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Abstract
On March 12 2020, the Technical University of Budapest has decided to continue

teaching in the form of distance education, effective March 23. These lecture notes
contain the material for the Dynamical systems course (BMETE93MMO02).
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1 Introduction to ergodic theory

1.1 Recap of the definition of ergodicity.

Ergodicity concerns the relation of a dynamical system T : X — X and an invariant measure
(. that is, we are given an endomorphism, that is a quadruple (X, B, T, ), where X is the
phase space, B is a sigma algebra, the map 7" : X — X is measurable with respect to B,
and p is an invariant probability measure, that is, u(A) = u(T-*A) for every A € B. As
usual, Li denotes the set of (with respect to ) integrable functions f: X — R,

Invariant sets and functions. A set A € B is invariant if A = T7'A p-almost surely,
that is, u(AAT~'A) = 0. A function f € L}, is invariant if f = f o T almost surely, that
is, f(z) = f(Tz) for u almost every = € X. Note that if u(A) = 0 or u(A) = 1, then it is
automatically invariant. Also, if f is (almost surely) constant (i.e. there exists ¢ € R such
that f(x) = c for almost every x € X), then it is automatically invariant. We will call these
trivial invariant sets/functions.

Definition 1.1 (Ergodicity). The endomorphism (X, B,T, i) is ergodic (or, the invariant
measure p is ergodic with respect to the map T : X — X ) if it has only trivial invariant sets
(i.e. if A is invariant then pu(A) =0 or p(A) = 1). Equivalently, (X, B, T, u) is ergodic if
it has only trivial invariant functions.

We have seen (at the class on March 10) that the two definitions of ergodicity are
equivalent. Also, we have discussed that ergodicity means that the phase space cannot be
split into two (from the viewpoint of the measure) non-trivial invariant components.

1.2 Birkhoft’s ergodic theorem

Consider an endomorphism (X, B, 7T, 1) and an arbitrary integrable function f € L}L. We
introduce the following notations. For x € X and n > 1, let

n

Spf(x) = f(x)+ f(Tx)+ ...+ f(T" '), A, f(x) =

Here S stands for sum, and A stands for average.

Theorem 1.2 (Birkhoff’s ergodic theorem for ergodic endomorphisms). Let (X, B, T, u) be
ergodic. Then, for any f € L,,:

A f(z) — /fd,u, as n — oo, for p—a.e. x € X. (1.1)

The proof of this theorem is postponed to a later section. For now, we make the following
comments.

e There is also a version for nonergodic endomorphisms, in which case it states that
the sequence converges for p-almost every x € X, but not (necessarily) to a constant
value.



e Probabilistic interpretation. (X,B,u) is a probability space, and f € LL can be
regarded as a random variable, the expected value of which is [ fdu. f, foT, foT?, ...
is a sequence of random variables, and, by the invariance of the measure, this is an
identically distributed sequence. Then Theorem 1.2 is an analogue of the Strong Law
of Large Numbers. Note, however, that this sequence is by far not independent. In
fact, the only source of randomness is the choice of the initial point z € X, which
then determines deterministically all later points T*z, (k > 1).

e Physics interpretation. If X is the phase space of a physical system, which is evolved by
the map T', then functions f : X — R can be regarded as an observable, and the values
f(z), f(Tx),... are the consecutive measurements. In this terminology Theorem 1.2
is often formulated as “time averages converge to the ensemble average” for almost
every initial condition = € X.

1.3 Linear operators associated to a dynamical system

Given a map T': X — X, and an appropriately chosen linear space £ of functions f: X —
R, we may consider the operator T : £ — L defined by

Tf=foT  thatis (Tf)(x) = f(Tx) for x € X.

The properties of this operator depend on the Ch01ce of L, yet, as long as L is preserved,
it is apparently a linear operator: T( 1fi+ Aafa) = (fl) + )\2T(f2) for every fi,fo € L
and )\1, Ay € R.

1.3.1 Action of T on LE.

Let (X,B,T,u) be an endomorphism, that is, the probability measure p is preserved. In
particular, (X, B, 1) is a probability space, and for any p € [1, co] we may consider the space

L= (LX) DF : X =R [ 1@)Pdute) < oc,
with the norm

151 = ([ 11Pduy.

With this norm, these spaces are Banach spaces and for the particular case of p = 2, Li is
a Hilbert space with the inner product:

<ﬁg»=/fummmmw.

Let us emphasized that real L¥, spaces are considered.

As the measure p is invariant, T not only preserves the space L7, it is, actually, an
L -isometry:

ITflly = I Vf.g € L.
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Of special interest to us is the action of T on the Hilbert space Li. A Lemma is included
here for future reference. Recall that the adjoint of T is the operator T : Li — Li such
that for any f,g € Li we have < f, f*g >o=< ff,g >5. This is not to be confused with

the adjoint of T acting on the space of continuous functions, to be discussed in the next
subsection.

Lemma 1.3. If f € Lﬁ 1s such that f*f = f, then ff = f.

Comment: This is true for any isometry of a real Hilbert space.

Proof. Assume T*f = f. Then (Tf,f) = (f,Tf)2 = (T*f, /)a = (f.f)2 = || fll2- Also

ITfI2 = |f]|? as T is an isometry. Hence

If=TFIZ=I1F12 = (F.Tf)2— (T, o+ | TF|2 =0,

which implies f = T f O

1.3.2 Action of T on the space of continuous functions.

In the remainder of the section we consider maps 7" : X — X without any
particular invariant measure fixed. Actually, as it will be discussed later, we are
interested in questions like: does T" have any invariant (probability) measure at all? If yes,
how can we describe the invariant measures that it has?

Setting: Let X be a compact metric space and let T' : X — X be continuous. Then,
unless specified differently, we make the natural choice that B is the Borel o-algebra. Ter-
minology: this setting is often called a topological dynamical system.

First we discuss some spaces associated to the compact metric space X. Let C(= C(X))
denote the linear space of continuous functions f : X — R. This is a Banach space with
the supremum norm

|fll =sup|f(z)| <o  feC.
reX

As usual, C*(X) denotes the dual space, that is, the space of bounded linear functionals
acting on C(X). That is, if a € C*, then a : C — R, and the dependence of a(f) on f is
linear and continuous.

Finally, let M(= M(X)) denote the collection of Borel probability measures on X. For
p € Mand f €C,let u(f) = [ fdu. This way u acts on C, and this action has the following
properties.

e the action is apparently linear,

e the action is bounded:

[u(f)l =

/X f(@)du()

< gsclel)lglf(x)l - p(X) = [



e the above computation not only shows that ;1 can be regarded as an element of C*, it
is actually of unit norm, and as such it is an element of the unit ball of C*. (To see
that the norm is not just less but actually equal to 1, note that for the special case of

fo =1 we have pu(fo) =1= | fol.)
e 4 is a positive functional in the sense that if f(z) > 0 for every z € X, then u(f) > 0.

By the Riesz representation theorem (more precisely, by one of the several Riesz rep-
resentation theorems) any element o € C* which is positive and has unit norm, can be
identified with an element € M.!

Note that this way M is a closed subset of the unit ball in C*.

The weak-x topology on C* (and thus, on M) is defined as follows. Given a sequence
tn € M, we have 1, — p € M in the weak- sense if for any continuous function f € C
we have that p,(f) (as a numerical sequence) converges to u(f). By the Banach-Alaoglu
theorem the (closed) unit ball is compact in the weak-* topology.? Hence, in particular, M,
which is a closed subset of the unit ball in C*, is compact in the weak-* topology, too.

Now we get back to dynamical systems. Given a continuous map 7' : X — X, for any
continuous f : X — R we have that f o T is continuous, too. Hence we may consider the
linear operator

T:C—cC,  (Tf)(z)=f(Tx).
Note that for the supremum norm |Tf|| < ||f|| (actually, [|Tf]| = ||If|| if T : X — X is

onto), hence T :C — C is a bounded linear operator.
Let us denote by T, the adjoint of T, which acts on C, and thus, can be restricted to M:

T.:M—M, (Tu)(f)=wTf)=ulfoT).

Now 7. defined this way is an operator we have already considered, the push-forward
operator on measures. >

This implies in particular that a probability measure p € M is invariant for T : X — X
if and only if it is a fixed point of the push-forward operator, that is, if Topu = p. We
introduce the following notation for the collection of invariant measures for 7': X — X:

Minv = (MinV(T) :){IU“ eM | T*:u = :u}

Finally, we show that the operator T is continuous in the weak-* topology. Let the
sequence m,, € M converge to m € M, that is, m,, — m. This means that m,,(f) — m(f)
for every f € C. In particular as f o T is continuous, we have that m,(f o T) — m(foT)
form every f € C, which actually means T, (m,) — T.m in the weak-* sense.

IThis particular theorem appears on wikipedia as the Riesz-Markov-Kakutani representation theorem,
and as the Riesz representation theorem on wofram mathworld.

ZNote that, for nontrivial examples of X, C (and hence C*) is infinite dimensional and thus the (closed)
unit ball is not compact in the norm topology.

3This can be seen by approximating the indicator function x4 of a A € B by a sequence of continuous
functions, and noting that y4 0T = xp-14.



1.4 Krylov-Bogolyubov theorem

Theorem 1.4 (Krylov-Bogolyubov theorem). Consider a topological dynamical system, that
18T : X — X, with X a compact metric space and T continuous. Then there exists at least
one invariant probability measure, that is, Min, (T) # 0.

Proof. Fix an arbitrary x € X. (The invariant measure to be constructed may depend on
the choice of z.) Let

n

fHn

where d, denotes the Dirac delta measure at the point y € X.* As p,, € M which is compact
in the weak star topology, there exists a subsequence fi,, and a limit measure y € M such
that pu,, 5 jas j — co. . It is claimed that this measure is invariant for 7 : X — X. To
verify this claim, it has to be shown that T, = pu.

By the weak-* continuity of T, we have T, —~ T.p. On the other hand, for any
fecC:

‘ fl@)+ f(Tx).. + f(TYz)  f(Tx)+ f(T%)... + f(T"a)
flz) + f(I )| 20l

U U

H — 0,

as j — oo, hence the weak-* limit points of the sequences pi,,; and T.pu,, coincide, which
means pu = T, pu. 0

Alternative argument for the proof of the Krylov-Bolgolyubov theorem, which is of some
interest for what follows. We have seen that M is a compact set in the weak-x topology.
Another important property is that M is convex: for any my,ms € M and A € [0,1] we
have that Am; + (1 —X)ms € M. Also, we have seen that T, : M — M is continuous. Now,
by the Schauder fixed point theorem given any continuous mapping of a compact, convex
set in a Hausdorff topological vector space into itself has a (not necessarily unique) fixed
point. If u € M is a fixed point for T, then pu = T, p, that is, p € Miy,.

Example 1.5. Consider T : [0,1] — [0,1], Tz = x/2. 0 is a fixed point of T, hence &
1s an invariant measure. We claim that this is the only invariant measure for T, that is,

M = {5}

This is related to the fact that the fixed point 0 attracts the whole phase space. For a
formal argument, note that T[0, 1] = [0, 1/2], and, moreover T[0,27%] = [0,27%71]. Hence,
for any pu € Mip:

1= ([0, 1)) = w(T710,1/2]) = u([0,1/2]) = ... = u([0,27"]) = ..

4If the orbit of = was periodic with period p, then tp would be an invariant measure. However, this is
not the general case. It may happen that T': X — X does not have any periodic points.
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then by the continuity of the measure (which is equivalent to o-additivity):

1= Tim p((0,277]) = g (ﬂ 0,2 ]) — u({0}).
Thus the full mass is carried by the point 0, which means p = dy.
Further comments:

e As mentioned earlier, topological dynamical systems for which M, consist of a single
measure are called uniquely ergodic (some explanation for this terminology is given in
the next section). Another uniquely ergodic example is the rotation of the circle by
an irrational angle. In this case the only invariant measure is Lebesgue measure.

e For “chaotic” examples the set My, is typically very large. For example, consider
the full shift o : ¥t — X% (or the two-sided —invertible — o : ¥ — ¥). We have seen
that there are many periodic points, which all give rise to invariant measures. another
class of invariant measures are Bernoulli measures. There are also further examples,
for example Markov measures, to be discussed later. By (almost)-conjugacy, this rich
structure of Mj,, is characteristic to several other examples: the doubling map, the
logistic map with parameter greater than 4, or Smale’s horseshoe.

1.5 Convexity and ergodicity

Recall that M is convex and compact in the weak-* topology. By the continuity oh T,
M., is a closed subset, hence it is compact. It can be checked by direct inspection that
convexc: if p, iz € Miy and A € [0, 1], then Ay + (1 — Atz € M.

Some terminology from convex geometry: if K is a convex set, then a point z € K is
extreme if © = Ay; + (1 — \)yz can hold for some y;,y, € K and A € [0, 1] only in the trivial
cases of A =1 (when y; = z) or A = 0 (when y, = ). Examples: the extreme points of a
segment are its two endpoints; the extreme points of a triangle are its three vertices.

Given T : X — X, let us denote by Meyg(= Merg(T)) C Miny(= Miny(T")) the collection
of those invariant measures that are ergodic for T': X — X. We have the following Lemma.

Lemma 1.6. For p € My, the following properties are equivalent:
(1) 11 € Mepg.
(i1) p is an extreme point of Miyy.

Proof. (ii) = (i) will be a homework. You can start thinking about it.

To prove (i) = (ii), let us fix some 1 € M, and assume that p = tpq + (1 — t)pe for
f1, p2 € Miny, t € [0,1]. Then if for some measurable set we have u(A) = 0, it has to hold
that p1(A) = 0. This means that p; < p (1 is absolutely continuous w.r. to u). Hence, by

the Radon-Nikodym theorem, there exist some density function p € L}“ p= %. In fact, we



can say more: p(x) < 1/t for u-almost every = € X. To see this, assume, by contradiction,
that there exists some measurable set B C X with u(B) > 0 such that p(z) > 1/t for
x € B. Then

p(B) = tpa(B) + (1 = t)pa(B) = tn(B) = t/Bp(I)dﬂ(x) >t (1/)u(B) = u(B),

which is a contradiction. Hence p(x) is in L°, and thus in L2. Now, for any f € L?:

(f,p)2 = /f@)p(fﬂ)du@) = /fdul =€ (foT)dus = /(f o T)(w)p(x)dp(z) = (T, p)s,

where we haVE used that p; € M,,. But this means that T p = p, which, by Lemma 1.3,
implies that Tp = p. Hence p is an invariant function, which, as p is ergodic, implies that
p is almost surely constant. Now as p is a probability density, we have that p(z) = 1 for
p-almost every x € X. but this implies that p; = p, so we have t = 1, and p is an extreme
point. ]

As a byproduct of this argument, the following statement has been proved:
Lemma 1.7. If p € Mg, and p1n € My, such that py < p, we have = .

Comment. By the Krein-Milman theorem, any compact and convex set K C X in a
locally convex topological vector space arises as the convex hull of its extreme points. (Check
wikipedia.) This implies in particular ergodic decomposition: any invariant measure can be
decomposed as a (potentially, uncountable) convex combination of ergodic measures.

One more Lemma is included to give further insight into the structure of M;,, and M.
Recall that two measures m;, my € M are mutually singular (denoted m; L my)if there
exists some measurable set A such that m,(A) =1 and ms(A) = 0.

Lemma 1.8. If m, 1 € Mg, m # p, then m L p.

Proof. Consider pi,m € Mgy, By the Lebesgue decomposition theorem, there exists ¢ €
[0,1] and g, 2 € M such that py < m, puy L m

p=tur + (1 —t)ps. (1.2)
We claim that i1, g € Meyg. This implies, by Lemma 1.6, that either ¢ = 1 (and
m = pu)ort =0 (and p L m). Hence, in the rest of the argument, we verify the claim,
which completes the proof of the Lemma.
On the one hand, u € My, hence p = T,p. On the other hand, apply 7% to (1.2):

=T =tTopy + (1 — ) Topio (1.3)

if we prove (a) T.p; < m and (b) T,uo L m then, by the uniqueness of Lebesgue decompo-
sition, p1 = Typy and pe = Tipo. Hence (a), (b) would complete the proof of the claim and
thus, of the Lemma.



To prove (a), consider A with m(A) = 0. Then m(T~'A) = 0 as m € My,,. By (1.2),
i (T71A) = 0. So T.p1(A) =0, and thus Tyu; < m.

To prove (b), by ps L m, there exists B such the ps(B) = 1 and m(B) = 0. Then by
m € My, we have T,m(B) = 0. Also, by (a) Tyu1(B) = 0. By (1.2) and (1.3),

(1—t) = u(B) = Tu(B) = (1 — t)T.jss(B)

Hence T,puz(B) = 1, which completes the proof of (b). O

1.6 Proof of the Birkhoff ergodic theorem

In this subsection we give the proof of Theorem 1.2. This is a proof by Katznelson and
Weiss, not the original argument of Birkhoff.
Preliminary observations:

e Recall that for any n > 1 we have S, f(z) = f(z) + f(Tz) +--- + f(T" 'z). By the
invariance of the measure pu:

/Snfd,u:/fdu+/fonu+-~-+/foT"‘1du:n-/fdu. (1.4)

e We may assume that f(z) > 0 for p-a.e. x € X. Otherwise, split f into a positive
and negative part, and use linearity.

e Introduce
fH(x) = limsup M’ #7(z) = liminf Snf(f”)

00 n n—o00 n

We claim that these are invariant functions. To see this:

Senf(r)  n f(!L")+< n ).Snf(T:c)

n+1 :n+1 n+1 n

Taking lim sup, the left had side tends to f*(z), the first term on the right hand side
tends to 0, ;25 — 1, while lim sup,,_, %(Tw) = fT(Tx). This gives fT(z) = fT(Tx),
and similarly for f~(x).

e As we are in the ergodic case, these invariant functions are p-almost surely equal
to some constants, which we may denote by f* and f~. Then our aim is to show
fT < [ fdupand [ fdu < f~, which by the obvious f~ < f* implies that the three
quantities are equal, and the limit y-almost surely exists and is equal to [ fdpu.

We focus on f* < [ fdu. It is enough to show that for an arbitrary small £ > 0 we have
[ fdu> f+ —3e. So let us fix £ > 0. Let

n(z) := min{n > 1| %@) > ft—e}.
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We have that
Sn@) f(x) > n(z)(ft —e). (1.5)

Note that n(z) is finite for almost every x € X, however, it may not be uniformly bounded.
Let us complete first the argument assuming that n(x) < N, almost surely, for some N € N.
Then we will see how to fix the argument when this does not hold. Introduce the following
stopping times:

ni(x) = n(z)
ny(z) = my(x) +n(T™@z), ete.
np(z) = np_y(z) + (T g).

Also define
Bj(2) = Sny)n; 1 f (T W), j=1,2,... (ng(z) = 0).
For brevity, let us introduce x; = T @ x. Note that by (1.5):
Bj(z) = Sn(a,_) f(@j-1) = n(z;-1)(fT =€) = (n;(x) —nja(2))(fT =€) (1.6)

Also, by our assumption, B; consists almost surely of at most NV terms. Let, furthermore,
L be so large that NTJH < ¢. Introduce one more stopping time:

k(z) = sup{k > 1|ni(x) < L — 1}.

Then
L-N< nk(x)(a:) < L. (1.7)
Now
Spf(@) = Su@f (@) + Sy om@ f(T"Vz) + .. =
Bi(x) 4+ By(x) + ... + By(y)(x) + remainder >
> (ni(z) + na(x) — ni(x) + .o + gy (@) — npgy—1(2))(fF =€) >
> =mw(@)(fT —e) = (L-N)(f"—¢)

where, we have used that, p almost surely (i) by f(z) > 0, the remainder is nonnegative,
(i) (1.6), (iii) (1.7). Now, integration, (1.4) and then division by L gives:

Lffanz@-M -2 = [ranz - -exyproe

Now let us see how to fix the argument when n(z) is not uniformly bounded. Even if
n8z) is not bounded, it is almost surely finite, hence, for N sufficiently large, the measure
of set

A={z e X|n(x) > N}

11



can be made arbitrarily small. In particular choose N so large that p(A) < f% Now define

o ) f@) ifx g A, L n(x) ifx & A,
fle) = {max(f(x),f*) frea M@= {1 itz e A

Then

[ [ sans [t [ st ou< [ i

e n(x) <N,
e Both for x € A and for z € X \ A:
Sag f(x) = A(z)(f —¢)

almost surely.

Hence the previous argument (introduce stopping times etc.) applies to f(z) (with f(z)
instead of n(x)). We arrive at:

f*g/fdu+25§/fdu+35.

Let us see how to adapt this argument to prove f~ > [ fdu — 4e for all € > 0:

e truncation: choose C' > 0 large enough such that, for fo(x) = min(f(x),C') we have
[ fdu < [ fodp —e.

o let n(z) = min{n > 1] U@ < -4

e assuming temporarily that there exists some N for which n(z) < N almost surely,
proceed as in the case of fT: construct stopping times etc. In particular, if L is large
enough to ensure NTC < g, then

Su(fo)x) < L(f~ +)+ NC = / Jodu < f* 422,

e to account for unbounded n(x), let N be large enough that for A = {z € X |n(z) >
N}, p(A) < &. Then let

- {fc(a:) ifedg A, Az) = {n(m) ifedA,

S if 2 € A 1 if 2 € Al

The argument with the stopping times applies to f and n. So
f> / fdp — 2

/fdMZ/fch—82/fdu—25.

12
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1.7 von Neumann’s ergodic theorem and further characteriza-
tions of ergodicity

Theorem 1.9 (von Neumann’s ergodic theorem). Let (X, B,T,u) be ergodic, and let f :
X — R be square integrable, i.e. f € L”. Then A,f — [ fdu in L., that is

[ [

Generally, convergence almost surely and in L? are independent, none of them implies
the other.

du(z) — 0 as n — oo. (1.8)

Question 1.10. Can you construct a sequence of random variables — say on [0, 1] with the
Lebesgue measure — that (i) converges in L?, but does not converge almost surely; (ii) that
converges almost surely, but does not converge in L??

Proof. von Neumann’s ergodic theorem can be proved directly, actually, with a very nice
argument, but we do not include it here. Instead, we show that Birkhoff’s ergodic theorem
implies von Neumann’s ergodic theorem.

Step 1. Let us consider first f € L7, that is, assume that there exists C' > 0 such that
|f(z)| < C for p-a.e. x € X. Then

A, ()] = flx)+ f(Tz)+ ... f(T" 'z) <C

n

almost surely and | [ fdu| < C. Hence the sequence of functions |A, f(z) — [ fdu|? is
uniformly bounded, and, by Birkhoft’s ergodic theorem converges to 0, p- almost surely.
(1.8) follows by the dominated convergence theorem.

Step 2. L7 is dense in Li. That is, for any f € Li and any € > 0, there exists g € L7
with || f — g[lzz < e. Then, as T is an L2-isometry, [|[A,f — Angl < e for any n > 1, also
| [ fdp — [ gdp| can be controlled in terms of ¢, and extension form L2° to L7 follows by a
standard approximation argument. O

Proposition 1.11. Consider an endomorphism (X, B,T,u). The following properties are
equivalent:

(i) w is ergodic with respect to T .

(1) Vf,g € L2, we have lim < fo x)dp(x )) = [ fdu- [ gdp.

n—oo

n—1
(iii) VA, B C X measurable we have lim (1 Sou(T=*AN B)) = u(A) - u(B).

n—oo
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Proof. To prove (ii) = (iii), let f = xp and g = x4 where y stands for the indicator function
of a set, which is bounded, hence in L2. Then f(z)g(T*z) = x5(x)xa(T*x) = X prr—ra(z),
thus

/f o(TH)dp(z) = w(T-FAN B)

and we see that (iii) reduces to (ii).
To prove (iii) = () let A be an invariant set, and let B = A. Then T-*ANA = A almost
1n
surely, hence — Z (T~ AN B) = u(A) for every n > 1. Hence (iii) gives u(A) = u(A)? in

=0
this case, Wthh 1mphes that either pu(A) = 0 or p(A) = 1. Since this holds for any invariant

set, (X, B, T, ) is ergodic.

Finally, we prove (i) = (ii). Let us introduce E; = [ fdu for brevity. If (X, B, T, p) is
ergodic and f € L7, A,f(x) — Ey in L2, by von Neumann’s ergodic theorem. Then, for
any g € L7,

[(Anf = Efr. )2 < |Anf — Efllezllgllz — 0

by the Cauchy-Schwartz inequality. Now

(Anf = Ep 9z = (% Z/ g9(T"z)dp(x ))

— (% g/f(x)g(Tk:c)d,u(x)) —/fdw/gdu,

so we obtain precisely (ii). O

Definition 1.12. An endomorphism (X, B, T, u) is mizing if for any A, B € B

lim u(T~"AN B) = u(A) - u(B). (1.9)

n—oo

Equivalently, it is mizing if for any f,g € L,
tin ([ s@aradu) = [ s [ o (110

e Recall that for a numerical sequence a,:

. AN
=0 = (Z) =0

k=1

Comments:

but the converse is, in general, false. (Think of a counterexample.) Hence mizing
implies ergodicity. In the next section we will see a system which is ergodic, but not
mixing.
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e To verify mixing, by standard approximation arguments, it is enough to check either
(1.9) for a collection of sets which generates the sigma algebra B, or (1.10) for a
collection of functions which is dense in L.

e As discussed earlier, f,g € Li can be regarded as random variables, actually, with
finite second moment (or, equivalently, finite variance). Hence (1.10) is just the state-
ment that the covariance of the random variables f and g o T™ tends to 0 as n — oo.
In other words, mixing is equivalent to the decay of correlations as the time gap of
the measurements made increases.

e Here we give another aspect of mixing/decay of correlations. Let p be mixing for
T:X — X, and let m < pu. Then we know from Lemma 1.7 that (except the trivial
case m = p) the measure m cannot be invariant for 7. Now let m, = T'm, the
push-forward of p by 7™, that is, for any A measurable m,,(A) = m(T~"A). Now let
p= Z—T the Radon-Nikodym derivative, that is, p(z) is the density of m with respect

to pu. Assume p € L7, We have
) = p(T7A) = [xrea@p(o)dn(e)

- / xa(T"2)p(x)dp(x) — / Xadj - / pdp = p(A)

as n — oo. This property can be interpreted as “relaxation to equilibrium”. For
decay of correlations/relaxation to equilibrium, the rate — how fast is the convergence
in terms of n — is a question of interest, which will be revisited below for specific
examples.

2 Ergodic properties of some examples

In what follows we discuss the question of ergodicity and mixing for some examples.

2.1 Irrational rotations

In this subsection 7' : S* — S! is a rotation with some irrational angle o, and ; denotes the
Lebesgue measure on S!, which is preserved by 7.

Proposition 2.1. The Lebesgue measure is ergodic for the irrational rotation.

Proof. We have discussed earlier that the irrational rotation is uniquely ergodic, that is,
My = {p}, hence p is extremal, thus ergodic. Nonetheless, here we argue directly: we
show that if f € Li is invariant, then it is constant. It is somewhat easier to construct
complex valued functions, by Fourier expansion:

f(l’): f: an6i27rnm’

n=—oo
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then, as Tz = (v + «)( mod 1), we have

o o0 0o
= E Ay, 6127WLT:E — E Qy, elQﬂn(m—l—a) — E anel27rna ez27rn:p )

n=—0oo n=—oo n=—oo

Let us introduce b, = a,,¢?™<, which are the Fourier coefficients of f(Tx). If f(z) = f(Tz)
almost surely, then, by uniqueness of Fourier coefficients,

ay, = by, Vn e€Z — either €™ = 1 or a, = 0.

For n # 0, the first possibility cannot occur as « is irrational. Hence ag is arbitrary, but all
other Fourier coefficients vanish, which means that f(x) is (almost surely) constant. O

Proposition 2.2 (Weyl’s theorem). Let T : S' — S! be an irrational rotation, and let
I C S* be an interval. Then, for every x € S*

#{k=0,....n—1|TFz € I}
n

— u(I), asn — oo, (2.1)

where p(I) is the Lebesgue measure (i.e. the length) of the interval.

Proof. Note that

n—1
#{k=0,... n—1|Trz eI} =) y,(T"z)
k=0
so (2.1) is nothing else but (1.1), for the function f = yx;. We know that by Birkhoff’s
ergodic theorem this holds for p-a.e. x € S, however, Proposition 2.2 states this for every
reSh
First step: we show that if T is an irrational rotation, and f : S — R is continuous,
then (1.1) holds for every x € S'. Let € > 0 be arbitrary small.

e By compactness of S!, f is uniformly continuous, hence there exists § > 0 such that
whenever d(z,y) < 0, we have |f(x) — f(y)] < e.

e (This is specific to rotations!) d(T*xz, T*y) = d(x,y) for every k > 1. So if d( )
)|

<90
then | f(T"z) — f(T"*y)| < e, and by the triangular inequality |A, f(z) — A, f(y)| < ¢

e Let A C S' denote the set of points for which the convergence (1.1) is guaranteed
by Theorem 1.2. For every x € S! there exists y € A such that d(z,y)d (otherwise,
S'\ A, which is of zero measure, would contain an interval).

e Putting all this together, we see that for every x € S', |A, f(z) — [ fdu| < 2e for n
sufficiently large.
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Second step. There exist two continuous functions f; : S* — R and f, : S' — R such
that fi(z) < xi(x) < fo(x), for every x € S' and [(f2— f1)du < e. Hence, for every z € S*:

An(fi)(@) < An(xi)(@) < An(f2)()
and, as by the first step, A, (fi)(z) = [ fidu (i = 1,2), we have

u(l)— e < / fudp < Timiinf A,y (@) < limsup Ay (@) < / fodp < (1) + 2,

n—oo

for every € > 0. O

Comment: (2.1) can be interpreted as the equidistribution of the sequence x, Tx, T?z, ...
on S!. That is, for any interval I C S*, the frequency of points in I converges to the length
of the interval I.

Question 2.3 (Arnold’s problem). Let a, € {1,...,9}" be the sequence obtained by con-
sidering the first digits in the decimal expansion of the numbers 1,2,4,...,2", .... Does 8
occur in this sequence? Does 7 occur? Which one is more frequent?

Question 2.4. Is the irrational rotation mizring?

2.2 Bernoulli shifts

Recall that, for K > 2, ¥x = {0,1,..., K — 1}? and 3} = {0,1,..., K — 1} denote
the set of bi-infinite and semi-infinite sequences with K symbols, respectively, while o :
Yk — Yk and o : X5 — XL denote the associated two-sided and one-sided full shift
maps, respectively. These are compact metric spaces with the symbolic metric, and o is
continuous, hence Theorem 1.4 applies. As mentioned earlier, the set Mj,, is enormous.
Here we consider a very important class of invariant measures, the Bernoulli measures. The
associated endomorphisms/automorphisms are called two-sided /one-sided Bernoulli shifts.
Here we focus on the non-invertible o : Z} — ZJ{{, the invertible o : Yx — Xx can be
discussed analogously.
First we fix some terminology.

o Let
K-1
AI(: {p: (pOapla"'7pK—1) 6RK|p] Zoa(]:()aaK_]')a Zp] = 1}
5=0
denote the K dimensional sympler. An element p € Ag is just a probability distribu-

tion on the finite set {0,..., K —1}.

e Recall that x € Z} is an infinite sequence x = (x1, z,...). We introduce the notation
a=(ay,...,a;) €{0,..., K — 1} for words of (finite) length ¢ > 1. The cylinder set
associated to a is

Co={zeX}|(x,...,2)) = a}.

Cylinder sets associated to distinct words of the same length are disjoint.
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e Let F; denote the (finite) sigma algebra generated by cylinder sets of length ¢ > 1.
Then F, C Fyq1, and the collection of cylinder sets of arbitrary length |J,2, Fo,
generates the Borel sigma algebra B. This implies, in particular, that for any Borel
measure m € M, any € > 0 and any A € B there exists A, € F; such that m(AAA,) <
e, where A is the symmetric difference. Note also that A, = Us;A, 5, a finite, disjoint
union of cylinder sets of length ¢.

Definition 2.5. The Bernoulli measure p € Miw (o) is defined by

¢
/J“(CQ) = Hpai
i=1
for any cylinder set associated to some finite word a = (aq, ..., a;). This then extends from
U=, Fe to B by sigma additivity.

In probabilistic terms, this means that the letters are i.i.d. and distributed according to
the distribution p on {0,..., K — 1}. The measure p is preserved by o:

) = U G = w0 = Y (pj - Hpai> ~[Lre = n(Co).

The endomorphism (X}, B, o, i) is called the (one-sided) Bernoulli shift associated to
pE AK.

Proposition 2.6. Bernoulli shifts are mizing.

Proof. Fix A, B € B, and then some ¢ > 0. We have to show that there exists N. > 1 such
that
[(c™"ANB) — p(A)u(B)| <e

whenever n > N.. There exist ¢ > 1 and Ay, B, € F; such that u(AAA,) < £/10 and
u(BABy) < £/10. We claim that N, = ¢ works. We have

2e

1(A) = p(Ae)| < /10, [p(B) = u(Be)| < /10 = |u(A)u(B) — u(Au(Bo)| < 15

p(c™"AAcT"Ap) = u(oT"M(AAAY)) <e/10 = |u(cT"ANB)—pu(c " AN By)| < g/10,
hence

[u(c™" AN B) — p(A)u(B)| < [1(0™" Ae N By) — p(Ag)p(Be)| +
+ (o™ ANB) — p(o™" Ay N By)| + [u(A)pu(B) — pu(Ae) u(Be)|

where we have already controlled the second and the third term. Here we show that the
first term vanishes if n > ¢. Note that A, = U;A,; and B, = Uy By, finite disjoint unions of
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cylinder sets of length £. This means that for any 7,4’ fixed there exist a,b € {0,..., K —1}*
such that

QEBZJ’ <~ ($17"'7J:€):Q;
re€0 "Ay; = (Tpt1,- . Tpre) = &
T € O'_HA&Z‘ N B&i/ <~ (1’1, . ,ZL’g) = Q and (l’n_H, RN xn-i—é) = a.
(2.2)

Hence if n > ¢, the conditions for 07" A,; N By fix the letters at positions 1,...,¢ and at
n+1,...,¢, and the letters at the positions in between (¢,...,n) are arbitrary. Thus

l l
ILL(O'_HA[’Z' N B&i’) - Hpak H pbk/ = /’L(AZ,Z) : /,L(BZJ")’
k=1 k'=1

which, when summed on ¢ and ¢, implies (oA, N By) = p(Ap) 1(Be). O

2.3 Topological Markov chains and Markov shifts
2.3.1 Preliminaries — recap of finite Markov chains from stochastic processes
A matrix 7 = m; i,7 =0,..., (K — 1) is a stochastic matriz (or transition matrix) if
o m;; > 0 Vi, jand
K—1
) mi; = 1 Vi.

Jj=0

The second bullet says that 1 is an eigenvalue of the matrix with right eigenvector 1 =
(1,..,1).

Interpretation: associated to m there exists a finite state space, discrete time Markov
chain; a stationary sequence of random variables X, X, ..., X,,, ... taking values in the finite
set 0, ..., K — 1 such that:

P(X,=1i)=P(X;=1) =ps;
P(Xn—i-l = ]|X1 = ’il, ,Xn = Z) = P(Xn—i-l = ]|Xn = ’l) = 7Tij;

Let ™ denote the nth power 7.
The matrix 7 is

e irreducible if for any pair 4, j there exists n such that 77> > 0.

e primitive (or irreducible and aperiodic) if there exists ng > 1 such that for any pair

i,j we have m > 0. (This implies that for any n > ng 77; > 0 Vi, j.)

From now on, we restrict to the primitive case.
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Theorem 2.7 (Perron’s theorem). Let 7 be a primitive stochastic matriz. Then

(a) N = 1 is a simple eigenvalue, (with 1 = (1,...,1) the only right eigenvector up to
multiplicity).

(b) for the associated left eigenvector p = (po, ..., px—1) we have p; > 0 for all i. This is
K—1
unique up to multiplicity, so we can normalize Y p; = 0.
i=0

(c¢) all other eigenvalues of m have absolute value strictly less than 1.

(d) m}'; converges to p; exponentially. That is, there exists 3 < 1 such that Vi, j we have
;= p; +O(B") as n — oc.

Comment: The theorem generalizes to arbitrary matrices with nonnegative entries B, ; >
0. In this case primitivity means that there exists ng such that B’} > 0, Vi, j. Perron’s
theorem states that there is a simple eigenvalue A with an eigenvector that has positive
components, and that there is a spectral gap (the rest of the spectrum is contained in a disc
of radius strictly smaller than \).

2.3.2 Definition of topological Markov chains and Markov shifts

A matrix A = A;; is an (adjacency) matriz, if all its entries are 0 or 1. Given a stochastic
matrix 7, the associated adjacency matrix is

14ij _ 0 ?f T3 = 0,
7 1 if T4 > 0.

We may think of A, ; as a directed graph.
Recall the definition of o : X7 — 3%, Let

Y ={(z1,22...) =z € i |A =1;Vk=1,2,...},

TpTh+1
that is, A;; defines the “permitted transitions”. In this case 3} C X7 is closed (hence
compact) and o-invariant. Hence we may consider the topological dynamical system o :
Y — X1, a topological Markov chain. (A natural generalization is a subshift of finite type,
where the closed and o-invariant subset of ¥ is defined by forbidding a collection of finite
words.)

Comment: Analogously, we may consider two-sided (invertible) topological Markov
chains o : ¥4 — 3 4. Here we focus on the one-sided case o : 3} — X7, the two-sided case
can be treated similarly.

Note that several stochastic matrices m may correspond to the same adjacency matrix
A. Nevertheless, primitivity of 7 is equivalent to the primitivity of A. For a given stochastic
matrix 7, we construct the Markov measure v , which is invariant for X% — ¥F. As in the
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case of Bernoulli measures, it is enough to specify p on cylinder sets. For C, € F; associated
to b= (by,...,be):
:U(CQ) = Db1Tb1by Mbobs - - - Tby_1bys

where p;, i =0,..., (K — 1) is the (unique) stationary distribution corresponding to m;;.

Note that p(Cj,) is precisely the probability that the associated (stationary) Markov
chain assigns to the finite word b = (by, ..., by).

The endomorphism (X1, B, o, u) is called the Markov shift (associated to the primitive
stochastic matrix ).

2.3.3 Markov shifts corresponding to primitive 7 are mixing

Proposition 2.8. Let m;; be a primitive stochastic matriz. The associated Markov shift
(X%, B, o, 1) is mizing.

Proof. As in the proof of Proposition 2.6, we may approximate arbitrary Borel sets B, D
with finite disjoint unions of cylinder sets of length ¢. Hence it remains to show that, if
B,y = Cy and Dy; = C, are cylinder sets associated to the words b = (by,...,b,) and
d = (dy,...,dy), respectively, then

(o™ Dy N Beir) — w(Dyy) - 1(Beir); as n — oo.
As in the proof of Proposition 2.6,

HOARS O-_nDZ,i N BZ,Z" <~ (xlv B 7:1:@) = Q and (xn-‘rlv s 7xn+€) = C_l

Ifn>¢:
K-1
IU(O-_NDM N Bé,i’) = Z PorTo1bs - - - Topzp 1 Twpr12pq2 - - - Tandi Mdrdy - - - Tdp_1d,
Tpy1y-Tn=0
= DoiTbybo -+ Tby_1bp ° Wg;lf—i_l * Mdydy -+ Tdy_ydy —

= Dby Ty - Top_yby * Pdy * Tdydy - - - Tdg_ydp = H(Beir) (Do),

where we have used Perron’s theorem. For future reference, it is worth noting that (again
by Perron’s theorem) the rate of convergence is exponential, in fact:

(o™ (Cq) N Cy) = p(Cy)u(Cy) - (1 + O(B")). (2.3)

O

2.3.4 Exponential decay of correlations

Let (M,d) be a compact metric space. For o € (0, 1], the function f : M — R is Holder
continuous with exponent « if there exist C' > 0 such that |f(x) — f(y)| < C(d(x,y))* for
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every x,yy € M.> The smallest possible C' > 0 for which this holds is called the Hélder con-
stant of f, denoted by C(f, «). Holder continuous functions are continuous, and thus belong
to the Banach space C — let || f|lo denote the corresponding supremum norm. However, we
may also define:

[flla = lfllo + C(f; @)

the Hélder norm, with which Holder continuous functions make another Banach space,
C* =CY(M).

Let T': M — M be a topological dynamical system (compact metric space, continuous
map), with mixing invariant measure p. Then for any f,g € Li we have that the time
correlations vanish asymptotically, that is:

Corr(f,g:m) = ' [ gt - [ i [ gdu‘ L0 asno oo

For brevity, we will sometimes use E(f) = [ fdu, where E stands for expectation.

Definition 2.9. The dynamical system T : M — M has exponential decay of correlations
with respect to the measure p if for any a € (0,1] there exists v = () € (0,1) such that,
for any f,g € C* there exists C(f,g) > 0 such that

Corr(f,g;n) < C(f,g)v".

Comments

e Even for the “nicest” ( or “most chaotic”) systems, such as the doubling map, it is
possible to construct f, g € L2 such that Corr(f, g;n) decays arbitrarily slowly. That
is why it is necessary to put some (reasonable) smoothness requirement on the class
of functions for which the rate of decay is to be investigated.

e If there is exponential decay of correlations, we often have C(f, g) = C(M)-||fla-119as
where the constant C'(M) > 0 depends only on the map, and not on the pair of
functions f, g (or the same type of expression with some other “nice norm”).

e To prove exponential decay of correlations, it is enough to consider functions f,g
with E(f) = E(g) = 0. Indeed, otherwise let f° = f — E(f), ¢° = g — E(g), and
Corr(f,gin) = Corr(f°, g%n).

Proposition 2.10. Consider a mizing Markov shift (that is, corresponding to a primitive
7). Correlations decay exponentially.

Proof. For ¢ > 1 fixed, we will refer to functions measurable with respect to F, as
(¢-)step functions, which form a function space to be denoted by S,. Functions in S, take

5In the special case of o = 1, f is called Lipschitz continuous.
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constant values on each of the (disjoint) cylinder sets of length ¢. Accordingly, Sy is a finite
dimensional linear space. For f,g € S, by (2.3):

Corr(f,G;n) < C - || fllollgllos™ " (2.4)

(recall that || f||o is the supremum norm).
Now let f,g € C*, and for n fixed, let us estimate Corr(f, g;n). Let us fix some ¢ > 1,
which we will optimize in terms of n later. Let us introduce

~ ~

F=E(f|F), f=f—f fr=foT" fr=Ffol" fr=fol",

and similar notations for g. (Slightly abusing notation, we drop denoting the dependence
on £.) Note E(f) = E(f) by the tower rule, and apparently || f|lo < ||f|lo- Then

Corr(f,g;n) = Corr(f,g:n) + E(f"g) + E(f"9) + E(f"9) (2.5)

For the first term, (2.4) applies. On the other hand, cylinder sets of length ¢ have diameter
27 As the values of f are the fluctuations of f on such sets, using Holder continuity,

[f@)] <O(f,a)27

A similar bound applies to g. Hence, bounding the integral simply by the supremum, the
second term in (2.5) can be estimated by || f]joC(g, «)27**. The third and the fourth terms
in (2.5) can be treated analogously. We arrive at

CllfllollglloB™" + (1fllClg. @) + C(f, )llgllo + C(f, )C(g, o)) 27
Cllfllallgllar™;

where v = y(a) = max(27%, 8)/2, if £ = n/2.

Corr(f,g;n) <
<

2.4 Markov partitions

In this section we consider hyperbolic toral automorphisms, (T4) = T : T? — T?, where
Tz = Az( mod Z?), and the spectrum of A € SL(2,Z) is disjoint from the unit circle. For
simplicity, we will discuss the CAT map associated to

(1),

o T preserves the Lebesgue measure m. The aim of the section is to prove that m is
mixing for 7', in fact, has exponential decay of correlations.

Recall that

23



e A has two eigenvalues: A\(= (3 ++/5)/2) > 1 and A~'. The associated (unit) eigen-
vectors are e, (unstable eigenvector) and e, (stable eigenvector), respectively.

e Accordingly, for any x € T? define the (global) stable and unstable manifolds of x as
We(x)={z+t es|t € R} Wx)={z+t-e,|t € R},

understood mod Z2. As the slope of these vectors is irrational, these manifolds wrap
around the torus and cover it densely.

e We have TW*(x) = W*(Tx) and TW"(x) = W*(Tx), with the distances contracted
and expanded by T along the curves, respectively. The origin O is a fixed point,
hence TW*(O) = W*(O) and TW#(O) = W*(O). Intersections in W*(O) N W?*(O)
are homoclinic points to the origin.

The directions e, and e, define a local product structure on T? in the following sense.
For some fixed small § > 0, let us define the local stable and unstable manifolds as follows:

Wi(z) ={z+t-e|lt| <oty Wiz)={z+t e lt] <5}
Then, for any z,y € T?, let
[z, y] = W5'(z) N W3 (y)
which consists of at most one point, and precisely one point if d(z,y) < §; = §,(0).
Definition 2.11. R C T? is a rectangle, if R = int R and Vx,y € R we have [x,y] € R.
Immediate properties:

e if R is a rectangle, then so is T'R;

e if R and R’ are rectangles, then so is RN R'.

For the particular case of the CAT map, we may consider R-s which are indeed rectangles
with sides parallel to e, and e, — we may think of them this way for the remainder of the
section. In such a case it makes sense to talk about its boundary OR = 0"R U 9° R, where
0"R and 0°R are the sides parallel to e* and e®, respectively.

Some further properties and terminology.

o Let
Wu(l,’ R) = UyER[x> y]; Ws(x> R) = UyER[y> l’]

If for two rectangles Ry C Ry we have that
Ve € Ry : Wu(l’, Rl) = Wu(l’, RQ)

then Ry is a u-subrectangle of R,. This means that R; “stretches along R, in the
u-direction”.(For the case of the CAT map this is equivalent to 0°R; C 0°Rs.) s-
subrectangles can be defined analogously.

It is easy to see that R; is a u-subrectangle of Ry if and only if T'R; is a u-subrectangle
of TRy, and analogously for s-subrectangles.
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e Given two rectangles R and R’, T' R properly intersects R if T RN R’ is a u-subrectangle
in R, or equivalently, TRN R’ is an s-subrectangle in T'R, or equivalently, RNT~'R’
is an s-subrectangle in R. In this case we automatically have that whenever x €
RNT 'R (ie.z€ Rand Tx € R)

W*“(Tz,R') c T(W"(z, R)); and Wz, R) C T*(W*(Tz, R))).

Definition 2.12. The collection of finite rectangles Ry, Ry, ..., Rx_1 is a Markov parti-
tion if

K-1
° U RZ = T2;
=0

e wheneveri # j, int R;Nint R; = 0, (rectangles can only intersect at their boundaries).
That is, up to m-measure 0, this is indeed a partition.

o if for some pair i,j (possibly for i = j) m(TR; N R;) # 0, then this intersection is
proper and connected.

Consider a Markov partition, and let s; and u; denote the unstable and stable dimensions
of rectangle R;, respectively.

Let us consider now indices i, j, k such that m(T?*R;NTR;NRy,) # 0. Then T?R,NTR; N
Ry, is a u-subrectangle in Ry, or equivalently, R;NT'R;NT 2R}, is an s-subrectangle in R;.
The essence of the Markov property (proper intersection) is that the unstable and stable
dimensions of such a rectangle are determined by Ry, and R;, respectively, irrespective of
the intermediate R;. In particular:

m(T?°R; N TR; N Ry,) = A\ %uys;.

This property extends of intersections of arbitrary multiplicity.
Let us define the adjacency matrix

ij

If A;; # 0, then m(TR; N R;) = . Let, furthermore

Then 7;; is a stochastic matrix, and
pi = m(R;) = u;s;
is a left eigenvector for the eigenvalue 1 — that is, a stationary distribution.
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Our aim is to relate the CAT map with the invariant measure m to the (double-sided)
Markov shift (X4, F, pir,0). Let (...,i_1,40,171,...) =1 € X4. Then, as we have seen,
Sio Uiy

m(TRio N Ru) = m(Rio N T_lRi1> = A

= DioTigiy»

and
m(T2(Ri71) m TRZO ﬁ Rll) = >\28i71ui1 = piflﬂ-iflioﬂ-ioil’

Furthermore, for any m,n € Z, m < n let

Rynlimyeeyin) =T "Ry NT " 'R, . N---NT "Ry,

im

By the proper intersection property, the measure of this later rectangle can be easily com-
puted, too:
. . Sy, Wiy,
MR (Ums - Bn)) = Nn—m = Pim Timimg1 - Tin_1in-

Define ® : ¥4 — T? as follows:

(b(l) - m R—n,n(i—nai—n-l—la ~-~>'én—1a Zn)

n=0

The property that the intersections are connected (whenever A;; = 1) is needed for ® to be

well defined. This guarantees that the rectangle R_,, ,,(i—pn,i—pt1, ..., in—1,15) 1S connected,

and as n tends to infinity, its size (both in the s and in the u direction) tends to 0 — actually,

exponentially, with rate A™!. Hence the intersection defining ® (i) consists of a single point.
® has the following important properties:

e & is an isomorphism of the CAT map and the Markov shift. Indeed, m-almost every
point of T? arises as the image ® (i) for a unique i € ¥4 (a point x € T? is exceptional if
there exists k € Z and i € {0, ..., K — 1} such that T*z € dR;). Also, for cylinder sets,
it has been just checked above that ®,u, =m. ® oo =T o ® holds by construction.

e d is a continuous, what is more, a Holder continuous map. To see this, note that
d(i,j) <27" = ®(i),P(j) € Ropnn(ion,iont1, - in-1,0n)

and thus d(®(z), ®(j)) < A™". Hence, for any Holder continuous function f: T? — R
we have that ®*f : ¥4 — R is Holder continuous, too (where ®* f(i) = f(P(7))).

This later property has a special significance as it ensures
Corr(n, f,g) = Corr(n,®*f, ®*g),

where Corr denotes, for both systems, the corresponding correlation. Hence, if it can
be shown that m;; is primitive, the Markov partition ensures that the CAT map has
exponential decay of correlations.
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Construction of the Markov partition for the CAT map

Let us describe now how to construct a Markov partition for the CAT map (according to
Adler and Weiss). As before, let O denote the origin, and let W#(0O) and W"(O) denote the
stable and the unstable manifolds of O, respectively. Let us consider the partition formed by
two rectangles A and B, the stable and unstable sides of which are formed by finite segments
about the origin of W*(O) and W*(O), respectively. See figure 1, left. In particular the
four vertices (of both A and B) are the origin O and the three homoclinic points P, ) and
R.

0] O
p P
B
R B
A
B
Q Q 5
A A,
B
O o} A,
A,
g d
R
(a) The partition (b) Image of the partition

Figure 1: Markov partition for the CAT map

To see that the intersections of T'A and TB are proper both with A and with B, we
make the following observations.

e The stable sides 0°A and 9°B are formed by the segment Lg of W*(O) between O and
Q. The image of this segment T'Ly is a shorter segment of W*(O), that is T Ly C Ls.
This means in particular that (0°T AU 0°TB) C (0°.AU 0°B). If TR enters R at a
stable side, it has to go all the way through.

e The unstable sides 0“A and 0B are formed by the segment L, of W"(O) between
R and P. The image of this segment T'L, is a longer segment of W*(O), that is
L, C TL,. This means in particular that (0"T. AU 0*TB) D (0"AU 0"“B). Hence no
unstable side of a rectangle R’ can be found in the interior of some T'R.

The images of the rectangles A and B are depicted on Figure 1, right. We have T'A =
A U Ay U As: going rightwards along W*(O) from O, T'A first intersects A in A;, then
again A in Ay, and finally B in As. Also, TB = By U By: Going leftwards along W*(O)
from O, T A first intersects B in By, and then A in B;.
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There is only one issue why the obtained partition does not fulfill entirely the require-
ments of Definition 2.12: the intersection T'AN A is not connected. However, if we consider
instead the iterated rectangles A;, By, Ay, A3, By as elements of our partition, all require-
ments of Definition 2.12 are fulfilled. The adjacency matrix is:

10110
10110
A=1101 10
01001
01001

3 Hyperbolic dynamical systems

In this section we again focus on topological properties. Our aim is to give an introduction
to hyperbolic dynamics.

3.1 Attractors

Let M be a complete metric space, and T : M — M continuous, with continuous inverse
T

Definition 3.1. An open set U C M is a trapping region if for its closure N = U we have
TN CU. In this case A = (.2, T"N is the corresponding attractor.

In this case
e the attractor A is a closed and T-invariant set;
e Vxr € U we have T"x — A as n — oo.

By the first bullet, we may consider the restriction of the dynamics to the attractor,
obtaining this way 7' : A — A, a topological dynamical system. The attractor is called
transitive is T : A — A is topologically transitive.

Simple examples are an attracting fixed point (M = R) or a sink (M = R?). Similarly,
a source is an attractor for 7!. In the next subsection we describe a more interesting
example.

3.1.1 The Solenoid

Let
M =S' x B? where  B? = {(z,y) € R*|2® +y* < 1},

That is, B? is the unit disc in the plane, which we consider as a subset of C (i.e. introduce
z = x+1iy). We think of M as the solid torus. On M we will use the coordinates (t,z) € M,
t € St and z € B2.
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Now let us define T : M — M as

1 .
T(t z) = <g(t), 1—2;) + 562””) ; where g : S' — S, g(t) =2t ( mod 1).

That is, g(t) is the doubling map. To describe T'M, introduce the notation, given any
tes
D, ={t}xB*C M

for the cross-section of M at ¢.
Let us consider some t, € [0,1/2) C S', and let ¢; = g(to) = g(to + 1/2). Accordingly:

Dtl ﬂ TM - T(Dto) U T(Dt0+1/2)

T(Dy,) and T'(Dyy41/2) are disjoint discs of radius % each, and centers distance 1/2 apart.

Accordingly, T'M is a tube of radius 1/10, which wraps around the solid torus M twice. See
Figure 2.

(a) The first iterate (b) Cross section

Figure 2: Solenoid

To proceed, note that by M C T'M we have
MCTMCT?MC---CT"MC ...
T™M has the following properties:
e for any t € S', D, NT"M consists of 2" disjoint discs of radius 10" each;
e T"M is a tube of radius 107", which wraps around the torus 2" times.
e its volume tends to 0 exponentially as n — oo.
Now consider the attractor A =~ T"M.

e A has zero Lebesgue measure.
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e For any t € S, A, = D, N A is a Cantor set.
e A, varies continuously when changing ¢.

Now we prove that A is a transitive attractor, more precisely, that T : A — A is
topologically conjugate to the two-sided full shift o : ¥y — ¥,. Consider the Markov
partition:

Vo =[0,1/2] x B?; Vi=[1/2,1] x B%

For any (ig,i1,...,%m_1) € {0,1}™, let
m—1
%Oyily---yi'mfl = m T_k‘/ik’
k=0
which, by standard properties of the doubling map, is a short tube of radius 1 and length
27", Then, for any (j,...,j1) € {0,1}", let
Hj, i =TV
which is a tube of radius 10~ and length 1 (it goes around the torus once, but does not
close). Finally, for (i_y,...,i_1,%0, %1, -.,,) € {0,1}*" 1 let
—k
Simiivviosinein = Hi i N Vigin i = ﬂ "V,
k=—n
As n — oo, the diameter of (i_,,...,i_1,%0,%1,-..,%,) tends to 0. Now, for
i = (o iy ey i1y G0y 1, s iny .. ) € To,
let -
TN = A (i) = ﬂ S i 1051
n=0

which is well defined, as the intersection consists of a single point. 7 topologically conjugates
T:A— Awith o: Xy — 2.

3.2 Unstable manifold theorem

In what follows we study 7" : M — M where M is a compact Riemannian manifold.
However, a strong background in differential geometry is not needed. As most of our
considerations are local, we may just think of M as being locally Euclidean, and 7" as map
of (an open ball of) R%. Most of our examples are two dimensional, so M is just a closed
surface, like the sphere or the torus. The differential geometric notions that show up are as
follows.
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e The tangent space T,M at a point x € M. It is a d dimensional vector space. M is
Riemannian, which means that the spaces 7,M have a natural Euclidean structure.
This generates a distance on M.

e For T': M — M, consider a point x € M and its image T'vr € M. This then generated
a tangent map (essentially, the derivative) DT, : T,M — Tr,M. DT, is an invertible
linear mapping between the d dimensional tangent spaces. Invertibility of DT}, follows
as it is assumed that 7' : M — M is a diffeomorphism.

3.2.1 Unstable manifold theorem for a hyperbolic fixed point

Assume, for simplicity, that M is two dimensional. Let us consider a fixed point x¢ = Tz
for T : M — M. Then DT,, is just an invertible linear map of 7,,M (which we may
identify with R?) onto itself. That is, DT}, is a 2 x 2 invertible matrix. We restrict to the
case of hyperbolic fixed points, which means that the spectrum of DT, is disjoint from the
unit circle. Specifically, we assume that z( is a saddle,and thus DT, has two eigenvalues
0 < A <1 < p. The unstable manifold theorem formulates the phenomena that in leading
order the dynamical behavior near z( is determined by the matrix DT, .

The theorem naturally generalizes to periodic points of period ny > 1 . In this case, we
consider the tangent map of the iterate, DT°. Denoting x) = Trxg, k=1,...,(ng—1) we
have that

DT}® = DT} DT}*(DT; )™

and thus the spectrum of DT} is the same for all points along the periodic orbit.
The unstable manifold manifold theorem below is a local statement, so we may consider
T :R? — R? instead of T : M — M.

Theorem 3.2 (Unstable manifold theorem for a saddle). Let us consider T : R?* — R?
continuously differentiable, and p = T (p) a saddle point for T. Then there exists € > 0 and
a continuously differentiable curve v, : (—¢,¢) — R? such that

® 7:.(0) =p,

The tangent vector of . at p satisfies (y;:.)'(0) # 0, and it is , actually, an unstable
etgenvector of DT,

T ' -1
o . is invariant under T,

for any t € (—e,e), T™"(vp.(t)) = p as n — oo,

if |”T~™(q) — p| < e for alln >0, then ¢ =~} (t) for somet € (—¢,¢).

The curve 7. is called the local unstable manifold of p.
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Proof. Preparations. We may assume that p = 0 (the origin) and that

A0
pr,-p- (0.

This is just an affine change of the coordinates on R? (moving the origin to p and then
conjugating the matrix to its canonical form). Also, we may assume that A > 2 and p < %
If this does not hold for 7', we may switch to a higher iterate 7", for which p remains a
saddle fixed point.

For tangent vectors ( g ) € R?(= ToM), we introduce the stable and unstable cones as
1
$5(0) = {( a ) ER?| |a| < —|B\} S*(0) = {( e ) eR?| |a| > 2\5|}.
s 2 s
Also, for

8% a 8% o _ _ Q
< g)eRZ, let (5):1)(5(?) and (5_1):1)1(&?).
We have

If ( go ) € 5%(0), then ( gl ) € 5"(0), thus [ou| > 2[f1] and |au| > 2]agl.  (3.1)
0 1

Also

If ( g((]] ) € 5%(0), then ( %j ) € 5%(0), thus |f_1] > 2|a_1| and |B_1| > 2|5s]. (3.2)

Choice of . Conditions (3.1) and (3.2) are open: if they hold for a matrix D, they remain

~

true for any other matrix D all elements of which are sufficiently close to the elements of
D. For some small € > 0 to be determined, let

U={(z.y) eR*||a] <e,lyl <e}.

By choosing € small enough, as T": M — M is C!, it can be ensured that (i) for ¢ € U, the
matrices D = DT, are arbitrarily close to D(= D1Tj); (ii) second order effects can be made
arbitrary small. In particular, by choosing € small, the following properties can be ensured.

e Consider p; = (xg, p1(x0)) € U and ps = (x¢, p2(z0)) € U, that is, two points that
have the same horizontal coordinate. Let T 'p; = ¢1 = (z1,51) and T lpy = ¢» =
(x2,y2) denote the preimages of these two points. Then

ly2 — y1| > 2[p2(z0) — @1(20)], [y2 — y1| > 2|xa — 21, (3.3)

by an extension of (3.2) from the tangent plane 7oM to the small neighborhood U.
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e Another requirement on the smallness of € is that the horizontal curves are preserved
by T (see Definition 3.3 below).

Definition 3.3 (Horizontal curves). A curve {(z,h(x))||z| < e} is horizontal if
e h(0) =0,

e h is Lipschitz continuous with Lipschitz constant %; that is, for any x,x’ we have
[h(w) = ()| < 5

Let H denote the space of horizontal curves.

If we apply T to each point of a horizontal curve, we obtain a new curve. By choosing
¢ sufficiently small, it can be ensured that this image curve is horizontal, too. This follows
as 0 is a fixed point and by the extension of (3.1) from the tangent plane ToM to the small
neighborhood U. This way we obtain a map ® : H — H called a the graph transform.

Let us introduce the following metric on H:

d(v1,72) = sup |hi(x) — ha(z)] H D= (z,hi(x)); i=1,2.

—e<z<e

With this metric, H is a complete metric space.
Lemma 3.4. There exists some k < 1 such that d(Pvyy, Py2) < kd(Y1,72)-

Hence we have that ® : H — H is a contraction of the complete metric space H. Then
by the Banach fized point theorem there is a unique fixed point /. € H, OV, = V.
This horizontal curve which is preserved by the graph transform will be the local unstable
manifold.

Indeed, if 7}, 3 ¢ = (20, h(xg)), then T71q = (z_1, h(z_1)) € Vi, and |z_1| < 1|xo| by
(3.1). Hence T7"q — 0 as n — oo.

On the other hand, if ¢ € U \ v}, then there is a vertical segment connecting ¢ to ;...
Applying repeatedly (3.3), it is obtained that the vertical distance of T~"¢ from ~}:. keeps
growing, and sooner or later T~"¢ has to leave the neighborhood U.

It remains to prove Lemma 3.4 — for instance, with kK = %. We argue by contradiction.
Let us assume that there exist 1,72 € H such that

d(q)fylv (I)”Y2) > Hd(fhv 72) (34)

Let us introduce the notation

n=A{zhi(2) [z < e} and O = {(x, pi(2)) | |2] < e},

i =1,2. (3.4) implies that there exists some z( for which

|01(x0) = pa(w0)| > £ sup |y (2) — ha(2)]. (3.5)

|2|<e
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Let p; = (w0, 9i(x0)), i = 1,2. the preimages of these two point are T 'p; = ¢ =
(ziy hi(z)) € v, i = 1,2. (3.3) applies:

|ha(z2) — hi(z1)] > 2|@2(zo) — @1(x0)| and also (3.6)
|h2(22) — h1(21)| > 2|2’2 — Zl| (37)

(3.5) and (3.6) imply:
|ho(22) — h1(z1)] > 2k|h1(21) — ha(z1)|.
Then, by the triangular inequality:
|ha(22) = ha(21)] 2 |ha(z2) = ha(z1)| = [ha(21) = ha(21)] > (1= (26) 1) h2(22) — I (21)],
which, by (3.7), results in
|ho(22) — ho(21)| > 2+ (1 — (26)71) - |20 — 21| = 0.8]2, — 2|

if Kk = %. But this contradicts that 7, is a horizontal curve. Hence Lemma 3.4 is proved.
We are almost done, just need to recall that this way we have constructed ~; ., a local
unstable manifold for a fized higher iterate T™, and we still need to argue that 7;.. is a
local unstable manifold for the initial map 7" as well. The only way this can fail is that
T—1y%  # ~ but another horizontal curve. But then T7'4* would be another local
unstable manifold for 7. But this would contradict the uniqueness of the local unstable
manifold for 7™, expressed in the last bullet of the characterization of Theorem 3.2. O

Analogously, the local stable manifold of the hyperbolic fixed point p, v .(p) could be
constructed. If p is not a saddle but a sink/source, than the entire small neighborhood U is
Ye(0) /7 (p), respectively. Higher dimensional cases could be discussed analogously, just
instead of curves we may have higher dimensional submanifolds.

The global stable and unstable manifolds of p can be defined as

¥) = |JT ™) ={e€ M|T"q—p}, asn— oo,
m>1

7o) = UTm%oc ={qge M|T™"q—p}, asn — oco.
m>1

3.3 Hyperbolic sets
ForT: M — M, A C M is a hyperbolic set if:

e T'A = A and A is compact. (So we may consider the restriction 7" : A — A which is a
topological dynamical system.)
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e For every x € A the tangent plane 7, M can be represented as the direct sum
T.M =FE:® E;, (3.8)
where EY and E? are called the unstable and the stable subspace of x, respectively.

— The subspaces depend on x continuously;

— For the tangent maps we have DT, EY = E}. and DT,E; = Ej,, accordingly,
(3.8) is called an invariant splitting.

— There exist constants C' > 0 and 0 < A < 1 such that
Vee A\Yoe EX,Yn>1: |DT, ™| < CN'|v;
Vee A\Voe E;,Vn>1:  |DT}v| < CX'|vl.
The simplest example is a hyperbolic fixed point A = {p}. Further examples are hyperbolic
toral automorphisms, when M = A, or the solenoid map, when A is the attractor.
Given a hyperbolic set, with techniques similar to the ones used in the proof of Theo-

rem 3.2 (but with more work), it can be proved that there exists some € > 0 and for any
x € A alocal stable manifold

Wie(x) ={y € M|d(T"z,T"y) < &,Vn > 0}.

W .(x) depends on x continuously, satisfies T,W (z) = E2, and for y € W _(z) we have
d(T"z, T"y) < CA"d(z,y). The global stable manifold of z is defined as

W) = | T Wi(0) = {y € M |d(T"2, ") = 0}, asn — o.

m>1

Local and global unstable manifolds of € A can be defined analogously.
Here we define two major classes of smooth, uniformly hyperbolic dynamical systems.

Definition 3.5 (Anosov maps). T : M — M is an Anosov diffeomorphism if the entire
phase space, M is a hyperbolic set.

The main example is the CAT map (or any other hyperbolic toral automorphism). To define
the other major class, we need a little more terminology. Given a topological dynamical
system T : M — M

e For z € M the w-limit points (and, for invertible maps, the a-limit points) of x are

ww) = (| U (a<w>= N UT)

nezZt j>n nezZt j=n

that is y € w(z) (y € a(z)) if and only if there is a subsequence n, — oo such that
Tx —y (T ™x = vy).
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e The recurrent points of T are:

R(T)={z € M|z € w(x)(Na(z))}.

e r € M is a non-wandering point for T if given any open neighborhood U > z there
exists n > 1 such that T"UNU # (). The collection of non-wandering points is denoted
by Q(T).

Let, furthermore Per(T) = {x € M |3ng : T™x = x} denote the periodic points of T" :
M — M. Then
Per(T) Cc R(T) C SU(T),

moreover, Per(T") and R(T") are not necessarily closed sets, but (7') is always closed.

Definition 3.6 (Axiom A attractors). T : M — M is an Aziom A diffeomorphism if

o Q(T) is a hyperbolic set,

o O(T) = Per(T).

The typical example is the solenoid, when Q(T') is the attractor A.
We will see later that Anosov maps satisfy Axiom A, that is, for Anosov maps (hyperbolic)
periodic points are dense in the phase space M.

3.4 Shadowing
3.4.1 The shadowing property

Let T : M — M be a topological dynamical system.

e A sequence of points xg,x1,...,x, € M is a §-pseudo orbit if for any i = 1,...n we
have d(x;, Tz;—1) < §. Analogously, infinite §-pseudo orbits — and, for invertible T
bi-infinite d-pseudo orbits — can be defined.

e A J-pseudo orbit is e-shadowed by a true orbit if there exists y € M such that
d(T*y,x;) < e, for any k=0,...,n.

e The dynamical system T : M — M has the shadowing property if for any € > 0 there
exists 0 > 0 such that any (infinite, in the invertible case bi-infinite) J-pseudo orbit is
e-shadowed by some true orbit.

The significance of the shadowing property is that it expresses the stability of the phase
portrait with respect to small perturbations. As it is demonstrated below, the shadowing
property is characteristic to hyperbolic systems. These can be thought of as chaotic, as
(typical) small perturbations grow rapidly (exponentially) with time. This instability ap-
plies, however, only to the individual orbits. The phase portrait as a whole is stable for
small enough perturbations.
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As a first example, let us show that — rational or irrational — rotations do not have the
shadowing property. To see this, let T : S' — S! be a rotation, and construct a J-pseudo
orbit in such a way that we always make a small perturbation in the clockwise direction.
That is, z; = Txr;_1 +§, and thus, z,, = T"x¢+nd (addition is always understood mod 1).
In particular, d(z,, T"x¢) = nd. Now, let us assume that there exits some y € S the orbit
of which e-shadows this pseudo orbit. Then d(zg,y) < €. As the rotation is an isometry,
this implies d(T"xq, T"y) < €. But this then implies d(z,,T™y) > nd — ¢ which can be
made macroscopic for large enough n.

Lemma 3.7. The doubling map has the shadowing property.

Proof. Let T : S' — S! be now the doubling map. We will prove the shadowing property
with 6 = . Let us consider first a finite d-pseudo orbit zg, z1,...,x,. We construct the
shadowing point y(= 3™) in such a way that we fiz first the endpoint of the orbit by letting
T"y = x,. Note that as the doubling map is not invertible, this does not determine y
uniquely. Not even 7" 'y is uniquely determined, as the point 7"y has two pre-images
under 7. We will choose first 7" 'y, then 7" 2y, and so on, iteratively, we pick T*y for
decreasing k.

As we have a pseudo orbit, d(Tz,_1,T"y) = d(Tx,_1,2,) < 0. Now Tx,_; has two
preimages under 7', one in [0,1/2) and another in [1/2,1), one of which is z,,—;. Similarly,
T™y has two preimages. If we obtain 7"~ 'y by applying the inverse of the branch that maps
Tp_1 to Tz, _1, then we have, by the contraction of the inverse branch, d(x,_;,T" 'y) < g.
As we have a pseudo orbit, this implies, in turn:

30
A(Txp_o, T" 'y) < d(TTp_2,2p_1) + d(zm_, T" 'y) < 5 < 20.

Now we proceed inductively. Let us assume that 7%y has already been chosen such
that d(T*y,x;) < 6. Then, as we have a d-pseudo orbit, by the triangular inequal-
ity d(T*y,Tz,_1) < 26. Choosing the preimage T*~ly appropriately, we can arrange
d(T* Yy, 2, _) < 6.

To extend to infinite pseudo orbit, note that this way we have a sequence of points y™
that shadow longer and longer sections of the pseudo orbit. We claim that this is a Cauchy
sequence. To see this, note that 7"y™ = z,, and thus d(T"y™, T7y"+)) < 5. As we
follow the same inverse branches for n iterations, this implies d(y™, y™+V)) < 2%. The limit
point y(>) shadows the infinite pseudo orbit. O

Lemma 3.8. The CAT map has the shadowing property.

Proof. The main idea in the proof of Lemma 3.7 was to use the non-invertibility (and the
expansion) of the dynamics. Here the map is invertible, but there are the stable and unstable
manifolds. The proof, actually, works for open neighborhoods of hyperbolic sets in general.
Let T': M — M denote the CAT map. Recall the following notations: A > 1 is the
unstable eigenvalue, and A\~! is the stable eigenvalue of the matrix. Also, for z,y € M:

[z, y] = W5'(z) " W5 (y)
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which is a unique point for x and y sufficiently close.

Let us consider a d-pseudo orbit xg,zq,...,z, € M. We will find, recursively, points
yr that shadow the pseudo orbit up to time k, that is, d(T"yx, ;) < € (where ¢ is a fixed
multiple of §) for i =0,1,..., k.

To start, let yg = xo.
Now, to find y;, we construct T'y;, which determines y; uniquely (7 is invertible). Let
Ty = [Tyo, 21].
Note that yg = xg, so d(Tyy, x1) < 0 as we have a pseudo orbit. This implies
d(Tyo. Tyr) < 6, Tyr € Wigo(Tyo) = d(yo. 1) < oA~
as unstable manifolds are contracted by the inverse map 7!. Also,

d(l’l,Tyl) < 5, Ty1 € VVISOC(LL’l) — d(szl,TSL’l) < (5)\_1.

This, on the one hand, shows that the orbit y;, T'y; shadows the two-element pseudo orbit
Zp, 1. On the other hand, prepares the next step of the iterative construction. The distance
of T?y; and x5 is controlled by the triangular inequality:

d(T?y,, 25) < d(T?yy, Txy) +d(Txy, x5) < 6(1+ A7),
So we may define y, via Ty, as
T?yy = [T?yy, 73).
This way
d(T?yy, T?y1) < 6(1 + A1), Ty € WE(T?y1) = d(y1,y2) < SN2+ 272,

As distances along unstable manifolds contract in backward time, the orbit if ys inherits
the shadowing from 3, for the past orbit. Also

d(l’g,szg) < 5(1 + >\_1)7 T2y2 S Vvlf)c(x2> = d(T3y27 Tx?) < 5(>\_1 + )‘_2)7

which ensures that the construction can be iterated by letting T3yz = [T3ys, x3].
In the inductive step, we assume that y,_; shadows the pseudo orbit up to time k — 1,
in such a way that

T Yy € Wi (1p_1) = d(T*yy_1, ) controlled.

Now let
Ty = [T*yp_1, 24).

As T*y;, and T*y,_, are on the same unstable manifold, shadowing of the pseudo-orbit up
to time k — 1 is inherited by ;. Also, it extends to time &, and as 7%y, and z;, are on the
same stable manifold, the construction can be iterated. Distances are controlled as we deal
with the consecutive terms of a geometric series.

To include bi-infinite pseudo obits, when constructing T*y;, instead of letting v, := w0,
rather have T—%y_, := x_; as the first step, and follow the above iterative procedure for
2k 4+ 1 steps. O

38



3.4.2 Consequences of shadowing

Definition 3.9. An invertible topological dynamical system T : M — M 1is expansive if
there exists € > 0 such that if for x,y € M we have d(T?z,T7y) < € for every j € Z then
T =1y.

Comments:

o If T': M — M is not invertible, then the requirement for expansivity is that
d(T’z,T?y) < € for every j > 0 implies z = y.

e It can be checked by direct inspection that the (full) shift is expansive.

e The main examples for expansive systems are hyperbolic systems. Indeed if
d(T9z,T7y) < 6 for every j € Z then y € Wi (x) N W (x) which can happen only if
x=1y.

e Thus hyperbolic systems are expansive and have the shadowing property. This implies
that the point shadowing a bi-infinite pseudo-orbit is unique. Indeed, it x and y
shadows the same bi-infinite pseudo-orbit then d(T7x, T7y) < 2¢ for any j € Z which
implies, for e sufficiently small, z = y by expansivity.

Lemma 3.10. In a hyperbolic dynamical system, periodic points are dense in Q(T) (the set
of non-wandering points).

Proof. Choose ¢ so small that we have 2s-expansivity. By the shadowing property, there
exists 0 > 0 such that any bi-infinite -pseudo orbit is e-shadowed by a unique true orbit.
Let us fix x € Q(T), and let U = Bs/s(x), the open ball of radius 6/2 around x. As z is
non-wandering, there exists n > 1 such that 7"U N U # (). Hence there exists some point
Z € U such that 7"z € U as well. In particular,

A7 1) <6,  dF T°F) <. (3.9)

Hence
BN A A Y A

is a bi-infinite d-pseudo orbit. Hence there exists a unique y € M e-shadowing it. It is
claimed that y is periodic, more precisely T"y = y. To see this, we argue by contradiction:
assume z = T™y # y. Then the (bi-)infinite orbit of z is just the T"-shifted (bi-)infinite
orbit of y, hence it is shadowing the pseudo-orbit (3.9). Hence, by uniqueness, z = y. So y
is periodic and

d(z,y) <d(z,z)+d(Z,y) <d+¢€

which can be made arbitrary small by shrinking ¢ and § (which may require, naturally, a
larger period n). O

39



Finally, we mention another consequence of shadowing and expansivity: hyperbolic sys-
tems are C'-structurally stable. Recall that structural stability of 7" : M — M means that
there exists some ¢ > 0 such that any T': M — M that is e-close to T': M — M in the
C'-metric is topologically conjugate to 7. R

The idea behind structural stability is that for any y € M we may regard the T-obit:

...,f‘ly,y,fy,...,Tky,...

as a pseudo-orbit for 7. Hence, by the shadowing property, there exists a unique point
z € M the T-orbit of which is shadowing this pseudo-orbit. We define ® : M — M by
letting ®(y) := z. Then it can be shown that ® topologically conjugates T" with T'.

4 Entropy

There are several constructions in dynamical systems called some type of entropy. For all of
them, the aim is to measure the rate of the growth of complexity in some sense. To consider
growth rates, the following lemma on numerical sequences is very useful.

Lemma 4.1 (Subadditive convergence lemma, or Fekete lemma). Let a,, € R be a numerical
sequence with the following subadditive property:

pam < Qp + G, Vn,m € N, (4.1)

an, .
Then the sequence — converges, in fact
n

lim n _ inf {%}

n—oo M n>1 Ln

. Ap,
a=1inf<—>%.
n>1 n

. ..cG ..
Then, apparently, liminf — > «. Hence, it is enough to prove that
n—oo n

Proof. Let us introduce

a
limsup — < a+e¢ for any € > 0.
n

n—o0

A

So let us fix € > 0. By definition, there exists some m > 1 such that — < a + . Now, by
m

the subadditivity property (4.1), for any n > 1:

n—1

Gy = Aoy < Ly, + ay; where 0 <r <m — 1; </ <

3=

Let K = max(|ai],. .., |am-1]), Now, dividing by n, and taking the lim sup:

. an ) 12 . K a,
limsup — < a,, limsup [ — | +limsup — = — < a+e.
n n m

n—oo n n—oo n—o0
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4.1 Topological entropy

Let M be a compact metric space, and let € > 0.

e A finite e-cover of M is a finite collection of open sets U;, i = 1,...,I such that
UL, U > M and diam(U;) < e for every i. By compactness, there exist finite &-
covers for every € > 0. So we may define

C'(e) = The minimum cardinality of e-covers.

e A finite e-net is a set {x1,...,xx} C M such that, for any y € M there exists some
k € {1,..., K} for which d(y,zx) < e. Again by compactness, for any ¢ > 0 there
exist finite e-nets. Accordingly, we may define

N(e) = The minimum cardinality of e-nets.

e S C M is an e-separated set if Vr,y € S we have d(x,y) > €. Again by compactness,
for any € > 0 an e-separated set has to have finite cardinality. Accordingly, we may
define

S(e) = The maximum cardinality of e-separated sets.

It will be a homework to prove that:
C(2e) < N(e) < S(e) < C(e) (4.2)

for any € > 0.

Now let us consider a topological dynamical system 7" : M — M, that is, M is a compact
metric space and T is continuous. For any n > 1, let us define the Bowen metric as

do(v,y) = _max d(T"z,T'y).

d,(x,y) < € means that the orbits of z and y “stay together” (i.e. e-close) for n iterations.
With growing n, the d,, — € neighborhoods of a point = shrink. However, by continuity of
T, for any n > 1 d,, is a metric that generates the same topology as the original metric d.
Accordingly, as the space M is compact, the above defined quantities make sense for the
metric d,,. We will denote them C'(n,e,T), N(n,e,T) and S(n,e,T), respectively.

Claim 4.2. For any n,m > 1, we have
Cn+m,e, T) < C(n,e,T)-C(m,e,T).

This holds because if U; (i = 1,...,1) is an (n,e)-cover, and V; (j = 1,...,J) is an
(m, e)-cover, then U; NT~"V; is an (n + m, e)-cover of cardinality I - J. Accordingly, the
sequence log(C(n,e,T)) is subadditive. Hence the limit

1 T

n—o00 n

exists. Also, as C'(n,e,T) is an integer, h.(T) > 0. Moreover, as for any n > 1 we have
that C(n,e,T) increases as € N\, 0, so does h.(T"). Hence we may define

41



Definition 4.3. The topological entropy of T : M — M is defined as

(htOp(T) :)h(T> = lim hs(T>’

e—0+
Comments:

e h(T) may be 0, a finite positive number or +00. The base of the logarithm may effect
the value of h(T'), but it does not effect which one of these three cases occurs. In the
theory of entropy, typically logarithm of base 2 is used.

e By (4.2), N(n,e,T) or S(n,e,T) may be used instead of C'(n,e,T') in the definition
of h(T'). Also, instead of lim we may as well use liminf or lim sup.

Finally, we compute the topological entropy for two examples.

Let T : S' — S! be a rotation. For the space S', we have

N(e) < H +1,

as simply putting points S-apart on the circle, an e-net is obtained. But this is at the
same time an (n,e)-net for any n > 1, because T' is an isometry, hence d(z,y) < e implies
d(T*z, T*y) < ¢ for any k > 1. Hence

ho(T) = lim > log(N(n,2,T)) = 0

n—oo N

and thus A(T) = 0 for rotations.
Let 0 : ¥t — X7 be the (one-sided) full shift with two symbols. Then,

27l < e <2 = (Ofe) = 2™

as we need words — cylinder sets — of length m to cover the space. For an (n,¢) cover, we
need words of length (n + m), so

27l < e <27 = (O(n,e,0)=2"""

This implies

1
he(o) = lim —log(C(n,e,0)) = lim (n—i—m ~log2) = log 2

n—oo 1 n— 00 n

independently of €, hence the topological entropy of the full shift with two symbols is log 2.
Similarly, the one-sided and the two-sided shifts of K symbols, o : ¥} — Y% and
0 Xk — Xk, both have topological entropy is log K.
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4.2 Entropy for finite partitions
Some terminology

Let (M, B, i) be a probability space. To avoid technical complications, throughout, Lebesgue
spaces are considered. This means that the probability space is isomorphic to [0, a] for some
a € [0,1] with Lebesgue measure and the union of countably many atoms. As any complete
separable metric space with a completed Borel probability measure is a Lebesgue space, this
is definitely general enough for the examples considered in these notes.

A finite partition is a finite collection of measurable sets a« = {A;,..., A;} that are
pairwise disjoint and cover M, up to u- measure 0. Finite partitions generate finite o-
algebras.

Given two partitions a« = {Ay,..., A;} and § = {By,..., By} the following notations
are introduced.

e The common refinement or join is
aVB={ANB;li=1,.. Ij=1,.J}
o 3 is a refinement of c, denoted o < f3, if for any j there exists ¢ such that B; C A;.
(equivalently, if a« V f = ).
e N denotes the trivial partition {M}.

e By including some zero measure sets, we may assume I = J. Accordingly, let P;
denote the collection of partitions of M with I elements. Then we may define the
distance of the two partitions, a metric on P; as

d(a, f) = min Z 11(A;AByiy) (4.3)

o€eST 4

where S; denotes all possible permutations of the indices {1,...,1}, and A is the
symmetric difference. We have

(e <fand f<a) < d(a,f) =0 <= o= mod u measure 0.

e o L [ means that the two partitions are independent in the sense that u(A; N B;) =
p(A;) - p(B;) for any pair 4, j.

Entropy of a finite partition

The “information content” of an event A is defined as some I(p) where p = P(A), and

(i) I(1)=0,  (ii)I(p) >0, ¥pe(0,1),  (iii) I(pq) = I(p) + 1(q), Vp,q € (0,1).
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This fixes I(p) = —logp. Note that to any partition with K elements, « = {A;,..., Ak}
we can associate a point in the K dimensional simplex Ag (namely (u(Ay), ..., u(Ag)) =

(p1,-..,px)). Letting

®(z) = {0 =0 (4.4)

—xlogz if x € (0,1];
define H : A — R* by

H(B) = H(B) = —sz' log p; = Z‘P(Pi)>

the entropy of the partition. This is the “average information content” of a partition element

as H(a) = [, I
The functlon (4 4) is strictly concave down on the interval [0, 1], hence for every A € (0, 1)

DAz + (1 — N)y) > A®(z) + (1 — N)D(y)
with equality if an only if x = y. Also
K K

i=1 =1

again with equality iff all the x; coincide. In particular, choosing z; = p; and \; = %

(t=1,...,K), we have
H(p) <log K, Vp € Ak (4.6)

with equality if and only if p;, = % (Vi = 1,...,K). That is, the uniform distribution
maximizes entropy.
Conditional entropy

Let o and 8 be two partitions. For j fixed, that is, B; € (3 fixed, we may consider the
entropy of the probability distribution obtained by conditioning the partition a on Bj:

(A4 N Bj))
wBy) )

Averaging this on B; € [ the conditional entropy of o with respect to 3 is obtained:

H(a|p) = ZZM(AiﬁBj)log (%) .

j=1 =1 J

- ulAls g AlB): (Al =

i=1

Some immediate properties:
H(a|N) = H(a),
e a=7 = H(a|B)

H(v|8),
H(B]).

e a=7 = H(fa)
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Properties of entropy and conditional entropy

Throughout «, 8 and 7 denote finite partitions o = {A;,..., A}, 5 = {By,..., By} and
Y= {Cl,...,CK}.

(i) H(aV~|B) = H(a|f) + H(ylaV B).

Proof.
ANB;,NC
—H(aV~|f) = Z,u(A,ﬂBjﬁCk)log’u( 5 b _
—~ 1(B;)
= w(A; N B; NCy)lo + w(A; N B;)log ———=
; ( 1N ) 1(A; N Bj) ZZJ: ( ) 1(Bj)
= —H(y|lav B)— H(alB).
0

The proof of properties (ii), (iii) and (iv) will be part of your homework.
H(avy) = H(o) + H(7la),
If @ <+, then H(a|B) < H(v|B).

(ii

)
(ii) (

(iv) If a <, then H(a) < H(y).

(v) If @ <, then H(B|a) > H(f|y).

Proof. Note that here we have the opposite inequality as compared to property (iii).
Recall that the function ® defined by (4.4) is strictly concave down. We have that the

LHS is
H(Bla) = ZM 1(Bj|4;)).

Now, as a <+, for any pair i, k we have either u(A;NCy) =0 or ,u(A NCk) = pu(Cy).

AiNCy) (B;nC
Hence, using the concavity of ® with A\, = W and xp = ’LM(T)’C
p(B; N Ai))

. ,uA ﬁCk _u(BjﬁC’k)

a (Z 1(A;) )

. M AZ N Ck ) ,u(Bj N Ck)

-0 (Z p(A) (G )
(AN Cy) o (1(B; N Ck)

= 2.y (e
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Now, if we multiply this relation by p(A4;) and sum on i, j we get

H(fla) > Zu(Aka)-cb(%):

S“Ck o(“er) -
(5|v)-

The proof of properties (vi), (vii) and (viii) will be part of your homework.
(vi) H(a) = H(ely).
(vii) H(aV~|B) < H(alB)+ H(v|5).

(viii) H(aVy) < H(a)+ H(y).

Let T : M — M preserve the measure p. Then, for any partition o = {4y,..., A},
T la={T"'A,,..., T A} is another partition. Properties (ix) and (x) immediately
follow from the invariance of the measure pu.

(ix) H(T 'a|T7'8) = H(a|B).
(x) H(T 'a) = H(a).
(xi) H(a|]y) =0 <= H(aV~y)=H(y) < a<7.

Proof. The first equivalence immediately follows from property (ii). For the second
equivalence, <= is immediate, too. For =, note that H(a|y) = 0 means that

1(A; N C) log(p(A;]C)) = 0
for any pair i, k. But this implies that, for any pair i, k, there are two possibilities:

either u(A;NCy) = 0, or u(A;|Ck) = 1, which means that Cy, C A; (up to p-measure 0).
So for any k there exists i such that Cy C A;, which precisely means that o <. [

(xii) H(a|y) =H(a) <= H(aVy)=H(a)+ H(y) < o l~.

Proof. The first equivalence immediately follows from property (ii). For the second
equivalence, recall that
= B(u(A
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We have a similar expression for H(al|v), in which we can use, for any fixed i, the
concavity of ® with A\ = pu(Cy) and zp = p(A4;|Cr):

Hial) =3 <Zu (CL)B((A, |ok>>) < H(a)

with equality if an only if for any ¢ fixed, the value of u(A;|Cx) = p; for some p;
independent of k. But the p; = u(A4;), hence pu(A; N Cy) = p(A;) - u(Cy) for any pair
1, k, which means precisely o L ~. O

Rokhlin metric on Pg

Recall (4.3). Here we define another distance, the Rokhlin metric on Pg by

pla, ) = H(alB) + H(S|e).

Symmetry and p(«, ) > 0 is immediate. Also, by (xi) above, p(«a, ) = 0 implies o < 3
and § < a simultaneously, which means o =  (up to p-measure 0). Now, applying (iii),
(i) and then (v):

H(aV Bly)=H(Bly) + H(a|Vy) < H(B|Y) + H(alB)
H(yV Bla) = H(Bla) + H(y|BV o) < H(Bla) + H(v|B);

and adding the two relations the triangular inequality is obtained for the Rokhlin metric.

Haly)

<
H(vla) <

Lemma 4.4. The Rokhlin metric is uniformly continuous in the metric (4.3). That is, for
any € > 0 there exists §(= 0(e, K)) such that for any a, B € Pk such that d(«, ) < 0 we
have p(a, B) < e.

Proof. 1f d(a, f) < §, we may assume that « = {Ay,..., Ax} and = {By,..., Bg} such
that u(A;AB;) < d,i=1,..., K. Now let us introduce another partition

v={4inBjli # i} | JIUiL (Ax 0 By}

v is a partition of K* — K + 1 elements, 1 large element and K (K — 1) tiny elements.
Accordingly:
H(y) < K(K —1)®(5) + ®(1 —9)

which can be made smaller than £/2 by choosing ¢ small enough. Now
aVp=aVy=pVr.
This implies:
H(o) + H(e|f) = H(aV f) = H(a V) < H(a) + H(y) < H(a) + /2
and thus H(a|f) < e/2. Similarly, H(B|a) < e/2 so p(a, 5) < e. O
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Conditional entropy with respect to a sigma algebra

If 8= (By,...,Bg) is a finite partition, then there is an associated finite o-algebra, which,
by slight abuse of notation, will be denoted by S as well. If A is a measurable set, then

K

Bal8)e) = 3 X022 )

for the conditional expectation of the indicator function. Then let

O(E(xalB)(x)) = —E(xal8)(z) - log(E(xalB)(x)) = > ®(u(A|B)) - x5, (x)

and by integration

K

/ SE( D) @) i) = 3 u(B)B(u(AlBL)).

k=1

Now if a = (Ay, ..., A) is a finite partition, than applying this formula for each of the A;,
and then summing on ¢ gives:

H(alp) = | 3 0B |9)))dula)

This formula for the conditional entropy has the advantage that it can be generalized to the
case when instead of 8 we condition on an arbitrary o-algebra F:

H(alF) = [ 32 00| F)@)du(o)

Claim 4.5. Let o = (A, ..., A;) be a finite partition, and F, a filtration (a refining se-
quence of o-algebras) for example, corresponding to a refining sequence of finite partitions,

and let .
F=\/F
n=1
the sigma algebra generated by the sequence F,, . Then
H(a|F,) = H(a|F) as n — 0o.
Proof. For any measurable set A, by the martingale convergence theorem

E(xalFn) (@) = E(xal F)(z)
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almost surely, and thus

O(E(xa,[Fn)()) = P(E(xa

almost surely, for ¢ =1,..., . Then as

F)(@))

Fa) <1+

te(0,1]

I
1
max b(t) = — = > (E(xa,
=1

where [ is the cardinality of the fixed partition «, the claim follows by the dominated
convergence theorem. O

4.3 Kolmogorov-Sinai entropy
Entropy of a dynamical system w.r.t. a partition

Let T': M — M preserve the probability measure pu. Recall that for a finite partition
a= (A1, ..., A7), T 'a= (T7tAy,..., T~ A;) is another partition. Similarly we can define
T "« for n > 1. Let, furthermore
n—1
a,=aVvVTlav... T o= \/ T '«
i=0

which is a refining sequence of partitions.

Definition 4.6. The entropy of the measure preserving transformation T : M — M with
respect to the partition « is defined by

.1
h(T, Oé) = nh_{lolo EH(an)
It is still to be verified that the limit in Definition 4.6 exists. We give two arguments.
First argument: we show that a,, = H () is a subadditive sequence, and then Lemma 4.1

applies. To see this, we apply properties (viii) and (x) as follows:

n+m—1 n—1 m—1
nym = H ( \/ T—Za> <H (\/ T-Za> + H (T—" (\/ T‘ia>> =
=0 =0 =0

a, “+ an

Second argument: we will prove that the sequence %an is nonincreasing. Then, as it is

a positive sequence, the limit exists. The proof relies on the following Lemma, which is of
independent interest.

Lemma 4.7.




Proof. This is proved by induction on n, the base case is immediate. Then, using properties
(ii), (x) and the inductive assumption:

i = H@T—@): ((W a> y a):

Vi >:H<a>+gH(a

= H(a,) +H<

j .

\/ T'a .
i=1

A direct consequence of Lemma 4.7 and property (vi) is that

).

i=1

H(an)zn-H<a

Now

Nelppr = n-H (\H/T_ioz> =n- (H(an)+H (a

1=0

< n-H(ap)+H(ay)=(Mn+1)-a,

which readily implies 7 < 4o

The Kolmogorov-Sinai entropy

Recall that Px (= Px(M)) denotes the collections of all K-element partitions of the prob-
ability space M. Let (P(M) =)P = U,—, Pk, the collection of all finite partitions.

Definition 4.8. The Kolmogorov-Sinai entropy of the endomorphism (or automorphism)
(M,B,T, 1) is defined as
h(T) = sup h(T, «).
acP

Lemma 4.9. ]f(]\/i, B,T.7) is a factor of (M, B,T, ), then h(T) < h(T).

Proof. Recall that if (]/\/[\, C/L\?, f, i) is a factor of (M, B, T, u), this means that there exists
some (not necessarily invertible) 7 : M — M such that m,u =z and m o T = T o 7. Then,
for any @ € P(M) let a = 7w~ '@, then

A~

H(a)= H@); H(an)=H@G,), Yn>1; = h(T,a)=h(T,a).

Taking a supremum on & € P(M) then implies

MT)= sup h(T,4)< sup h(T,a)=h(T).
aeP(M) a€P(M)
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Corollary 4.10. The Kolmogorov-Sinai entropy is an isomorphism invariant. That is, if
(M B,T,7i) and (M, B, T, 1) are isomorphic, then h(T) = h(T).

A natural question is whether entropy is a complete isomorphism invariant, that is,
does h(T) = h(T) imply that (M B,T,7) and (M, B, T, ;1) are isomorphic? It is a famous
theorem of Ornstein that the answer is yes in the category of (two-sided) Bernoulli-shifts.
Properties of h(T,«) and h(T)

The proof of properties (1), (2), (3) and (5), (6), (7) will be part of your homework.
(1) h(T,«) < H(«).

(2) KT,V B) < W(T, ) + h(T, ).

(3) If a < 3, then h(T,a) < (T, B).

(4) (T, B) < (T, ) + H(B|).

2

Proof. Using properties (iv), (ii), (vii), (v) and (ix) we get:
H(B.) < H(onV Ba) = H(aw) + H(Bulaw) < H(ow) + > H(T'Blay) <
i=1

< an+ZH BT ) = H(ow) +nH(B|a).

Then dividing by n and taking the limit results in (4). O

(5) h(T,a) = h(T, T a).
k-1
(6) WT,a)=NnT,\ T ), Vk € Z".
i=0
(7) If T is invertible (that is, if (M, B, T, ) is an automorphism), then

k
h(T,a) =T, \| T'a),Vk € Z*.
i=—k

(8) h(T*) = kh(T), Yk € Z*.

Proof. For an arbitrary o € P and k > 1 fixed, we may apply property (6) to get

h(T* ) = h(T* ap) = lim 1. H <n\/T J ozk)>

n—oo M
7=0

1
= k- lim —kH(an.k) =k-h(T, ),

n—oo 1 -

and then take supremum on « € P to complete the argument. O
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(9) If T is invertible (that is, if (M, B, T, ) is an automorphism), then
h(T*) = |k|h(T), Vk € Z.

Proof. In view of property (8), it is enough to prove h(T~') = h(T), which follows as
by (x) we have

HaVvTaV---VT" ?2aVvT" 'a) = HT "MavT " 2aVv.-- VT 'aVa) = H(a,).

O
Some further useful properties:
e It follows directly from property (4) that
[W(T, ) = (T, B)| < pla, B). (4.7)
e Using the notation of Claim 4.5, we have
h(T,a) = lim H(a|T a,) = H(a|T'F) (4.8)

n—o0

where
o0
F = \/ Qy,
n=0

the sigma algebra generated by the refining sequence of finite partitions. Here property
(v) ensures that the sequence is non-increasing, hence the limit exists, and, using
Lemma 4.7:

n—oo N, n—o00 N,

MT,o) = lim lH(an) = lim 1 <H(a) + iH(a|T_1aj)) =

=1
1n—1

— i - 1y —1

= nh_)n;on ‘EIH(OA‘T a;) nll_)IIC}OH(a‘T Q)
‘]:

as if the limit exists, it is equal to the Cesaro limit.

The Kolmogorov-Sinai theorem

Given an endomorphism (M, B, T, ) and a finite partition o = (Ay,..., Ar), consider ay,
the a refining sequence of partitions, with associated finite sigma algebras F,,. Let

A:Oan and f:O'(A):@Oén:(;fn
n=1 n=1 n=1

That is, A is the algebra (collection of subsets of M closed under finite intersections and
complements) obtained as the union of all the finite o algebras JF,,, while F is the generated
sigma algebra.
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Definition 4.11. Given an endomorphism (M,B,T, ), the finite partition « is a (one-

sided) generator if
B:]-"<:0—(A): \ an = \/]—"n>.
n=1 n=1

Given an automorphism (M, B, T, u) (that is, T : M — M 1is invertible), the finite partition
a 1S a two-sided generator if

Bz(}ofjn:(} <\"/ TiOé>.
n=1 n=1 \i=—n

Proposition 4.12. Let o be a generator. Then for any € > 0 and any finite partition
B = (Bi,...,Bg), there exists another finite partition v = (C,...,Ck) with C; € A
(i=1,...,K) and p(B,7) < €.

Proof. By Lemma 4.4, it is enough to ensure that d(5,v) < d for ¢ chosen appropriately.
As 0(A) = F, there exist Dy,...,Dg € A such that d(B;AD;) < % fori=1,..., K,
where, as usual, A denotes the symmetric difference. The issue is that the sets D; are not
necessarily disjoint, hence may not form a partition. However,

D;ND; C (BAD,) N (B,AD;),  Vi#j.

So let
C; = D;\ (U(D“\D@) . (i=1,...,K —1),
k£t
Cx = Dkl (U(Dk N D@) .
k£t
Then v = (C4,...,Ck) is a partition such that C; € A fori=1,..., K, and
) 20 .
:U“(CZABZ) < K22W:F’ (7’217"'aK_1)a
) 20
p(CxkABk) < K?- el
which implies d(f3,7) < 6. O

Corollary 4.13. If a is a generator, then, for any finite partition B, H(S|a,) — 0 as
n — oo. Similarly, if o is a two-sided generator for an automorphism, then H(B|a™,) — 0.

Proof. By Proposition 4.12, for any ¢ there exists some partition v = (Cy, ..., Ck) € A such
that H(B|y) < e. As C; € A there exists some n; > 1 such that C; € F,;; (i =1,..., K).
Let ng = max(nq,...,ng). Then v < oy, and for any n > ny we have

H(Blan) < H(Blan,) < H(Bly) <e.

93



Theorem 4.14 (Kolmogorov-Sinai). Let the partition « be a one-sided generator for an
endomorphism (M, B, T, ). Then

h(T) = h(T, a).

Analogously, if « is a two-sided generator for an automorphism (M,B,T, i), then h(T) =
T, ).

Proof. h(T) > h(T, «) follows from the definition. Hence it is enough to prove that for any
¢ > 0 and any finite partition § we have

MT,B) < h(T, o) +e.

By Corollary 4.13, there exists ng > 0 such that H(S|ay,,) < €. Using properties (4) and
(6) we have:

MT, B) < MT, o) + H(Blaw,) = W(T', &) + H(Blow,) < h(T, ) +¢.
The proof for a two-sided generator of an automorphism is analogous. O

Corollary 4.15. If an automorphism (M, B, T, i) has a one-sided generator o, then h(T) =
0.

Proof. As T : M — M is invertible and T~! is measurable, we have T-'!B = B. Let «
denote the one-sided generator. Then

h(T) = h(T,a) = lim H(a|T 'a,) = H(a|T'B) = H(a|B) = 0.

n—oo

4.4 Examples
Rotations

Rational case. We have h(Id) = 0, as for the identity «,, = « for any finite partition o and
any n > 0. Now if T is a rational rotation, then there exists some k > 1 such that 7% = Id.
Hence, using property (8),

1

h(T) = — - h(TF) = . h(Id) = 0.

1

k

Irrational case. Let a = {[0,1/2);[1/2,1)}, a partition of S'. As the orbit of any point is
dense, « is a one-sided generator. h(T') = 0 follows from Corollary 4.15.
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Bernoulli shifts

Let 0 : ¥} — X1 denote the one-sided full shift with K symbols. For p=(po,.--,Pr-1) €
Ak, let (= pp) denote the associated Bernoulli measure on Xy, and let us consider the

endomorphism (X}, B, o, 1), the one-sided Bernoulli shift. Recall that the points in this
space are sequences Y5 D x = (Zg, 1, .....), and let us consider the partition:

Oé:(Ao,...,AK_l); AJI{QEE;}‘IOIJ}7JIO,,K—1 (49)

Then «, is exactly the partition into cylinder sets of length n, and thus « is a (one-sided)
generator.
Also, forn > 1

o "a=(c""Ag,...,0 "Ax_1); o "Aj={zeXt|a,=3}; j=0,....,K—1,

and as the letters at the different positions are independent for a Bernoulli measure, we
have, by property (xii),

a, Lo "a,¥n>1, = H(a,) =nH(a) =nH(p),

and thus, for the metric entropy of the one-sided full shift

K-1
1
ha(o) = lim ~H(an) = H(p) = — > _ pilogp;.
=0

n—oo N

The same Formula holds for the metric entropy of the automorphism (X, B, o, u), the
two-sided Bernoulli shift.
Comments:

e Recall that for the topological entropy we have already seen hrop(c) = log K, and
thus by (4.6)
hu(o) = H(p) <log K = hrop(0)

for any Bernoulli measure p. This is a special case of the variational principle, to be
discussed in further detail later.

e We have already mentioned Ornstein’s famous theorem on the isomorphism of two-
sided Bernoulli shifts with the same metric entropy. That is, if for the Bernoulli au-
tomorphisms (X, , B, 0, up ) and (Ek,, B, o, j1, ) we have Dy, (o) =H(p,) = H(p,) =
hu,, (o), then the two automorphisms are isomorphic.

e For a partition 5 = (By, ..., By), let us introduce the notation

B(x) = B, and Iy(x) = —log(u(B,)) it a € B,
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for the “information content of the randomly chosen point x € M”. Then (, is
a refining sequence of partitions, and thus Iz, () keeps growing with increasing n.
Specifically, for a Benoulli shift and the generator a defined in (4.9), by independence:

I, (z) = Ia(OJZ)
and thus, by Birkhoff’s ergodic theorem, for p-a.e. x € X (or X3):

lim I = lim — ZI o'z) / o(@)dp(z) = H(p) = hy(o).

n—oo M, n—oo M,

According to the Shannon-McMillan-Breiman theorem, this turns out to be true in
a much wider generality: for any ergodic endomorphism (M,B,T,r) and any finite
partition [ we have

lim [ﬁ (x) = (T, 5) for v —a.e. x € M.

n—oo N

Markov shifts

Let us compute first the topological entropy for topological Markov chains ¢ : ¥ — X%,
where the adjacency matrix A;; is primitive (irreducible and aperiodic). For n > 1, let
W(n, A) denote the set of admissible words of length n, that is:

W(n, A) = {(ag, - an_1) €{0,..., K =1}"| Ay 10, =L;5=1,...,n— 1},

and let #W (n, A) denote the cardinality of this set. Then, along the argument for the
topological entropy of the full shift at the end of subsection 4.1, we have

1
hrop(o,X%) = lim - log (#W (n, A)),

so it is #W (n, A) that we have to compute. Note that for any n, A" is a matrix with integer
entries.

Claim 4.16. (A"1),;, the ij entry of the matriz A"~ is the number of admissible words
of length n that start with symbol i and end with symbol j.

Proof. This can be proved by induction on n. The base case n = 2 follows from the definition
of A. Then the inductive step follows as

K-1

(A" =D (A" )iAy

k=0

and the words of length n 4+ 1 from symbol i to symbol j arise precisely as words of length
n from symbol ¢ to some symbol k such that the transition from symbol & to symbol j is
allowed. O
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As a corollary

0
T

#W(n, A) = (A™);; = |A™

i

I
o
.

I
o

where || B||; denotes the L' norm of the matrix B. On a finite dimensional vector space all
norms are equivalent, that is, there exists a C' > 0 such that

CHB| < Bl < C|IB|

for any K x K matrix B, where || B|| denotes the usual Euclidean norm. Hence

.1 n o
hror(o,£5) = lim ~log |A"] = log ( lim {/TA™]) = log

where A is the spectral radius of the matrix A. In fact, A > 1 is the largest eigenvalue of A,
which is simple by the Perron-Frobenius theorem.

To compute the metric entropy, let m;; be a transition matrix that corresponds to the
adjacency matrix A;;. By assumption, 7 is primitive, so there exists a unique stationary
distribution p;. Let p denote the corresponding Markov measure on X7; our aim is to
compute the metric entropy for the Markov shift (X%, B, o, u).

(4.9) remains a generator (to be denoted as f = (By,...,Bk_1) now). We may use
Formula (4.8):

hu(0) = hu(o,8) = lim H(Blo™'5,)
Now elements of (,, are cylinder sets of the form
C={zeXh|zg...xn_1=7Jo...Jn_1} for some jy...j,_1 € W(n, A)
while elements of 0718, are of the form

oclC={z¢c SHhlzy .. xp =j1...jn} for some ji ... jJ, € W(n, A).

Then
- _ BnolC
HBlo"B,) = — > w(Bno'0) 10g% -
BeB,CEBn K
i 1112 (7T )
- Z Djo H Tjinia) 108 - pryn ? Tduir’
J0,J15--0n Dj k= 1(7T]k3k+1)
Do T
= Z Dio H (Tjuiis, ) log D0 Pijo Tjoj1
J05J15Jn
K—1
Now as 7;; is a stochastic matrix, we have Y ;. =1fork=1,...,n—1, 0
Je+1=1

—H (Bl Ba) = Y DjoTjoss (108 pjy + log )y, — log pjy)
j07j1
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which is constant in n. Moreover, using ) m;,;, = 1 in the first and > pj mj,;, = p;, in the
J1 Jjo
third term, we see that these two cancel and

hu(o') = ijoﬂ-jojl log Tjoji -
J0sJ1

Parry measure. As in the context of Bernoulli shifts, there are many possible ways to
assign an invariant (Markov) measure p to the same topological system (subshift), that
is, a transition matrix m;; to an adjacency matrix A;;. Here is a construction for which
h.(o0) = hrop(o,X}). As it is assumed that A;; is primitive, by the Perron-Frobenius
theorem the maximal eigenvalue A > 1 is simple. Let s, and wu; denote the associated
left and right eigenvectors, respectively, normalized so that Zsz_Ol spup = 1. It will be
a homework to verify that m; = A‘luglAklul is the transition matrix of an irreducible
aperiodic Markov chain, and that the corresponding stationary distribution is py = sgpus.
Also, to check that for the associated Markov shift the metric entropy is equal to the
topological entropy (h,(c) = logA). Hence, this Parry measure is a measure of maximal
entropy.

5 Thermodynamic formalism

5.1 Topological pressure

We continue working with o : ¥ — 37 (and occasionally with the two-sided o : X4 — 34)
for some primitive adjacency matrix A. Some terminology:

e Points ¥} 3 2 = (zoz1 ... ) are (semi-)infinite sequences such that A,,,,,, =1, Vi > 0.

e Form > 1, W(m, A) is the set of words of length m, i.e. W(m, A) 3 a = (ag, ..., am-1)
with Age., =1, Vi=0,...,m—2.

ai+1
e For a € W(m, A), let
C(Q) = {26 Z)-iA_|x07"'7',L‘TrL—1 :a(]a"'vam—l}v

the associated cylinder set.

e &:3% — Ris a Holder continuous potential if there exist C' > 0 and « € (0, 1| such
that
|P(z) — @(y)| < Cd(z,y)* = O K —as@y)

or equivalently, there exists 8 < 1 such that
Vm > 1;Va € W(m,A); Vz,y € C(a) : |P(z) — P(y)| < CB™.

C(X%) will denote the space of continuous functions f : ¥} — R, while H(X%}) will
denote the space of Holder continuous functions (potentials) ® : ¥ — R.
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e For ® € H(XZ}) and n > 1, let

Su®(z) = ®(c*z)

that is, the Birkhoff sum of ® at z € X7, up to time n. Let, furthermore, for m > 1
and a € W(m, A):

Spn(®,a) = sup S, P(x)
z€C(a)

and finally
Zm® = Z exp (S (P, a)) .

acW(m,A)
In particular, for ® =0, Z,,® = #W (m, A).
Lemma 5.1. For and ® € H(X}) and m,n > 1, we have Zy,® < Z2,,® - Z,®.
Proof. Fix some m > 1 and n > 1. For W(m+n,A) > a= (ag...amin-1), let
W(m,A) > aV = (ag ... am—1); Wi(n, A) > a?® = (@ -+ Q1)

For z € C(a), we have z € C(aV) and 0™z € C(a®). Also,

Smn(®) () = Sm(P)(2) + Sn(®) (0™ z).
Taking a supremum on z € C(a) we have

Spn(®,0) < S (®,aV) + 8, (@, al?),

where we have < as the supremum is subject to more restrictions in the LHS than in the
two terms of the RHS. Taking the exponential and then summing on @ € W(m + n, A)
results in

Znin® = ) exp(Spsa(®@a) < > exp (Su(@,aM)) - exp (S,(2,a?))
aceW (m+n,A) aeW (m+n,A)
< > e (Su(®a) || D exp(Su(®ay) | = Zn® - Z,2,
g1€W(m,A) EZEW(n7A)

where again there is an inequality as — given the condition A4, ,,,, = 1 — it may happen that
not all a, € W(m, A) and a, € W (n, A) arises as ") and a® for some a € W(m+n, A). O

Definition 5.2. For ® € H(XY), let

P(®) = lim ilome<I>,

m—oo M,

the topological pressure associated to the Holder continuous potential ®. The limit exists by
Lemma 5.1.

Comment: For ® =0, P(®) is the topological entropy.
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5.2 Variational principle

Recall that Minv(zz) denotes the space of shift invariant Borel probability measures. Let
h, (o) denote the Kolmogorov-Sinai entropy of (X7}, B, 0, i) for o1 € Miny(X7).

Lemma 5.3 (Variational principle). Let u € M (X}) be an arbitrary invariant measure,
and ® € H(XY) an arbitrary Holder continuous potential. We have

h(0) + /(I)du < P(®) (5.1)

Proof. Lemma 5.3 relies on the following calculus lemma, the proof of which is part of your
homework.

Lemma 5.4. Let us fiz the parameters dy, ..., d, € R, and introduce the notation Z = Y e%.
i=1

1. Consider the simplex

A= {p= () €R (520, Sn=1),
=1

and the function F: A - R, F(p) = —>_ pilogp;+>_ di-p;. Show that the mazimum
- i=1 i=1
of F(p) on A islog Z, attained at the unique point p; = %, j=1,..,r.

2. Let us introduce furthermore

As :{]_): (p17"‘?p7“) GRT |pl Z O’ ZpZ = S }’
1=1

for 0 < s < 1. Show that the mazimum of F on Ay is s(log Z — log s), taken at the

_ sedJ
1
—/Smé[)d,u: /q)d,u
m

point p; ==, j=1,..,r.
Using at the consecutive inequalities that the partition into letters is a generator; Lemma 5.4
and the definition of Z,,, respectively:

By the invariance of pu:

1
bulo)+ [ @ = lim (= 37 u(Cla)logn(Cla)) + [ Subdu | <
meem aceW(m,A)
1
< Jim == >0 u(C@)logu(Cla) + Y Sn(®a)u(Cla))
aeW (m,A) aceW (m,A)
< lim llome(I>:P(<I>).

m—oo M,
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Definition 5.5. u € M, (3h) is an equilibrium measure for the potential ® € H(XY)
if the supremum of the LHS is attained in Lemma 5.8, that is, (5.1) holds for p with an
equality.

Comment: For ® = 0, an equilibrium measure is a measure of maximal entropy.

Definition 5.6. pe € My (Xh) is a Gibbs measure for the potential ® € H(XK) if there
exists P, € R and 0 < ¢; < ¢co such that, for any m > 1 an a € W(m, A) we have:

. pe(C(a))
"= exp(=Pym + S, ®(z))

< Vz € C(a).

Proposition 5.7. If ue is a Gibbs measure, then it s an equilibrium measure for ® €
H(ZY).

Proof. Step 1: P, = P(®). As ® and o are continuous, 5,,,® is continuous, too. As C(a) is
compact, there exists Z € C'(a) such that S,,®(z) = S,,,(P,a). Hence

pa(Cla))

(&1 < <CQ

~ exp(—Pm+ S, (P, a)) —

for every m > 1 and every a € W(m, A). Summation on a € W (m, A) gives

exp(P,m)
T Zn(9)

C1 S Co.

Taking the logarithm, division by m and then taking the limit as m — oo gives

< lim 282 _

1 10g Zu (@
0= lim 8% < p _ Jiy 128 Zn(®)

m—oo M m—oo m m—oo M

hence P, = P(®).

Step 2: Holder properties of Sy, (®). For (ag,...,am-1) = a € W(m,A) and k =
0,...,m—1, let a;, = (ar,...,ap-1) € W(m — k, A). Then for any z,y € C(a) we have
oz, ng € C(ay), hence, by Hélder continuity of &

|(c*z) — d(o*y)| < O™

This implies

Sn®(2) ~ S,B(y)| < CB™ + 5 -+ f+ DS Co = =D, (52)

where the constant D > 0 is uniform in m.
Step 3. By the variational principle h, (o) + [ ®du < P(®). To prove h,(c) + [ Pdu >
P(®), recall that the partition into letters « is a generator, and that for m > 1, a,, is the
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partition into cylinder sets C(a) for a € W (m, A). For any a € W(m, A), using Step 2, and
then the Gibbs property:

—u(C(a))log u(C(a)) + / (Sm®)dp > —p(C(a)) log u(C(a)) + u(C(a))(Sn(®,a) — D) >

C(a)
> 1(C(a) (=(=P(®)m + Sin(P, a))) — log(ca) + S (P, a) — D) >

> n(C(a)) (P(®)m - D)
for some D > 0. Now summation on a € W(m, A) gives:
H(ay,) + m/@du = H(apm) + / Sy®dp > P(®)m — D
=4 =3

then division by m and then taking lim gives
m—roo

(o) + [ ®du > Plo)

which completes the proof of the Proposition. O

5.3 Homologous potentials

In this section two-sided (invertible) shifts o : ¥4 — X4 are considered. The aim is to
reduce the two-sided case to the one-sided case.

Definition 5.8. Two Holder continuous potentials ¢, € H(34) are homologous — nota-
tion: ¢ ~ @ — if there exists u € H(X4) such that

Y=p+uoo—u, thatis, P(z)=p(x)+u(oz)—u(z); Vo € X\

Lemma 5.9. If ¢ ~ 1), then P(p) = P(v) and j, = ji, — more precisely, if 1, € Miny(324)
15 a Gibbs masure for ¢, then it is a Gibbs measure for 1, too.

Proof. We have ) = ¢ +uoo —u. Let ||u|| denote the supremum norm of u, which is finite
as u € H(3 ), hence continuous. We have, for any m > 1 and any z € ¥ :

Suitl2) — Smpl@)]| = |3 (W(oke) — ¢ Z H12) — u(otn))| <

< Ju(o™z) —u(a)| < 2l
independently of m > 1. This implies that there exist dy > d; > 0 such that

exp(Smep(z)) Zmp
m<d2 = di < m¢<d2.
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The usual procedure of taking log, dividing by m and lim then shows P(p) = P(¢). A

m—o0
further consequence is that, if ;1 = 1, is a Gibbs measure for ¢ with ¢y > ¢; > 0, then

,u(C'(_a))
. - do: Ym >1.V W A
c1-d; < . ( Pt S ( )) < g - dy; m , Va € (m, ), Vo € C’(a)

where P = P(¢) = P(). This means that p is a Gibbs measure for ¢ € H(X4), too. O
Definition 5.10. ¢ € H(34) depends only on the future — notation: 1 € H(S4) — if

Y(z) = Y(y) whenever x = (... x_12071...) andy = (...y_1yoy1 - ..) are such that z = y
for k> 0.

Lemma 5.11. For any ¢ € H(X.) there exists ¢ € H(X4) such that ¢ ~ .
Proof. For any t € {0,..., K — 1} there exists
(...2"8 2021 ...)=2"€ X4 suchthat 2=t

There is at least one such possibility; if there are several, let us fix one of them. Now let us
define r: ¥4 — ¥4 by

r(z) =r(...x ox_ 120129 ...) = (... 2"%2"woz122 . . . ),

that is,
x, if k>0;
20 if k <0.

(r(2))k = {

By Holder continuity of ¢

p(o*z) — p(o™r(x)] < CB* (5.3)
as (o*x), = (o*r(x)), for £ > —k. (3 < 1 will be referred to as the Holder exponent of ¢.)
Now let

u(z) =Y (p(o*z) — p(o*r(z)).
k=0
Claim 5.12. The function u : ¥4 — R defined above is Holder continuous with exponent

VB(<1).
Proof. of the Claim: let a € W(m, A) and z,y € C(a), then

lu(z) —u(z)| =

(p(o?z) — p(o'r(z)) — p(?y) + w(o'r(y)))

_‘Q
|3 .
L hgl

< (le(a/z) — p(o?y)| + e(a’r(x)) — e(a’r(y))]) +

+ > (lela’z) = p(o?r(@))] + [¢(o'y) — p(o'r(y))])

i=l%1
= I + IIL

o

wl3
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To bound I, we use that s(z,y) > m and thus s(r(z),r(y)) > m, while the shift o can
decrease separation at most by one, so s(o7z, 07y) > m — j and s(o’r(z),0'r(y)) > m — j.
Hence:

, EQ
I < 206™7 < 206 .
=0 1-p

To bound I we use (5.3):

2051%]
1=p

Ir< » 209 <
=

Altogether, we find that there exists some D > 0 such that
u(z) —u(y)l < D(VB)™  Vm > 1,Va € W(m,A), Vz,y € C(a)
which completes the proof of the claim. O

Let v = +uoo—u. As ¢ € H(X4) by assumption and u € H (X 4) by the claim, we
have ¢ € H(X4). Also

Y(z) = ¢(z)+uloz) — )+ Zcp (07t 1g) ng (o’r(ox)
j=0 j=0

[e.e]

—Zw (o7z) —i—Zgo (o7 ( :Z (o77( o(o’r(ox))).

Now for z = (...x_1xory...), we have that r(zl and 7(ox) depend only on the future
coordinates xg, x1,... of z, so it follows that ¢ € H(X4). O

Now the construction of a Gibbs measure for a potential ¢ € H (X 4) proceeds as follows.
By the above considerations, there exists ¢ ~ ¢ such that ¢» € H(X,4). This ¥ can be

identified with some ¢ € H(X7). The construction of a Gibbs measure 115 € Miny(X3) for
such a one-sided case will be discussed in the next section. Then we “pull back” pg to YA

as follows. To f € C(X4) assign f* € C(X}) by

for zeXh let f*(x)=min{f(y)|(. . y-1yov1-..) =y € Za, Woy1-..) = (zox1...)}.

Then define
po(f) = lim ps((f o 0™)").

It can be checked that p,; is a Gibbs measure for 1, and hence for .
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5.4 Gibbs measures
The Ruelle-Perron-Frobenius theorem

The construction of the Gibbs measure pug € My, (X7) for @ € H(XT) relies on the Ruelle-
Perron-Frobenius theorem stated below and proved in the next section. In a sense, this is
a functional analytic generalization of the Perron-Frobenius theorem from linear algebra,
which we recall here.

If B;; is some nonnegative K x K matrix (i.e. B;; > 0 for any (i, ) € {0,..., K —1}?),
and B is primitive (there exists some N > 1 such that the Nth power of B is positive,
i.e. (BY);; > 0 for any (i,5) € {0,..., K —1}?), then

e B;; has a maximal simple eigenvalue A > 0,

e both the corresponding left eigenvector u; > 0 and the corresponding right eigenvector
K—1
s; > 0 for any i € {0,..., K — 1}, and can be normalized so that »_ wu;s; =1,
i=0

e we have lim A\™"(B");; = s;u;.
n—oo

To formulate the Ruelle-Perron-Frobenius theorem, recall that C(X7) denotes the space

of continuous functions f : 3} — R, and that we are given a Holder continuous potential
® € H(XY) C C(XF). For the non-invertible o : ¥} — X% and to the potential ® € H(X¥),
assign the Ruelle-Perron-Frobenius operator

Lo:C(Z)) = C(Zh):  (Laf)@) =D e®@f(y).

oy=z

L = L4 is a linear operator acting on C(X7), and thus its adjoint £} is a linear operator that
is acting on M(X7), the space of Borel probability measures on X%. The Ruelle-Perron-
Frobenius theorem states that

e L has a maximal eigenvalue A > 0;
e there exists h € C(X7) such that Lh = Ah and h(z) > 0, Vz € X7F;

e there exists v € M(X}) such that £*v = Av, moreover, v(h) =1 (so h is a probability
density for v);

e for every g € C(X%), we have
lim [A"L" — v(g)hl] = 0, (5.4)
n—oo

where ||.|| denotes the supremum norm.
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Using the result and the notations of the Ruelle-Perron-Frobenius theorem, let us define
(he =)p € M(XF) as

p=hw. s o) = [ ala) - hadvlz): Vg € C(S5)

We will prove that p defines this way is invariant, mixing, and that it is the unique Gibbs
measure for ® € H(XY). First we prove three useful formulae.

(Lf)-g=L(f-goo);  Vfgel(X)). (5.5)

To see this, note that:

(Lf)-g)@) = Y " Wf(y)-g@)= Y D[y -gloy).

The second formula is:

(L™ f)(z) = 6qu’@f (y);  Ym>1 (5.6)

IQE
IQE
\H

This can be proved by induction on m:

(L™ @) = (L)) = Y e*OLf)(z) =

Finally:, for any m > 1:
(L"f)-g=L"(f-go0™);  Vf.geC(X)), (5.7)

which can be derived form (5.6) exactly the same way as (5.5) is derived from the definition
of L.
Invariance of u. Using at the consecutive steps that £Lh = Ah, Formula (5.5) and that
L*v = \v, we have
u(f) = vlh-f)=v\"'L(h) - f) = ( “L(h-foo)) =
AL V) (h-foo)=v(h-foo)=pu(foo)

for every f € C(X7), which proves that p € M, (X7F).
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Mizing of u. Let E, F be cylinder sets, and let xyg and yr denote the corresponding
indicator functions. By the topology of ¥}, we have yz, xr € C(X¥). Now

wWENo™F) = v(h-xe(xroo"))=A\"(L)"v)(hxexroo") =
= N "w(L"(hxexroo™")) = AXT"v(L"(hxe)xr) = v(ANT"L"(hxE)XF))
while
u(E) - p(F) = v(xeh) - v(xrh) = v(v(xsh) - h- xr).
Hence

(WENo™F) = u(E) - p(F)| = |v((A\"L"(hxe) — v(hxe)h) xr)| <
< AL (hxe) — v(hxe)h||lv(EF) — 0

by (5.4) of the Ruelle-Perron-Frobenius theorem.

Gibbs property of pu. For this, we will represent A > 0 A = e’ for some P € R. We will
see that p is a Gibbs measure with P = P,, and hence, by Lemma 5.7, P = P(®). Fix
m>1,a€ W(m,A) and let E = C(a). We have to prove an upper and a lower bound on
w(E). For the upper bound, note that, as E is a cylinder set of length m, for any z € ¥}
there exists at most one 2’ € E such that 0™z’ = z (namely, 2’ = (az) if A, ., = 1).
Hence, for any z € X7 the sum below (which arises from (5.6)) consists of at most one term:

Em(hXE)(E) _ Z eSmcb(g)h(gbcE(g) < eSmQ(gl)h(£/> < e&n(@,ﬁ)“h“_

yiomy=z
This implies
HUE) = vllce) = X (L) () (i) = XL () < cge” PO

where ¢y = ||A]|.

For the lower bound, it can be exploited that the adjacency matrix A is primitive: there
exists M > 1 such that A} > 0 for any pair 4, j € {0,..., K — 1}*. Hence, for any z € ¥}
there exists at least one 2’ € E such that etz = 2. Hence

L Mhxp)(z) = Y et Wh(y)xp(y) >

yromtMy=z

Z €Sm+1\1q>(§/)h(£/> Z e_M”q)” . e_D . eSm(évg) 1nf(h>’
where we have used (5.2). Also, by continuity and h > 0, we have inf(h) > 0. This implies

w(E) = )\—(m+M)V(£m+M(hXE)) > o P@my\-M M| =D Sn(®a) inf(h) =

where ¢; = \™M . e=MI®l . e=D . inf(p).

Uniqueness. Note as p is mixing it is also ergodic. Assume there exists another Gibbs
measure ' for the potential ® € H(X}). As both p and p/ are Gibbs, there exists some
C' > 0 such that p/(E) < Cu(E) for any cylinder set E. But this implies p/ < p, and thus
by Lemma 1.7, p/ = p.
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5.5 Proof of the Ruelle-Perron-Frobenius theorem

Step 1: construction of v and A. Let us define the following (nonlinear) operator on
M = M(ZH):
1
G(m) = ——=L'm  meM,
(L*m)(1)
where 1 € C(X7) denotes the function 1(x) = 1. Tt is claimed that G(m) € M:
- L is positive: if C(X}) 2 f >0, then £f > 0. This implies that for f > 0

(L'm)(f) =m(Lf) =20 = (Gm)(f) = 0.

- by rescaling with (£*m)(1), we have (Gm)(1) = 1.
Now as

- M is convex and compact in the weak-x topology,

- G: M — M is continuous in the weak-* topology,

it follows by Schauder’s fixed point theorem that there exists some fixed point v € M such
that
Gv)=v < Lv =\, where A = (L*v)(1).

Step 2. Definition and invariance of A C C(X}). We would like to mimic the
previous step to construct h as a fixed point, using Schauder’s theorem, however, C(37) is
not compact in the supremum topology, and the restriction v(f) = 1 would not result in a
compact subset either, as the space is infinite dimensional. Recall the Arzela-Ascoli theorem
which states that N C C(X7) is compact if and only if two conditions are met:

- uniformly bounded: there exists K > 0 such that |f(z)] < K, for every f € N and
every z € X7.

- uniformly equicontinuous: for every € > 0 there exists 6 > 0 such that for every
f € N, whenever d(z,y) < ¢ we have |f(z) — f(y)| <e.

Here we construct a subset A C C(X7) that meets these criteria.
As @ € H(XY), there exist b > 0 and 8 < 1 such that, for any

|®(z) — O(y)| < bB™, Vm>1, ac W(m,A), z,y € C(a).

m—+1
r={recen |20 =1 log ) - g fp)l <

where the condition is again on Ym > 1, a € W(m, A), z,y € C(a). Equivalently

f(g) m—+1
=L < Bp; where B,, = exp | 2b ; VYm >1, a€ W(m,A), z,y € C(a).

fly) — 1-8
We claim that A is preserved by the action of A™*£. To see this, consider f € A. Then
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- M ILf > 0 is obvious.
CUILR) = XL = (AL () = CW)(F) = v(f) = 1

- let z,y € C(a) for a € W(m,A), m > 1. This means zg...Tpm-1 = Yo-- - Ym1 =
a, and, in particular, o = yo = ag. Let us denote by A,,, the collection of j €
{0,..., K —1} for which Aj,, =1 (or equivalently, for which A;,, = 1, or equivalently,
for Wthh Ajyy =1). We have

(Lf)z)= > D f(Gz) (L) =D e f(jy)

JE€Aq JE€Aa,

and these two expressions can be compared term by term. Indeed, for any j € A,
we have jz,jy € C(ja), where ja € W(m + 1, A), hence

e®(iz) < BTt b Hld tinuity of @
oGy = e y Holder continuity of @,
fljz)
YN S Bm as f € A.
fGiy) o

Now

m m+2 m+l(] _ m+-2
" By = exp (bﬁmH + Qbﬁ ) < exp (265 (1=B)+8 ) = B,,.
-p 1-p
So

€q>(]£)f(,]£) S Bm . eq)(jg)f(jg)7 VJ c Aa07

and summing up on j we get
(Lf)(x) < B (Lf)(y)  hence (AT'Lf) €A
Comment. Note that we have proved a little more, namely

(Lf)(@) < e Byt - (L£)(y) (5.8)

which will be useful for later purposes.

Step 3: compactness of A and construction of h. We prove that A C C(X}) is
compact by verifying the Arzela-Ascoli conditions. First let us show that there exists K > 0
such that Vf € A we have || f|| < K for the supremum norm. Recall that A is primitive:
there exists M > 1 such that AY > 0 for every pair 7, j. Hence, for any two points z, z € ¥}
there exists at least one y € ZA such that o™y = z and yo = 2. Hence, using (5.6):

(LY F)(2) > e M f(y) > e MIPIBT f(2)
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and thus
A MLMf) (@) > K7 f(2),  Vo,zeX}

with K = MMeMI?IB, Now as v(A™MLMf) = 1, there is at least one x € ¥} where
(AMLM f)(z) > 1, hence f(z) < K, Vz € X} — that is, by f >0, || f|| < K follows.
Comment: By a similar argument, using v(f) = 1, it also follows that

inf(A\MLM )y > K7 Yf e A (5.9)

This also implies that for any f € A
@) - @) < K| Z8 -1 < i, -1

whenever z,2’ € C(a) for some a € W(m, A), which implies uniform equicontinuity as
B,, — 1 when m — oo.

Now as A\~'L preserves A, which is a convex, compact set in the supremum norm, by
Schauder fixpoint theorem there exists h € A such that Lh = Ah, and as h € A we have
v(h) =1 and h > 0. (Actually, as \™ LMh = h € A, the above considerations also imply
infh > K1)

Step 4. Coupling.
Lemma 5.13. There exists n > 0 such that for every f € A there exists ' € A with
AMLY =nh+ (1 —n)f
Proof. We have to find 7 so small that
g=AX"McMf _nh

is positive and satisfies the regularity properties included in the definition of A. Then,
letting f' = (1 —n)"'g, v(f’) = 1 is automatic as

v(g) =v(A\MLM ) —nu(h) =1 —n.

First note that by (5.9) inf(A\™"M LM f) > K~ and as ||h]| < K, choosing n < K2 we
have g > K1 —nK > 0. We still need to ensure that for any m > 1, a € W(m, A) and
z, 2’ € C(a) we have

9(z) < Bug(a)) thatis ALY f(z) — nh(z) < Ba(A\YLY f(2)) — nh(z'))
for every f € A. Equivalently, by choosing 7 sufficiently small, it can be ensured that
N(Bmh(z') = h(z)) < BpA™ LY f(2') = XM LY f(z). (5.10)

By (5.8):
y (58) M pM pgm+1 M M gy
ANELY f(x) <e B N LY f(2)
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and thus
RHS of (5.10) > (Bp — """ Bro )A™MLY f(2') > (B — " By ) K1

by (5.9). Yet, as h € A, we have h(z) > B, 'h(z'), and thus

LHS of (5.10) < n(B,, — B, Yh(z) < n(B,, — B,HK.
So it is enough to prove that, with a suitably small n it can be ensured that

(B — B2 < (B — "' B )K72, Vm > 1. (5.11)
Now as B,, — 1 as m — oo, there exists some L > 0 such that

10g Buy, log B ' log (e Byyy) € [L71, L] Ym > 1.

Also, there exist 0 < uy < ug such that

wilr —y| < e —e¥| Swolr —yl;  Va,y e [LTH L]
Hence, to prove (5.11), it is enough to ensure

nus|log By, — log B'| < K~ %u|log By, — log(e””"" Bpa)|.

Now
B ﬁm—l—l
log B,, —log B '| = 4b——
llog B, ~log B,'| = 4bT—,
|log By, — log(e®"" B,,1)| = bp™ Y,
SO (1—8)
Uy -
" < 4UQK2
will work. =

Step 4. Convergence for f € A.

Lemma 5.14. There exist A > 0 and o < 1 such that, for any f € A andn > 1
INT"LMf —h|| < Aa™; VYn > 1.

Proof. Let us write n = Mq + r where ¢ > 0 and 0 < r < M. Applying Lemma 5.13
repeatedly, we arrive at

AMLME = (1 =n) 4 (=) DR+ (1 =) f, =
= (I1=(1Q=n)Yh+ (1 —n)if, for some f, € A.
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Using || fo|| < K and ||2|| < K, this implies
INTHLAf — R < 2K (1 - n)?
and thus
AL f = R = [ATTLT AL — R < Aa”
with

o _ —1 —r pr|.
A = 2K(1—n) giz(w“)\ L'[[;  and

0
a = (1—n'M

Step 5. Approximation. To prove (5.4), the convergence of Lemma 5.14 is extended
form A to C(X7) as follows.For r > 1, let C, C C(X7¥) denote the set of step functions that
are constant on cylinder sets of length r.

Claim 5.15. For f € C, we have
AL = ()Rl < Av(|f])a”; V> 1.

Proof. We may assume that (i) v(f) = 1 (otherwise rescale by a constant factor and use
linearity) and that (ii) f > 0 (otherwise represent as f; — f_ and again use linearity). Now
the claim follows from Lemma 5.14 if we show that for f € C, with f > 0 and v(f) = 1,
AT"LTf € A. To get the required regularity, let m > 1 z,2’ € C(a) for a € W(m, A). Let
A7, denote the set of j = (jo...jr—1) € W(r, A) for which A4; 4, = 1. We have

(L f)(z) = D W fGz); (L)) =) B f(ja)

JEAL, JEAG,

and the two expressions can be compared term by term: as f is constant on cylinder sets
of length r, f(jz) = f(jz’), while, arguing as in the proof of (5.2),

5,0 (jz) — S, (ja')| < BB 44 f7) = P < B, 5P,

O

To extend to arbitrary g € C(X7}) use that for any e there exists r > 1 and fy, fo € C,
such that fi1 < g < fy and 0 < fy — f; < &, which implies |v(g) — v(f;)| < ¢ and thus
IATmLf — v(g)h| < e(1 + ||A]|) for m large enough and i = 1,2. Moreover, as L is a
positive operator, A" L™ f; < AXTLMg < AL fo. 0
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