy = Add - f(a).

x<y



Last step: we integrate with respect to the

eigenvectors

The joint pdf of the eigenvalues and eigenvectors of W:

1%
n—p—1 _ 1 P X
g a)=cn([[ M) 7 e 22N 1N — Al - f(a)

j=1 j<k

= The eigenvalues and eigenvectors of W are independent.
The pdf of q: cst - f(q) (Haar).
The joint pdf of the eigenvalues of W:

p

np-1 _1 ,
/g(A,q) da=rap(JTA) 2 e 22N [T I — Al

j=1 j<k

where Kpp = cpp/cst.



