Tools of Modern Probability
sample midterm exercise sheet, fall semester 2026-27
(working time: 90 minutes)

The midterm will contain 5 exercises. In this sample I give more: a possible midterm could
consist of any 5 of these.

1. Describe the asymptotic behaviour of the following sequences as n — oo:
a.) A, = 027T cos®" z dx

b.) B, = [1 (z—1)*(z +1)"dz

(By “describing the asymptotic behaviour” I mean: find sequences a,, and b, given by nice
simple formulas, such that A, ~ a, and B, ~ b,.)

2. Ford=1,2,3,... let ¢4 be the surface volume of the d-dimensional unit sphere
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Show that ¢, = 2=
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3. Describe the asymptotic behaviour of (2:) as n — 00.
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4. Let P be Lebesgue measure on [0, 1] x [0, 1], let X : [0, 1] x [0, 1] — R be given by X (u,v) =
Vu+wvand let 4= X,P. Calculate [, z* dpu(x).

5. Let p be Lebesgue measure on [—1,1], let f(z) = z? and let v have density f w.r.t. p.
Calcualte [ fd(fiv).

6. Exercise 6.4 from the practice exercise sheet.

7. Let (X, F, u) be a measure space and let f, fi, fo, f3, -+ : X — R be measurable functions
such that f,(z) — f(x) for p-almost every z € X and |f,(z)| < 1 for all z and n. In the
following two special cases, show that
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X X
or give a counterexample:

a.) X =R, u= Leb
b.) X =[0,1] and pu is a probability measure on X.



