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Preface

A part of the material of this book is based on the lectures of the authors
in the Graduate School of Information Sciences of Tohoku University and
in the Budapest University of Technology and Economics. The aim of the
lectures was to explain certain important topics on matrix analysis from the
point of view of functional analysis. The concept of Hilbert space appears
many times, but only finite-dimensional spaces are used. The book treats
some aspects of analysis related to matrices including such topics as matrix
monotone functions, matrix means, majorization, entropies, quantum Markov
triplets. There are several popular matrix applications for quantum theory.

The book is organized into seven chapters. Chapters 1-3 form an intro-
ductory part of the book and could be used as a textbook for an advanced
undergraduate special topics course. The word “matrix” started in 1848 and
applications appeared in many different areas. Chapters 4-7 contain a num-
ber of more advanced and less known topics. They could be used for an ad-
vanced specialized graduate-level course aimed at students who will specialize
in quantum information. But the best use for this part is as the reference for
active researchers in the field of quantum information theory. Researchers in
statistics, engineering and economics may also find this book useful.

Chapter 1 contains the basic subjects. We prefer the Hilbert space con-
cepts, so complex numbers are used. Spectrum and eigenvalues are impor-
tant. Determinant and trace are used later in several applications. The tensor
product has symmetric and antisymmetric subspaces. In this book “positive”
means > 0, the word “non-negative” is not used here. The end of the chapter
contains many exercises.

Chapter 2 contains block-matrices, partial ordering and an elementary
theory of von Neumann algebras in finite-dimensional setting. The Hilbert
space concept requires the projections P = P? = P*. Self-adjoint matrices are
linear combinations of projections. Not only the single matrices are required,
but subalgebras are also used. The material includes Kadison’s inequality
and completely positive mappings.

Chapter 3 contains matrix functional calculus. Functional calculus pro-
vides a new matrix f(A) when a matrix A and a function f are given. This
is an essential tool in matrix theory as well as in operator theory. A typical
example is the exponential function e? = 72 /A" /nl. If f is sufficiently
smooth, then f(A) is also smooth and we have a useful Fréchet differential
formula.

Chapter 4 contains matrix monotone functions. A real functions defined
on an interval is matrix monotone if A < B implies f(A) < f(B) for Hermi-



tian matrices A, B whose eigenvalues are in the domain interval. We have a
beautiful theory on such functions, initiated by Lowner in 1934. A highlight
is integral expression of such functions. Matrix convex functions are also con-
sidered. Graduate students in mathematics and in information theory will
benefit from a single source for all of this material.

Chapter 5 contains matrix (operator) means for positive matrices. Matrix
extensions of the arithmetic mean (a + b)/2 and the harmonic mean

a1\ !
(=)

are rather trivial, however it is non-trivial to define matrix version of the
geometric mean vab. This was first made by Pusz and Woronowicz. A general
theory on matrix means developed by Kubo and Ando is closely related to
operator monotone functions on (0,00). There are also more complicated
means. The mean transformation M (A, B) := m(L4,Rp) is a mean of the
left-multiplication L4 and the right-multiplication Rp recently studied by
Hiai and Kosaki. Another concept is a multivariable extension of two-variable
matrix means.

Chapter 6 contains majorizations for eigenvalues and singular values of ma-
trices. Majorization is a certain order relation between two real vectors. Sec-
tion 6.1 recalls classical material that is available from other sources. There
are several famous majorizations for matrices which have strong applications
to matrix norm inequalities in symmetric norms. For instance, an extremely
useful inequality is called the Lidskii-Wielandt theorem. There are several
famous majorizations for matrices which have strong applications to matrix
norm inequalities in symmetric norms.

The last chapter contains topics related to quantum applications. Positive
matrices with trace 1 are the states in quantum theories and they are also
called density matrices. The relative entropy appeared in 1962 and the ma-
trix theory has many applications in the quantum formalism. The unknown
quantum states can be known from the use of positive operators F'(z) when
>, F(z) = I. This is called POVM and there are a few mathematical re-
sults, but in quantum theory there are much more relevant subjects. These
subjects are close to the authors and there are some very recent results.

The authors thank several colleagues for useful communications, Professor
Tsuyoshi Ando had several remarks.

Fumio Hiai and Dénes Petz

April, 2013
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Chapter 1

Fundamentals of operators and
matrices

A linear mapping is essentially matrix if the vector space is finite dimensional.
In this book the vector space is typically finite dimensional complex Hilbert-
space.

1.1 Basics on matrices

For n,m € N, M, = M,4,n(C) denotes the space of all n x m complex
matrices. A matrix M € M,,«,, is a mapping {1,2,...,n} x {1,2,...,m} —
C. It is represented as an array with n rows and m columns:

miyy Mz - My

mo1 Moz -+ Moy
M = .

Mp1 Mpz 0 Mg,y

m;; is the intersection of the ith row and the jth column. If the matrix is
denoted by M, then this entry is denoted by M;;. If n = m, then we write
M, instead of M,,y,. A simple example is the identity matrix I, € M,
defined as m;; = 9, ;, or

1 0 0
1
=0t
0 0 1

M, «m is a complex vector space of dimension nm. The linear operations

5



6 CHAPTER 1. FUNDAMENTALS OF OPERATORS AND MATRICES

are defined as follows:
[)\A]U = )\Aija [A + B]z] = Aij + Bij
where \ is a complex number and A, B € M,,»,,.

Example 1.1 For ¢,j = 1,...,n let E(ij) be the n X n matrix such that
(i, j)-entry equals to one and all other entries equal to zero. Then FE(ij) are
called matrix-units and form a basis of M,,:

A=) AyE(ij).
ij=1
Furthermore,

I, = ZE(iz’) .

If Ae M,y,, and B € M,,«x, then product AB of A and B is defined by
[ABi; = > AuByj,
=1

where 1 < ¢ <mnand 1< j <k. Hence AB € M, «,. So M,, becomes an
algebra. The most significant feature of matrices is non-commutativity of the
product AB # BA. For example,

0O 1(]0 O |1 O 0O 0f]|0 1| |0 O
0O Of|1 O |0 O’ 1 0|0 O |0 1|
In the matrix algebra M,,, the identity matrix I,, behaves as a unit: I,A =
Al, = A for every A € M,,. The matrix A € M, is invertible if there is a

B € M,, such that AB = BA = I,. This B is called the inverse of A, in
notation A~ O

Example 1.2 The linear equations

ar +by =u
cx +dy =v

can be written in a matrix formalism:

L bl-B)
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If x and y are the unknown parameters and the coefficient matrix is invertible,

then the solution is )
z| |a b| |u
y| |c d v’

So the solution of linear equations is based on the inverse matrix which is
formulated in Theorem 1.33. O
The transpose A! of the matrix A € M,,y,, is an m X n matrix,
(AT = A5 (1<i<m,1<j<n).

It is easy to see that if the product AB is defined, then (AB)" = B*A’. The
adjoint matrix A* is the complex conjugate of the transpose A*. The space
M, is a *-algebra:

(AB)C' = A(BC), (A+ B)C =AC + BC, A(B+C)=AB+ AC,
(A+B)* = A"+ B*, (M) =AA*, (A)' =A, (AB)" = B*A".

Let A € M,,. The trace of A is the sum of the diagonal entries:
i=1

It is easy to show that Tr AB = Tr BA, see Theorem 1.28.
The determinant of A € M, is slightly more complicated:

det A := Z(—l)g(ﬂ)Alﬂ(l)Agﬂ(g) Ce Amr(n), (12)
where the sum is over all permutations 7 of the set {1,2,...,n} and o(7) is
the parity of the permutation 7. Therefore

a b
det{C d} = ad — be,
and another example is the following:
An A Agg
det | Agy Ay A
Az Az Ass
Agy A Agr A Ay Ag
= Ay det — Ay det + Az det :
e [A?,Q Agg |~ Ay Ay ] T Ay Ay

It can be proven that

det(AB) = (det A)(det B). (1.3)
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1.2 Hilbert space

Let H be a complex vector space. A functional (-, ) : H x H — C of two
variables is called inner product

(1) (z+y,2)=(2,2) +{y,2) (z,y,2€H),

2) Oz,y) = Ma,y) (AeC, o,y € H)

(3) (z,9) = {y,2) (z,y € H),

(4) (z,x) > 0 for every z € H and (z,z) = 0 only for z = 0.

Condition (2) states that the inner product is conjugate linear in the first
variable (and it is linear in the second variable). The Schwarz inequality

(2 ) < (2, 2) (v, ) (1.4)

holds. The inner product determines a norm for the vectors:

]| := /(. x). (1.5)
This has the properties
lz+yll <zl + [yl and [z, m)] < =] - [[yll-

||z|| is interpreted as the length of the vector x. A further requirement in
the definition of a Hilbert space is that every Cauchy sequence must be con-
vergent, that is, the space is complete. (In the finite dimensional case, the
completeness always holds.)

The linear space C" of all n-tuples of complex numbers becomes a Hilbert
space with the inner product

Y1

n B - B Yo
<'r7y>:inyi:['rlax27"'7xn] : 3

i=1 :

Yn

where Z denotes the complex conjugate of the complex number z € C. An-
other example is the space of square integrable complex-valued function on
the real Euclidean space R”. If f and ¢ are such functions then

)= [ F@ g ds
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gives the inner product. The latter space is denoted by L?*(R™) and it is
infinite dimensional contrary to the n-dimensional space C". Below we are
mostly satisfied with finite dimensional spaces.

If (z,y) = 0 for vectors x and y of a Hilbert space, then x and y are called
orthogonal, in notation z L y. When H C H, then HX == {z € H:x L h
for every h € H}. For any subset H C H the orthogonal complement H' is
a closed subspace.

A family {e;} of vectors is called orthonormal if (e;,e;) = 1 and (e;, e;) =
0 if 4 # j. A maximal orthonormal system is called a basis or orthonormal
basis. The cardinality of a basis is called the dimension of the Hilbert space.
(The cardinality of any two bases is the same.)

In the space C", the standard orthonormal basis consists of the vectors
0, =(1,0,...,0), dé2=¢(0,1,0,...,0), ..., 9,=1(0,0,...,0,1), (1.6)
each vector has 0 coordinate n — 1 times and one coordinate equals 1.

Example 1.3 The space M, of matrices becomes Hilbert space with the
inner product

(A,B) =TrA*"B (1.7)
which is called Hilbert—Schmidt inner product. The matrix units E(ij)
(1 <14,j <n) form an orthonormal basis.

It follows that the Hilbert—Schmidt norm

n 1/2
14]]2 = V{4, A) = VIr A*A = (Z |Aij|2> (1.8)

ij=1

is a norm for the matrices. O

Assume that in an n dimensional Hilbert space linearly independent vec-

tors {vy,vq,...,v,} are given. By the Gram-Schmidt procedure an or-
thonormal basis can be obtained by linear combination:
1
€1 = 1
[[o1]]
1 .
ey = ——wy with wy = vy — (e1,va)ey,
[[w2]]
1 .
e3 = ——ws with ws:=wv3— (e1,v3)e; — (ea,v3)eq,
[[ws]]
1 .
en = ——w, with w,:=uv,— (e,v)e1 —...— (€n_1,Vn)€n_1.
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The next theorem tells that any vector has a unique Fourier expansion.

Theorem 1.4 Let ey, es,... be a basis in a Hilbert space H. Then for any
vector x € ‘H the expansion

xr = Z(en,x>en

n

lzl* = l{en, 2)I?

Let H and K be Hilbert spaces. A mapping A : H — K is called linear if
it preserves linear combination:

holds. Moreover,

AN +pg) = Af+pAg  (f,geH, A\peC).
The kernel and the range of A are
ker A= {z € H : Az = 0}, ranA:={Az e K:z € H}.
The dimension formula familiar in linear algebra is
dim H = dim (ker A) + dim (ran A). (1.9)

The quantity dim (ran A) is called the rank of A, rank A is the notation. It
is easy to see that rank A < dim H, dim K.

Let eq,eq,...,e, be a basis of the Hilbert space H and f1, fo,..., fin be a
basis of K. The linear mapping A : H — K is determined by the vectors Ae;,
Jj =1,2,...,n. Furthermore, the vector Ae; is determined by its coordinates:

Aej=cijfi teojfo+ ...+ Cmyjfm-

The numbers ¢; ;, 1 <7 <m,1 < j < n, form an m x n matrix, it is called the
matrix of the linear transformation A with respect to the bases (e, es, ..., €,)
and (f1, f2, ..., fm). If we want to distinguish the linear operator A from its
matrix, then the latter one will be denoted by [A]. We have

[Alij = (fi; Ae;)  (1<i<m, 1<j<n).

Note that the order of the basis vectors is important. We shall mostly con-
sider linear operators of a Hilbert space into itself. Then only one basis is
needed and the matrix of the operator has the form of a square. So a linear
transformation and a basis yield a matrix. If an n X n matrix is given, then it
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can be always considered as a linear transformation of the space C" endowed
with the standard basis (1.6).

The inner product of the vectors |z) and |y) will be often denoted as (x|y),
this notation, sometimes called bra and ket, is popular in physics. On the
other hand, |z)(y| is a linear operator which acts on the vector |z) as

(l2)(wl) |2) = [2) (yl2) = (wl2) ).

Therefore,

‘SL’><y| = ' [yhy%"'uyn]

Tn

is conjugate linear in |y), while (z|y) is linear.

The next example shows the possible use of the bra and ket.

Example 1.5 If X, Y € M,,(C), then

> TrE(ij)XE(ji)Y = (Te X)(TrY). (1.10)
ij=1
Since both sides are bilinear in the variables X and Y, it is enough to check

that case X = E(ab) and Y = E(cd). Simple computation gives that the
left-hand-side is d,,0.¢ and this is the same as the right-hand-side.

Another possibility is to use the formula E(ij) = |e;)(e;|. So

Y TEGHXEGHY = Y Trle){esXleely =) (el Xles)elY]er)

1,J 1,J 1]
= D {eilXles) D (eilYle:)
j i
and the right-hand-side is (Tr X)(TrY). O

Example 1.6 Fix a natural number n and let ‘H be the space of polynomials
of at most n degree. Assume that the variable of these polynomials is ¢ and
the coefficients are complex numbers. The typical elements are

n

p(t) = iuiti and q(t) = Zviti.
=0

1=0
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If their inner product is defined as
(p(t), qt)) :== > wwv;,
=0

then {1,¢,t% ... t"} is an orthonormal basis.

The differentiation is a linear operator:

i uktk — i kuktk_l .
k=0 k=0

In the above basis, its matrix is

0O 1.0 ... 00
0 2 ... 00
Vo 00 (1.11)
N
000 ... 0n
(00 0 ... 0 0
This is an upper triangular matrix, the (7, j) entry is 0 if i > j. O

Let H1, Ho and Hs be Hilbert spaces and we fix a basis in each of them.
If B:Hy — Hs and A : Hy — Hs are linear mappings, then the composition

f— A(Bf) € Hs (f € Ha)

is linear as well and it is denoted by AB. The matrix [AB] of the composition
AB can be computed from the matrices [A] and [B] as follows

[ABJ;; = > _[Ali[Blx- (1.12)

k

The right-hand-side is defined to be the product [A] [B] of the matrices [A]
and [B]. Then [AB] = [A][B] holds. It is obvious that for a k£ x m matrix
[A] and an m x n matrix [B], their product [A] [B] is a k x n matrix.

Let H; and H, be Hilbert spaces and we fix a basis in each of them. If
A, B : Hi — Hs are linear mappings, then their linear combination

(M + uB)f = MNAS) + u(Bf)
is a linear mapping and

A+ pBlij = MA]y; + p[Bli;- (1.13)
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Let H be a Hilbert space. The linear operators H — H form an algebra.
This algebra B(?) has a unit, the identity operator denoted by I and the
product is non-commutative. Assume that H is n dimensional and fix a basis.
Then to each linear operator A € B(#H) an n X n matrix A is associated.
The correspondence A +— [A] is an algebraic isomorphism from B(#) to the
algebra M, (C) of n x n matrices. This isomorphism shows that the theory of
linear operators on an n dimensional Hilbert space is the same as the theory
of n x n matrices.

Theorem 1.7 (Riesz-Fischer theorem) Let ¢ : H — C be a linear map-
ping on a finite dimensional Hilbert space H. Then there is a unique vector
v € H such that ¢(x) = (v, z) for every vector x € H.

Proof: Let e, es,...,¢e, be an orthonormal basis in 4. Then we need a
vector v € H such that ¢(e;) = (v,€;). So

U:ZM‘%

will satisfy the condition. O

The linear mappings ¢ : H — C are called functionals. If the Hilbert
space is not finite dimensional, then in the previous theorem the condition
|p(x)] < c||z]| should be added, where ¢ is a positive number.

The operator norm of a linear operator A : H — K is defined as
[A[l := sup{[|Az|| : 2 € H, ||z[| = 1} .
It can be shown that [|A|| is finite. In addition to the common properties
|A+ B < ||A]| + || B|| and ||AA]| = |A|||A]|, the submultiplicativity
IAB] < A Bll
also holds.

If ||A]| < 1, then the operator A is called contraction.

The set of linear operators H — H is denoted by B(H). The convergence
A, — A means ||A — A,|| — 0. In the case of finite dimensional Hilbert
space the norm here can be the operator norm, but also the Hilbert-Schmidt
norm. The operator norm of a matrix is not expressed explicitly by the matrix
entries.

Example 1.8 Let A € B(H) and ||A]| < 1. Then I — A is invertible and

(I— A= i A",
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Since

N
(I—A)) A"=I1-AY"  and AV <A,

n=0

we can see that the limit of the first equation is

(I-A)> A"=1.
n=0
This shows the statement which is called Neumann series. O

Let H and K be Hilbert spaces. If T': H — K is a linear operator, then
its adjoint 7™ : K — H is determined by the formula

(, Ty)c = (T"x,y)n (x e K,ye™H). (1.14)

The operator T' € B(H) is called self-adjoint if 7* = T. The operator T is
self-adjoint if and only if (x, T'z) is a real number for every vector x € H. For
self-adjoint operators and matrices the notations B(H)%* and M** are used.

Theorem 1.9 The properties of the adjoint:

(1) (A+ B)* = A* + B*, (AA)* = \A* (AeC),

(2) (A*)" = A, (AB)" = B*A",

(3) (A=Y = (A")7L if A is invertible,

(4) 1Al = [IA*]l, |IAA] = |A]*.
Example 1.10 Let A : H — H be a linear mapping and ey, es, ..., e, be a
basis in the Hilbert space H. The (7, j) element of the matrix of A is (e;, Ae;).

Since

<€i7 A€j> = <€j, A*€i>,
this is the complex conjugate of the (j,7) element of the matrix of A*.

If A is self-adjoint, then the (7, ) element of the matrix of A is the con-
jugate of the (j,4) element. In particular, all diagonal entries are real. The
self-adjoint matrices are also called Hermitian matrices. O

Theorem 1.11 (Projection theorem) Let M be a closed subspace of a
Hilbert space H. Any vector x € H can be written in a unique way in the
form x = xy + vy, where xo € M andy L M.
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Note that a subspace of a finite dimensional Hilbert space is always closed.

The mapping P : z +— x( defined in the context of the previous theorem
is called orthogonal projection onto the subspace M. This mapping is
linear:

P(A\x + py) = \Px + uPy.
Moreover, P2 = P = P*. The converse is also true: If P> = P = P*, then P
is an orthogonal projection (onto its range).

Example 1.12 The matrix A € M, is self-adjoint if A;; = A;;. A particular
example is the Toeplitz matrix:

[ ay as as ... Qp—1  Qp
Qo ay as cee Qp_9  Qp_q
a_3 Qo aq .. Ap—3 Qp—2
, (1.15)
ap—1 Gp—2 QAap-3 ... ai 45)
L an ap—1 Ap—2 ... [ ai |
where a; € R. O

An operator U € B(H) is called unitary if U* is the inverse of U. Then
U*U =1 and
(x,y) = (U Ux,y) = (Uz,Uy)

for any vectors x,y € H. Therefore the unitary operators preserve the inner
product. In particular, orthogonal unit vectors are mapped into orthogonal
unit vectors.

Example 1.13 The permutation matrices are simple unitaries. Let 7
be a permutation of the set {1,2,...,n}. The A, ;) entries of A € M,,(C)
are 1 and all others are 0. Every row and every column contain exactly one 1
entry. If such a matrix A is applied to a vector, it permutes the coordinates:

0 1 0 T )
0 0 1 ) = | I3
1 0 0 T3 x

This shows the reason of the terminology. Another possible formalism is
A<x17x27'r3) = ('T27x37x1>- |:|

An operator A € B(H) is called normal if AA* = A*A. It follows
immediately that
[Az]] = [|A%z]] (1.16)
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for any vector x € H. Self-adjoint and unitary operators are normal.

The operators we need are mostly linear, but sometimes conjugate-linear
operators appear. A : H — K is conjugate-linear if

Az + py) = Nz + 1 Ay

for any complex numbers \ and p and for any vectors x,y € H. The adjoint
A* of the conjugate-linear operator A is determined by the equation

(x,Ay)c = (y, N"x)y (x e K,y eH). (1.17)

A mapping ¢ : H x H — C is called complex bilinear form if ¢ is linear
in the second variable and conjugate linear in the first variables. The inner
product is a particular example.

Theorem 1.14 On a finite dimensional Hilbert space there is a one-to-one
correspondence

¢(z,y) = (Az,y)
between the complex bilinear forms ¢ : H x H — C and the linear operators

A H—H.

Proof: Fix x € H. Then y — ¢(z,y) is a linear functional. Due to the
Riesz-Fischer theorem ¢(x,y) = (z,y) for a vector z € H. We set Ax = z. [

The polarization identity
4o(z,y) = o(rv+y,z+y)+ig(z +iy,z +iy)
—¢(x —y,x—y) —ip(zr — iy, z — iy) (1.18)
shows that a complex bilinear form ¢ is determined by its so-called quadratic
form x — ¢(z, x).

The n X n matrices M, can be identified with the linear operators B(#H)
where the Hilbert space H is n-dimensional. To make a precise identification
an orthonormal basis should be fixed in H.

1.3 Jordan canonical form

A Jordan block is a matrix

a 1 0 0
0 a 1 --- 0
Je(a) =10 0 a --- 0], (1.19)
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where @ € C. This is an upper triangular matrix Ji(a) € M. We use also
the notation Ji := J;(0). Then

and the sum consists of commuting matrices.

Example 1.15 The matrix J is

1 if j=1+1
(Jk)ijZ{ PSS

0 otherwise.

Therefore

1 if j=i+landk=1+2
(I)ig (i) jn 0 otherwise.

It follows that . .
(J2);; = {1 if g :‘Z—|—2,
0 otherwise.
We observe that taking the powers of Ji the line of the 1 entries is going
upper, in particular J¥ = 0. The matrices {J* : 0 < m < k — 1} are linearly
independent.

If a # 0, then det Ji(a) # 0 and Ji(a) is invertible. We can search for the
inverse by the equation

k—1
(al), + Ji) (Z ch,§> = I.

§=0
Rewriting this equation we get

k—1
acoly, + Z(acj + cj_l)Jg = 1.

j=1

The solution is A
¢=—(-a)7  (0<j<k-1).

In particular,

a 1 017" al —a? a3
0 a 1 =10 a”l  —a?
0 0 a 0 0 a~!

Computation with a Jordan block is convenient. O
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The Jordan canonical form theorem is the following.

Theorem 1.16 Given a matrix X € M,,, there is an invertible matrix S €
M,, such that

Jo(A) 0 e 0
0 Je(Ng) - 0

x-g| U R .| st =sus7
0 0 o T (Am)

where k1 + ko 4+« -+ + k,, = n. The Jordan matriz J is uniquely determined
(up to the permutation of the Jordan blocks in the diagonal.)

Note that the numbers Ay, A9, ..., \,, are not necessarily different. Exam-
ple 1.15 showed that it is rather easy to handle a Jordan block. If the Jordan
canonical decomposition is known, then the inverse can be obtained. The
theorem is about complex matrices.

Example 1.17 An essential application is concerning the determinant. Since
det X = det(SJS™1) = det J, it is enough to compute the determinant of the
upper-triangular Jordan matrix J. Therefore

det X = ]} (1.21)
7j=1

The characteristic polynomial of X € M, is defined as
p(z) := det(zl, — X)

From the computation (1.21) we have

plx) =[x =) =a" - (Z ijj) b (D) AT (1.22)
j=1 j=1 J=1
The numbers A; are roots of the characteristic polynomial. O

The powers of a matrix X € M,, are well-defined. For a polynomial p(x) =
S ek the matrix p(X) is
Z Cka.
k=0
If ¢ is a polynomial, then it is annihilating for a matrix X € M, if ¢(X) = 0.

The next result is the Cayley-Hamilton theorem.

Theorem 1.18 Ifp is the characteristic polynomial of X € M,,, then p(X) =
0.
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1.4 Spectrum and eigenvalues

Let H be a Hilbert space. For A € B(H) and A\ € C, we say that \ is an
eigenvalue of A if there is a non-zero vector v € H such that Av = Awv.
Such a vector v is called an eigenvector of A for the eigenvalue A\. If H is
finite-dimensional, then A € C is an eigenvalue of A if and only if A — A[ is
not invertible.

Generally, the spectrum o(A) of A € B(H) consists of the numbers
A € C such that A — Al is not invertible. Therefore in the finite-dimensional
case the spectrum is the set of eigenvalues.

Example 1.19 We show that 0(AB) = o(BA) for A, B € M,,. It is enough
to prove that det(A] — AB) = det(A] — BA). Assume first that A is invertible.
We then have

det(A — AB) = det(A (A — AB)A) = det(\M — BA)

and hence 0(AB) = o(BA).

When A is not invertible, choose a sequence ¢, € C\ 0(A) with ¢, — 0
and set Ay := A — ;1. Then

det(A\] — AB) = klim det(A] — AxB) = klim det(A] — BAy) = det(A] — BA).
—00 —00
(Another argument is in Exercise 3 of Chapter 2.) 0

Example 1.20 In the history of matrix theory the particular matrix

010 ..00
101 ...00
010 ..00
oL e <123>
000 ...01
000 ... 1 0]

has importance. Its eigenvalues were computed by Joseph Louis Lagrange
in 1759. He found that the eigenvalues are 2cosjn/(n+1) (j =1,2,...,n).
O

The matrix (1.23) is tridiagonal. This means that A;; = 0if | — 5 > 1.

Example 1.21 Let A € R and consider the matrix
A 0

1
Js(A) =10 A (1.24)
0 0

1
A
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Now A is the only eigenvalue and (y, 0, 0) is the only eigenvector. The situation
is similar in the k x k generalization Ji(\): \ is the eigenvalue of SJj,(A\)S™!
for an arbitrary invertible S and there is one eigenvector (up to constant
multiple). This has the consequence that the characteristic polynomial gives
the eigenvalues without the multiplicity.

If X has the Jordan form as in Theorem 1.16, then all A;’s are eigenvalues.
Therefore the roots of the characteristic polynomial are eigenvalues.

For the above J3(\) we can see that
J3(A)(0,0,1) = (0,1,X),  J5(A)*(0,0,1) = (1,2X,\?),

therefore (0,0, 1) and these two vectors linearly span the whole space C3. The
vector (0,0, 1) is called cyclic vector.

Assume that a matrix X € M, has a cyclic vector v € C" which means
that the set {v, Xv, X%v,..., X" v} spans C". Then X = S.J,(\)S~! with
some invertible matrix S, the Jordan canonical form is very simple. U

Theorem 1.22 Assume that A € B(H) is normal. Then there exist Ay, ...,
M € C and uy, ..., u, € H such that {uy,...,u,} is an orthonormal basis of
H and Au; = N, for all 1 <1 < n.

Proof: Let us prove by induction on n = dim . The case n = 1 trivially
holds. Suppose the assertion holds for dimension n—1. Assume that dim H =
nand A € B(H) is normal. Choose a root A\; of det(A/—A) = 0. As explained
before the theorem, \; is an eigenvalue of A so that there is an eigenvector
uy with Au; = A\juy. One may assume that u; is a unit vector, i.e., [Juq]| = 1.
Since A is normal, we have

(A= D) (A=NI) = (A*_le)(A_)\lj)
= A*A - NA - NA N T
= AA — NA - NA N T
= (A=MDA-MI),

that is, A — A\;[ is also normal. Therefore,
1(A" = MDua] = [[(A = M) wi || = [(A = MD)w ]| =0

so that A*u; = Ajuy. Let H; := {u;}*, the orthogonal complement of {u;}.
If z € H; then

(Az,uy) = (@, A*uy) = (2, \jug) = Mz, uy) =0,
(A", uq) = (z, Auq) = (z, \ug) = Ny

(r,u1) =
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so that Az, A*x € H,. Hence we have AH; C H; and A*H,; C H;. So
one can define A; := Aly, € B(H;). Then A} = A*|y,, which implies
that Ay is also normal. Since dimH; = n — 1, the induction hypothesis
can be applied to obtain Ag,...,\, € C and wuo,...,u, € H; such that

{usg, ..., u,} is an orthonormal basis of H; and Aju; = \ju; foralli =2,... n.
Then {uq,us,...,u,} is an orthonormal basis of H and Au; = A\u; for all
t=1,2,...,n. Thus the assertion holds for dimension n as well. O]

It is an important consequence that the matrix of a normal operator is
diagonal in an appropriate orthonormal basis and the trace is the sum of the
eigenvalues.

Theorem 1.23 Assume that A € B(H) is self-adjoint. If Av = \v and
Aw = pw with non-zero eigenvectors v,w and the eigenvalues A and p are
different, then v L w and A\, i € R.

Proof: First we show that the eigenvalues are real:
Mov,v) = (v, W) = (v, Av) = (Av,v) = (v, v) = Mo, ).
The (v, w) = 0 orthogonality comes similarly:

(v, w) = (v, pw) = (v, Aw) = (Av,w) = (A, w) = A\(v, w).

O

If A is a self-adjoint operator on an n-dimensional Hilbert space, then from

the eigenvectors we can find an orthonormal basis vy, vs, . .., v,. If Av; = \v;,
then

A= Z Ai|vi) (] (1.25)

which is called the Schmidt decomposition. The Schmidt decomposition
is unique if all the eigenvalues are different, otherwise not. Another useful
decomposition is the spectral decomposition. Assume that the self-adjoint
operator A has the eigenvalues 1 > o > ... > pg. Then

k
A= P, (1.26)
j=1

where P; is the orthogonal projection onto the subspace spanned by the eigen-
vectors with eigenvalue y;. (From the Schmidt decomposition (1.25),

Py = Z o) (vil,
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where the summation is over all ¢ such that \; = p;.) This decomposition
is always unique. Actually, the Schmidt decomposition and the spectral de-
composition exist for all normal operators.

If \; > 0 in (1.25), then we can set |x;) := v/A\;|v;) and we have

A= Z|xz><azz\

If the orthogonality of the vectors |z;) is not assumed, then there are several
similar decompositions, but they are connected by a unitary. The next lemma
and its proof is a good exercise for the bra and ket formalism. (The result
and the proof is due to Schrédinger [73].)

Lemma 1.24 If
A= Z |z;) (x| = Z |yi) (Wil
j=1 i=1

then there exists a unitary matrizv [Uy]},_, such that
> Usilay) = lyi)- (1.27)
j=1

Proof: Assume first that the vectors |z;) are orthogonal. Typically they are
not unit vectors and several of them can be 0. Assume that |z1), |z2), ..., k)
are not 0 and |xgy1) = ... = |z,) = 0. Then the vectors |y;) are in the linear
span of {|z;) : 1 < j <k}, therefore

is the orthogonal expansion. We can define [U;;] by the formula

{z;]ys) . .
Uy = ——=+ (1<i<n,1<j<k).
T (xylay)
We easily compute that

k k
* (welys) (yilzw)
=1 t

2 Ll (ol
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and this relation shows that the & column vectors of the matrix [Uj;] are
orthonormal. If £ < n, then we can append further columns to get an n x n
unitary, see Exercise 37. (One can see in (1.27) that if |x;) = 0, then U;; does
not play any role.)

In the general situation

A= Z |2) (2] = Z i) (vl

we can make a unitary U from an orthogonal family to |y;)’s and a unitary V'
from the same orthogonal family to |z;)’s and UV* goes from |z;)’s to |y;)’s.
O

Example 1.25 Let A € B(H) be a self-adjoint operator with eigenvalues
A1 > Ay > ... > A, (counted with multiplicity). Then

A = max{(v, Av) : v € H, ||v| = 1}. (1.28)
We can take the Schmidt decomposition (1.25). Assume that
max{ (v, Av) : v € H, ||v]| =1} = (w, Aw)

for a unit vector w. This vector has the expansion

n

w = Z cilvi)

i=1
and we have

(w, Aw) = " |ai|*Ai < A
=1

The equality holds if and only if \; < A; implies ¢; = 0. The maximizer
should be an eigenvector with eigenvalue A;.
Similarly,
An = min{(v, Av) : v € H, ||v|| = 1}. (1.29)

The formulae (1.28) and (1.29) will be extended below. O

Theorem 1.26 (Poincaré’s inequality) Let A € B(H) be a self-adjoint
operator with eigenvalues \y > Ao > ... > A\, (counted with multiplicity) and
let IC be a k-dimensional subspace of H. Then there are unit vectors x,y € K
such that

(x, Ax) < N\g and (y, Ay) > Ag.
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Proof: Let vy, ..., v, be orthonormal eigenvectors corresponding to the
eigenvalues Ag,...,A,. They span a subspace M of dimension n — k + 1
which must have intersection with K. Take a unit vector x € K N M which

has the expansion
n
xr = E C;U;
i=k

and it has the required property:
(m, Az) = e A < A el = A
i=k i=k

To find the other vector y, the same argument can be used with the matrix

—A. U

The next result is a minimax principle.

Theorem 1.27 Let A € B(H) be a self-adjoint operator with eigenvalues
A1 > Ay > > N\, (counted with multiplicity). Then

)\k:min{max{@,Av) cvelk v =1} : KCH, dimIC:n—i-l—k}.

Proof: Let vy, ..., v, be orthonormal eigenvectors corresponding to the
eigenvalues Ag,...,\,. They span a subspace K of dimension n + 1 — k.
According to (1.28) we have

A = max{(v, Av) : v € K}

and it follows that in the statement of the theorem > is true.

To complete the proof we have to show that for any subspace K of di-
mension n + 1 — k there is a unit vector v such that A\, < (v, Av), or —A; >
(v, (—A)v). The decreasing eigenvalues of —A are =\, > —\,_1 > -+ > =)\
where the fth is —\,,.1_4. The existence of a unit vector v is guaranteed by
the Poincaré’s inequality and we take ¢ with the property n+1—-¢=4k. 0O

1.5 Trace and determinant

When {ey, ..., e,} is an orthonormal basis of H, the trace Tr A of A € B(H)
is defined as

TrA:= i(ei,Aei>. (1.30)

i=1
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Theorem 1.28 The definition (1.30) is independent of the choice of an or-
thonormal basis {e1,...,e,} and Tr AB = Tr BA for all A, B € B(H).

Proof: We have

n n n n

TrAB = Z(ei,ABei) = Z(A*ei, Be;) = Z Z (ej, A*e;)(e;, Be;)

i=1 =1 j=1
n

i=1
- an im@ﬁleﬁ = (e;, BAej) = Tr BA.

j=1 i=1 j=1

Now, let {f1,..., fn} be another orthonormal basis of #. Then a unitary
U is defined by Ue; = f;, 1 < i <n, and we have

> (fuAfi) =) (Ue;, AUe;) = Tt U AU = Tr AUU" = Tr A,

i=1 i=1

which says that the definition of Tr A is actually independent of the choice of
an orthonormal basis. O

When A € M, the trace of A is nothing but the sum of the principal
diagonal entries of A:

TYA:A11+A22—|—"'+Ann.

The trace is the sum of the eigenvalues.

Computation of the trace is very simple, the case of the determinant (1.2)
is very different. In terms of the Jordan canonical form described in Theorem
1.16, we have

TeX =Y kA, and  detX =]]A}.
j=1 j=1

Formula (1.22) shows that trace and determinant are certain coefficients of
the characteristic polynomial.

The next example is about the determinant of a special linear mapping.

Example 1.29 On the linear space M,, we can define a linear mapping « :
M, — M, as a(A) = VAV* where V € M, is a fixed matrix. We are
interested in det a.

Let V = SJS~! be the canonical Jordan decomposition and set

ar(A) = STTASTY,  ao(B)=JBJ*,  as(C) = SCS".
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Then o = a3 0 ag 0 p and det o« = det a3 X det ap X det avy. Since oy = 0451,
we have det a = det ay, so only the Jordan block part has influence to the
determinant.

The following example helps to understand the situation. Let
o )\1 X
=y
and

10 0 1 0 0 0 0
S L ) ER e R A

Then {A;, Ay, A3, Ay} is a basis in Mly. If a(A) = JAJ*, then from the data
a(A)) = N2A;, a(Ay) = Mz A + M A2 As,
a(Az) = Mx A + A2 As, a(Ay) = 22 A1 + 2 Ay + 1A A3 + N2A,
we can observe that the matrix of « is upper triangular:

YIS S ) VI v
0 )\1)\2 0 SL’)\Q
0 0 )\1)\2 ZL‘)\Q ’
0 0 0 A

So its determinant is the product of the diagonal entries:

MM A2) (A1) A3 = ATAS = (det J)*.

Now let J € M, and assume that only the entries J;; and J; ;41 can be
non-zero. In M, we choose the basis of the matrix units,

E(1,1),E(1,2),.... E(1,n), E2,1),...,E@2,n),..., B(3,1),..., E(n,n).

We want to see that the matrix of « is upper triangular.

From the computation

JEG, NI = J; 10k E(G—1,k—=1)+ J_1 e E(5—1,k)

+ T -1k E(G k= 1) + Jiider E(G, k)

we can see that the matrix of the mapping A — JAJ* is upper triangular. (In
the lexicographical order of the matrix units F(j—1,k—1), E(j—1,k), E(j, k—
1) are before E(7, k).) The determinant is the product of the diagonal entries:

T 7557 = [](det 1) 7" = (det J)"det J"

3 k=1 k=1
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It follows that the determinant of a(4) = VAV* is (det V)" det V", since
the determinant of V' equals to the determinant of its Jordan block J. If
B(A) = VAV then the argument is similar, det 3 = (det V)?", only the
conjugate is missing.

Next we deal with the space M of real symmetric n X n matrices. Set
v: M — M, v(A) =V AV" The canonical Jordan decomposition holds also
for real matrices and it gives again that the Jordan block J of V' determines
the determinant of ~.

To have a matrix of A — JAJ', we need a basis in M. We can take
{EG.k)+ E(k,j): 1<j<k<nj.

Similarly to the above argument, one can see that the matrix is upper triangu-
lar. So we need the diagonal entries. J(E(j, k)+ E(k,j))J* can be computed
from the above formula and the coeflicient of E(j, k) + E(k, j) is JyJ;;. The
determinant is

IT Jkedis = (det )™+ = (det V)",
1<j<k<n

O

Theorem 1.30 The determinant of a positive matriz A € M, does not ex-
ceed the product of the diagonal entries:

i=1
This is a consequence of the concavity of the log function, see Example
4.18 (or Example 1.43).

If Ae M, and 1 < 4,5 < n, then in the next theorems [A]¥ denotes the
(n—1) x (n— 1) matrix which is obtained from A by striking out the ith row
and the jth column.

Theorem 1.31 Let A€ M, and 1 < j <n. Then
det A =) (—1)" Ay det([A]7).
i=1

Example 1.32 Here is a simple computation using the row version of the
previous theorem.

0
det 40 =1-(06-5-4)—2-(3-6-0-4)+0-(3-5-0-0).
6

O W =
ot O DN
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The theorem is useful if the matrix has several 0 entries. O

The determinant has an important role in the computation of the inverse.

Theorem 1.33 Let A € M, be invertible. Then

det([A]")

“1y _ (_1)\itk
(A7 = (=1) det A

for1 <ik<n.
Example 1.34 A standard formula is
[a b}‘lz;[d —b}
c d ad—bc |—c a
when the determinant ad — be is not 0. U

The next example is about the Haar measure on some matrices. Mathe-
matical analysis is essential there.

Example 1.35 G denotes the set of invertible real 2 x 2 matrices. G is a

(non-commutative) group and G C My(R) = R* is an open set. Therefore it
is a locally compact topological group.

The Haar measure p is defined by the left-invariance property:
u(H) = u({BA: Ae HY) (Beq)

(H C G is measurable). We assume that

ut) = [ p(ayas,

where p : G — R¥ is a function and dA is the Lebesgue measure in R*:

A:{x y], dA = dz dy dz dw.

zZ w

The left-invariance is equivalent with the condition

/ F(A)p(A) dA = / F(BAW(A) dA
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for all continuous functions f : G — R and for every B € G. The integral can

be changed:
/f(BA) )dA = /f (ANp(B~1A)

BA is replaced with A’. If

0A
oA

dA’

then

A~ BA— [aw+bz ay+bw}

cx+dz cy+dw

and the Jacobl matrix is

oA

A =B®I.

OO0 O QR
o O e O
O QL O o
QU O T O

We have
0A

o |~

[ i aa= [ rante s

So the condition for the invariance of the measure is

_p(B7'4)
p(A) = (det B)?

1 1
"~ |det(B® )| (det B)?

oA

[t

and

The solution is .

PA) = ey

This defines the left invariant Haar measure, but it is actually also right
invariant.

For n X n matrices the computation is similar, then

1
PA) = ey

(Another example is in Exercise 61.) O
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1.6 Positivity and absolute value

Let H be a Hilbert space and T": H — H be a bounded linear operator. 7" is
called a positive mapping (or positive semidefinite matrix) if (x,Tz) > 0
for every vector x € H, in notation 7' > 0. It follows from the definition
that a positive operator is self-adjoint. Moreover, if T} and T are positive
operators, then T + T5 is positive as well.

Theorem 1.36 Let T' € B(H) be an operator. The following conditions are
equivalent.

(1) T is positive.
(2) T =T* and the spectrum of T lies in RT.

(3) T is of the form A*A for some operator A € B(H).

An operator T is positive if and only if UT'U* is positive for a unitary U.

We can reformulate positivity for a matrix T' € M,. For (ay, as,...,a,) €
C" the inequality
i g

should be true. It is easy to see that if " > 0, then T;; > 0 for every
1 < ¢ < n. For a special unitary U the matrix UTU* can be diagonal
Diag(A1, Ag, ..., A,) where \;’s are the eigenvalues. So the positivity of T
means that it is Hermitian and the eigenvalues are positive.

Example 1.37 If the matrix

c_zb
A=1b d e
¢ e f

is positive, then the matrices

a b a c
I
are positive as well. (We take the positivity condition (1.31) for A and the

choice a3 = 0 gives the positivity of B. Similar argument with ay = 0 is for

) O



1.6. POSITIVITY AND ABSOLUTE VALUE 31

Theorem 1.38 Let T be a positive operator. Then there is a unique positive
operator B such that B?> = T. If a self-adjoint operator A commutes with T,
then it commutes with B as well.

Proof: We restrict ourselves to the finite dimensional case. In this case it
is enough to find the eigenvalues and the eigenvectors. If Bx = Ax, then x is
an eigenvector of T' with eigenvalue A\2. This determines B uniquely, 7' and
B have the same eigenvectors.

AB = BA holds if for any eigenvector x of B the vector Az is an eigen-
vector, too. If TA = AT, then this follows. O

B is called the square root of T, T'/? and /T are the notations. It
follows from the theorem that the product of commuting positive operators
T and A is positive. Indeed,

TA = TY2TY2 A2 AL/2 — T1/2 A1/2 g1/271/2 _ (Al/QTl/Q)*Al/QTl/Q.

For each A € B(H), we have A*A > 0. So, define |A| := (A*A)"/? that is
called the absolute value of A. The mapping

|Alx — Ax
is norm preserving:
HAlz]|* = (|Alz, |Alz) = (2, |A]z) = (z, A" Ax) = (Az, Az) = || Az|®

It can be extended to a unitary U. So A = U|A| and this is called polar
decomposition.

|A| := (A*A)Y? makes sense if A : H; — Ha. Then |A| € B(H;). The
above argument tells that |A|x — Ax is norm preserving, but it is not sure
that it can be extended to a unitary. If dim#H; < dim H,, then |Alz — Az
can be extended to an isometry V : H; — Hy. Then A = V|A|, where
Vv =1

The eigenvalues s;(A) of |A| are called the singular values of A. If
A € M, then the usual notation is

s(A) = (s1(A), ..., s,(A)), $1(A) > s9(A) > -+ > s,(A). (1.32)

Example 1.39 Let T be a positive operator acting on a finite dimensional
Hilbert space such that ||T|| < 1. We want to show that there is a unitary
operator U such that

1
T=(U+U").
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We can choose an orthonormal basis e, e, . . . , e, consisting of eigenvectors
of T" and in this basis the matrix of T is diagonal, say, Diag(ti,ta,...,t,),
0 <t; <1 from the positivity. For any 1 < j <n we can find a real number
6; such that

1 . .
tj — 5(61€j + eﬂej).
Then the unitary operator U with matrix Diag(exp(if),...,exp(if,)) will
have the desired property. O

If T acts on a finite dimensional Hilbert space which has an orthonormal
basis e, eg, ..., e,, then T' is uniquely determined by its matrix

[(es, Tej)]?,j:l'
T is positive if and only if its matrix is positive (semi-definite).

Example 1.40 Let

Al A oA,
A= |90 0
0 0 0

Then B

and this matrix is positive:
Z Zai[A*A]i,jaj = Z az’)\i Z CLj)\j Z 0
i g i j

Every positive matrix is the sum of matrices of this form. (The minimum
number of the summands is the rank of the matrix.) O

Example 1.41 Take numbers A, Ao, ..., A, > 0 and set

1
Ai':
DYDY

(1.33)

which is called Cauchy matrix. We have

1 %t
= e e M dt
Ai + A /0

A(t)y; = e et

and the matrix
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is positive for every ¢t € R due to Example 1.40. Therefore

A:/OOOA(t)dt

is positive as well.

The above argument can be generalized. If » > 0, then

1 1 R S
- e g1 gt
ESWE F('r)/o € ¢

This implies that
1

is positive. O

A (r>0) (1.34)

The Cauchy matrix is an example of an infinitely divisible matrix. If
A is an entrywise positive matrix, then it is called infinitely divisable if the
matrices

A(r)i; = (Ay)"

are positive for every number r > 0.

Theorem 1.42 Let T € B(H) be an invertible self-adjoint operator and
€1,€2,...,6, be a basis in the Hilbert space H. T is positive if and only if
for any 1 < k <n the determinant of the k x k matriz

[{es, Tes)]:

ij=1
is positive (that is, > 0).

An invertible positive matrix is called positive definite. Such matrices
appear in probability theory in the concept of Gaussian distribution. The
work with Gaussian distributions in probability theory requires the experience
with matrices. (This is in the next example, but also in Example 2.7.)

Example 1.43 Let M be a positive definite n x n real matrix and x =
(x1,22,...,2,). Then

|det M 1
fu(x) = G exp ( — 5(x, Mx>> (1.35)

is a multivariate Gaussian probability distribution (with 0 expectation, see,
for example, I11.6 in [35]). The matrix M will be called the quadratic
matrix of the Gaussian distribution..
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For an n x n matrix B, the relation
/(x, Bx) fa(x)dx = Tr BM . (1.36)

holds.
We first note that if (1.36) is true for a matrix M, then

/(X, Bx) fuemu(x)dx = /(U*x, BU*x) fa(x) dx
= Tr(UBU*)M™!
= TrB(U*MU)™!

for a unitary U, since the Lebesgue measure on R" is invariant under unitary
transformation. This means that (1.36) holds also for U*MU. Therefore to
check (1.36), we may assume that M is diagonal. Another reduction concerns
B, we may assume that B is a matrix unit £;;. Then the n variable integral
reduces to integrals on R and the known integrals

1 1 V2
/texp(— —)\t2) dt =0 and /t2exp<— —)\tz) dt = Y47
R 2 R 2 A

can be used.

Formula (1.36) has an important consequence. When the joint distribution
of the random variables ({1, s, . . ., &,) is given by (1.35), then the covariance
matrix is M.

The Boltzmann entropy of a probability density f(x) is defined as

() i= = [ 70 10g £ dx (1.37)
if the integral exists. For a Gaussian f); we have
n 1
h(far) = 5 log(2me) — 5 log det M.

Assume that fy, is the joint distribution of the (number-valued) random
variables &1, &9, ..., &,. Their joint Boltzmann entropy is

h(&1,82,...,6) = glog@we) + log det M~*

and the Boltzmann entropy of §; is

h(&) = %log(%re) + %log(Ml)n-.
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The subadditivity of the Boltzmann entropy is the inequality

which is .

logdet A < Z log A;;
in our particular Gaussian case, A = M~!. What we obtained is the Hadamard
inequality

for a positive definite matrix A, c¢f. Theorem 1.30. O

Example 1.44 If the matrix X € M,, can be written in the form
X = SDlag()\l, )\2, ceey )\n)S_l,

with A1, Ao, ..., A, > 0, then X is called weakly positive. Such a matrix
has n linearly independent eigenvectors with strictly positive eigenvalues. If
the eigenvectors are orthogonal, then the matrix is positive definite. Since X
has the form

(SDiag(\/)\T, Vs, V)8 ) ( (S*)"'Diag(v/ A1, Vs, - ..,\/)\7")571> ;

it is the product of two positive definite matrices.

Although this X is not positive, but the eigenvalues are strictly positive.
Therefore we can define the square root as

X172 = SDiag(v/ M, VA2, -y VAR)S T

(See also 3.16). O

The next result is called Wielandt inequality. In the proof the operator
norm will be used.

Theorem 1.45 Let A be a self-adjoint operator such that for some numbers
a,b > 0 the inequalities al > A > bl hold. Then for orthogonal unit vectors
x and y the inequality

o) < (55 ) o Ao) (.40

holds.
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Proof: The conditions imply that A is a positive invertible operator.

The next argument holds for any real number «:
<"L‘7 Ay) = <l‘, Ay> - Oé([L‘,’y> = <l‘, (A - al)y>
(A2, (I — aA)AV2y)
and
{2, Ay)[? < (z, Az)[|] — a AP (y, Ay).
It is enough to prove that
a—>b

I — A7l < )
I —ad™) < 2

for an appropriate a.
Since A is self-adjoint, it is diagonal in a basis, A = Diag(A1, A, ..., \,)
and

[—aAlzDiag(l—%,...,l—%).

Recall that b < \; < a. If we choose
2ab
o=—-"
a+?b’
then it is elementary to check that

a—>b «Q a—>
— <1 <

a+b— Ai T a+b

and that gives the proof. O

The description of the generalized inverse of an m x n matrix can be
described in terms of the singular value decomposition.

Let A € M, with strictly positive singular values o1, 09, ...,0%. (Then
k < m,n.) Define a matrix > € My, as

E-:{Ui if i=75<k,
* 0 otherwise.

This matrix appears in the singular value decomposition described in the next
theorem.

Theorem 1.46 A matriz A € M,,,«,, has the decomposition
A=UXV~, (1.38)

where U € M,,, and V' € M, are unitaries and ¥ € M,,x, is defined above.
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For the sake of simplicity we consider the case m = n. Then A has the
polar decomposition Up|A| and |A| can be diagonalized:

|A‘ = UlDiag(al, g9,...,0k, 0, cey ())[]ik
Therefore, A = (UpUy )XU;, where Uy and U, are unitaries.

Theorem 1.47 For a matriz A € M,, ., there exists a unique matriz AT €
M, «sm such that the following four properties hold:

(1) AATA = A;

(2) AtAAT = AT,

(3) AAT is self-adjoint;
(4) ATA is self-adjoint.

It is easy to describe AT in terms of the singular value decomposition (1.38).
Namely, AT = VXTU*, where

1
; — it i=75<k,
Zij =< 0
0 otherwise.

If A is invertible, then n = m and X = £~!. Hence AT is the inverse of A.
Therefore AT is called the generalized inverse of A or the Moore-Penrose
generalized inverse. The generalized inverse has the properties

(A = %AT, (AN = 4, (AT)* = (4% (1.39)

It is worthwhile to note that for a matrix A with real entries A" has real
entries as well. Another important note is the fact that the generalized inverse
of AB is not always BTAT.

Example 1.48 If M € M,, is an invertible matrix and v € C™, then the
linear system
Mz =wv

has the obvious solution x = M~tv. If M € M,,.,, then the generalized
inverse can be used. From property (1) a necessary condition of the solvability
of the equation is M MTv = v. If this condition holds, then the solution is

v =Mv+ (I, — MTM)z

with arbitrary z € C". This example justifies the importance of the general-
ized inverse. 0
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1.7 Tensor product

Let H be the linear space of polynomials in the variable x and with degree
less than or equal to n. A natural basis consists of the powers 1, z, 22, ..., 2"
Similarly, let IC be the space of polynomials in y of degree less than or equal
to m. Its basis is 1,4,9%, ...,y™. The tensor product of these two spaces
is the space of polynomials of two variables with basis z'y7,0 < i < n and

0 < 7 < m. This simple example contains the essential ideas.

Let H and K be Hilbert spaces. Their algebraic tensor product consists
of the formal finite sums

Z:L‘i®yj (l‘iGH,ij’C).
i,J

Computing with these sums, one should use the following rules:

(T1+2)Q@y=01Qy+120y, Ar)Qy=ANz®y),
T (Y1t 1) =2y +rQuys, Ny =Nz®Y).

The inner product is defined as

<sz X Yy, ZZk & wl> = Z (24, 21) (y;, wr).

k,l ,7,k,l

When H and K are finite dimensional spaces, then we arrived at the tensor
product Hilbert space H ® K, otherwise the algebraic tensor product must
be completed in order to get a Banach space.

Example 1.49 L?[0,1] is the Hilbert space of the square integrable func-
tions on [0,1]. If f,g € L?[0,1], then the elementary tensor f ® g can be
interpreted as a function of two variables, f(x)g(y) defined on [0, 1] x [0, 1].
The computational rules (1.40) are obvious in this approach. 0J

The tensor product of finitely many Hilbert spaces is defined similarly.

If eq,e9,...and fi, fo,... are bases in H and K, respectively, then {e;® f; :
i, 7} is a basis in the tensor product space. This basis is called product basis.
An arbitrary vector x € H ® K admits an expansion

Tr = Z Cij €4 (%9 fj (140)
0,

for some coefficients c;j, 3, ; |ci;|* = ||lz]|*. This kind of expansion is general,
but sometimes it is not the best.
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Lemma 1.50 Any unit vector x € H ® KC can be written in the form

r= \/Pr ok @ hy, (1.41)
p

where the vectors g, € H and hy € K are orthonormal and (py,) is a probability
distribution.

Proof: We can define a conjugate-linear mapping A : H — K as

(Aa, ) = (2,0 @ f)

for every vector a € H and € K. In the computation we can use the bases
(€;); in H and (f;); in K. If 2 has the expansion (1.40), then

(Aei, i) = cij
and the adjoint A* is determined by
(A" fj, ei) = cij.

(Concerning the adjoint of a conjugate-linear mapping, see (1.17).)

One can compute that the partial trace of the matrix |z)(z| is D := A*A.
It is enough to check that

(x|ex)(edz) = Tr A*Aleg) (e

for every k and /.

Choose now the orthogonal unit vectors g such that they are eigenvectors
of D with corresponding non-zero eigenvalues pi, Dgr = prgr. Then

1
—|A
\/p_k| 9k>

is a family of pairwise orthogonal unit vectors. Now

hk =

1 1
(z, gr @ he) = (Agg, he) = ﬁ(f\gm/\gz) = ﬁ(ge,f\*/\gﬁ = O,e\/De

and we arrived at the orthogonal expansion (1.41). O

The product basis tells us that

dim (H ® K) = dim (H) x dim (K).
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Example 1.51 In the quantum formalism the orthonormal basis in the two
dimensional Hilbert space H is denoted as | 1), | J). Instead of | 1) ® | ),
the notation | 1)) is used. Therefore the product basis is

[0, 11, T, T

Sometimes | is replaced by 0 and 1 by 1.

Another basis

1 1 i 1

—(]00) +|11)), —=(|01) +|10)), —=(|10) —|[01)), —=(|00) — |11

\/5(| ) +[11)) \/5(| ) +10)) \/5(| ) —101)), —5(100) = [11)
is often used, it is called Bell basis. O

Example 1.52 In the Hilbert space L*(R?) we can get a basis if the space
is considered as L*(R) ® L?(R). In the space L*(R) the Hermite functions

u(w) = exp(—a?/2) Hy(2)

form a good basis, where H,(z) is the appropriately normalized Hermite
polynomial. Therefore, the two variable Hermite functions

(pnm(xa y) = 6_($2+y2)/2Hn(x)Hm(y) (na m = 07 17 .. ) (142)

form a basis in L?*(R?). O

The tensor product of linear transformations can be defined as well. If
A: Vi — W; and B : Vo — Wy are linear transformations, then there is a
unique linear transformation A® B : V; ® Vo — Wi ® W5 such that

(A@B)(U1®U2):AU1®B’U2 (’Ul E‘/l, (%) E‘/Q)

Since the linear mappings (between finite dimensional Hilbert spaces) are
identified with matrices, the tensor product of matrices appears as well.

Example 1.53 Let {e1, e, €3} be a basis in H and {f1, fo} be a basis in K.
If [A;;] is the matrix of A € B(H;) and [By] is the matrix of B € B(H,),
then

(A® B)(e; ® fi) = ZAijBklei ® fi -
ik

It is useful to order the tensor product bases lexicographically: e; ® f1,e; ®
fo,69 ® f1,e0 ® fo,e3® f1,e3 ® fo. Fixing this ordering, we can write down
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the matrix of A ® B and we have

/1111311 f411]312 f412]311 f412]312 f413]311 f4131312
/4111321 f111l322 f112l321 f112l322 /413l321 /4131322
/4211311 f121l312 f122l311 f122l312 /423l311 /4231312
f1211321 f421]322 f422]321 f422]322 f423]321 f4231322
/4311311 f131l312 f132l311 f132l312 /433l311 /4331312
f4311321 f431]322 f432]321 f432]322 f433]321 f4331322

In the block matrix formalism we have

/411]3 141213 141313
A ® B - AQlB AQQB AQgB 5 (143)
AnB  ApB  AsyB

see Chapter 2.1.
The tensor product of matrices is also called Kronecker product. O
Example 1.54 When A € M,, and B € M,,, the matrix
I, A+ B® I, € M,,,

is called the Kronecker sum of A and B.

If u is an eigenvector of A with eigenvalue A and v is an eigenvector of B
with eigenvalue p, then

(In®@A+B®IL)(u®v)=ANu®v)+pu®v) = A+ p)(uewv).

So u ® v is an eigenvector of the Kronecker sum with eigenvalue A + p. U

The computation rules of the tensor product of Hilbert spaces imply straight-
forward properties of the tensor product of matrices (or linear mappings).

Theorem 1.55 The following rules hold:
(1) (A1 +A)®@B=A®B+A,®B,
(2) B (A1 +A) =B A+ B® Ay,
(3) (M) ® B=A® (AB) =AA® B) (A e C),
(4) (A® B)(C ® D) = AC ® BD,
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(5) (A® B)" = A" ® B,
(6) (A2 B)™' = A~' @ B! if A and B are invertible,
(6) |A® Bl = [[A]l|B].

For example, the tensor product of self-adjoint matrices is self-adjoint, the
tensor product of unitaries is unitary.

The linear mapping M,, ® M,, — M, defined as
Try: A® B— (TrB)A

is called partial trace. The other partial trace is
Try: A® B— (Tr A)B.

Example 1.56 Assume that A € M,, and B € M,,. Then A ® B is an
nm X nm-matrix. Let C' € M,,,,,. How can we decide if it has the form of
A® B for some A € M,, and B € M,,?

First we study how to recognize A and B from A ® B. (Of course, A and
B are not uniquely determined, since (AA) ® (A\"1B) = A® B.) If we take
the trace of all entries of (1.43), then we get

AHTI' B A12T1" B A13TI' B A11 A12 A13
AQlTI' B AQQTI' B A23TI' Bl =TrB A21 A22 A23 = (TI' B)A
A31 Tr B A32TI' B A33TI' B A31 A32 A33

The sum of the diagonal entries is

AHB + AlgB + AlgB = (TI' A)B

If X = A® B, then
(Tr X)X = (TrsX) @ (Try X).

For example, the matrix

0
1
1

I
oo oo
coc oo

0
1
1
0 0
in My, ® M, is not a tensor product. Indeed,

1 0
TI'1X :TI'QX = |:0 1:|

and their tensor product is the identity in My. O
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Let H be a Hilbert space. The k-fold tensor product H ® --- ® H is
called the kth tensor power of H, in notation H®*. When A € B(H), then
AW @ A@ ... @ AW ig a linear operator on H®* and it is denoted by A®*.
(Here A®’s are copies of A.)

H®* has two important subspaces, the symmetric and the antisymmetric
ones. If vy,v9, -+, v, € H are vectors, then their antisymmetric tensor-
product is the linear combination

VI NV A Nvg := \/_Z Uﬂ(l R Ur(2) @+ + & Ur() (1.44)

where the summation is over all permutations 7 of the set {1,2,...,k} and

o(m) is the number of inversions in w. The terminology “antisymmetric”
comes from the property that an antisymmetric tensor changes its sign if two
elements are exchanged. In particular, v; Ava A--- A v, = 0 if v; = v; for
different ¢ and j.

The computational rules for the antisymmetric tensors are similar to (1.40):
Avp Avg A= Avg) =01 Avg A=+ Avg—g A (Avg) A gy A+ Ay
for every ¢ and

(Vv Avg A - AUy AU AV A -+ A vy)
+ (v AV A A AV Avgpr A - Awg) =
= 'Ul/\'UQ/\'-'/\’Ug_l/\(U+U,)/\Ug+1A'-'/\Uk.

Lemma 1.57 The inner product of vy Avg A -+ Avg and wy AN wg A -+ A\ w
is the determinant of the k x k matriz whose (i,7) entry is (v;, w;).

Proof: The inner product is
Kl Z Z 1) (1) 0r 1), W) (Un2), Wa(@) - - (Vrr), Wai))
kv Z Z O(W G(K) (v1, ww*1~(1)><v2a wW*IN(Z)> (v, wrln(m
o Z Z O(F & (U1, Wr=11)) (V2, Wr=1s(2)) - - - (Vk, Wr1s(k))
= Z o Wr(1)) (V2, Wr(2)) - - - (Vk, Wr())-

This is the determinant. O
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It follows from the previous lemma that vy Avy A--- Ay # 0 if and only if
the vectors vy, vq, - - - v, are linearly independent. The subspace spanned by
the vectors vy A vg A - -+ Ay is called the kth antisymmetric tensor power of
H, in notation H"*. So H/\k C HE*.

Lemma 1.58 The linear extension of the map

1
1R Q= ——x1 A ANy

V!
is the projection of HE* onto H/F.

Proof: Let P be the defined linear operator. First we show that P? = P:

1
P, ® --®@x) = (k:')3 Z(sgn T)Ta) A=+ A Tl
1
)

T (k)R Z(Sgnﬂ)z‘”l ANEAR

1
= —$1/\"'/\$kzp(l’1®"'®$k)-

V!
Moreover, P = P*:

k
1
(P@1®-- @), n @ Qup) = HZ(SgI”TH Tr(i)s Yi)
=1

k
= k'ngnW Hazz,yﬁ—l
= <x1®"'®xka (yl®"‘®yk)>-

So P is an orthogonal projection. 0

Example 1.59 A transposition is a permutation of 1,2,...,n which ex-
changes the place of two entries. For a transposition k, there is a unitary
U, : H®* — H®* such that

U/@('Ul RQUa Q- -- ®’Un) == 'Un(l) & 'UR(Q) K- ® vli(n)'

Then
HY = {x € H®" : Uz = —x for every x}. (1.45)

The terminology “antisymmetric” comes from this description. O
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If e1,eq,...,¢e, is a basis in H, then
{ei(l) N €i(2) VANERIIVAY €i(k) 1< Z(l) < 1(2) < -0 K Z(k?)) < n} (146)

is a basis in H"*. It follows that the dimension of H"* is

(Z) i k<n,

otherwise for k£ > n the power H"* has dimension 0. Consequently, H"" has
dimension 1.

If A€ B(H), then the transformation A®* leaves the subspace H"** invari-
ant. Its restriction is denoted by A"* which is equivalently defined as

AN (v Avg Ao Awg) = Aoy A Avg A -+ A A (1.47)
For any operators A, B € B(H), we have
(A*)/\k — (A/\k)*, (AB)NC — A/\k B/\k (1.48)

and
AN = X\ x identity (1.49)

The constant A is the determinant:
Theorem 1.60 For A € M, the constant X in (1.49) is det A.

Proof: 1f ey, es,...,¢e, is a basis in H, then in the space H"" the vector
e1 Aey A ... Ae, forms a basis. We should compute A" (e; Aes A... Aey).

(AM)(er Aeg A -~ Aey) = (Aer) A (Aey) A--- A (Aey)

(55 o) (35 ) 1 (3 )

i(1)=1 i(2)= i(n)=

= Z Ay i@z Aimyn€iy N - N i)
= Z Aw(l),lAﬂ(Q),Z to Aw(n),new(l) ARRRNA €r(n)
= Z AryiAr@a Anmyn(=1)7Mer A Aey, .

Here we used that e; ) A« - - Aej,) can be non-zero if the vectors e;y, . . ., €i(n)
are all different, in other words, this is a permutation of ey, es, ..., €,. 0
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Example 1.61 Let A € M, be a self-adjoint matrix with eigenvalues A\; >
Ay > -+ > \,. The corresponding eigenvectors vy, v, - -+, v, form a good
basis. The largest eigenvalue of the antisymmetric power A"* is Hle Ai

AN Avug Ao Avg) = Avg AAvg A -+ A Awy,
k
= (H)\,)(vl/\w/\/\vk)
i=1

All other eigenvalues can be obtained from the basis of the antisymmetric
product. O]

The next lemma contains a relation of singular values with the antisym-
metric powers.

Lemma 1.62 For A € M, and for k=1,...,n, we have
si(A) = s1(A™) = | AM].
i=1

Proof: Since |A|"* = |A"*|, we may assume that A > 0. Then there exists
an orthonormal basis {u1, -+, u,} of H such that Au; = s;(A)u; for all .. We
have

k
AAk(uil ARRENA ulk) = (HSZ_](A))uZl N Ny,
j=1
and so {u;, A.. A, 1<y <-oe <y < n} is a complete set of eigenvectors
of A™*. Hence the assertion follows. O

The symmetric tensor product of the vectors vy, v, ..., v € H is
1
vy Vo VeV = ﬁ;%(l) ® Ur(2) ® *+* & VUn(k) 5

where the summation is over all permutations 7 of the set {1,2,..., k} again.
The linear span of the symmetric tensors is the symmetric tensor power H .
Similarly to (1.45), we have

HY* = {x € @H : Uur = x for every x}. (1.50)

It follows immediately, that H"Y* L H"* for any k > 2. Let u € H'* and
v € H"*. Then
(u,v) = (Ugu, —Ugv) = —(u,v)
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and (u,v) = 0.
If e, e, ..., 6, is a basis in H, then V¥H has the basis
{61‘(1) Vi) V- Ve - 1< 'L(l) < 1(2) <... < Z(/{I) < n} (1.51)

Similarly to the proof of Lemma 1.57 we have

(v Vg V- Vug,wy Vwy V-V wg) = Z(vl,ww(l))(w, Wr(2)) - - - (Vks Wr(k))

™

The right-hand-side is similar to a determinant, but the sign is not changing.

The permanent is defined as

per A= Z ALW(l)AQJF(Q) .. .An,ﬂ(n). (1.52)

similarly to the determinant formula (1.2).

1.8 Notes and remarks

The history of matrices goes back to ancient times, but the term matrix was
not applied before 1850. The first appearance was in ancient China. The in-
troduction and development of the notion of a matrix and the subject of linear
algebra followed the development of determinants. Takakazu Seki Japanese
mathematician was the first person to study determinants in 1683. Gottfried
Leibnitz (1646-1716), one of the two founders of calculus, used determinants
in 1693 and Gabriel Cramer (1704-1752) presented his determinant-based
formula for solving systems of linear equations in 1750. (Today Cramer’s rule
is a usual expression.) In contrast, the first implicit use of matrices occurred in
Lagrange’s work on bilinear forms in the late 1700’s. Joseph-Louis Lagrange
(1736-1813) desired to characterize the maxima and minima of multivariate
functions. His method is now known as the method of Lagrange multipliers.
In order to do this he first required the first order partial derivatives to be
0 and additionally required that a condition on the matrix of second order
partial derivatives holds; this condition is today called positive or negative
definiteness, although Lagrange didn’t use matrices explicitly.

Johann Carl Friedrich Gauss (1777-1855) developed Gaussian elimination
around 1800 and used it to solve least squares problems in celestial compu-
tations and later in computations to measure the earth and its surface (the
branch of applied mathematics concerned with measuring or determining the
shape of the earth or with locating exactly points on the earth’s surface is
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called geodesy). Even though Gauss’ name is associated with this technique
for successively eliminating variables from systems of linear equations, Chi-
nese manuscripts found several centuries earlier explain how to solve a system
of three equations in three unknowns by “Gaussian” elimination. For years
Gaussian elimination was considered part of the development of geodesy, not
mathematics. The first appearance of Gauss-Jordan elimination in print was
in a handbook on geodesy written by Wilhelm Jordan. Many people incor-
rectly assume that the famous mathematician Camille Jordan (1771-1821) is
the Jordan in Gauss-Jordan elimination.

For matrix algebra to fruitfully develop one needed both proper notation
and the proper definition of matrix multiplication. Both needs were met at
about the same time and in the same place. In 1848 in England, James
Josep Sylvester (1814-1897) first introduced the term matrix, which was
the Latin word for womb, as a name for an array of numbers. Matrix al-
gebra was nurtured by the work of Arthur Cayley in 1855. Cayley studied
compositions of linear transformations and was led to define matrix multi-
plication so that the matrix of coefficients for the composite transformation
ST is the product of the matrix for S times the matrix for 7. He went on
to study the algebra of these compositions including matrix inverses. The fa-
mous Cayley-Hamilton theorem which asserts that a square matrix is a root
of its characteristic polynomial was given by Cayley in his 1858 Memoir on
the Theory of Matrices. The use of a single letter A to represent a matrix
was crucial to the development of matrix algebra. Early in the development
the formula det(AB) = det(A) det(B) provided a connection between matrix
algebra and determinants. Cayley wrote “There would be many things to
say about this theory of matrices which should, it seems to me, precede the
theory of determinants.”

Computation of the determinant of concrete special matrices has a huge
literature, for example the book Thomas Muir, A Treatise on the Theory of
Determinants (originally published in 1928) has more than 700 pages. Theo-
rem 1.30 is the Hadamard inequality from 1893.

Matrices continued to be closely associated with linear transformations.
By 1900 they were just a finite-dimensional subcase of the emerging theory
of linear transformations. The modern definition of a vector space was intro-
duced by Giuseppe Peano (1858-1932) in 1888. Abstract vector spaces whose
elements were functions soon followed.

When the quantum physical theory appeared in the 1920’s, some matrices
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already appeared in the work of Werner Heisenberg, see

Later the physicist Paul Adrien Maurice Dirac (1902-1984) introduced the
term bra and ket which is used sometimes in this book. The Hungarian
mathematician John von Neumann (1903-1957) introduced several concepts
in the content of matrix theory and quantum physics.

Note that the Kronecker sum is often denoted by A @ B in the literature,
but in this book @ is the notation for the direct sum.

Weakly positive matrices were introduced by Eugene P. Wigner in 1963.
He showed that if the product of two or three weakly positive matrices is
self-adjoint, then it is positive definite.

Van der Waerden conjectured in 1926 that if A is an n x n doubly

stochastic matrix then

|
per A > ks (1.53)
nn

and the equality holds if and only if A;; = 1/nforall 1 <4,j < n. (The proof
was given in 1981 by G.P. Egorychev and D. Falikman, it is also included in
the book [81].)

1.9 Exercises

1. Let A: Hy — Hq, B: Hz — Hs and C : Hy — Hs be linear mappings.
Show that

rank AB + rank BC < rank B + rank ABC.

(This is called Frobenius inequality).

2. Let A:H — H be a linear mapping. Show that

dim ker A"*! = dim ker A + Z dim (ran A* N ker A).
k=1

3. Show that in the Schwarz inequality (1.4) the equality occurs if and
only if z and y are linearly dependent.
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4.

10.

11.

12.

13.

Show that
lz = yl* + [l + ylI* = 2= + 2[ly||? (1.54)

for the norm in a Hilbert space. (This is called parallelogram law.)
Show the polarization identity (1.18).
Show that an orthonormal family of vectors is linearly independent.

Show that the vectors |z1), |za, ), ..., |z,) form an orthonormal basis in
an n-dimensional Hilbert space if and only if

> a)(xi] =1.

i

Show that Gram-Schmidt procedure constructs an orthonormal basis
€1,€a,...,6,. Show that e, is the linear combination of vy, v, ..., vy
(1<k<n).

Show that the upper triangular matrices form an algebra.

Verify that the inverse of an upper triangular matrix is upper triangular
if the inverse exists.

Compute the determinant of the matrix

11 1 1
1 2 3 4
1 3 6 10
1 4 10 20

Give an n X n generalization.
Compute the determinant of the matrix

1 -1 0 0
x

22
x> ha® hx b
Give an n X n generalization.
Let A, B € M, and
Bij=(-1)""A4;  (1<i,j<n).

Show that det A = det B.
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14.

15.

16.

17.

18.

19.

20.

21.

22.
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Show that the determinant of the Vandermonde matrix
1 1 1
ay as ap,
a’f‘l a;‘_l aﬁfl

is Hz‘<j(aj - ai)'

Show the following properties:

(lu) W) = o) Cul,  (Jua) (or])(Juz) (a]) = (v1, ug)us) (val,
A(lu)(v]) = [Au){(v|, (Ju)(v])A = |u){A*v| for all A € B(H).

Let A, B € B(H). Show that [|AB] < ||A] ||B].

Let H be an n-dimensional Hilbert space. For A € B(H) let || Al :=
V' Tr A*A. Show that ||A+ Bl < ||All2+ || Bll2- Is it true that ||AB|s <
[A]l2 < [ B]2?

Find constants ¢(n) and d(n) such that

c()[[All < [[Allz < d(n)[|A]
for every matrix A € M, (C).
Show that || A*A|| = || A]|? for every A € B(H).

Let H be an n-dimensional Hilbert space. Show that given an operator
A € B(H) we can choose an orthonormal basis such that the matrix of
A is upper triangular.

Let A, B € M, be invertible matrices. Show that A + B is invertible if
and only if A=! 4+ B! is invertible, moreover

(A+B)'=A"1— A YA+ B )14,

Let A € M, be self-adjoint. Show that
U= (I—iA)(I+iA)"!

is a unitary. (U is the Cayley transform of A.)
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23.

24.

25.

26.

27.

28.

29.

30.

31.

The self-adjoint matrix
a b
< —
o<[i {

has eigenvalues o and . Show that

b2 < (a_ﬁ)2ac. (1.55)

a+f
Show that
Az x—1iy _1_ 1 A—z —z+iy
iy AN—z SN —a2 22 | —x—ly A+z

for real parameters A\, x,y, z.

Letm<n,AeM,,BeM,,,Y € M,y, and Z € M,,,,. Assume that
A and B are invertible. Show that A+ Y BZ is invertible if and only if
B!+ ZA7'Y is invertible. Moreover,

(A+YBZ) ' =A"1'-A'Y(B '+ ZzATYY) 1 ZzA

Let A1, Ag, ..., A, be the eigenvalues of the matrix A € M,,(C). Show
that A is normal if and only if

n n
DI =D 1A%
i=1 ij=1

Show that A € M,, is normal if and only if A* = AU for a unitary
U e M,.

Give an example such that A2 = A, but A is not an orthogonal projec-
tion.

A € M, is called idempotent if A> = A. Show that each eigenvalue of
an idempotent matrix is either 0 or 1.

Compute the eigenvalues and eigenvectors of the Pauli matrices:

m:{?é}, @:[??}, @:{éfﬁ.(mw

Show that the Pauli matrices (1.56) are orthogonal to each other (with
respect to the Hilbert—Schmidt inner product). What are the matrices
which are orthogonal to all Pauli matrices?
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32.

33.

34.

35.

36.

37.

38.

39.
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The n x n Pascal matrix is defined as

What is the determinant? (Hint: Generalize the particular relation

1 1 1 1 1 0 00 1 1 11
12 3 4| (1100 y 01 2 3
1 3 6 10 1 2 10 0 0 1 3
1 4 10 20 1 3 3 1 0 0 0 1

to m X m matrices.)
Let A be an eigenvalue of a unitary operator. Show that || = 1.

Let A be an n X n matrix and let k£ > 1 be an integer. Assume that
Ai; =01if 7 > i+ k. Show that A"k is the 0 matrix.

Show that |det U| =1 for a unitary U.

Let U € M,, and uq,...,u, be n column vectors of U, ie., U =
[ug ug ... uy,]. Prove that U is a unitary matrix if and only if {us, ..., u,}
is an orthonormal basis of C".

Let a matrix U = [uj us ... u,] € M, be described by column vectors.
Assume that {uy,...,u;} are given and orthonormal in C". Show that
Uk1, - - -, Uy can be chosen in such a way that U will be a unitary matrix.

Compute det(A] — A) when A is the tridiagonal matrix (1.23).

Let U € B(H) be a unitary. Show that

1 n
lim — » U"
d o3 U

exists for every vector # € H. (Hint: Consider the subspaces {x € H :
Uxr =2} and {Uzx — 2z : © € H}.) What is the limit

1 n
lim — un?
LD

(This is the ergodic theorem.)
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40.

41.

42.

43.

44.

45.

46.

Let
1

\/§<|OO> +|11)) € C?* ® C?

|50> =

and
Bi) = (0: @ I)|Bo) (1 =1,2,3)

by means of the Pauli matrices o;. Show that {|3;) : 0 <i < 3} is the
Bell basis.

Show that the vectors of the Bell basis are eigenvectors of the matrices
0i®0i7 1§’L§3

Show the identity

V@16 = 5 3 180 ® o) (1.57)
k=0

in C? ® C* ® C%, where |¢)) € C? and |5;) € C* ® C? is defined above.

Write the so-called Dirac matrices in the form of elementary tensor
(of two 2 x 2 matrices):

0 0 0 —i 0 00 —1
o o0 =io o o010
M=10 =i 0 0] =10 10 0 |-

i 0 0 0 | -1 00 0 |

[0 0 —i 0 10 0 0 ]
o o o0 i o1 0 o0
B=14i 0 0 0] =100 -1 0

[0 i 0 0 (00 0 -1 |

Give the dimension of H"* if dim (H) = n.

Let A € B(K) and B € B(H) be operators on the finite dimensional
spaces H and K. Show that

det(A® B) = (det A)™(det B)",

where n = dim#H and m = dim K. (Hint: The determinant is the
product of the eigenvalues.)

Show that |[A® B = || 4] - | B].
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47.

48.

49.

50.

o1.

52.

53.

o4.

55.

56.
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Use Theorem 1.60 to prove that det(AB) = det A x det B. (Hint: Show
that (AB)"* = (AM)(BM).)

Let 2™ + c12™ !t + - - - 4 ¢, be the characteristic polynomial of A € M,,.
Show that ¢, = Tr A,

Show that
HOH=HVH)D(HAH)

for a Hilbert space H.

Give an example of A € M, (C) such that the spectrum of A is in R
and A is not positive.

Let A € M,,(C). Show that A is positive if and only if X*AX is positive
for every X € M,,(C).

Let A € B(H). Prove the equivalence of the following assertions: (i)
|All <1, (ii) A*A < I, and (iii) AA* < I.

Let A € M,,(C). Show that A is positive if and only if Tr X A is positive
for every positive X € M, (C).

Let ||A]| < 1. Show that there are unitaries U and V such that
1

(Hint: Use Example 1.39.)

Show that a matrix is weakly positive if and only if it is the product of
two positive definite matrices.

Let V: C" — C" ® C™ be defined as Ve; = ¢; ® ¢;. Show that
V(A B)V = AoB (1.58)
for A, B € M, (C). Conclude the Schur theorem.

Show that
Iper (AB)|* < per (AA*)per (B*B).

Let A €M, and B € M,,,. Show that

Tr (I, ® A+ B®1,) =mTrA+nTrB.
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59.

60.

61.

For a vector f € H the linear operator a*(f) : VFH — V¥ is defined
as
+ _
a (fluuVoaV---Vuog=fVoyVug V- Vuy. (1.59)

Compute the adjoint of a™(f) which is denoted by a(f).

For A € B(H) let F(A) : VFH — VFH be defined as

k
F(A)Ul\/vz\/"'\/’l]k:Z’U1\/UQ\/"'\/’Uz;l\/AUZ'\/’UiJrl\/...\/’Uk.
i=1

Show that
F(f)gl) = a™(f)alg)

for f, g € H. (Recall that a and a™ are defined in the previous exercise.)
The group
g= {[8 i] :a,b,cER,a#O,c#O}

is locally compact. Show that the left invariant Haar measure p can be
defined as

u(H) = /H p(A) dA,

A:lx y]’ p(A) = ! dA =dxdydz.

0 =z 22|z|
Show that the right invariant Haar measure is similar, but

1

R

p(A)




Chapter 2

Mappings and algebras

Mostly the statements and definitions are formulated in the Hilbert space
setting. The Hilbert space is always assumed to be finite dimensional, so
instead of operator one can consider a matrix. The idea of block-matrices
provides quite a useful tool in matrix theory. Some basic facts on block-
matrices are in Section 2.1. Matrices have two primary structures; one is of
course their algebraic structure with addition, multiplication, adjoint, etc.,
and another is the order structure coming from the partial order of positive
semidefiniteness, as explained in Section 2.2. Based on this order one can
consider several notions of positivity for linear maps between matrix algebras,
which are discussed in Section 2.6.

2.1 Block-matrices

If H, and H, are Hilbert spaces, then H; @ Ho consists of all the pairs
(f1, f2), where fi; € Hy and fy € Hs. The linear combinations of the pairs
are computed entry-wise and the inner product is defined as

((f1; f2), (91, 92)) = (f1, 91) + (f2, g2)-

It follows that the subspaces {(f1,0) : fi € Hi} and {(0, f2) : fo € Ha} are
orthogonal and span the direct sum H; @ Ho.

Assume that H = H1 D Ho, K = K1 P Ky and A : H — K is a linear
operator. A general element of H has the form (fi, fo) = (f1,0) + (0, f2).
We have A(f1,0) = (g1,92) and A(0, f2) = (¢}, g5) for some g1, ¢, € K1 and
92, g5 € Ko. The linear mapping A is determined uniquely by the following 4
linear mappings:

A hi—= g, AaHi =K (1<i<2)

27



58 CHAPTER 2. MAPPINGS AND ALGEBRAS

and
Aigingg;, AZ‘Q:HQ_)’CZ‘ (IS’LSQ)

We write A in the form

[All A12 :|
A21 A22 .

The advantage of this notation is the formula

[An A12} (fl) _ (A11f1+A12f2)
A1 Ax | \ fo Anfi+Asafa )
(The right-hand side is A(f1, f2) written in the form of a column vector.)

Assume that ef, e, ..., €@y 1S @ basis in H; and i fa, ..., fi(j) is a basis

in IC;, 1 < 4,7 < 2. The linear operators A;; : H; — K; have a matrix [A;]
with respect to these bases. Since

{(ef,0): 1<t <m(1)JU{(0,€2):1<u<m(2)}
is a basis in ‘H and similarly
{(f1,0): 1<t <n(1)}U{(0, f3) : 1 Su<n(2)}

is a basis in IC, the operator A has an (m(1) +m(2)) x (n(1) + n(2)) matrix
which is expressed by the n(i) x m(j) matrices [A;;] as

= [l ).

This is a 2 X 2 matrix with matrix entries and it is called block-matrix.

The computation with block-matrices is similar to that of ordinary matri-

) iz] -[laiF ]

e ] [y o] - [ i
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In several cases we do not emphasize the entries of a block-matrix
A B
C DJ|°
However, if this matrix is self-adjoint we assume that A = A*, B* = C

and D = D*. (These conditions include that A and D are square matrices,
A€M, and B € M,,.)

The block-matrix is used for the definition of reducible matrices. A €
M, is reducible if there is a permutation matrix P € M, such that

T _|B C
PAP_{O Dl

A matrix A € M, is irreducible if it is not reducible.

For a 2 x 2 matrix, it is very easy to check the positivity:

[Z i}zo if and only if @ >0 and bb < ac.

If the entries are matrices, then the condition for positivity is similar but it
is a bit more complicated. It is obvious that a diagonal block-matrix

A 0
0 DI’
is positive if and only if the diagonal entries A and D are positive.

Theorem 2.1 Assume that A is invertible. The self-adjoint block-matrix

[ 4 2} (2.1)

is positive if and only if A is positive and
B*A7'B < C.
Proof: First assume that A = I. The positivity of
5 ¢l
B* C

is equivalent to the condition

(| g o] s 20
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for every vector f; and fo. A computation gives that this condition is

(f1, f1) + (f2, Cfa) = —2Re (B f2, f1).

If we replace f; by e f; with real o, then the left-hand-side does not change,
while the right-hand-side becomes 2|(B f, f1)| for an appropriate ¢. Choosing
f1 = Bf,, we obtain the condition

(f2,Cf2) > (fa, B*Bfy)

for every f5. This means that positivity implies the condition C' > B*B. The
converse is also true, since the right-hand side of the equation

5 o)=le o]0 o)t [0 o)

is the sum of two positive block-matrices.

For a general positive invertible A, the positivity of (2.1) is equivalent to
the positivity of the block-matrix

ATV2 0] [ A B][AY2 0 I A"'2B
{ 0 1} {B* (JH 0 I}_{B*AW C ]

This gives the condition C > B*A™1B. O

Another important characterization of the positivity of (2.1) is the condi-
tion that A,C > 0 and B = AY2WC"? with a contraction W. (Here the
invertibility of A or C' is not necessary.)

Theorem 2.1 has applications in different areas, see for example the Cramér-
Rao inequality, Section 7.5.

Theorem 2.2 For an invertible A, we have the so-called Schur factoriza-

tion
A B| I 0 _ A 0 _ I A 'B (2.2)
C D| |CAY T 0 D—CA'B 0 I ’ )

The proof is simply the computation of the product on the right-hand side.

Since .
I 0| B I 0
CA™ Y T | =CcAt T

is invertible, the positivity of the left-hand-side of (2.2) is equivalent to the
positivity of the middle factor of the right-hand side. This fact gives a second
proof of Theorem 2.1.

In the Schur factorization the first factor is lower triangular, the second
factor is block diagonal and the third one is upper triangular. This structure
allows an easy computation of the determinant and the inverse.
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Theorem 2.3 The determinant can be computed as follows.

A B| 1
det {C’ D} =det A det (D — CA™"B).
If )
B
=[G 5]

then D — CA™'B is called the Schur complement of A in M, in notation
M /A. Hence the determinant formula becomes det M = det A x det (M /A).
Theorem 2.4 Let

(22

B* C

be a positive invertible matriz. Then

o4 e X 0 A B
M/C =A—- BC B—sup{XZO.[O O}S[B* ol

Proof: The condition

A-X B
B* C

E

is equivalent to

A-X>BC'B*
and this gives the result. O

Theorem 2.5 For a block-matriz

A X
<
0—[)(* B}EM"’

we have

e}

A X A 0], 0 .
v slelo vl b)Y

for some unitaries U,V € M,,.

Proof: We can take
0<

C Y
{Y* D}GM”

such that

A X] [c Y][Cc Y] [cC*+YY" CV+YD
X* B|_|v* D||y* D|” |Y*C+DY* Y*V + D?



62 CHAPTER 2. MAPPINGS AND ALGEBRAS

It follows that

A X c olfCc v 0o YI[0o o ) .
[X* B]_[Y* OHO 0}*{0 D] {Y* D]_TT+SS’

where

c'Y 0 0
T_{O O} and S_[Y* D}'

When 7' = U|T| and S = V|S| with the unitaries U,V € M,,, then
™r=uTT"))U" and S*S =V (SST)V*.

From the formulas

. C?+YY* 0 1A 0 « |0 0 |10 0
TT_{ 0 0}_{0 O}’ 55 _[0 Y*Y+D2}_[0 B}’
we have the result. O

Example 2.6 Similarly to the previous theorem we take a block-matrix

A X

og[X* I

| e,

With a unitary

we notice that

A A— :
W{A X]W*: {%B—l—ImX TB+1ReX}

X" B AL _jReX 478 -ImX

So Theorem 2.5 gives
A X AL 4 Im X 0 0 0
— 2 * *
[X* B] U{ 0 ol UV 0 a2 x|V
for some unitaries U,V € M,. O
We have two remarks. If C' is not invertible, then the supremum in The-
orem 2.4 is A — BOTB*, where CT is the Moore-Penrose generalized inverse.

The supremum of that theorem can be formulated without the block-matrix
formalism. Assume that P is an ortho-projection (see Section 2.3). Then

[PIM :=sup{N:0< N <M, PN=N} (2.3)
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If

I 0 A B
P—{O 0} and M—[B* C’]’

then [PJM = M/C. The formula (2.3) makes clear that if @ is another
ortho-projection such that P < @, then [P|M < [P|QMQ.

It follows from the factorization that for an invertible block-matrix
A B
C DI’
both A and D — CA~'B must be invertible. This implies that

{g g}l - {é _AIIB] 8 {Aol (D—CgllB)l] 8 [—CIAl ?]

After multiplication on the right-hand-side, we have the following.

A B]7" [A'+A'BWICA! —A'BWL
¢ Dl = WA Wl

Y1 ~V-iBD™!
_pcv' pypiov-ppt) (24

where W = M/A:=D - CA'Band V =M/D :=A— BD™'C.

Example 2.7 Let X;, Xo,..., X,y be random variables with (Gaussian)
joint probability distribution

fu(z) =4 %exp ( — 3z, Mz)), (2.5)

where z = (z1, 29, . . ., Zm+x) and M is a positive definite real (m+k) x (m+k)
matrix, see Example 1.43. We want to compute the distribution of the random
variables X1, Xo, ..., X,,.

Let

A B
u=lp 3
be written in the form of a block-matrix, A is m x m and D is k x k. Let
z = (x1,X3), where x; € R™ and x; € R¥. Then the marginal of the Gaussian

probability distribution

det M

Su(xi,x2) = ()i

exp ( - %((Xh Xy), M (xy, X2)>)
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on R™ is the distribution

det M

160 =\ | Gryraer b P ( — Lix;, (A — BD—lg*)x1>). (2.6)

We have

<(X1,X2), M(Xl,X2)> = <AX1 + BXQ,X1> + <B*X1 + DXQ,X2>
= <AX1,X1> + <BX2,X1> + <B*X1,X2> + <DX2,X2>
= <AX1,X1> + 2<B*X1,X2> + <DX2,X2>
= (Axy,x1) + (D(x2 + Wxy), (x2 + Wx1)) — (DWxy, Wxy),

where W = D~'B*. We integrate on R¥ as
/exp ( %(Xl,Xg)M(Xl,Xg) ) dx,
= exp ( % (Ax1,%x1) — (DWxy, Wx1>)>

X /exp ( — $(D(xs + Wx1), (x2 + le))> dxs

(2m)*
det D

= exp ( - %((A — BD™'B")x, X1>>

and obtain (2.6).

This computation gives a proof of Theorem 2.3 as well. If we know that
fi(x1) is Gaussian, then its quadratic matrix can be obtained from formula
(2.4). The covariance of X1, Xo, ..., X,, 41 is M~!. Therefore, the covariance
of X1,Xs,..., X is (A— BD'B*)~!. Tt follows that the quadratic matrix
is the inverse: A — BD™'B*= M/D. O

Theorem 2.8 Let A be a positive n xn block-matriz with k x k entries. Then
A is the sum of block matrices B of the form [Bl;; = XX for some k x k
matrices X1, Xo, ..., X,.

Proof: A can be written as C*C' for some

Cll C(12 s Cln

Coyr Coy ... (s,
o | G

Cnl Cn2 cee Cnn

Let B; be the block-matrix such that its ith row is the same as in C and all
other elements are 0. Then C' = By + By + --- + B, and for t # i we have
B; B; = 0. Therefore,

A=(B1+By+---+B,) (Bi+Bs+---+B,) = BB+ B;By+---+ B’ B,.
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The (i, j) entry of Bf B, is C};Cy;, hence this matrix is of the required form.
O

Example 2.9 Let H be an n-dimensional Hilbert space and A € B(H) be
a positive operator with eigenvalues \y > Ay > --- > \,. If x,y € H are
orthogonal vectors, then

A — A\
AL+ Ay

o) < ) (z, Az) {y, Ay),

which is called Wielandt inequality. (It is also in Theorem 1.45.) The
argument presented here includes a block-matrix.

We can assume that x and y are unit vectors and we extend them to a

basis. Let
_ | (z, Az)  (z, Ay)
u= o anl

!

We can see that M > 0 and its determinant is positive:

and A has a block-matrix

(z, Az) (y, Ay) > |z, Ay) >,

If A\, = 0, then the proof is complete. Now we assume that A\, > 0. Let «
and ( be the eigenvalues of M. Formula (1.55) tells that

«

o )P < (2

;g) (z, Az) (y, Ay).

We need the inequality

Oé_ﬁ < Al_)\n
a+B = A+ A
when « > . This is true, since \; > a > 8 > \,. O

As an application of the block-matrix technique, we consider the following
result, called UL-factorization (or Cholesky factorization).

Theorem 2.10 Let X be an n X n invertible positive matrix. Then there is a
unique upper triangular matriz T with positive diagonal such that X = TT™.
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Proof: The proof can be done by mathematical induction for n. For n =1
the statement is clear. We assume that the factorization is true for (n —1) x
(n — 1) matrices and write X in the form

A B
ol (2.7
where A is an (invertible) (n — 1) X (n — 1) matrix and C' is a number. If
_ | Tu T2

is written in a similar form, then

TT* — TuTy, + 1Ty Ty,
Ty Tt T32T5,
The condition X = TT™* leads to the equations

T\.T,, = B,
T22T2*2 = C

If Ty is positive (number), then Ty = V/C is the unique solution, moreover
Ty, =BC™Y? and TuT;, =A—-BC™'B".

From the positivity of (2.7), we have A — BC~'B* > 0. The induction
hypothesis gives that the latter can be written in the form of 71,7} with an
upper triangular 7T7;. Therefore T is upper triangular, too. 0

fo0<AeM,and 0 < B e M, then 0 < A® B. More generally if
0< A, eM, and 0 < B; € M,,, then

k
Z A; ® B,
i=1

is positive. These matrices in M, ® M,,, are called separable positive ma-
trices. Is it true that every positive matrix in M,, ® M, is separable? A
counterexample follows.

Example 2.11 Let My = My, ® My and
0

N | —
o O OO
O~ = O
OO OO

1
1
0
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D is a rank 1 positive operator, it is a projection. If D = > . D;, then
D; = \;D. If D is separable, then it is a tensor product. If D is a tensor
product, then up to a constant factor it equals to (TroD) ® (Try D). We have

I{1 0
TI'lD:TI'QD:§ |:O 1:| .

Their tensor product has rank 4 and it cannot be AD. It follows that this D
is not separable. O]

In quantum theory the non-separable positive operators are called entan-
gled. The positive operator D is maximally entangled if it has minimal
rank (it means rank 1) and the partial traces have maximal rank. The matrix
D in the previous example is maximally entangled.

It is interesting that there is no procedure to decide if a positive operator
in a tensor product space is separable or entangled.

2.2 Partial ordering

Let A, B € B(H) be self-adjoint operators. The partial ordering A < B
holds if B — A is positive, or equivalently

(x, Ax) < (z, Bx)

for all vectors . From this formulation one can easily see that A < B implies
XAX* < XBX* for every operator X.

Example 2.12 Assume that for the orthogonal projections P and () the
inequality P < @ holds. If Px = z for a unit vector z, then (z, Pz) <
(x,Qx) < 1 shows that (x,Qx) = 1. Therefore the relation

lz — Qz|* = (z — Qu,2 — Qz) = (v,2) — (z,Qz) =0

gives that QQx = z. The range of () includes the range of P. OJ

Let A, be a sequence of operators on a finite dimensional Hilbert space.
Fix a basis and let [A,] be the matrix of A,. Similarly, the matrix of the
operator A is [A]. Let the Hilbert space be m-dimensional, so the matrices
are m X m. Recall that the following conditions are equivalent:

(1) [[A— Anll = 0.
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A,x — Ax for every vector x.

(x, Any) — (x, Ay) for every vectors x and y.

(2)
(3)
(4) (z, Aux) — (z, Az) for every vector .
(5) Tr(A—A,)"(A—A,) =0

(6)

These conditions describe several ways the convergence of a sequence of
operators or matrices.

Theorem 2.13 Let A, be an increasing sequence of operators with an upper
bound: A; < Ay < --- < B. Then there is an operator A < B such that
A, — A.

Proof: Let ¢, (z,y) := (z, An,y) be a sequence of complex bilinear function-
als. lim,, ¢,(z,x) is a bounded increasing real sequence and it is convergent.
Due to the polarization identity ¢, (x,y) is convergent as well and the limit
gives a complex bilinear functional ¢. If the corresponding operator is denoted
by A, then

(z, Any) — (z, Ay)

for every vectors x and y. This is the convergence A, — A. The condition
(x, Az) < (r, Bxr) means A < B. O

Example 2.14 Assume that 0 < A < [ for an operator A. Define a sequence
T,, of operators by recursion. Let T} = 0 and

1
Ty :Tn+§(A—T3) (n € N).

T, is a polynomial of A with real coefficients. So these operators commute
with each other. Since

1 1
-[_Tn-i-l - a(I_Tn)Q‘I“é(]_A)a

induction shows that 7, < I.

We show that T} < T, < T3 < --- by mathematical induction. In the
recursion

Topr =T =5 (I =T )(To = Toa) + (I = To) (T — Tr1))

N | —
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I—-T,1>0and T, —T,_1 > 0 due to the assumption. Since they commute
their product is positive. Similarly (I — T,,)(T, — T,,—1) > 0. It follows that
the right-hand-side is positive.

Theorem 2.13 tells that T, converges to an operator B. The limit of the
recursion formula yields

1
B:B+§(A—BQ),
therefore A = B2. O

Theorem 2.15 Assume that 0 < A, B € M, are invertible matrices and
A< B. Then B7' < A1

Proof: The condition A < B is equivalent to B~Y/2AB~Y2 < I and
the statement B~' < A~! is equivalent to I < BY2A-'BY2. If X =
B~'2AB~Y2  then we have to show that X < [ implies X~! > I. The
condition X < [ means that all eigenvalues of X are in the interval (0,1].
This implies that all eigenvalues of X! are in [1, 00). O

Assume that A < B. It follows from (1.28) that the largest eigenvalue of
A is smaller than the largest eigenvalue of B. Let A(A) = (A1(A), ..., \(A))
denote the vector of the eigenvalues of A in decreasing order (with counting
multiplicities).

The next result is called Weyl’s monotonicity theorem.
Theorem 2.16 If A < B, then A\.(A) < \(B) for all k.
This is a consequence of the minimax principle, Theorem 1.27.
Corollary 2.17 Let A, B € B(H) be self-adjoint operators.
(1) If A< B, then Tr A <Tr B.
(2) If0 < A < B, then det A < det B.

Theorem 2.18 (Schur theorem) Let A and B be positive n x n matrices.
Then
Ci; = Ay Bjj (1<4,5<n)
determines a positive matrix.
Proof: 1f A;; = Xi)\j and B;; = fi;p5, then Cyj = A\ \jp; and C'is positive
due to Example 1.40. The general case is reduced to this one. 0

The matrix C' of the previous theorem is called the Hadamard (or Schur)
product of the matrices A and B. In notation, C = Ao B.
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Corollary 2.19 Assume that 0 < A< B and 0 < C < D. Then Ao (C <
BoD.

Proof: The equation
BoD=AoC+ (B—A)oC+(D—-C)oA+(B—A)o(D—-C)

implies the statement. O

Theorem 2.20 (Oppenheim’s inequality) If0 < A, B € M, then
det(A o B) > <H Au) det B.
i=1

Proof: For n = 1 the statement is obvious. The argument will be in
induction on n.

We take the Schur complementation and the block-matrix formalism

. a A1 - b Bl
A_[AQ As} and B—[BQ BJ’

where a,b € R. From the induction we have
det(A3 O (B/b)) Z A272A373 e An,n det(B/b) (28)
From Theorem 2.3 we have det(A o B) = abdet(A o B/ab) and

Ao B/ab = Ag e} Bg — (AQ e} Bg)a,_lb_l(Al e} Bl)
= Aso(B/b)+ (A/a) o (ByBib™1).

The matrices A/a and B/b are positive, see Theorem 2.4. So the matrices
Aso(B/b) and (A/a)o (ByBib™)
are positive as well. So
det(Ao B) > abdet(As o (B/b)).
Finally the inequality (2.8) gives

det(Ao B) > <ﬁ An‘) bdet(B/b).

i=1

Since det B = bdet(B/b), the proof is complete. O
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A linear mapping « : M,, — M, is called completely positive if it has
the form

k
a(B)=> VBV,
i=1

for some matrices V;. The sum of completely positive mappings is completely
positive. (More details about completely positive mappings are in the Theo-
rem 2.48.)

Example 2.21 Let A € M, be a positive matrix. The mapping S, : B —
A o B sends positive matrix to positive matrix, therefore it is a positive
mapping.

We want to show that Sy is completely positive. S, is additive in A, hence
it is enough to show the case A;; = X-)\j. Then

SA<B) = Diag(xhx% R )\n) BDlag<)\17 )\27 tt )\n)

and S, is completely positive. O]

2.3 Projections

Let I be a closed subspace of a Hilbert space H. Any vector x € H can be
written in the form zy + x1, where o € K and z; L K. The linear mapping
P : x — =z is called (orthogonal) projection onto . The orthogonal
projection P has the properties P = P? = P*. If an operator P € B(H)
satisfies P = P? = P*, then it is an (orthogonal) projection (onto its range).
Instead of orthogonal projection the expression ortho-projection is also
used.

The partial ordering is very simple for projections, see Example 2.12. If
P and @ are projections, then the relation P < () means that the range
of P is included in the range of (). An equivalent algebraic formulation is
PQ = P. The largest projection in M, is the identity I and the smallest one
is 0. Therefore 0 < P < I for any projection P € M,.

Example 2.22 In M, the non-trivial ortho-projections have rank 1 and they
have the form

]_|:1—|—CL3 al—iag}

2 |a; +iay  1—as

where aj,as,a3 € R and a? + a2 + a3 = 1. In terms of the Pauli matrices

A (A e T



72 CHAPTER 2. MAPPINGS AND ALGEBRAS

we have
1 3
P = 5 <O’0 —+ ‘_El aicri> .

An equivalent formulation is P = |z)(z|, where x € C? is a unit vector. This
can be extended to an arbitrary ortho-projection @ € M, (C):

k
Q=3 le)(ai

where the set {z; : 1 <i <k} is a family of orthogonal unit vectors in C".
(k is the rank of the image of @, or Tr@Q.) O

If P is a projection, then I — P is a projection as well and it is often
denoted by P, since the range of I — P is the orthogonal complement of the
range of P.

Example 2.23 Let P and () be projections. The relation P 1 () means
that the range of P is orthogonal to the range of (). An equivalent algebraic
formulation is PQ) = 0. Since the orthogonality relation is symmetric, PQ) = 0
if and only if QP = 0. (We can arrive at this statement by taking adjoint as
well.)

We show that P L @ if and only if P + @ is a projection as well. P + @)
is self-adjoint and it is a projection if

(P+Q)P=P*+PQ+QP+Q*=P+Q+PQ+QP=P+Q

or equivalently
PQ+QP=0.

This is true if P 1. Q). On the other hand, the condition PQ+ QP = 0 implies
that PQP + QP? = PQP + QP = 0 and QP must be self-adjoint. We can
conclude that P@Q = 0 which is the orthogonality. O

Assume that P and () are projections on the same Hilbert space. Among
the projections which are smaller than P and @) there is a largest, it is the
orthogonal projection onto the intersection of the ranges of P and ). This
has the notation P A Q.

Theorem 2.24 Assume that P and Q) are ortho-projections. Then

PAQ= lim (PQP)" = lim (QPQ)".

n—o0
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Proof: The operator A := PQP is a positive contraction. Therefore the
sequence A" is monotone decreasing and Theorem 2.13 implies that A™ has a
limit R. The operator R is self-adjoint. Since (A")* — R? we have R = R?
in other words, R is an ortho-projection. If Px = x and Qx = x for a vector
x, then Ax = x and it follows that Rx = x. This means that R > P A Q.

From the inequality PQP < P, R < P follows. Taking the limit of
(PQP)"Q(PQP)" = (PQP)* !, we have RQR = R. From this we have
R(I-Q)R=0and (I — Q)R =0. This gives R < Q.

It has been proved that R < P,QQ and R > PA Q. So R =P AQ is the
only possibility. O

Corollary 2.25 Assume that P and Q) are ortho-projections and 0 < H <
P.Q. Then H< PAQ.

Proof: One can show that PHP = H,QQHQ = H. This implies H <
(PQP)"™ and the limit n — oo gives the result. O

Let P and () be ortho-projections. If the ortho-projection R has the prop-
erty R > P,(Q, then the image of R includes the images of P and (). The
smallest such R projects to the linear subspace generated by the images of
P and ). This ortho-projection is denoted by P V (). The set of ortho-
projections becomes a lattice with the operations A and V. However, the
so-called distributivity

AV(BANC)=(AVB)AN(AV(O)
1S not true.

Example 2.26 We show that any operator X € M, (C) is a linear combina-
tion of ortho-projections. We write

1 1

X =-(X+ X"+ = (iX —i1X"),

2 21
where X + X* and iX —iX™ are self-adjoint operators. Therefore, it is enough
to find linear combination of ortho-projections for self-adjoint operators, this
is essentially the spectral decomposition (1.26).

Assume that ¢ is defined on projections of M, (C) and it has the properties
©0(0) =0, wo(I)=1, @o(P+Q)=wo(P)+po(Q) if P LQ.

It is a famous theorem of Gleason that in the case n > 2 the mapping ¢,
has a linear extension ¢ : M, (C) — C. The linearity implies the form

(X)) =TrpX (X € M,(C)) (2.10)
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with a matrix p € M,,(C). However, from the properties of ¢ we have p > 0
and Trp = 1. Such a p is usually called density matrix in the quantum
applications. It is clear that if p has rank 1, then it is a projection. 0

In quantum information theory the traditional variance is
Var,(A) = Tr pA® — (Tr pA)? (2.11)

when p is a density matrix and A € M, (C) is a self-adjoint operator. This is
the straightforward analogy of the variance in probability theory, a standard
notation is (A?) — (A)? in both formalism. We note that for more self-adjoint
operators the notation is covariance:

Cov,(A, B) = Tr pAB — (Tr pA)(Tr pB)

It is rather different from probability theory that the variance (2.11) can
be strictly positive even in the case when p has rank 1. If p has rank 1, then
it is an ortho-projection of rank 1 and it is also called as pure state.

It is easy to show that
Var,(A+ X)) =Var,(A) for XeR
and the concavity of the variance functional p — Var,(A):
Var,(A) > Z A Var, (A) if p= Z \ipi-
(Here \; >0 and >, \; = 1.)

The formulation is easier if p is diagonal. We can change the basis of the
n-dimensional space such that p = Diag(pi, ps, ..., pn), then we have

2
Di +pj
i,J i

In the projection example P = Diag(1,0,...,0), formula (2.12) gives

Varp(A) = > Ayl
i#£1

and this can be strictly positive.
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Theorem 2.27 Let p be a density matrix. Take all the decompositions such
that
p=> Qi (2.13)

where Q; are pure states and (q;) is a probability distribution. Then

Var,(A) = sup (Z g (TrQ;A* — (Tr QZA)2)> , (2.14)

where the supremum is over all decompositions (2.13).

The proof will be an application of matrix theory. The first lemma contains
a trivial computation on block-matrices.

Lemma 2.28 Assume that
M0 |0 _|A* B
p‘{o 0}’ ”"[0 o] 47| ¢

p= Z Aipi, ph = Z)‘ipz(\'

and

Then
(Te p(AY)? = (Te g ANY2) = 37 (T g (AN)? — (T ) AV)?)
= (Tr pA% — (Tr pA)?) — Z Ai (Tr piA? — (Tr p; A)?) .
This lemma shows that if p € M, (C) has a rank k£ < n, then the computa-
tion of a variance Var,(A) can be reduced to k x k matrices. The equality in

(2.14) is rather obvious for a rank 2 density matrix and due to the previous
lemma the computation will be with 2 x 2 matrices.

Lemma 2.29 For a rank 2 matriz p the equality holds in (2.14).

Proof: Due to Lemma 2.28 we can make a computation with 2 x 2 matrices.
We can assume that

_|P 0 _|a b
p_[() l—p}’ A_[b ag]'

Tr pA* = p(af + |b]*) + (1 — p) (a3 + [0).

Then
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We can assume that
Tr pA = pay + (1 — p)ay = 0.
i
=l 1]
where ¢ = \/m This is a projection and
Tr Q1A = a1p+ ax(1 —p) +bce ™ +bce” =2cRebe %
We choose ¢ such that Rebe ¥ = 0. Then Tr Q; A = 0 and
Tr Q1A% = p(a? + [bf2) + (1 — p) (a3 + [bf?) = Tr pA2,

Let

—ce¥ 1-—p

—ce ¥
%:{ p }
Then
—1Q —l—lQ
P—2 17T 5%
and we have

1
(TrQA® + Tr Qo A%) = p(at + [°) + (1 = p)(a; + [BI°) = Tr pA”.

Therefore we have an equality. 0

We denote by r(p) the rank of an operator p. The idea of the proof is to
reduce the rank and the block diagonal formalism will be used.

Lemma 2.30 Let p be a density matriz and A = A* be an observable. As-
sume the block-matriz forms

P1 0 A A
P { 0 PQ] ’ {AS AJ

and r(p1),r(p2) > 1. We construct

such that
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Proof: The Tr pA = Tr p’ A condition is equivalent with Tr X Ao+Tr X* A5 =
0 and this holds if and only if Re Tr X A5 = 0.

We can have unitaries U and W such that Up,;U* and W poW* are diagonal:
UpU* = Diag(0,...,0,a1,...,ax), W peW* = Diag(by,...,b,0,...,0)
where a;,b; > 0. Then p has the same rank as the matrix
U o0 us 0 Up,U* 0
[0 W}p[o W*} :[ 0 WpW+|

the rank is k£ + [. A possible modification of this matrix is Y :=

Diag(0,...,0,a,...,ax_1) 0 0 0
0 ag vV akbl 0
0 vV akbl bl 0
0 0 0  Diag(bs,...,0,0,...,0)

and r(Y) =k +1—1. So Y has a smaller rank than p. Next we take
u* 0 v u o} P1 UMW
0o wr 0 W| |W*MU P2

which has the same rank as Y. If X := W*MU is multiplied with € (o > 0),
then the positivity condition and the rank remain. On the other hand, we can
choose a > 0 such that ReTre®*X; A4, = 0. Then X := €*X; is the matrix
we wanted. O

Lemma 2.31 Let p be a density matriz of rank m > 0 and A = A* be an
observable. We claim the existence of a decomposition

p=pp-+(1=p)ps, (2.15)
such that r(p-) <m, r(ps) < m, and

TrApy = Tr Ap_ = Tr pA. (2.16)

Proof: By unitary transformation we can get to the formalism of the pre-

vious lemma: o4
pr O 1 2
g { 0 02] ’ {AE As}
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We choose
|, X | =X
P+ P |:X p2:|7 P— |:_X 02 }
Then
1 n 1
P=35P-T 5P+
and the requirements Tr Ap, = Tr Ap_ = Tr pA also hold. U

Proof of Theorem 2.27: For rank-2 states, it is true because of Lemma 2.29.
Any state with a rank larger than 2 can be decomposed into the mixture of
lower rank states, according to Lemma 2.31, that have the same expectation
value for A, as the original p has. The lower rank states can then be de-
composed into the mixture of states with an even lower rank, until we reach
states of rank < 2. Thus, any state p can be decomposed into the mixture of
pure states

p= Qs (2.17)
such that Tr AQ, = Tr Ap. Hence the statement of the theorem follows. [J

2.4 Subalgebras

A unital x-subalgebra of M,,(C) is a subspace A that contains the identity I,
is closed under matrix multiplication and Hermitian conjugation. That is, if
A, B € A, then so are AB and A*. In what follows, for all x-subalgebras
we simplify the notation, we shall write subalgebra or subset.

Example 2.32 A simple subalgebra is

A:{[z Z}] :z,wec}cMz(C).

w

Since A, B € A implies AB = BA, this is a commutative subalgebra. In
terms of the Pauli matrices (2.9) we have

A ={z00 +woy, : z,w € C}.

This example will be generalized. O
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Assume that Py, P,,..., P, are projections of rank 1 in M, (C) such that
P,P;=0fori#jand ) P = 1. Then

A= {zn:aif’i Cay € (C}
i=1

is a maximal commutative %-subalgebra of M, (C). The usual name is MASA
which indicates the expression of maximal Abelian subalgebra.

Let A be any subset of M,,(C). Then A’, the commutant of A, is given
by
A'={BeM,(C): BA= AB for all A € A}.

It is easy to see that for any set A C M, (C), A’ is a subalgebra. If A is a
MASA, then A = A.

Theorem 2.33 If A C M, (C) is a unital x-subalgebra, then A" = A.

Proof: We first show that for any x-subalgebra A, B € A” and any v € C",
there exists an A € A such that Av = Bv. Let V be the subspace of C" given
by

V={Av: Ae A}

Let P be the orthogonal projection onto V' in C". Since, by construction, V'
is invariant under the action of A, PAP = AP for all A € A. Taking the
adjoint, PA*P = PA* for all A € A. Since A is a *-algebra, this implies
PA = AP for all A€ A. That is, P € A’. Thus, for any B € A", BP = PB
and so V is invariant under the action of A” . In particular, Bv € V and
hence, by the definition of V', Bv = Av for some A € A.

We apply the previous statement to the x-subalgebra
M={A®I,: Ac A} C M, (C) ® M,(C) = M,:(C).
It is easy to see that

M'={B®1I,:Be A"} C M,(C) ® M,(C) = M,(C).

Now let {vq,...,v,} be any basis of C" and form the vector
(%1
v = v:2 eC”.
on
Then

(A® L,)v=(B® I,)v



80 CHAPTER 2. MAPPINGS AND ALGEBRAS

and Av; = Bu; for every 1 < j <n. Since {vy,...,v,} is a basis of C", this
means B = A € A. Since B was an arbitrary element of A”, this shows that
A" C A. Since A C A” is an automatic consequence of the definitions, this
shall prove that A” = A . O

Next we study subalgebras A C B C M, (C). A conditional expectation
£ : B — A is a unital positive mapping which has the property

E(AB) = AE(B) forevery A€ A and BeB. (2.18)

Choosing B = I, we obtain that £ acts identically on A. It follows from the
positivity of £ that £(C*) = £(C)*. Therefore, E(BA) = £(B)A for every
A€ A and B € B. Another standard notation for a conditional expectation
B— Ais &5,

Theorem 2.34 Assume that A C B C M,,(C). If « : A — B is the embed-
ding, then the dual € : B — A is a conditional expectation.

Proof: From the definition
Tra(A)B = Tr AE(B) (Ae A, BeB)

of the dual we see that £ : B — A is a positive unital mapping and E(A) =
A for every A € A. For a contraction B, ||E(B)||* = ||E(B)*E(B)|| <
IE(B*B)|| < ||E(I)]] = 1. Therefore, we have ||€]| = 1.

Let P be a projection in A and By, By € B. We have

|PB;, + P B, |(PB, + P+B,)*(PB, + P*By)||
|B; PB, + B;P'B,||
|Bi PB|| + || B3P Bs||

IPBy|[* + || P~ Bal .

[Nl

Using this, we estimate for an arbitrary ¢t € R as follows.

(t+1)?|PLE(PB)|? |PE(PB) + tP+£(PB))|?
|PB + tP+£(PB)|?

IPB|[* + % P& (PB)|*.

IAIA

Since ¢ can be arbitrary, P-E(PB) = 0, that is, PE(PB) = £(PB). We may
write Pt in place of P:

(I —P)E((I — P)B) =&((I — P)B), equivalently, PE(B) = PE(PB).

Therefore we conclude PE(B) = £(PB). The linear span of projections is the
full algebra A and we have AE(B) = £(AB) for every A € A. This completes
the proof. ([l
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The subalgebras A;, Ay C M, (C) cannot be orthogonal since I is in A,
and in A,. They are called complementary or quasi-orthogonal if A; € A;
and Tr A; = 0 for ¢ = 1,2 imply that Tr A; A, = 0.

Example 2.35 In M, (C) the subalgebras
A; .= {aoy + bo; : a,b € C} (1<i<3)

are commutative and quasi-orthogonal. This follows from the facts that
Tro; =0for 1 <i<3and

0109 = 10'3, 0903 = 10'1 0301 = iO'Q. (219)

So My(C) has 3 quasi-orthogonal MASAs.

In My (C) = M5(C)® M,(C) we can give 5 quasi-orthogonal MASAs. Each
MASA is the linear combimation of 4 operators:

0p ®0og, 09O, 010, 0107,
0o Q0g, 09K 02, 0200, 0209,
0o ® 0o, 00&03, 0300, 0303,
0p ® 0, 0102, 0203 03071,
09 ®0g, 0103, 0201, 03 03.

0

A POVM is a set {E; : 1 < i < k} of positive operators such that
> Ei = 1. (More applications will be in Chapter 7.)

Theorem 2.36 Assume that {A; : 1 < i < k} is a set of quasi-orthogonal
POVMs in M,,(C). Then k <mn+ 1.

Proof: The argument is rather simple. The traceless part of M, (C) has
dimension n? — 1 and the traceless part of a MASA has dimension n — 1.
Therefore k < (n*> —1)/(n—1) =n+ 1. O

The maximal number of quasi-orthogonal POVMs is a hard problem. For
example, if n = 2™, then n + 1 is really possible, but for an arbitrary n there
is no definite result.

The next theorem gives a characterization of complementarity.

Theorem 2.37 Let Ay and Ay be subalgebras of M, (C) and the notation
7 =Tr /n is used. The following conditions are equivalent:

(i) If P € Ay and Q) € Ay are minimal projections, then 7(PQ) = 7(P)7(Q).
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(i1) The subalgebras A, and Ay are quasi-orthogonal in M, (C).
(ZZZ) T(AlAQ) = T(Al)T(AQ) ZfAl € Al, AQ € AQ.

(iv) If By : A — A is the trace preserving conditional expectation, then E;
restricted to Asg is a linear functional (times I ).

Proof: Note that 7((A; — I7(A1))(As — I7(As))) = 0 and 7(A1As) =
T(A1)7(As) are equivalent. If they hold for minimal projections, they hold
for arbitrary operators as well. Moreover, (iv) is equivalent to the property
T(A1E1(Ay)) = 7(A1(1(A2)])) for every Ay € Ay and Ay € As. O

Example 2.38 A simple example for quasi-orthogonal subalgebras can be
formulated with tensor product. If A = M,(C) ® M, (C), A; = M,(C) ®
CI, ¢ Aand Ay = CI, ® M,(C) C A, then A; and Ay are quasi-orthogonal
subalgebras of A. This comes from the property Tr (A ® B) =Tr A - Tr B.
For n = 2 we give another example formulated by the Pauli matrices. The

4 dimensional subalgebra A; = My(C) ® CI; is the linear combination of the
set

{00 ® 00,01 ® 09, 092 ® 00,05 @ 0}

Together with the identity, each of the following triplets linearly spans a
subalgebra A; isomorphic to M>(C) (2 < j < 4):

{03 ® 01, 03 ® 09, 09 @ 03},
{09 ® 03, 09 ® 01, 09 R T2},
{01 ® 09, 01 ® 03, 09 R 01} .

It is easy to check that the subalgebras A, ..., A, are complementary.

The orthogonal complement of the four subalgebras is spanned by {oy ®
03,03 ® 09,03 ® 03}. The linear combination together with oy ® oy is a
commutative subalgebra. O

The previous example is the general situation for M,(C), this will be the
content of the next theorem. It is easy to calculate that the number of
complementary subalgebras isomorphic to My(C) is at most (16 —1)/3 = 5.
However, 5 is not possible, see the next theorem.

If z = (21,79, 23) € R®, then the notation
X -0 = X101 + X209 + T303

will be used and called Pauli triplet.
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Theorem 2.39 Assume that {A; : 0 < i < 3} is a family of pairwise quasi-
orthogonal subalgebras of My(C) which are isomorphic to My(C). For every
0 <@ < 3, there exists a Pauli triplet A(i,j) (j # i) such that A, N A; is the
linear span of I and A(i, j). Moreover, the subspace linearly spanned by

3 1
I and ( U .AZ->
i=0
is a mazximal Abelian subalgebra.

Proof: Since the intersection Aj N A; is a 2-dimensional commutative
subalgebra, we can find a self-adjoint unitary A(0,j) such that Ay N A; is
spanned by I and A(0,j) = z(0,7) - 0 ® I, where z(0,7) € R3. Due to the
quasi-orthogonality of A;, Ay and Aj, the unit vectors x(0,j) are pairwise
orthogonal (see (2.31)). The matrices A(0, j) are anti-commute:

A(0,1)A0,5) = i(2(0,4) x 2(0,5)) -0 & I
= —i(2(0,4) x 2(0,4)) -0 @ I = —A(0, j)A(0, 1)

for ¢ # j. Moreover,
A(0,1)A(0,2) =i(x(0,1) x (0,2)) - o

and z(0,1) x z(0,2) = +2(0, 3) because x(0, 1) x (0, 2) is orthogonal to both
x(0,1) and z(0,2). If necessary, we can change the sign of x(0,3) such that
A(0,1)A(0,2) =1iA(0, 3) holds.

Starting with the subalgebras A}, A, A we can construct similarly the
other Pauli triplets. In this way, we arrive at the 4 Pauli triplets, the rows of
the following table:

*  A(0,1) A(0,2) A(0,3)
A(1,0)  *  A(1,2) A(1,3)
A(2,0) A(2,1) * A(2,3) (2.20)
A(3,0) A(3,1) A(3,2)  «

When {A; : 1 < i < 3} is a family of pairwise quasi-orthogonal subalge-
bras, then the commutants { A} : 1 < i < 3} are pairwise quasi-orthogonal as
well. A7 = A; and Aj have nontrivial intersection for i # j, actually the pre-
viously defined A(7, 7) is in the intersection. For a fixed j the three unitaries
A(i,7) (i # j) form a Pauli triplet up to a sign. (It follows that changing
sign we can always reach the situation where the first three columns of table
(2.20) form Pauli triplets. A(0,3) and A(1, 3) are anti-commute, but it may
happen that A(0,3)A(1,3) = —iA(2,3).)
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A Ay’

A(0,3) ?

A(2,3)

A(1,3)

&
&

Ay Ay’

This picture shows a family {A; : 0 < i < 3} of pairwise quasi-orthogonal

subalgebras of My(C) which are isomorphic to My(C). The edges between

two vertices represent the one-dimensional traceless intersection of the two

subalgebras corresponding to two vertices. The three edges starting from a
vertex represent a Pauli triplet.

Let Cp := {£A(i,5)A(j, i) : © # 7} U{£Il} and C := Cy UiCy. We want
to show that C' is a commutative group (with respect to the multiplication of
unitaries).

Note that the products in Cy have factors in symmetric position in (2.20)
with respect to the main diagonal indicated by stars. Moreover, A(i, j) € A(j)
and A(j,k) € A(j)’, and these operators commute.

We have two cases for a product from C'. Taking the product of A(7, j)A(j, 1)
and A(u,v)A(v,u), we have

(A(Z,7)AG, D)(AG 7)AG,9) =1

in the simplest case, since A(7,j) and A(j,7) are commuting self-adjoint uni-
taries. It is slightly more complicated if the cardinality of the set {i,j,u, v}
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is 3 or 4. First,

(A(1,0)A(0,1))(A(3,0)4(0,3)) = A(0

and secondly,

(A(1,0)A(0,1))(A(3,2)A(2,3)) = =+iA

I
a

=
==

= +A(1,0)(A(0,
—  HA(1,0)(A(1,2)A(1, 3))
= +A(1,0)A(1,0) = £I. (2.21)

So the product of any two operators from C'is in C.

Now we show that the subalgebra C linearly spanned by the unitaries
{A(1,7)A(j,1) : i # j}U{I} is a maximal Abelian subalgebra. Since we know
the commutativity of this algebra, we estimate the dimension. It follows from
(2.21) and the self-adjointness of A(i, j)A(7,4) that

A(i, ) A(j. i) = £A(k, ) A(L, k)

when i, 7, k and ¢ are different. Therefore C is linearly spanned by A(0,1)A(1,0),
A(0,2)A(2,0), A(0,3)A(3,0) and I. These are 4 different self-adjoint uni-

taries.

Finally, we check that the subalgebra C is quasi-orthogonal to A(7). If the
cardinality of the set {i, 7, k, ¢} is 4, then we have

Tr A(i, j)(A(i, 1) A(4, 1)) = Tr A(j,7) = 0
and
Tr Ak, 0)A(1, ) A(j,1) = £Tr A(k, O)A(k, 1) A(¢, k) = £Tr A(¢, k) = 0.

Moreover, because A(k) is quasi-orthogonal to A(7), we also have A(i, k) LA(7, 1),
SO
Te A(i, O(A(G, j)A(, 1)) = +i Tr A(G, k) A(j,) = 0.

From this we can conclude that
Ak, €) LAG, )AG, )

for all k # ¢ and 7 # 7. OJ
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2.5 Kernel functions

Let X be a nonempty set. A function ¢ : X x X — C is often called kernel.
A kernel ¢ : X x X — C is called positive definite if

n

Z i, xx) = 0

jk=1

for all finite sets {cy,¢a,...,¢,} C C and {xq,29,...,2,} C X.

Example 2.40 It follows from the Schur theorem that the product of posi-
tive definite kernels is a positive definite kernel as well.

If ¢ : X x X — C is positive definite, then

eV = Z %wm
n=0

and Y (z,y) = f(z)¥(x,y)f(y) are positive definite for any function f : X —
C. O

The function ¢ : X x X — C is called conditionally negative definite
kernel if ¥ (z,y) = ¥(y,z) and

n

Z i (zj, xx) <0

J,k=1

for all finite sets {¢y, co, ..., ¢, } C Cand {xy,z9,...,2,} C X when Z?Zl cj =
0.

The above properties of a kernel depend on the matrices

V(xy, ) Y(ry, ) ... Y(x,T4)
V(xe, 1) Y(we,12) ... Y(T2,T4)

w(:p,;,xl) w(:p,;,xQ) @Z)(xn,:pn)

If a kernel is positive definite, then — f is conditionally negative definite, but
the converse is not true.

Lemma 2.41 Assume that the function ¢ : X x X — C has the property
Y(z,y) =¢Y(y,z) and fixr v € X. Then

o(x,y) == —=U(z,y) + Yz, 20) + (20, y) — (0, 70)

18 positive definite if and only if 1 is conditionally negative definite.




2.5. KERNEL FUNCTIONS 87

The proof is rather straightforward, but an interesting particular case is
below.

Example 2.42 Assume that f : Rt — R is a C'-function with the property
f(0) = f(0) =0. Let ¢ : R* x R" — R be defined as
f@) 1)
U(z,y) = Ty
f(z) if z=y.

(This is the so-called kernel of divided difference.) Assume that this is con-
ditionally negative definite. Now we apply the lemma with zy = e:

@) W) | S@) @) 1O =)

T —y T —€ E—y

T #y,

is positive definite and from the limit ¢ — 0, we have the positive definite

kernel
@I @) J@) _ f@y = )2
-y T y z(r —y)y

The multiplication by xy/(f(x)f(y)) gives a positive definite kernel

2y
flz)  f)
r—Yy
which is again a divided difference of the function g(x) := 22/ f(x). O

Theorem 2.43 (Schoenberg theorem) Let X be a nonempty set and let
Y : X XX — C be a kernel. Then v is conditionally negative definite if and
only if exp(—tv) is positive definite for every t > 0.

Proof: If exp(—t) is positive definite, then 1 — exp(—t¢) is conditionally
negative definite and so is

Y = lim 1(1 — exp(—t1))).

t—0 t

Assume now that v is conditionally negative definite. Take xq € X and
set

p(r,y) = —=(z,y) + P(x, 20) + (20, ¥) — Y (20, Z0)

which is positive definite due to the previous lemma. Then

e_w(xvy) — e‘p($7y)e_w($7$0)6—¢(y7$0)e_w($07x0)
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is positive definite. This was t = 1, for general ¢ > 0 the argument is similar.[]

The kernel functions are a kind of generalization of matrices. If A € M,,,
then the corresponding kernel function has X :={1,2,...,n} and

Ya(i, j) = Ay (1<i,j5<n).

Therefore the results of this section have matrix consequences.

2.6 Positivity preserving mappings

Let o : M,, — My, be a linear mapping . It is called positive (or positivity
preserving) if it sends positive (semidefinite) matrices to positive (semidefi-
nite) matrices. « is unital if «(1[,) = Ii.

The dual o* : Ml — M, of « is defined by the equation

Tra(A)B = Tr Aa*(B) (AeM,,BeM). (2.22)

It is easy to see that « is positive if and only if a* is positive and « is trace
preserving if and only if o* is unital.

The inequality
a(AAY) > a(A)a(A)”

is called Schwarz inequality. If the Schwarz inequality holds for a linear
mapping «, then « is positivity preserving. If « is a positive mapping, then
this inequality holds for normal matrices. This result is called Kadison
inequality.

Theorem 2.44 Let a: M, (C) — My (C) be a positive unital mapping.
(1) If A € M, is a normal operator, then
a(AAY) > a(A)a(A)".
(2) If A € M, is positive such that A and a(A) are invertible, then

a(A™Y) > a(A)

Proof: A has a spectral decomposition ), \;P;, where P,’s are pairwise
orthogonal projections. We have A*A =Y. |\;|*P; and

oty aﬁzx)}:;{% | 2a®)
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Since a(P;) is positive, the left-hand-side is positive as well. Reference to
Theorem 2.1 gives the first inequality.

To prove the second inequality, use the identity
[ I a(A_l) } = Z [ 1 )\;1 } ® a(F)

to conclude that the left-hand-side is a positive block-matrix. The positivity

implies our statement. 0
The linear mapping « : M,, — M, is called 2-positive if

[ A B a(A)  a(B)

a(B*)  a(C)

B C’] >0 implies l

E

when A, B,C € M,,.

Lemma 2.45 Leta : M, (C) — My (C) be a 2-positive mapping. If A, a(A) >
0, then
a(B)*a(A)'a(B) < a(B*A™'B).

for every B € M,,,. Hence, a 2-positive unital mapping satisfies the Schwarz
nequality.
Proof: Since
A B
>
|:B* B*AIB:| _07
the 2-positivity implies

{5(%4*)) Oé(BngB—)lB)} > 0.

So Theorem 2.1 implies the statement. O

If B = B*, then the 2-positivity condition is not necessary in the previous
lemma, positivity is enough.

Lemma 2.46 Let o : M,, — M be a 2-positive unital mapping. Then
N, ={AeM, :a(A*A) = a(A) a(A) and a(AA*) = a(A)a(A)*} (2.23)
15 a subalgebra of M, and
a(AB) = a(A)a(B) and «o(BA) = a(B)a(A) (2.24)
holds for all A € N, and B € M,,.
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Proof: The proof is based only on the Schwarz inequality. Assume that
a(AA*) = a(A)a(A)*. Then

tla(A)a(B) + a(B)a(A))

a(tA* + B)*a(tA* + B) — t*a(A)a(A)* — a(B)*a(B)
a((tA* + B)*(tA* + B)) — t?a(AA*) — a(B)*a(B)
ta(AB + B*A*) + a(B*B) — a(B)*a(B)

A1+

for a real t. Divide the inequality by ¢ and let ¢t — +00. Then
a(A)a(B) + a(B)*a(A)" = a(AB + B*A")
and similarly
a(A)a(B) — a(B)*a(A)" = a(AB — B*A™).
Adding these two equalities we have
a(AB) = a(A)a(B).
The other identity is proven similarly. OJ

It follows from the previous lemma that if « is a 2-positive unital mapping
and its inverse is 2-positive as well, then « is multiplicative. Indeed, the
assumption implies a(A*A) = a(A)*a(A) for every A.

The linear mapping &€ : M,, — M}, is called completely positive if £ ®id,,
is a positive mapping, when id,, : M,, — M, is the identity mapping.

Example 2.47 Consider the transpose mapping £ : A — A! on 2 x 2 matri-

ces:
z w Yy ow

£ is obviously positive. The matrix

2 0 0 2
01 1 0
01 1 0
2 0 0 2
is positive. The extension of £ maps this to
2 0 0 1
01 2 0
0 2 10
1 0 0 2

This is not positive, so £ is not completely positive. U
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Theorem 2.48 Let £ : M,, — My be a linear mapping. Then the following
conditions are equivalent.

(1) € is completely positive.

(2) The block-matriz X defined by
Xy = E(EG)  (1<ij<n) (2.25)
1S positive.

(3) There are operators V; : C* — C* (1 <t < k?) such that

A) =) VAV (2.26)

(4) For finite families A; € M, (C) and B; € Mi(C) (1 < i < n), the
inequality

ZBSA* )B; >0

holds.

Proof: (1) implies (2): The matrix

ZE ij) @ E(ij) = (ZE ij) ®E(U)>2

2

is positive. Therefore,

(id, ® &) (ZE (ij) @ F zy) ZE (1) ® E(E(ij)) =

2Y)

is positive as well.

(2) implies (3): Assume that the block-matrix X is positive. There are
orthogonal projections P; (1 < i < n) on C™ such that they are pairwise
orthogonal and

PXP, = £(E(ij)).

We have a decomposition

nk
X = Z |fo) (Jel,
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where |f;) are appropriately normalized eigenvectors of X. Since P; is a
partition of unity, we have

|ft> = sz“fﬁ

and set V; : C* — C* by
Vils) = Pl ft).

(|s) are the canonical basis vectors.) In this notation

X = ZZHIMMZ% = ZB (Z Vt\i><jlvt*> P

and

E(Bij)) = PXP; =) ViB(ij)V;"
t
Since this holds for all matrix units F(ij), we obtained
A) =) VAV
t
(3) implies (4): Assume that £ is of the form (2.26). Then
> BiE(AA)B; = ZZB*Vt (A7 AV B,
0,
— Z(ZAV* ) (ZAVB)

follows.
(4) implies (1): We have

£ ®id, : M,,(B(H)) = M,,(B(K)).

Since any positive operator in M,,(B(#)) is the sum of operators in the form
> ATA; ® E(ij) (Theorem 2.8), it is enough to show that

X =Ewid, (ZA*A @ B(ij) ) = Zs (A74)) ® E(ij)

is positive. On the other hand, X € M,,(B(K)) is positive if and only if

ZB;Xiij_ZB E(ArA;)B; > 0.
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The positivity of this operator is supposed in (4), hence (1) is shown. O

The representation (2.26) is called Kraus representation. The block-
matrix X defined by (2.25) is called representing block-matrix (or Choi
matrix).

Example 2.49 We take A € B C M, (C) and a conditional expectation
£ : B — A. We can argue that this is completely positive due to conditition
(4) of the previous theorem. For A; € A and B; € B we have

S aesB)A; =£(( BiAi)* (5 B:45)) =0
i,J
and this is enough. O

The next example will be slightly different.

Example 2.50 Let H and K be Hilbert spaces and (f;) be a basis in . For
each i set a linear operator V; : H - H @K as Vie = e® f; (e € H). These
operators are isometries with pairwise orthogonal ranges and the adjoints act
as V*(e ® f) = (fi, f)e. The linear mapping

Try: BH®K) = B(H), A~ ) VAV (2.27)

is called partial trace over the second factor. The reason for that is the
formula
Tr(X®Y)=XTrY. (2.28)

The conditional expectation follows and the partial trace is actually a condi-
tional expectation up to a constant factor. O

Example 2.51 The trace Tr : M;(C) — C is completely positive if Tr ®id,, :
M (C) ® M,,(C) — M, (C) is a positive mapping. However, this is a partial
trace which is known to be positive (even completely positive).

It follows that any positive linear functional ¢ : M, (C) — C is completely
positive. Since ¥(A) = Tr DA with a certain positive D, v is the composition
of the completely positive mappings A — DY2AD'? and Tr. O

Example 2.52 Let £ : M,, — M, be a positive linear mapping such that
E(A) and £(B) commute for any A, B € M,,. We want to show that & is
completely positive.
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Any two self-adjoint matrices in the range of £ commute, so we can change
the basis such that all of them become diagonal. It follows that £ has the

form
E(A) =D il A) By,

where Ej; are the diagonal matrix units and 1); are positive linear functionals.
Since the sum of completely positive mappings is completely positive, it is
enough to show that A — ¥ (A)F is completely positive for a positive func-
tional ¢ and for a positive matrix F'. The complete positivity of this mapping
means that for an m x m block-matrix X with entries X;; € M,,, if X > 0
then the block-matrix [1)(X;;)F]}';_; should be positive. This is true, since
the matrix [1)(X;;)]}';—; is positive (due to the complete positivity of ¢). O

Example 2.53 A linear mapping £ : My — M is defined by the formula

| 1+z -1y l4+vz ax—ify
lr4iy 1—2z ar+ify 1 -7z

with some real parameters «, 3, 7.

The condition for positivity is

It is not difficult to compute the representing block-matrix, we have

1+~ 0 0 a+p
1 0 l—y a-p 0
2 0 a—pF 1—v 0

a+f 0 0 1+~

This matrix is positive if and only if

144> ot (2.29)

In quantum information theory this mapping £ is called Pauli channel.
O

Example 2.54 Fix a positive definite matrix A € M, and set
Ta(K) = / (t+ A K+ A)dt (K € M,).
0

This mapping T4 : M,, — M, is obviously positivity preserving and approxi-
mation of the integral by finite sum shows also the complete positivity.
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If A= Diag(A1, A2, ..., \,), then it is seen from integration that the entries
of Ty(K) are

_ log A\; —log \;

Ai — Aj 7
Another integration gives that the mapping

1

a: L — / ATLAYE dt

0
acts as N
L))y = — 420 ..
(L)) log A\; —log \; "
This shows that .

T ML) = / A'LA™ dt.
0

To show that Tgl is not positive, we take n = 2 and consider

A — A
A 1 2

T_l 1 1 . log )\1 — lOg )\2
A1 1] AL — Ay \
log Ay — log Ay 2

The positivity of this matrix is equivalent to the inequality

VA, > A= o

between the geometric and logarithmis means. The opposite inequality holds,
see Example 5.22, therefore T, is not positive. O

The next result tells that the Kraus representation of a completely
positive mapping is unique up to a unitary matrix.

Theorem 2.55 Let £ : M,,(C) — M,,,(C) be a linear mapping which is rep-
resented as

k k
E(A) =) VAV and  E(A) =) WAW;.
t=1 t=1

Then there ezists a k X k unitary matriz [cy,] such that

W, = thuVu.
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Proof: Let x; be a basis in C™ and y; be a basis in C". Consider the
vectors

vy = Z:cl ®Viy; and w:= Z:cl ® Wy; .
i, 1,
We have
o) (vl = D i) (wer| © Vily,) (e [Vi0
4,5,¢,5"
and

Jwe) (wel = Y Jwid{a] @ Wily;)(yy W7
i7j,i/7j/

Our hypothesis implies that
Z |ve) (ve| = Z |we) (we| -
t t

Lemma 1.24 tells us that there is a unitary matrix [cy,] such that

W, = Z CuVu -

u

This implies that
(il Wily;) = (] thuvu|yj>

for every ¢ and j and the statement of the theorem can be concluded. 0

2.7 Notes and remarks

Theorem 2.5 is from the paper J.-C. Bourin and E.-Y. Lee, Unitary orbits of
Hermitian operators with convex or concave functions, Bull. London Math.
Soc., in press.

The Wielandt inequality has an extension to matrices. Let A be an
n X n positive matrix with eigenvalues \;y > Xy > --- > \,. Let X and Y be
n X p and n X ¢ matrices such that X*Y = 0. The generalized inequality is

A=A
X*AY (Y*AY) Y*AX < ( Al A”) X*AX,
1 n
where a generalized inverse (Y*AY)~ is included: BB~ B = B. See Song-Gui
Wang and Wai-Cheung Ip, A matrix version of the Wielandt inequality and

its applications to statistics, Linear Algebra and its Applications, 296(1999)
171-181.
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The lattice of ortho-projections has applications in quantum theory. The
cited Gleason theorem was obtained by A. M. Gleason in 1957, see also R.
Cooke, M. Keane and W. Moran: An elementary proof of Gleason’s theorem.
Math. Proc. Cambridge Philos. Soc. 98(1985), 117-128.

Theorem 2.27 is from the paper D. Petz and G. Téth, Matrix variances
with projections, Acta Sci. Math. (Szeged), 78(2012), 683-688. An extension
of this result is in the paper Z. Léka and D. Petz, Some decompositions of
matrix variances, to be published.

Theorem 2.33 is the double commutant theorem of von Neumann from
1929, the original proof was for operators on an infinite dimensional Hilbert
space. (There is a relevant difference between finite and infinite dimensions,
in a finite dimensional space all subspaces are closed.) The conditional ex-
pectation in Theorem 2.34 was first introduced by H. Umegaki in 1954 and
it is related to the so-called Tomiyama theorem.

The maximum number of complementary MASAs in M,,(C) is a popular
subject. If n is a prime power, then n+1 MASAs can be constructed, but n =
6 is an unknown problematic case. (The expected number of complementary
MASAs is 3 here.) It is interesting that if in M,,(C) n MASAs exist, then
n = 1is available, see M. Weiner, A gap for the maximum number of mutually
unbiased bases, http://xxx.uni-augsburg.de/pdf/0902.0635.

Theorem 2.39 is from the paper H. Ohno, D. Petz and A. Szanté, Quasi-
orthogonal subalgebras of 4 x 4 matrices, Linear Alg. Appl. 425(2007),
109-118. It was conjectured that in the case n = 2% the algebra M, (C)
cannot have Nj := (4% — 1)/3 complementary subalgebras isomorphic to My,
but it was proved that there are N, — 1 copies. 2 is not a typical prime
number in this situation. If p > 2 is a prime number, then in the case n = p*
the algebra M, (C) has Ny := (p?** — 1)/(p? — 1) complementary subalgebras
isomorphic to M, see the paper H. Ohno, Quasi-orthogonal subalgebras of
matrix algebras, Linear Alg. Appl. 429(2008), 2146-2158.

Positive and conditionally negative definite kernel functions are well dis-
cussed in the book C. Berg, J.P.R. Christensen and P. Ressel: Harmonic
analysis on semigroups. Theory of positive definite and related functions.
Graduate Texts in Mathematics, 100. Springer-Verlag, New York, 1984. (It
is remarkable that the conditionally negative definite is called there negative

definite.)
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2.8 Exercises

1. Show that
A B
B* C
if and only if B = AY2ZC"? with a matrix Z with || Z| < 1.

E

2. Let X, U,V € M, and assume that U and V' are unitaries. Prove that

I U X
ur I V{>0
X v I

if and only if X = UV
3. Show that for A, B € M, the formula

I A]7'[AB 0][1 A] [0 0
0 I B 0|0 I| |B BA
holds. Conclude that AB and BA have the same eigenvectors.
4. Assume that 0 < A € M,,. Show that A + A~! > 21.

(A, B
=13 4

Show that det A < det A; x det A,.

5. Assume that
> 0.

6. Assume that the eigenvalues of the self-ajoint matrix

A B
B C
are \; < Ay < ...\, and the eigenvalues of A are f; < s < --- < [3,,.

Show that
Ai <Bi < ANign—m-

7. Show that a matrix A € M, is irreducible if and only if for every
1 <i,7 < n there is a power k such that (A"“)Z-j #0.

8. Let A,B,C,D € M,, and AC = C'A. Show that

det {A B} =det(AD — CB).

C D
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10.
11.

12.

13.

14.

15.

16.

17.

18.
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. Let A, B,C € M, and

A B
(4 250

Show that B¥o B < Ao C.
Let A, B € M,,. Show that A o B is a submatrix of A ® B.

Assume that P and @) are projections. Show that P < @) is equivalent
to PQ = P.

Assume that Py, P, ..., P, are projections and P, + P, +---+ P, = I.
Show that the projections are pairwise orthogonal.

Let Ay, Ag, -+, Ay € M and A) + Ay + ... + Ay = 1. Show that the
following statements are equivalent:

(1) All operators A; are projections.
(2) For all i # j the product A;A; = 0 holds.
(3) rank (A;) + rank (Ag) + - - - + rank (4;) = n.

Let U|A| be the polar decomposition of A € M,. Show that A is normal
if and only if U|A| = |A|U.

The matrix M € M, (C) is defined as
Mij = Hlln{l,]}
Show that M is positive.

Let A € M, and the mapping S4 : M, — M, is defined as S4 : B —
Ao B. Show that the following statements are equivalent.

(1) A is positive.

(2) Sa:M, — M, is positive.

(3) S4: M, — M, is completely positive.

Let A, B,C be operators on a Hilbert space H and A,C > 0. Show
that p
B
[B* C] =0
if and only if [(Bz,y)| < (Ay,y) - (Cz,x) for every x,y € H.

Let P € M, be idempotent, P> = P. Show that P is an ortho-
projection if and only if ||P|| < 1.
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20.

21.

22.

23.

24.

25.
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Let P € M, be an ortho-projection and 0 < A € M,,. Show the
following formulae:

[P(A%) < ([PIA)?,  ([PJA)Y2 < [P)(AY?),  [P)(ATY) < ([P]A).
Show that the kernels
b(z,y) = cos(z —y), cos(z® —y®), (1+]z—y|)™
are positive semidefinite on R x R.
Show that the equality
AV(BANC)=(AVB)AN(AV ()
is not true for ortho-projections.

Assume that the kernel ¢ : X x X — C is positive definite and ¢ (z, z) >
0 for every x € X. Show that

Bay) = 208

is positive definite kernel.

Assume that the kernel ¢ : X x X — C is negative definite and ¢ (x, z) >
0 for every x € X. Show that

log(1+ ¢ (x,y))
is negative definite kernel.

Show that the kernel ¢(z,y) = (sin(z — y))? is negative semidefinite on
R x R.

Show that the linear mapping &, ,, : M,, = M, defined as

I
Epn(A)=pA+(1—p)-TrA. (2.30)
n
is completely positive if and only if

<p<l.
nt_1-P=
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27.

28.

29.
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31.

32.

33.
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Show that the linear mapping £ : M,, — M, defined as

£(D) = —— (T (D)I — D)

n—1

is completely positive unital mapping. (Here D' denotes the transpose
of D.) Show that £ has negative eigenvalue. (This mapping is called
Holevo—Werner channel.)

Assume that € : M,, — M, is defined as

E(A) = 11UﬁA—A)

/rL —
Show that £ is positive but not completely positive.

Let p be a real number. Show that the mapping &, : My — M defined
as

I
Epa(A) =pA+(1-— p)§TrA

is positive if and only if —1 < p < 1. Show that &,, is completely
positive if and only if —1/3 < p < 1.

Show that [|(f1, f2)II> = [Lf1ll* + Il f2II.
Give the analogue of Theorem 2.1 when C' is assumed to be invertible.

Let 0 < A < I. Find the matrices B and C such that

El

is a projection.

Let dimH =2 and 0 < A, B € B(H). Show that there is an orthogonal

basis such that
a 0 ¢ d
= h) =0

with positive numbers a, b, c,d,e > 0.

Let

A B
=l 4]
and assume that A and B are self-adjoint. Show that M is positive if

and only if —A < B < A.
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34.

35.

36.

37.

38.

39.
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Determine the inverses of the matrices

a b ¢ d

a —b -b a —-d c
A:{b a} and B= —c d a b
—d ¢ —=b a

Give the analogue of the factorization (2.2) when D is assumed to be
invertible.

Show that the self-adjoint invertible matrix

A B C
B* D 0
cr 0 F

has inverse in the form

Q1 —p —R
—p* DYI+BP) D'BR |,
~R*  R*BD'  EYI+C*R)

where

Q=A—-BD'B*—CE'C", P=Q'BD™, R=Q'CE™
Find the determinant and the inverse of the block-matrix

A 0

a 1]°
Let A € M, be an invertible matrix and d € C. Show that

A b| 1
det {c d]—(d—cA b)det A

t

where ¢ = [c1,...,¢,) and b = [by, ..., n,]"

Show the concavity of the variance functional p — Var,(A) defined in
(2.11). The concavity is

Var,(A) > Z A\iVar, (A) if p= Z \ipi

when A\; > 0and ), \; = 1.
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40. For x,y € R3 and

3 3
xr- o .= E xT;05, Yo = E Y;0;
i=1 i=1

show that
(x-0)(y-o)=(x,y)o0 +i(x X y) -0, (2.31)

where 2 x ¥ is the vectorial product in R3.



Chapter 3

Functional calculus and
derivation

Let A € M,(C) and p(z) := >, ¢;z* be a polynomial. It is quite obvious that
by p(A) one means the matrix Y, ¢;A*. So the functional calculus is trivial for
polynomials. Slightly more generally, let f be a holomorphic function with
the Taylor expansion f(z) = Y 72, ck(z — a)*. Then for every A € M, (C)
such that the operator norm [|A — al|| is less than radius of convergence of
f, one can define the analytic functional calculus f(A) := > 7 cx(A — al)".
This analytic functional calculus can be generalized by the Cauchy integral:

) = 5 [ FEGT =) a:

if f is holomorphic in a domain G containing the eigenvalues of A, where I is
a simple closed contour in G surrounding the eigenvalues of A. On the other
hand, when A € M,,(C) is self-adjoint and f is a general function defined on
an interval containing the eigenvalues of A, the functional calculus f(A) is
defined via the spectral decomposition of A or the diagonalization of A, that

is,
k

F(A) =" f(as) P = UDiag(f(M), .., f(A))U”

i=1

for the spectral decomposition A = Zle «; P; and the diagonalization A =
UDiag(A1, ..., A,)U*. In this way, one has some types of functional calculus
for matrices (also operators). When different types of functional calculus can
be defined for one A € M, (C), they are the same. The second half of this
chapter contains several formulae for derivatives

d
I (A1)

104
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and Fréchet derivatives of functional calculus.

3.1 The exponential function

The exponential function is well-defined for all complex numbers, it has a
convenient Taylor expansion and it appears in some differential equations. It
is important also for matrices.

The Taylor expansion can be used to define e for a matrix A € M,,(C):

oo An
A
e’ = EO e (3.1)

Here the right-hand side is an absolutely convergent series:

o.0] o

[AI™ _ jay
> <D =
n=0

n=0
The first example is in connection with the Jordan form.

An

n!

Example 3.1 We take

a 1 0 O
0O a 1 0

A= 00 a 1 =al + J.
0 0 0 a

Since I and J commute and J™ = 0 for m > 3, we have

an—3 J3

—1 —1 -2
An:anl+nan—1j+n(n2 )an—2J2+n<n 2);71 )

and

iﬁ = ia—nl+iﬂj+li a"? J2+_Z 78
n! “— nl “—~ (n—1)! 24~ (n—2) 6~ (n—3)!

n=0
1 1
= e'I+e'J+ éeaJ2 + ée“ﬁ. (3.2)
So we have
11 1/2 1/6
01 1 1/2
A a
7% o o0 1 1
0 0 O 1
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If B=SAS™!, then e = SeAS—1.

Note that (3.2) shows that e is a linear combination of I, A, A%, A3. (This
is contained in Theorem 3.6, the coefficients are specified by differential equa-
tions.) O

Example 3.2 It is a basic fact in analysis that

e’ = lim <1 + g>n
n

n—oo

for a number a, but we have also for matrices:

et = lim <I+ é) . (3.3)
n

n—o0

This can be checked similarly to the previous example:

1 n
et = lim (I (1 + E) + —J) .
n— 00 n n

From the point of view of numerical computation (3.1) is a better for-
mula, but (3.3) will be extended in the next theorem. (An extension of the
exponential function will appear later in (6.47).) O

An extension of the exponential function will appear later (6.47).

Theorem 3.3 Let

Then
lim T, (A) = lim T),,(A) = e

m—0o0 n—oo
Proof: The matrices B = e and
m 1 k
=35 (3)
k=0

commute, so

et —Tpn(A)=B"—T"=(B-T)B" ' +B" T +---+ T "),
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We can estimate:

le? = Tonw(A)| < B = Tlln x max{|| B |T|"" : 0<i<n—1}

LA LAl

Since ||T']| < e= and ||B]| <e™» , we have

n—1

le* = Ton(A)]| < nflew — Tl 141,

By bounding the tail of the Taylor series,

m+1
e = Tunl D < iy (”A”) AL at g
m ! n

converges to 0 in the two cases m — oo and n — oc. U

Theorem 3.4 If AB = BA, then
etATD) — tA tB (t e R). (3.4)
If this equality holds, then AB = BA.

Proof: First we assume that AB = BA and compute the product e4e? by
multiplying term by term the series:

1
A B __ m pn
e“e” = Zo—m!n‘A B
Therefore,
=1
et = Z Eok’
k=0
where

Due to the commutation relation the binomial formula holds and Cj, = (A +
B)*. We conclude

elef = Z l(A + B)*

FON

which is the statement.

Another proof can be obtained by differentiation. It follows from the
expansion (3.1) that the derivative of the matrix-valued function ¢ ~— e/

defined on R is et A:

Ot = A = A (3.5)
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Therefore,

%emecm _ A Ot L A L C—tA _
if AC = CA. Tt follows that the function t — ef4e®~*4 is constant. In
particular,

If we put A + B in place of C, we get the statement (3.4).
The first derivative of (3.4) is

etA-i—tB(A + B) — etAAetB + etAetBB
and the second derivative is
etA-i-tB(A + B)2 — etAAQGtB + etAAetBB + etAAetBB + etAetBBQ.
For t = 0 this is BA = AB. O

Example 3.5 The matrix exponential function can be used to formulate the
solution of a linear first-order differential equation. Let

.T1<t) X1

i) t )
x(t) = ( ) and  xo=

(1) Tp

The solution of the differential equation
z(t) = Ax(t), z(0) = xo

is 2(t) = ez due to formula (3.5). O

Theorem 3.6 Let A € M, with characteristic polynomial
p(AN) =det(\ — A) = X"+ ¢ NP4 e h o

Then
e = a2o(t) ] + 2 (A + -+ 21 (DA™,
where the vector
x(t) = (xo(t), z1(t), ..., xn_1(t))
satisfies the nth order differential equation

2™ () 4+ ") 4+’ (t) o =0
with the initial condition
28 (0) = (00, ..., 0*=D 1" o*+tD o)
for0<k<n-—1.
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Proof: We can check that the matrix-valued functions
Fi(t) = 2o(t)] + 21 (1) A+ -+ 2, 1 ()A™!
and Fy(t) = e satisfy the conditions
FO) + e FO V() 4 F e F'(H) + ¢oF(t) = 0

and

F(O) = ]’ F’(O) — A’ --.,F(n_l)(()) _ An_l'
Therefore F| = F5. .

Example 3.7 In case of 2 x 2 matrices, the use of the Pauli matrices

0 1 0 —i 10
ol 7 EN S S Rl e

is efficient, together with I they form an orthogonal system with respect to
Hilbert-Schmidt inner product.

Let A € M3* be such that
A = c101 + c09 + 303, c? + cg + c§ =1

in the representation with Pauli matrices. It is simple to check that A? = I.
Therefore, for even powers A?" = I, but for odd powers A?**! = A. Choose
¢ € R and combine the two facts with the knowledge of the relation of the
exponential to sine and cosine:

X nonAn
A i"c"A
€ fr—y

Z n!

n=0
e (_1)nc2nA2n . 0 (_1)n02n+1A2n+1 o

= i = (cosc)l +i(sinc)A
— (2n)! nz:zo (2n +1)!

A general matrix has the form C' = ¢yl + cA and
€'¢ = e (cos ¢)I 4 1€ (sin ¢) A.

(e¢ is similar, see Exercise 13.) O

The next theorem gives the so-called Lie-Trotter formula. (A general-
ization is Theorem 5.17.)
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Theorem 3.8 Let A, B € M,,(C). Then

. n
eAJrB — lim (eA/meB/m)
M—00

Proof: First we observe that the identity

n—1
X" —y"r =Y X"'(X -Y)Y
=0
implies the norm estimate
X" =Y <" X - Y| (3.6)

for the submultiplicative operator norm when the constant ¢ is chosen such
that [ X|, [Y]| <.

Now we choose X,, := exp((A 4+ B)/n) and Y,, := exp(A/n)exp(B/n).
From the above estimate we have
X5 = Yol < nul| X = Yo, (3.7)
if we can find a constant u such that || X, ||"™*, [|V,||"~! < u. Since
IXa "~ < Cexp((IANl+ 11B])/m))" ™" < exp(|All + | B)
and
1Yol < (exp(|All/n))" " x (exp([|Bll/n))" " < expl| Al x exp || B

u = exp(||A]| + || B]|) can be chosen to have the estimate (3.7).

The theorem follows from (3.7) if we show that n||X,, — Y,|| — 0. The
power series expansion of the exponential function yields

A+B 1 /A+B\>
Xp=1+ + ( )+

2

A 1 /A\? B 1 /B\?
Ynz(1+—+—(—) —|—...>x<[+—+—<—) +>
n o 2\n n 2\ n

If X,, — Y, is computed by multiplying the two series in Y,,, one can observe
that all constant terms and all terms containing 1/n cancel. Therefore

and

C
I, — Yol < 5

for some positive constant c. 0

If A and B are self-adjoint matrices, then it can be better to reach eA+?

as the limit of self-adjoint matrices.
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Corollary 3.9

Proof: We have
(e% e% e%)n = e_% (eA/neB/n)n 6%
and the limit n — oo gives the result. 0

The Lie-Trotter formula can be extended to more matrices:

H€A1+A2+...+Ak . (eAl/neAg/n . _eAk/n>n”

s%(iHAju)exp(”T”iHAju). (33)

Theorem 3.10 For matrices A, B € M, the Taylor expansion of the function
R >t eAHB s

[e.9]

> A1),

k=0
where Ag(s) =

A and
s t1 te—1
Ar(s) = / dt, / dts - - / dtpes~ABeh—t2)AR .. Betrd
0 0 0

for s € R.

Proof: To make differentiation easier we write
Ag(s) :/ eCTABAL () dty = €SA/ e "ABAL_ 1 (t) dt
0 0

for kK > 1. It follows that

iAk(S) = AGSA/ G_tlABAk_l(tl)dt1+68Ai/ G_tlABAk_l(tl)dtl
ds 0 ds J,

= AAk(S) + BA]C,1<S).
Therefore .
F(s) =Y A(s)
k=0
satisfies the differential equation
F'(s) = (A+ B)F(s), F(0)=1.

Therefore F(s) = e¥4+B) If s = 1 and we write tB in place of B, then we
get the expansion of eA5. O
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Corollary 3.11

2 A+tB

ot©

t=0

1
:/ et Bel=wA gy
0
O

Another important formula for the exponential function is the Baker-
Campbell-Hausdorff formula:

1A, BI+ (A, (4 BI-[B.[4, B])+0(t) (39)

e e? = exp (t(A+B)+ G

where the commutator [A, B] := AB — BA is included.

A function f : RT — R is completely monotone if the nth derivative of
f has the sign (—1)" on the whole R* and for every n € N.

The next theorem is related to a conjecture.

Theorem 3.12 Let A, B € MJ* and let t € R. The following statements are
equivalent:

(i) The polynomial t — Tr (A+tB)P has only positive coefficients for every
A, B >0 and all p € N.

(ii) For every A self-adjoint and B > 0, the function t — Tr exp (A — tB)
is completely monotone on [0,00).

(iii) For every A >0, B> 0 and all p > 0, the function t — Tr (A+tB)™P
is completely monotone on [0,00).

Proof: (1)=(ii): We have
— 1
Tr exp (A —tB) = e 1)~ T (A + (|1 - tB)* (3.10)
k=0

and it follows from Bernstein’s theorem and (i) that the right-hand side is
the Laplace transform of a positive measure supported in [0, 00).

(ii)=-(iii): Due to the matrix equation

(A+tB)? = ﬁ/ooo exp [—u(A + tB)| uP du (3.11)

we can see the signs of the derivatives.
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(iii)=-(i): It suffices to assume (iii) only for p € N. For invertible A we
observe that the rth derivative of Tr (A + tBy) ™7 at t = 0 is related to the
coefficient of ¢ in Tr (A + tB)? as given by (3.39) with A, Ay, B, By related
as in Lemma 3.31. The left side of (3.39) has the sign (—1)" because it is the
derivative of a completely monotone function. Thus the right-hand side has
the correct sign as stated in item (i). The case of non-invertible A follows
from continuity argument. OJ

Laplace transform of a measure p on R* is

o= [Cetdue)  er)

According to the Bernstein theorem such a measure p exists if and only is
f is a completely monotone function.

Bessis, Moussa and Villani conjectured in 1975 that the function t —
Tr exp(A — tB) is a completely monotone function if A is self-adjoint and
B is positive. Theorem 3.12 due to Lieb and Seiringer gives an equivalent
condition. Property (i) has a very simple formulation.

3.2 Other functions

All reasonable functions can be approximated by polynomials. Therefore, it
is basic to compute p(X) for a matrix X € M, and for a polynomial p. The
canonical Jordan decomposition

JuM) 0 0
x=g| 0 M0 e g
0 0  Je ()
gives that
P(Jrs (A1) 0 a 0
p(X)=S5 O Pl ! S~ = Sp(N)SL.
0 0 o P (O)

The crucial point is the computation of (Ji(A))™. Since Ji(A) = A, +Jx(0) =
A, + Ji is the sum of commuting matrices, to compute the mth power, we
can use the binomial formula:

()™ = "L, + i (")xin.
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The powers of J;, are known, see Example 1.15. Let m > 3, then the example

')\m e m(m — DA™ m(m —1)(m — 2)A™3 7
2! 3!
-1 m—2
. 0 A\ m}\mfl m(m >)\
Jy(AN)™ = 2!
0 0 A™ mA™ 1
| O 0 0 A™ _

shows the point. In another formulation,

- Z (3) 7
oy poy 2 )
: p'(A)
D(4(0) = 0 »(N) PN 7
0 0 p(N) PN
| 0 0 0 p(A)

which is actually correct for all polynomials and for every smooth function.
We conclude that if the canonical Jordan form is known for X € M,,, then

f(X) is computable. In particular, the above argument gives the following
result.

Theorem 3.13 For X € M,, the relation
det e* = exp(Tr X)
holds between trace and determinant.
A matrix A € M, is diagonizable if
A = SDiag(A1, A, ..., Ap)ST?
with an invertible matrix S. Observe that this condition means that in

the Jordan canonical form all Jordan blocks are 1 x 1 and the numbers
A1, Ag, ..., A, are the eigenvalues of A. In this case

when the complex-valued function f is defined on the set of eigenvalues of A.
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If the numbers Ay, Ao, ..., A\, are different, then we can have a polynomial
p(x) of order n — 1 such that p(\;) = f(\):

ZH“

Jj=11#j

(This is the so-called Lagrange interpolation formula.) Therefore we have

Z 1T f;‘ _)\)\Ip (3.13)

J=1i#j

(Relevant formulations are in Exercises 14 and 15.)

Example 3.14 We consider the self-adjoint matrix

1tz -yl [1+2 w
S|ty 1—z | | w 1-—2z2

when z,y, 2 € R. From the characteristic polynomial we have the eigenvalues
)\1:1+R and )\2:1—R,

where R = \/x? +y?>+ 22. If R < 1, then X is positive and invertible. The

eigenvectors are

{R—%z} {R—z}
U = _ and Uy = .

w —w
Set

_[1+R 0 _[R+z R—z
R

We can check that XS = SA, hence
X =SAS™

To compute S~ we use the formula
a b1 1 d b
c d| ad—bc|—c a |’

Sfl_ 1 w R—Z
S 2wR|w —R—=z|’

Hence
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It follows that
Xt:at[bt—i—z w ]7

w b — 2
where

(1+R)!—(1-R)
2R ’

ay =

The matrix X/2 is a density matrix and has applications in quantum
theory. O

In the previous example the function f(x) = z' was used. If the eigen-
values of A are positive, then f(A) is well-defined. The canonical Jordan
decomposition is not the only possibility to use. It is known in analysis that

: [e§) )\p,1
o Smﬂpﬁ/o “L —d\ (2 €(0,00)) (3.14)

when 0 < p < 1. It follows that for a positive matrix A we have

sin pmw

AP =

/ NTEAN + A)7Hd (3.15)
0

™

For self-adjoint matrices we can have a simple formula, but the previous
integral formula is still useful in some situations, for example for some differ-
entiation.

Remember that self-adjoint matrices are diagonalizable and they have a
spectral decomposition. Let A = >, \;P; be the spectral decomposition of
a self-adjoint A € M,,(C). (\; are the different eigenvalues and P; are the
corresponding eigenprojections, the rank of P; is the multiplicity of A;.) Then

fFA) =3 F)P: (3.16)

Usually we assume that f is continuous on an interval containing the eigen-
values of A.

Example 3.15 Consider
fi(t) ==max{t,0} and f_(t):=max{—-t,0} for teR.
For each A € B(H)** define

Ay = fi(A) and A_:= f (A).
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Since fi(t), f-(t) >0, fr(t) — f-(t) =t and f(¢)f-(t) =0, we have
AA >0, A=A, —A, A/A =0.

These A, and A_ are called the positive part and the negative part of A,
respectively, and A = A, + A_ is called the Jordan decomposition of A.[]

Let f be holomorphic inside and on a positively oriented simple contour I'
in the complex plane and let A be an n X n matrix such that its eigenvalues
are inside of I'. Then
1
C2mi

f(A): /Ff(z)(zl —A)tdz (3.17)

is defined by a contour integral. When A is self-adjoint, then (3.16) makes
sense and it is an exercise to show that it gives the same result as (3.17).

Example 3.16 We can define the square root function on the set
Ct:={Re®cC:R>0, —7/2 < p<7/2}

as V Re¥ := v/ Rel¥/? and this is a holomorphic function on C*.

When X = S Diag(Ai, X, ..., \,) S™! € M, is a weakly positive matrix,
then Aj, g, ..., A\, > 0 and to use (3.17) we can take a positively oriented
simple contour I" in C* such that the eigenvalues are inside. Then

VX = i/\/z(zf—X)—ldz

2mi
- S(%/F\/ZDiag(l/(z—)\1),1/(2—Ag),...,l/(z—An))dz) St
= SDiag(v/ M, VsV An) ST

O

Example 3.17 The logarithm is a well-defined differentiable function on
positive numbers. Therefore for a strictly positive operator A formula (3.16)

gives log A. Since
1 1

log:p:/ — = dt,
o 14+t x4t

log A :/ Lty a (3.18)
0

we call use

1+1
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If we have a matrix A with eigenvalues out of R™, then we can take the
domain
D={R¥*cC:R>0,-7T<p<T}

with the function Re'¥ — log R+ip. The integral formula (3.17) can be used
for the calculus. Another useful formula is

log A = /1(A —D(HA-D)+ID) " at (3.19)

(when A does not have eigenvalue in R™).

Note that log(ab) = loga + logb is not true for any complex numbers, so
it cannot be expected for (commuting) matrices. 0

Theorem 3.18 If fi and gy are functions (o, 5) — R such that for some
c € R

> cfe(z)grly) =0

k

for every x,y € («a, 8), then

> o Tr fi(A)gu(B) > 0

k

whenever A, B are self-adjoint matrices with spectrum in («, [3).

Proof: Let A=, \;P and B = Zj 1;Q; be the spectral decompositions.
Then

chTrfk<A>gk<B> = ZZCkTI”Pfk )9k (15)Q;
%
= ZTTPQ]ZCkfk gk (1y) >

due to the hypothesis. O

Example 3.19 In order to show an application of the previous theorem,
assume that f is convex. Then

f@) = fy) = (x—y)f'(y) =20

and
Tr f(A) > Tr f(B) + Tr (A — B) f'(B). (3.20)
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Replacing f by —n(t) = tlogt we have
TrAlog A > TrBlog B+ Tr(A— B) + Tr (A — B)log B
or equivalently
Tr A(log A — log B) — Tr (A — B) > 0. (3.21)

The left-hand-side is the relative entropy of the positive matrices A and B.
(The relative entropy S(A| B) is well-defined if ker A C ker B.)

If Tr A =Tr B = 1, then the lower bound is 0.

Concerning the relative entropy we can have a better estimate. If Tr A =
Tr B = 1, then all eigenvalues are in [0,1]. Analysis tells us that for some

§ € (z,y)

1 1
—n(@) + 1Y) + (@ —y'(y) = —5 @ —y)n"() = 5@ —y*  (3.22)
when z,y € [0,1]. According to Theorem 3.18 we have
Tr A(log A — log B) > +Tr (A — B)~. (3.23)

The Streater inequality (3.23) has the consequence that A = B if the
relative entropy is 0. U

3.3 Derivation

This section contains derivatives of number-valued and matrix-valued func-
tions. From the latter one number-valued can be obtained by trace, for ex-
ample.

Example 3.20 Assume that A € M, is invertible. Then A +¢T is invertible
as well for T" € M, and for a small real number ¢. The identity

(A+tT) ' — A = (A+tT) YA - (A+tT) A = —t(A+tT) 'TA ™,
gives
lim ((A ) - A*I) = _ATITA
t—0 t
The derivative is computed at ¢t = 0, but if A + ¢T is invertible, then

%(A +tT) ' = —(A+tT) ' T(A++T)! (3.24)
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by a similar computation. We can continue the derivation:

d2
ﬁ(A +tT) ' = 2A+tT) ' T(A+tT) ' T(A+tT) ', (3.25)

3
%(A+tT)_1 = —6(A+tT) ' T(A+tT) ' T(A+tT) ' T(A+tT)". (3.26)

So the Taylor expansion is
(A+tT)™ = A7 —tAT'TA T 2PATITATITA!
—B3ATITATITATITAT 4.
= ) (=)t AT ATPTAT 2 AT, (3.27)
n=0
Since

(A7) = AV2(L + 1 ATVPT A2 402

we can get the Taylor expansion also from the Neumann series of (I +
tATV2T A=Y/2)=1 see Example 1.8. O

Example 3.21 There is an interesting formula for the joint relation of the
functional calculus and derivation:

A B]\ [f(A) LfA+1tB)
f([o AD_{ 2wl (3.28)
If f is a polynomial, then it is easy to check this formula. OJ

Example 3.22 Assume that A € M, is positive invertible. Then A + ¢T
is positive invertible as well for 7' € M;* and for a small real number £.
Therefore log(A + t7T') is defined and it is expressed as

log(A+tT) = / (z+ 1) — (2] + A+tT) " da.
0
This is a convenient formula for the derivation (with respect to t € R):

%log(A +1tT) = / (x +A)'T(xl + A) dx
0

from the derivative of the inverse. The derivation can be continued and we
have the Taylor expansion

log(A+tT) = logA+ t/ (x+A)'T(x+ A) do
0



3.3. DERIVATION 121

— ¢ /Oo(:c + AT (x+ AT+ A) tdr + - -

= logA—>» (—t)" /Ooo(x + A)7?
%((z + A)VPT( + A) )t A) V2 d

O

Theorem 3.23 Let A, B € M,(C) be self-adjoint matrices and t € R. As-
sume that [ : (a, B) — R is a continuously differentiable function defined on
an interval and assume that the eigenvalues of A+tB are in («, ) for small
t —tog. Then

d

—Tr f(A+1tB) =Tr(Bf'(A+tyB)).

dt t=to

Proof: One can verify the formula for a polynomial f by an easy direct

computation: Tr (A + tB)" is a polynomial of the real variable t. We are
interested in the coefficient of ¢ which is

Tr (A" 'B+ A" 2BA+ -+ ABA" 2 + BA" ') = nTr A"'B.

We have the result for polynomials and the formula can be extended to a
more general f by means of polynomial approximation. O

Example 3.24 Let f : (o, 5) — R be a continuous increasing function and
assume that the spectrum of the self-adjoint matrices A and C' lie in (a, 3).
We use the previous theorem to show that

A< C implies Trf(A) <Trf(C). (3.29)

We may assume that f is smooth and it is enough to show that the deriva-
tive of Tr f(A + tB) is positive when B > 0. (To observe (3.29), one takes
B = C — A.) The derivative is Tr (Bf'(A + tB)) and this is the trace of the
product of two positive operators. Therefore, it is positive. O

For a holomorphic function f, we can compute the derivative of f(A+tB)
on the basis of (3.17), where I' is a positively oriented simple contour satisfying
the properties required above. The derivation is reduced to the differentiation
of the resolvent (zI — (A + tB))~! and we obtain

B 1
=0 27

d

/Ff(z)(zl —A)7'B(zI — A)tdz. (3.30)
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When A is self-adjoint, then it is not a restriction to assume that it is diagonal,
A = Diag(ty,to, . .., t,), and we compute the entries of the matrix (3.30) using
the Frobenius formula

it ) = L= W) i/r € A

tl' — tj 21 — tl)(Z — tj)
Therefore,
1 1 1 t) — f(t;
2mi T Z—ti Z—tj tl—tj

A C" function can be approximated by polynomials, hence we have the fol-
lowing result.

Theorem 3.25 Assume that f : (a,3) — R is a C' function and A =
Diag(ty, ta,...,t,) with a < t; < p (1 < i < n). If B = B*, then the
derivative t — f(A+tB) is a Hadamard product:

d
G f(A+1B)| =DoB, (3.31)

where D is the divided difference matriz,

f(t) — F(&5) i ti—t £0
Dy = ti —tj T (3.32)

Let f: (o, ) — R be a continuous function. It is called matrix mono-

tone if
A< C implies f(A) < f(C) (3.33)

when the spectra of the self-adjoint matrices B and C' lie in («, ).

Theorem 2.15 tells us that f(x) = —1/z is a matrix monotone function.
Matrix monotonicity means that f(A+tB) is an increasing function when B >
0. The increasing property is equivalent to the positivity of the derivative.
We use the previous theorem to show that the function f(z) = v/« is matrix
monotone.

Example 3.26 Assume that A > 0 is diagonal: A = Diag(ty,ts,...,t,).
Then derivative of the function /A + ¢tB is D o B, where
1
1
2Vt

if t;—t; #0,
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This is a Cauchy matrix, see Example 1.41 and it is positive. If B is positive,
then so is the Hadamard product. We have shown that the derivative is
positive, hence f(x) = \/x is matrix monotone.

The idea of another proof is in Exercise 28. O

A subset K C M, is convex if for any A, B € K and for a real number
0<A<l1
M+ (1-N)BeK.

The functional F' : K — R is convex if for A, B € K and for a real number
0 < A <1 the inequality

FOAA+(1-=MNB)<AF(A)+(1-\NF(B)
holds. This inequality is equivalent to the convexity of the function

G:[0,1] =R, G\ :=F(B+XA-DB)).

It is well-known in analysis that the convexity is related to the second deriva-
tive.

Theorem 3.27 Let K be the set of self-adjoint n x n matrices with spectrum
in the interval (a, 8). Assume that the function f : (o, ) — R is a convex
C? function. Then the functional A — Tr f(A) is conver on K.

Proof: The stated convexity is equivalent to the convexity of the numerical
functions

t—=Tr f(tX; + (1 —6)X2) = Tr (Xo + t(X; — X2)) (t €10, 1)).

It is enough to prove that the second derivative of ¢ — Tr f(A-+tB) is positive
at t = 0.

The first derivative of the functional ¢ — Tr f(A+tB) is Tr f'(A+tB)B.
To compute the second derivative we differentiate f’'(A+tB). We can assume
that A is diagonal and we differentiate at t = 0. We have to use (3.31) and

get
d f't:) = f'(15)
bﬁ(‘% hOL t—t; Y
Therefore,
d? d
—Tr f(A+tB = Tr|—f'(A+tB B
dt? rfA+ )t:0 g [dtf< + )tzo}




124 CHAPTER 3. FUNCTIONAL CALCULUS AND DERIVATION

d /
- S[drarin]_ )5
_ f'(t) = f'(t)

= > (sw) 1 Bisl’,
i,k

where sy, is between ¢; and t;. The convexity of f means f”(s;;) > 0, hence
we conclude the positivity. O

Note that another, less analytic, proof is sketched in Exercise 22.

Example 3.28 The function

| —zlogx it 0<ux,
77(33)_{0 it =0

is continuous and concave on R*. For a positive matrix D > 0
S(D) :=Trn(D) (3.34)

is called von Neumann entropy. It follows from the previous theorem
that S(D) is a concave function of D. If we are very rigorous, then we cannot
apply the theorem, since n is not differentiable at 0. Therefore we should
apply the theorem to f(x) := n(x+¢), where € > 0 and take the limit ¢ — 0.

O

Example 3.29 Let a self-adjoint matrx H be fixed. The state of a quantum
system is described by a density matrix D which has the properties D > 0
and Tr D = 1. The equilibrium state is minimizing the energy

F(D) =Tt DH — %S(D),

where [ is a positive number. To find the minimizer, we solve the equation

9 p(D+x)

=0
ot

t=0

for self-adjoint matrices X with property Tr X = 0. The equation is

1 1
TT X | H+ —1o D+—I):O
( BT 5
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and

1 1
H+ —=logD+ =1
B B

must be c/. Hence the minimizer is
e BH
= T o
which is called Gibbs state. 0

(3.35)

Example 3.30 Next we restrict ourselves to the self-adjoint case A, B €
M, (C)** in the analysis of (3.30).

The space M,,(C)** can be decomposed as M 4 & M7, where M4 := {C €
M., (C)* : CA = AC} is the commutant of A and M7 is its orthogonal com-
plement. When the operator Ly : X — i(AX — X A) = i[A, X] is considered,
M 4 is exactly the kernel of Ly, while M7 is its range.

When B € M4, then

L - S 2)(zI — A)?dz = Bf’
s | PO BGT Ay i = o= [ e - 4) s = BrA)
and we have

d /

%ﬂA +tB) o Bf'(A). (3.36)

When B = i[A, X] € M7, then we use the identity
(21 = A) A, X) (2 = A)™" = (2] — A, X]
and we conclude

C Al X])| = il7(4), X]. (3.37)

t=0

To compute the derivative in an arbitrary direction B we should decompose
B as By ® By with B; € M4 and B, € M%. Then

%ﬂA + tB)‘ = Bif'(A) +i[f(4), X], (3.38)

t=0

where X is the solution of the equation By = i[A, X]. O

Lemma 3.31 Let Ay, By € MJ* and assume Ay > 0. Define A = Agl and
B = A61/2BOA51/2, and let t € R. For all p,r € N

T

d
%TI' (A(] + tBo)ip

p d’ +
= 1) —Tr(A+tB)P™ . 3.39
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Proof: By induction it is easy to show that

d" ‘ '
%(A—l-tB)p*T:r! Z (A—f‘tB)“B-'-B(A—l—tB)“H _

0<iqsereyip g 1<D
2jij=p

By taking the trace at t = 0 we obtain

T

d
I, = —Tr(A+tB)"t"

™ =rl Y TrA"B...BA"

t=0 0<iq, . yip 11 <P
325 ij=p

Moreover, by similar arguments,

d" ' '
%(Ao +tBy) P = (—1)"r! Z (Ag+tBy) By - - By(Ag + tBy) "+t

1<y, oyipy 1 <P
>jij=pt+r

By taking the trace at t = 0 and using cyclicity, we get

T

IQ = d—Tl" (AO + tBQ)_p

o = (-1t ) TrAA"B...BA™

t=0 0<iq,menyipy 1 <p—1

We have to show that

To see this we rewrite I; in the following way. Define p + r matrices M; by

M — B for1<j<r
TV A forr+1<j<r+p.

Let S,, denote the permutation group. Then

ptr

1
p =

TESp1r

Because of the cyclicity of the trace we can always arrange the product such
that M., has the first position in the trace. Since there are p + r possible
locations for M, to appear in the product above, and all products are
equally weighted, we get

p+r—1

=205 mA [ Mag) -

|
p TESpyr—1 j=1




3.4. FRECHET DERIVATIVES 127

On the other hand,

p+r—1

S|
j=1

TESp4r—1

so we arrive at the desired equality. O

3.4 Fréchet derivatives

Let f be a real-valued function on (a,b) C R, and we denote by M’*(a, b) the
set of all matrices A € M* with 0(A) C (a,b). In this section we discuss the
differentiability property of the matrix functional calculus A — f(A) when
A € M#*(a,b).

The case n = 1 corresponds to differentiation in classical analysis. There
the divided differences is important and it will appear also here. Let

x1,Za, ... be distinct points in (a,b). Then we define
x1) — f(x
f[o} [21] == f(x1), f“][$1,9€2] = —f( D) = J ()
1 — X2
and recursively forn =2,3,...,
[n—1] _ f£ln—1]
ey, 29, ] = S s e @l = SR T ],
Ty — Tnt1

The functions fIU, f? and f" are called the first, the second and the nth
divided differences, respectively, of f.

From the recursive definition the symmetry is not clear. If f is a C™-
function, then

f[n] [.To, L1y ... ,SL’n] = / f(n)(tol’o -+ tll’l + e+ tnxn) dtldtz cee dtn, (340)

S
where the integral is on the set S := {(t1,...,t,) e R" : ¢, >0, > .t; < 1}
and tg = 1 — > ¢;. From this formula the symmetry is clear and if zy =

ry =---=x, = then

fg, 21, ... 2] = : (3.41)

Next we introduce the notion of Fréchet differentiability. Assume that
mapping F : M, < M, is defined in a neighbourhood of A € M,,. The
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derivative Of(A) : M, — M,, is a linear mapping such that

[F(A+ X) = F(A) = dF(A) (X))l
X112

where |[|-||2 is the Hilbert-Schmidt norm in (1.8). This is the general definition.
In the next theorem F'(A) will be the matrix functional calculus f(A) when
f:(a,b) - R and A € M?*(a,b). Then the Fréchet derivative is a linear
mapping f(A) : M — M?* such that

1f(A+ X) = F(A) = 0f (AKXl
X[

— 0 as X €M, and X — 0,

— 0 as X e M and X — 0,

or equivalently
f(A+X) = f(A) + 0f(A)(X) + o([| X]]2)-

Since Fréchet differentiability implies Gataux (or directional) differentiability,
one can differentiate f(A + ¢tX) with respect to the real parameter ¢ and
f(A+1X) - f(A)
t

— 0f(A)(X) as t—0.

This notion is inductively extended to the general higher degree. To do
this, we denote by B((M3*)™, M>*) the set of all m-multilinear maps from
(Mp#)™ := M* x --- x M3* (m times) to M2®, and introduce the norm of
d € B((Ms*)™ M3%) as

|3 = sup{H(I)(Xl, o Xl Xy €M | Xilla <1, 1<i < m}. (3.42)

Now assume that m € N with m > 2 and the (m — 1)th Fréchet derivative
O™ 1 f(B) exists for all B € M?*(a,b) in a neighborhood of A € M?*(a,b).
We say that f(B) is m times Fréchet differentiable at A if 9™ ! f(B) is
one more Fréchet differentiable at A, i.e., there exists a

0" f(A) € BOM,", B(MG")™ ™1, M) = B((M;")™, M)
such that
[0 f(A+ X) = 0™ f(A) — 0 f(AX)
Xl
with respect to the norm (3.42) of B((M:%)™~! M:¢). Then 0™ f(A) is called
the mth Fréchet derivative of f at A. Note that the norms of M’* and
B((Mz*)™ M:*) are irrelevant to the definition of Fréchet derivatives since

the norms on a finite-dimensional vector space are all equivalent; we can use
the Hilbert-Schmidt norm just for convenience.

— 0as X € M* and X — 0,
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Example 3.32 Let f(x) = 2* with k € N. Then (A + X)* can be expanded
and 0f(A)(X) consists of the terms containing exactly one factor of X:

k—1
Of(A)(X) =) A"X A
u=0
To have the second derivative, we put A+ Y in place of A in df(A)(X) and
again we take the terms containing exactly one factor of Y:

P f(A)(X,Y)
k=1 fu—1 k—1 k—2—u

_ (Z AUYAu1v> XAkflfu +ZAUX ( Z AUYAk2uv> .
u=0 \v=0 u=0 v=0

The formulation

PRA) (XL, Xo) = D ) AX, A Xy A”

utv+w=n—2 7w

is more convenient, where u,v,w > 0 and 7 denotes the permutations of

{1,2}. O

Theorem 3.33 Let m € N and assume that f : (a,b) — R is a C™-function.
Then the following properties hold:

(1) f(A) is m times Fréchet differentiable at every A € M?*(a,b). If the
diagonalization of A € M3%(a,b) is A = UDiag(\y,..., \,)U*, then the
mth Fréchet derivative O™ f(A) is given as

I (A Xy, ..., Xn) NG Xy Mo A

I
-
=
NE

n

X Z (X;r(l))ikl(X;r(Q))kllﬁ T (X;r(m—l))k'm—2k'm—l(X;T(m))k?mflj U
7€Sm =1

for all X; € M3 with X! = U*X;U (1 <i<m). (S, is the permuta-

tions on {1,...,m}.)

(2) The map A — 0™ f(A) is a norm-continuous map from M:3%(a,b) to
B((M5)™, M)
(3) For every A € M*(a,b) and every Xy, ..., X, € M,
8m

ti=-=tm=0
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Proof: When f(x) = 2%, it is easily verified by a direct computation that
O™ f(A) exists and

o™ f(A) (X1, Xom)
- > D ACX o) AN X A s AT Xy A

U, U 5eees U, >0 7|—€Sm
ugt+uy+-t+um=k—m

see Example 3.32. (If m > k, then 0™ f(A) = 0.) The above expression is
further written as

)RS LI I DR DR
k1

UQ U 5eees um, >0 TESm
ug+ul+...+um=k—m

n

X (X;r(l))zkl (X7/r(2))k1k2 T (X7/T(m1))km2km1(X7/T(m))kmlj:| U

ij=1
ol X (0 )
k1 =

..... km—1=1 UQ,UT 5+ Um >0
ugt+uy+-t+um=k—m

n

XY (X ik (X hrks - (X;(m_n)kmgkml(X;(m))kmm} U

i.j=1

:U{ > I A A A
k1

n

XY (XL it (Xl ks (X;(m_n)kmgkml(X;(m))kmm} U

TESm 1,j=1

by Exercise 31. Hence it follows that 0™ f(A) exists and the expression in (1)
is valid for all polynomials f. We can extend this for all C" functions f on
(a,b) by a continuity argument, the details are not given.

In order to prove (2), we want to estimate the norm of 0™ f(A)(Xy, ..., Xn)
and it is convenient to use the Hilbert-Schmidt norm

1/2
X2 == (Z |Xz‘j\2> :
i

If the eigenvalues of A are in the interval [c,d] C (a,b) and
C = sup{|f™(x)] : ¢ < z < d},
then it follows from the formula (3.40) that

m C
|f[ }I:)\i7)\kl7"'7)\km_17)\j:|| < ﬁ
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Another estimate we use is |(X])u0]? < || Xi]|3- So

C n
H@mf(A)(Xh---,Xm)HzS%<Z( Z >

=1 Nki,..., km_1=1 TE€Sm

2\ 1/2
(X s (Xt - (X 1))t ;(m»km_lﬂ) )

C n 2\ 1/2
SQ(Z( Z > X lell Xl ||X7r<m>||2) )

1,]=— 1 Mkg,..., m 1= 1 7T€Sm
< On™|| Xy l2 HX2H2 [ X2
This implies that the norm of 9™ f(A) on (M;*)™ is bounded as
[0™ FLA)]| < Cn™. (3.43)

Formula (3) comes from the fact that Fréchet differentiability implies
Gataux (or directional) differentiability, one can differentiate f(A + t1.X; +
ot Xo) as

am
—  f(A+t, X . ¢
Ot - - ~atmf< thirdeet ) bty =0
8m
=——O0f(A+t: X+ -+ tm1 Xme1) (Xon
Oty - Oty JA+BX A ! D) (Xm) ty ==ty _1=0

— 9" F(AY(X1, ..., Xo).
O

Example 3.34 In particular, when f is C' on (a,b) and A = Diag(\, ..., \,)
is diagonal in M**(a, b), then the Fréchet derivative 0f(A) at A is written as

OF(A)X) = [ Aoy 0 X,

where o denotes the Schur product, this was Theorem 3.25.

When f is C? on (a,b), the second Fréchet derivative 0°f(A) at A =
Diag(A1, ..., Ay) € M5%(a,b) is written as

n

PHANX,Y) = [Z £ 00, s Ag) (XY + Vi Xiy)

ij=1
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Example 3.35 The Taylor expansion

fA+X) = f(A) + D 0" FA)XW, . XD) +of|| Xl

k=1

A~|._

has a simple computation for a holomorphic function f, see (3.17):

fA+X) = 2% /F f()zl —A—X)"dz.
Since
2l —A—X = (2 — A)VHI = (21 — A)7V2X (20 — A)7V2) (2] — AV,
we have the expansion

(2l —A—X)7!
= (2 — A7V — (21 — A)7V2X (2] — A)7Y2) Y2l — A)7Y2

— (2] — A)V2 i ((21 —A)VRX (] — A)‘1/2>n(zl _ A2

(] = AV o] — A)X (] — A)
(2] —A) X (2] — AP X (2] — A)7!

Hence
fA+X) = 2m/f )(2I — A) M dz
mef )(2I — A7V X (2] — A dz + -
= f(A)+0f(A)X )+582f(A)(X7X)

which is the Taylor expansion. U

3.5 Notes and remarks

Formula (3.8) is due to Masuo Suzuki, Generalized Trotter’s formula and
systematic approximants of exponential operators and inner derivations with
applications to many-body problems, Commun. Math. Phys., 51, 183-190
(1976).

The Bessis-Moussa-Villani conjecture (or BMV conjecture) was pub-
lished in the paper D. Bessis, P. Moussa and M. Villani: Monotonic converging
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variational approximations to the functional integrals in quantum statistical
mechanics, J. Math. Phys. 16, 2318-2325 (1975). Theorem 3.12 is from E. H.
Lieb and R. Seiringer: Equivalent forms of the Bessis-Moussa-Villani conjec-
ture, J. Statist. Phys. 115, 185-190 (2004). A proof appeared in the paper
H. R. Stahl, Proof of the BMV conjecture, http://fr.arxiv.org/abs/1107.4875.

The contour integral representation (3.17) was found by Henri Poincaré in
1899. The formula (3.40) is called Hermite-Genocchi formula.

Formula (3.18) appeared already in the work of J.J. Sylvester in 1833 and
(3.19) is due to H. Richter in 1949. It is remarkable that J. von Neumann
proved in 1929 that ||[A —I||,||B — I||,||AB — I|| < 1 and AB = BA implies
log AB =log A + log B.

Theorem 3.33 is essentially due to Daleckii and Krein, Ju. L. Daleckii and
S. G. Krein, Integration and differentiation of functions of Hermitian oper-
ators and applications to the theory of perturbations, Amer. Math. Soc.
Transl., 47(1965), 1-30. There the higher Gateaux derivatives of the func-
tion ¢ — f(A + tX) were obtained for self-adjoint operators in an infinite-
dimensional Hilbert space.

3.6 Exercises

1. Prove that
0

aetA _ etAA.
2. Compute the exponential of the matrix
000 00
1 0 0 0 O
0 2 0 00
003 00
0 0 0 4 0

What is the extension to the n x n case?
3. Use formula (3.3) to prove Theorem 3.4.

4. Let P and @) be ortho-projections. Give an elementary proof for the
inequality
Tref @ < Trele?.

5. Prove the Golden-Thompson inequality using the trace inequality

Tr(CD)* < TrC"D"  (n €N) (3.44)
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10.

11.

12.

13.

14.
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for C, D > 0.
Give a counterexample for the inequality
I TretePeC| < TreAtBTC
with Hermitian matrices. (Hint: Use the Pauli matrices.)
Solve the equation

A cost —sint
| sint cost

where t € R is given.

A B e foletABe(l_t)Adt
PAlo 4al) "o e '

Show that

. Let A and B be self-adjoint matrices. Show that

|Tr e8] < Tred. (3.45)

Show the estimate

1
|eATB — (eA/meB/myn|, < %HAB — BA||zexp(||Al|2 + || Bl|2). (3.46)

Show that [|[A — I||,||B — I|,||AB — I|| < 1 and AB = BA implies
log AB = log A + log B for matrices A and B.

Find an example that AB = BA for matrices, but log AB # log A +
log B.

Let
C =col + c(c101 + 202 + c303)  with ¢ + G+ =1,

where o1, 09, 03 are the Pauli matrices and ¢y, ¢1, ¢o, c3 € R. Show

that

e® = e® ((cosh ¢)I + (sinh ¢)(c101 + 09 + c303)) .

Let A € M3 have eigenvalues A\, A\, u with A # p. Show that

et oA (4 )\])2 B Lt

e =M +t(A=N)) + ———
I+ 04 =) + T —

(A— N2
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16.

17.
18.

19.

20.
21.

22.
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. Assume that A € M3 has different eigenvalues A, y1, v. Show that e is
WA= DA =D | (A= ADA=vD) (A=A = pul)
A=A =v) (=) —v) (v =X —p)

Assume that A € M, is diagonalizable and let f(t) = t™ with m € N.
Show that (3.12) and (3.17) are the same matrices.

Prove Corollary 3.11 directly in the case B = AX — X A.

Let 0 < D € M, be a fixed invertible positive matrix. Show that the
inverse of the linear mapping

Jp : M,, - M, Jp(B) := %(DB + BD) (3.47)
is the mapping

Jl_)l(A):/ e P2 APt (3.48)
0

Let 0 < D € M, be a fixed invertible positive matrix. Show that the
inverse of the linear mapping

1
Ip:M, > M,  Ip(B)= / D'BD™dt  (3.49)
0
is the mapping

JoHA) = /OOO(D +tI)YA(D 4 tI) 7 dt. (3.50)

Prove (3.31) directly for the case f(t) =t", n € N.

Let f: [a, 5] = R be a convex function. Show that

T f(B) 2 Y f(TrBp). (3.51)

for a pairwise orthogonal family (p;) of minimal projections with ), p; =
I and for a self-ajoint matrix B with spectrum in [, 5]. (Hint: Use the
spectral decomposition of B.)

Prove Theorem 3.27 using formula (3.51). (Hint: Take the spectral
decomposition of B = AB; + (1 — \) By and show

ATr f(By) + (1= AT f(By) = Tr f(B).)
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23.

24.

25.

26.

27.

28.

29.
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A and B are positive matrices. Show that
A og(AB™Y) = A™Y21og(AVEBTT AV A2,
(Hint: Use (3.17).)

Show that

d2
~_log(A + tK)

= —2/ (A+s)'K(A+sI) 'K(A+sI)ds.
0

dt? t=0
(3.52)
Show that
Plog A(X1, Xy) = — / (A+ s ' X (A+sI) ' Xo(A+ D)t ds
0

—/ <A+S[)71X2(A+8[)71X1<A+S[)il dS
0

for a positive invertible matrix A.
Prove the BMV conjecture for 2 x 2 matrices.
Show that
PA X, Xy) = AT XA XA AT XA X AT
for an invertible variable A.

Differentiate the equation

VA+tBVA+tB=A+1tB

and show that for positive A and B

d
—VA+tB > 0.
dt + t=0 0

For a real number 0 < o # 1 the Rényi entropy is defined as

1
Sa(D) = log Tr D (3.53)
1 -«

for a positive matrix D such that Tr D = 1. Show that S,(D) is a
decreasing function of a. What is the limit lim,_,; S,(D)? Show that
Sa(D) is a concave functional of D for 0 < a < 1.
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30. Fix a positive invertible matrix D € M, and set a linear mapping
M, — M, by Kp(A) := DAD. Consider the differential equation

0
5Pt =KpwT,  D(0) = po, (3.54)

where pg is positive invertible and T is self-adjoint in M,,. Show that
D(t) = (py' — tT)~" is the solution of the equation.

31. When f(z) = 2* with k € N, verify that

[n] — up U U Unt1
[y, oy ] = it ay? - apra,

UL ,UD, .-y “n+120
uiptugt...tupp1=k—n

32. Show that for a matrix A > 0 the integral
log(I + A) = / AT + A dt
1

holds. (Hint: Use (3.19).)



Chapter 4

Matrix monotone functions and
convexity

Let (a,b) C R be an interval. A function f : (a,b) — R is said to be
monotone for n x n matrices if f(A) < f(B) whenever A and B are self-
adjoint n x n matrices, A < B and their eigenvalues are in (a, b). If a function
is monotone for every matrix size, then it is called matrix monotone or
operator monotone. (One can see by an approximation argument that if
a function is matrix monotone for every matrix size, then A < B implies
f(A) < f(B) also for operators on an infinite dimensional Hilbert space.)

The theory of operator/matrix monotone functions was initiated by Karel
Lowner, which was soon followed by Fritz Kraus on operator/matrix con-
vex functions. After further developments due to some authors (for instance,
Bendat and Sherman, Koranyi), Hansen and Pedersen established a modern
treatment of matrix monotone and convex functions. A remarkable feature of
Lowner’s theory is that we have several characterizations of matrix monotone
and matrix convex functions from several different points of view. The im-
portance of complex analysis in studying matrix monotone functions is well
understood from their characterization in terms of analytic continuation as
Pick functions. Integral representations for matrix monotone and matrix con-
vex functions are essential ingredients of the theory both theoretically and in
applications. The notion of divided differences has played a vital role in the
theory from its very beginning.

Let (a,b) C R be an interval. A function f : (a,b) — R is said to be
matrix convex if

f@A+ (1 —=1)B) <tf(A)+(1—-1t)f(B) (4.1)

for all self-adjoint matrices A, B with eigenvalues in (a,b) and for all 0 < ¢ <

138
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1. When —f is matrix convex, then f is called matrix concave.

In the real analysis the monotonicity and convexity are not related, but
in the matrix case the situation is very different. For example, a matrix
monotone function on (0, 00) is matrix concave. Matrix monotone and matrix
convex functions have several applications, but for a concrete function it is
not easy to verify the matrix monotonicity or matrix convexity. The typical
description of these functions is based on integral formulae.

4.1 Some examples of functions

Example 4.1 Let ¢ > 0 be a parameter. The function f(z) = —(t +z)7! is
matrix monotone on [0, o).

Let A and B be positive matrices of the same order. Then A; :=t¢I + A
and B; :=tl + B are invertible, and

A<B = B PAB<I <« ||B/?AB V<1
1/2 5—1/2
= [|A”B <1

Since the adjoint preserves the operator norm, the latest condition is equiva-
lent to ||B;1/2A2/2|| < 1 which implies that B;* < A; " O

Example 4.2 The function f(z) = logx is matrix monotone on (0, co).

This follows from the formula

<1 1
loga::/ — — dt ,
o 1+t x4+t

which is easy to verify. The integrand

1 1
filz) = 1+t x4+t

is matrix monotone according to the previous example. It follows that

n

Z Cift(i)(x)

i=1
is matrix monotone for any ¢(i) and positive ¢; € R. The integral is the limit
of such functions, therefore it is a matrix monotone function as well.

There are several other ways to show the matrix monotonicity of the log-
arithm. 0
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Example 4.3 The function

fila) = 20: ((n_ 1/12)7r—a: - nZZZ 1)

n=—oo

is matrix monotone on the interval (—m/2, +00) and

f-(2) = i ((n_ 1/12)7r—x N nQZZ 1)

n=1

is matrix monotone on the interval (—oo, 7 /2). Therefore,

= 1 nm
ane =10+ 10 = Y (s - )
is matrix monotone on the interval (—m/2,7/2). O

Example 4.4 To show that the square root function is matrix monotone,

consider the function
F(t) =vVA+tX

defined for ¢ € [0,1] and for fixed positive matrices A and X. If F is increas-
ing, then F(0) = VA <VA+ X = F(1).

In order to show that F' is increasing, it is enough to see that the eigen-
values of F'(t) are positive. Differentiating the equality F'(t)F(t) = A+ tX,
we get

F'(t)F(t) + F(t)F'(t) = X.
As the limit of self-adjoint matrices, F” is self-adjoint and let F'(t) = Y. N\ E;
be its spectral decomposition. (Of course, both the eigenvalues and the pro-
jections depend on the value of ¢.) Then

Y N(EF(t)+ F(tE) = X

and after multiplication by £; from the left and from the right, we have for
the trace
Since both traces are positive, A\; must be positive as well.

Another approach is based on the geometric mean, see Theorem 5.3. As-
sume that A < B. Since I < I, VA = A#I < B#I = /B. Repeating
this idea one can see that A® < B! if 0 < ¢t < 1 is a dyadic rational number,
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k/2™. Since every 0 < t < 1 can be approximated by dyadic rational num-
bers, the matrix monotonicity holds for every 0 <t < 1: 0 < A < B implies
Al < B!, This is often called Lowner-Heinz inequality and another proof
is in Example 4.45.

Next we consider the case ¢t > 1. Take the matrices

3.0 171 1
—_ |2 i
A—lo %} and B—QL 1].

Then A > B > 0 can be checked. Since B is an orthogonal projection, for
each p > 1 we have B? = B and

We can compute
1 /3\?
det(A” — B) = 3 (g) (237 — 2 — 47),

If AP > BP then we must have det(A” — BP) > 0 so that 237 — 2P — 4P > (),
which is not true when p > 1. Hence A? > BP does not hold for any p > 1.
OJ

The previous example contained an important idea. To decide about the
matrix monotonicity of a function f, one has to investigate the derivative of

FA+1X).

Theorem 4.5 A smooth function f : (a,b) — R is matrix monotone for
n x n matrices if and only if the divided difference matriz D € M, defined as

Dy = ti —t; (4.2)

f'(t:) if  ti—t;=0,
is positive semi-definite for t1,ts, ... t, € (a,b).

Proof: Let A be a self-adjoint and B be a positive semi-definite n x n
matrix. When f is matrix monotone, the function t — f(A + tB) is an
increasing function of the real variable t. Therefore, the derivative, which
is a matrix, must be positive semi-definite. To compute the derivative, we
use formula (3.31) of Theorem 3.25. The Schur theorem implies that the
derivative is positive if the divided difference matrix is positive.
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To show the converse, take a matrix B such that all entries are 1. Then
positivity of the derivative D o B = D is the positivity of D. O

The assumption about the smooth property in the previous theorem is
not essential. At the beginning of the theory Lowner proved that if the
function f : (a,b) — R has the property that A < B for A, B € M, implies
f(A) < f(B), then f must be a C'-function.

The previous theorem can be reformulated in terms of a positive definite
kernel. The divided difference

@)= f)
by ={ TV
f'(x) i r=y

T #y,

is an (a, b) X (a,b) — R kernel function. f is matrix monotone if and only if
1 is a positive definite kernel.

Example 4.6 The function f(z) := exp x is not matrix monotone, since the
divided difference matrix

expx — expy

exp T
rT—yY
expy — expzr
—_— exp y
y—x
does not have positive determinant (for z = 0 and for large y). U

Example 4.7 We study the monotone function

(VT if0<az<l,
f(x)_{(ux)/z if 1< z.

This is matrix monotone in the intervals [0, 1] and [1, 00). Theorem 4.5 helps
to show that this is monotone on [0, 00) for 2 x 2 matrices. We should show
that for 0 <z <land 1<y

flz) L=l :[f’(af) f
GESTORTN F'z) f'y)

T—y

(for some z € [z,y])

is a positive matrix. This is true, however f is not monotone for larger
matrices. U
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Example 4.8 The function f(z) = z? is matrix convex on the whole real
line. This follows from the obvious inequality

A+ B 2< A%+ B2
2 - 2 '

O

Example 4.9 The function f(z) = (z+¢)~! is matrix convex on [0, 0o) when
t > 0. It is enough to show that

(4.3)

A+ B ‘1< Al 4 B!
2 - 2

which is equivalent with

(B—l/ZAB—1/2 + [)—1 (B—1/2AB—1/2)71 LT
< .
2 - 2

This holds, since
-1 _1
X+1 < Xt +1
2 - 2
is true for an invertible matrix X > 0.

Note that this convexity inequality is equivalent to the relation of arith-
metic and harmonic means. 0J

4.2 Convexity

Let V' be a vector space (over the real numbers). Let u,v € V. Then they
are called the endpoints of the line-segment

[u,v] i={du+(1—=XNv : AeR, 0< A< 1}
A subset A C V is convex if for any u,v € A the line-segment [u,v] is

contained in A. A set A C V is convex if and only if for every finite subset
vy, Vs, ..., U, and for every family of real positive numbers i, Ao, ..., A, with

sum 1
Z )\Z‘UZ‘ € A
i=1
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For example, if || - || : V' — RT is a norm, then
{fveV || <1}

is a convex set. The intersection of convex sets is a convex set.

In the vector space M, the self-adjoint matrices and the positive matrices
form a convex set. Let (a,b) a real interval. Then

{AeM?* : 0(A) C (a,b)}
is a convex set.
Example 4.10 Let
Sp={DeM*: D>0 and TrD =1}.

This is a convex set, since it is the intersection of convex sets. (In quantum
theory the set is called the state space.)

If n = 2, then a popular parametrization of the matrices in S, is

L T+X3 A —iN

1
T didg 1o | =g T Aot Ao+ As0s),

where o1, 09, 03 are the Pauli matrices and the necessary and sufficient con-
dition to be in &y is
M AN +A <1

This shows that the convex set S, can be viewed as the unit ball in R3. If
n > 2, then the geometric picture of §,, is not so clear. O

If A is a subset of the vector space V', then its convex hull is the smallest
convex set containg A, it is denoted by co A.

COA:{Z)\Z-UZ-2UiEA,)\Z-ZO,1§i§n,2)\i:1,n€N}.

i=1 i=1
Let A C V be a convex set. The vector v € A is an extreme point of A
if the conditions

v, €A, 0<A<]l, A+ (1—=XNvy=vw

imply that vy = vy = v.

In the convex set S; the extreme points correspond to the parameters
satisfying A7 + A3+ A2 = 1. (If S, is viewed as a ball in R?, then the extreme
points are in the boundary of the ball.)
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Let J C R be an interval. A function f :.J — R is said to be convex if

Fta+ (1 - t)b) < tf(a) + (1 - 1)1 (b) (4.4)

for all a,b € J and 0 <t < 1. This inequality is equivalent to the positivity
of the second divided difference

f(a) f(b) f(e)
@—Da—0 G=—a)b=—0  (c—a)fc—b)
1 (f(c)—f(a) _f(b)—f(a)>
c—b c—a b—a

for every different a,b,c € J. If f € C?(J), then for z € J we have
lim fla,bd = /(z).

a,b,c—x

f[2} [a’7 b’ C] =

Hence the convexity is equivalent to the positivity of the second derivative.
For a convex function f the Jensen inequality

f(ZE%‘) < Ztif(ai) (4.6)

holds whenever a;, € J and for real numbers ¢; > 0 and ) .¢; = 1. This
inequality has an integral form

/ ( [ o cw(x)) < [ 7ogte)duto) (47

For a discrete measure p this is exactly the Jensen inequality, but it holds for
any normalized (probabilistic) measure p and for a bounded Borel function
g with values in J.

Definition (4.4) makes sense if J is a convex subset of a vector space and
f is a real functional defined on it.

A functional f is concave if —f is convex.

Let V' be a finite dimensional vector space and A C V be a convex subset.
The functional F': A — R U {400} is called convex if

Fz 4 (1= Ny) < F(x) + (1 = N F(y)

for every z,y € A and real number 0 < A < 1. Let [u,v] C A be a line-
segment and define the function

Fu(N) = PO+ (1 A)o)

on the interval [0,1]. F' is convex if and only if all functions Fj, . : [0,1] = R
are convex when u,v € A.



146 CHAPTER 4. MONOTONE FUNCTIONS AND CONVEXITY

Example 4.11 We show that the functional
A logTre?

is convex on the self-adjoint matrices, c¢f. Example 4.13.

The statement is equivalent to the convexity of the function
f(t) = log Tr (eA115) (t € R) (4.8)
for every A, B € M*. To show this we prove that f”(0) > 0. It follows from

Theorem 3.23 that
Ty eAthB B

Ft) = yoars

In the computation of the second derivative we use Dyson’s expansion
1

6AthB _ 6A + t/ 6uABe(lfu)(AthB) du . (49)
0

In order to write f”(0) in a convenient form we introduce the inner product
1

(X,Y)po = / Tr et XDy gt (4.10)

0

(This is frequently termed Bogoliubov inner product.) Now

" _ <I7I>BO<B7B>BO_<I7B>2BO
110) = (TreA)?

which is positive due to the Schwarz inequality. U

Let V' be a finite dimensional vector space with dual V*. Assume that the
duality is given by a bilinear pairing (-, -). For a convex function F': V' —
R U {400} the conjugate convex function F*: V* — RU {400} is given
by the formula

F*(v*) = sup{{v,v*) — F(v) : ve V}.

F* is sometimes called the Legendre transform of F'. F* is the supre-
mum of continuous linear functionals, therefore it is convex and lower semi-
continuous. The following result is basic in convex analysis.

Theorem 4.12 If F : V — R U {+o0} is a lower semi-continuous convex
functional, then F** = F.
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Example 4.13 The negative von Neumann entropy —S(D) = —Trn(D) =
Tr Dlog D is continuous and convex on the density matrices. Let

] Tr Xlog X if X>0and Tr X =1,
F(X) = { +o0 otherwise.

This is a lower semi-continuous convex functional on the linear space of all self-
adjoint matrices. The duality is (X, H) = Tr X H. The conjugate functional
is

F*(H) = sup{Tr XH - F(X) : X e M*}
= —inf{-Tr XH -S(D): DeM;*D>0,TrD=1}.

According to Example 3.29 the minimizer is D = e /Tr e, therefore
F*(H) = log Tre".

This is a continuous convex function of H € M;*. The duality theorem gives
that
Tr X log X = sup{Tr XH —log Tre" : H = H*}

when X > 0 and Tr X = 1. O

Example 4.14 Fix a density matrix p = e/ and consider the functional
F' defined on self-adjoint matrices by

F(X) = Tr X(log X — H) if X>0and Tr X =1,
B e otherwise.

F is essentially the relative entropy with respect to p: S(X||p) := Tr X (log X —

log p).

The duality is (X, B) = Tr X B if X and B are self-adjoint matrices. We
want to show that the functional B +— log Tr e+ is the Legendre transform
or the conjugate function of F'

log Tr e ™ = max{Tr XB — S(X|le’) : X is positive, Tr X = 1}. (4.11)
Introduce the notation
f(X)=Tr XB — S(X]||e")

for a density matrix X. When Py,..., P, are projections of rank one with
Yow Pr=1, we write

n

f(i Mz-) =Y WTrP.B+ ATr BH — \log A,),
=1

i=1
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where A\; >0, > | A\; = 1. Since

aif (g AZ‘PZ')

we see that f(X) attains its maximum at a positive matrix Xy, Tr Xy = 1.
Then for any self-adjoint Z, Tr Z = 0, we have

—= +OO s
Ai=0

=Tr Z(B+ H — log Xy),
t=0

d
= — (X t/
0 dtf( 0o +t2)

so that B+ H — log Xy = cI with ¢ € R. Therefore Xy = B /Tr P and
f(Xo) = log Tr P+ by a simple computation.

On the other hand, if X is positive invertible with Tr X = 1, then
S(X|le) = max{Tr XB — log Tr "% : B is self-adjoint} (4.12)

due to the duality theorem. O

Theorem 4.15 Let o : M,, — M, be a positive unital linear mapping and
f:R =R be a conver function. Then

Tr f(a(A4)) < Tra(f(A))
for every A € M>*.

Proof: Take the spectral decompositions
A= Z viQ; and a(A) = Z,uiPi.
j i

So we have

i = Tr (@(A)P)/Te P = 3 viTr (a(Qy)P)/Tr P,

whereas the convexity of f yields

) < Zf(vj)Tr ((@Qy)F)/Tr P

Therefore,

Tr f(a(A)) = Z f(pa)Tr Py < Z )T (@) F) = Tra(f(A)),
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which was to be proven. O]

It was stated in Theorem 3.27 that for a convex function f : (a,b) — R,
the functional A — Tr f(A) is convex. It is rather surprising that in the
convexity of this functional the number coefficient 0 < ¢t < 1 can be replaced
by a matrix.

Theorem 4.16 Let f : (a,b) — R be a convex function and C;, A; € M, be
such that

k
o(A) C(a,b)  and Y CiCf=1.

Then
k

k
Tr f (Z CiAZ-C;*> Z TrCif(A

Proof: We prove only the case
Tr f(CAC* + DBD*) < Tr Cf(A)C* + Tr Df(B)D

when CC* + DD* = I. (The more general version can be treated similarly.)

Set F' := CAC* + DBD* and consider the spectral decomposition of A
and B as integrals:

X = Z,uXPX / AEX(N)

where ;X are eigenvalues, P are eigenprojections and the operator-valued

measure EX is defined on the Borel subsets S of R as

=Y (P :ufesy,

X =AB.
Assume that A, B, C, D € M, and for a vector £ € C" we define a measure
He-

pe(S) = ((CEA(S)C* + DEP(S)D")E, €)
= (BA(S)C7¢,C*¢) + (B(S)D¢, D*¢).

The reason of the definition of this measure is the formula

(FE.€) = / Adpe(V).
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If € is a unit eigenvector of F' (and f(F')), then
((CAC + DBDIeE) = (PG = 1(Pe.8) = 1 ([ )

< [ F0duey
= ((CF(A)C"+ Df(B)D")E,¢).
(The inequality follows from the convexity of the function f.) To obtain the

statement we summarize this kind of inequalities for an orthonormal basis of
eigenvectors of F. ([l

Example 4.17 The example is about a positive block matrix A and a con-
cave function f : Rt — R. The inequality

Tr f ({ﬁg ;tzD < Tr f(An) + Tr f(As)

is called subadditivity. We can take ortho-projections P, and P; such that
P, 4+ P, = I and the subadditivity

Tr f(A) < Tr f(PLAP) + Tt f(RAR)

follows from the theorem. A stronger version of this inequality is less trivial.

Let Py, P, and P; be ortho-projections such that P, + P>+ P; = I. We use
the notation Py := P, + P, and P»3 := P, + P3. The strong subadditivity
is the inequality

Tr f(A) + Tr f(PQAPQ) S Tr f(PlgAPm) + Tr f(PQgAPQg). (413)

Some details about this will come later, see Theorems 4.49 and 4.50. O

Example 4.18 The log function is concave. If A € M,, is positive and we
set the projections P; := E(it), then from the previous theorem we have

Tr log Z P,AP;, > Z Tr P;(log A) P;.
i=1 i=1
This means .
Z log A;; > Tr log A
i=1
and the exponential is

HAii > exp(Tr log A) = det A.
i=1

This is the well-known Hadamard inequality for the determinant. O
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When F(A, B) is a real valued function of two matrix variables, then F is
called jointly concave if

FOA + (1= N A, ABy + (1 — \)By) > AF(A1, By) + (1 — A\)F(As, By)

for 0 < A < 1. The function F'(A, B) is jointly concave if and only if the
function

A® B F(A,B)

is concave. In this way the joint convexity and concavity are conveniently
studied.

Lemma 4.19 If (A, B) — F(A, B) is jointly concave, then
f(A) =sup{F(A, B) : B}
1S concave.

Proof: Assume that f(A;), f(A2) < +00. Let € > 0 be a small number.
We have B; and B, such that

f(A) S F(AL,B)+e and  f(A) < F(A, By) +e.

Then
AM(AD)+ (1 =N f(A2) < AF(A,B1)+ (1 —AN)F(Ay, By) +¢
and this gives the proof.
The infinite case of f(A;), f(A2) has a similar proof. O

Example 4.20 The quantum relative entropy of X > 0 with respect to
Y > 0 is defined as

S(XY):=Tr(XlogX — XlogY) —Tr (X —-Y).

It is known that S(X||Y) > 0 and equality holds if and only if X =Y. A
different formulation is

TrY =max {Tr (X logY — XlogX + X) : X > 0}.
Selecting Y = exp(L + log D) we obtain

Tr exp(L +log D) = max{Tr (X(L+logD)— XlogX + X):X >0}
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= max{Tr(XL)—-S(X|D)+TrD : X > 0}.

Since the quantum relative entropy is a jointly convex function, the func-
tion

F(X,D):=Tr(XL)— S(X||D)+ Tr D)

is jointly concave as well. It follows that the maximization in X is concave
and we obtain that the functional

D — Tr exp(L + log D) (4.14)

is concave on positive definite matrices. (This was the result of Lieb, but the
present proof is from [76].) O

In the next lemma the operators
1 00
IpX :/ D'XD tat, I 'K :/ (t+D)'K(t+ D) *dt
0 0

for D, X, K € M,,, D > 0, are used. Lieb’s concavity theorem says that
D >0+ Tr X*D!X D't is concave for every X € M,,.

Lemma 4.21 The functional
(D,K)— Q(D,K) := (K,J;'K)
is jointly convex on the domain {D € M, : D > 0} x M.

Proof: M, is a Hilbert space H with the Hilbert-Schmidt inner product.
The mapping K — Q(D, K) is a quadratic form. When K := H @& H and
D = )\Dl + (1 — )\)DQ, then

M(Kl D Kg) = )\Q(Dl,Kl) + (1 — )\)Q(DQ, KQ)
N(E @K, = QDK+ (1—\K>)

are quadratic forms on K. Note that both forms are non-degenerate. In terms
of M and N the dominance N’ < M is to be shown.

Let m and n be the corresponding sesquilinear forms on C, that is,

M(§) =m(£,€), N(§)=n(£¢) ((€K).

There exists an operator X on K such that

m(&,n) =n(X¢n)  (§,nekK)
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and our aim is to show that its eigenvalues are > 1. If X (K@ L) = y(K @ L),
we have
mKeoLK®L)=wKae&L K oL

for every K', L' € ‘H. This is rewritten in terms of the Hilbert-Schmidt inner
product as

ME I K"y 4+ (1= ML I L) = y(AK + (1 = AL, J5 (AK" + (1 =\ L)),
which is equivalent to the equations

IotK = I (AK + (1= ML)
and
IoiL = AJp'(AK + (1= M)L).
We infer
IpM = Mp, (yM) + (1 = NI p,(vM) (4.15)
with the new notation M := J;'(AK + (1 — \)L). It follows that

(M, JpM) =~ (MM, Ip, M) + (1 = X)(M,Ip,M)) .
On the other hand, the concavity assumption tells the inequality
(M, JpM) > NM,Jp, M)+ (1 = X)(M,Jp, M)
and we arrive at v > 1. O

Let J C R be an interval. As introduced at the beginning of the chapter,
a function f:J — R is said to be matrix convex if

fA+ (1 —=t)B) <tf(A)+ (1 —1t)f(B) (4.16)

for all self-adjoint matrices A and B whose spectra are in J and for all numbers
0 <t < 1. (The function f is matrix convex if the functional A — f(A) is
convex.) f is matrix concave if —f is matrix convex.

The classical result is about matrix convex functions on the interval (—1, 1).
They have integral decomposition

1 1
f(z) = Po + Pix + 552/ 73 (1 — az) Hdu(a), (4.17)
-1
where p is a probability measure and S > 0. (In particular, f must be an
analytic function.)

Since self-adjoint operators on an infinite dimensional Hilbert space may
be approximated by self-adjoint matrices, (4.16) holds for operators when
it holds for matrices. The point in the next theorem is that in the convex
combination tA+(1—t)B the numbers t and 1—t can be replaced by matrices.
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Theorem 4.22 Let f : (a,b) — R be a matriz convex function and C;, A; =
Ay € M, be such that

k
o(4;) C (a,b) and ZC’Z-CZ-* =1
i=1

Then . .
f (Z Cz'Az‘Ci*> < Z Cif(A:)CY. (4.18)
i=1 i=1
Proof: The essential idea is in the case
f(CAC*+ DBD*) < Cf(A)C*+ Df(B)D",

when CC* + DD* = 1.
The condition CC* + DD* = [ implies that we can find a unitary block

matrix
C D
U {X Y]

when the entries X and Y are chosen properly. Then

U A 0 U — CAC*+ DBD* CAX*+ DBY™*
0 B | XAC*+YBD* XAX*+YBY*

It is easy to check that

%V |:A11 A12:| V_'_% |:A11 A12:| _ |:A11 0 :|

Ao Ago Ao Ago 0 Ay
for
—I 0
V= { ) 1]
It follows that the matrix
1 A 0 . 1 A 0 *
Z'_§VU[0 B}UVJréUlO B}U

is diagonal, Z;; = CAC* + DBD* and f(Z)1; = f(CAC* + DBD*).

Next we use the matrix convexity of the function f:

@ < yi(vely plov)+sr ()]s 3le)
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= vur([o B eveser ([0 8])v

1 flLA 0 |, L[ A 0 ]
= Uv+-U U
Sl Eaas R

The right-hand side is diagonal with C'f(A)C* + D f(B)D* as (1,1) element.
The inequality implies the inequality between the (1,1) elements and this is
exactly the inequality (4.18). O

In the proof of (4.18) for n x n matrices, the ordinary matrix convexity
was used for (2n) x (2n) matrices. That is an important trick. The theorem
is due to Hansen and Pedersen [38].

Theorem 4.23 Let f :[a,b] > R and a <0 <.

If f is a matriz convex function, ||V <1 and f(0) <0, then f(V*AV) <
V*f(A)V holds if A = A* and o(A) C [a,].

If f(PAP) < Pf(A)P holds for an orthogonal projection P and A = A*
with o(A) C [a,b], then f is a matriz convex function and f(0) < 0.

Proof: If f is matrix convex, we can apply Theorem 4.22. Choose B = 0
and W such that V*V + W*W = I. Then

f(VFAV + W*BW) < V*f(A)V + W* f(B)W

holds and gives our statement.

Let A and B be self-adjoint matrices with spectrum in [a,b] and 0 < A < 1.
Define

N A R

Then C' = C* with o(C) C [a,b], U is a unitary and P is an orthogonal

projection. Since

PU*CUP — {MH (é_ NB 8] :

the assumption implies

— f(PU*CUP)
< PfU*CU)P = PU*f(C)UP

fOOA+ (1 —=N)B) o}
0 F(0)I
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Af(A)+ (1 =Nf(B) 0
0 0

This implies that f(AA+ (1 =N)B) < Af(A)+ (1 —X)f(B) and f(0) <0. O

Example 4.24 From the previous theorem we can deduce that if f : [0,b] —
R is a matrix convex function and f(0) < 0, then f(z)/x is matrix monotone
on the interval (0, b].

Assume that 0 < A < B. Then B~Y/24Y? =: V is a contraction, since
IVI?=vV?|| = |B~Y?AB™?| < ||B~*BB~?|| = 1.
Therefore the theorem gives
f(A) = f(V*BV) <V f(B)V = AV2B=2f(B)B~1/2 A1

which is equivalent to A~ f(A) < B71f(B).

Now assume that ¢ : [0,b] — R is matrix monotone. We want to show
that f(x) = xg(z) is matrix convex. Due to the previous theorem we need to
show

PAPg(PAP) < PAg(A)P
for an orthogonal projection P and A > 0. From the monotonicity
g(AV2PAY?) < g(A)
and this implies
PAYV2g(AV2PAYVAY2P < PAY2g(A)AYV2P.
Since g(AYV2PAY2)AV2P = AY2Pg(PAP) and AY2g(A)AY? = Ag(A) we
finished the proof. O

Example 4.25 Heuristically we can say that Theorem 4.22 replaces all the
numbers in the Jensen inequality f(>_, t;a;) < >, tif(a;) by matrices. There-

fore
f (Z aiAi> < Z flay)A; (4.19)

holds for a matrix convex function f if > . A; = I for the positive matrices
A; € M, and for the numbers a; € (a,b).

We want to show that the property (4.19) is equivalent to the matrix
convexity

fEA+(L=1)B) <tf(A)+ (1 —1)f(B).
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Let
A=Y NP and  B=3 0,
@ J

be the spectral decompositions. Then

DP Y (1-1)Q; =1

and from (4.19) we obtain

ftA+(1—)B) = f (Z NP+ (1 - t)ujQ])
< Z FOWEP, + Z Flu) (1= 1)Q;
— LA+ (- 0f(B).

This inequality was the aim. O

An operator Z € B(H) is called a contraction if Z*Z < I and an ex-
pansion if Z*Z > I. For an A € M, (C)** let A(A) = (A (A),..., \(A4))
denote the eigenvalue vector of A in decreasing order with multiplicities.

Theorem 4.23 says that, for a function f : [a,b] — R with a < 0 < b, the
matrix inequality f(Z*AZ) < Z*f(A)Z for every A = A* with o(A) C [a, ]]
and every contraction Z characterizes the matrix convexity of f with f(0) < 0.
Now we take some similar inequalities in the weaker senses of eigenvalue
dominance or eigenvalue majorization under the simple convexity or concavity
condition of f.

The first theorem presents the eigenvalue dominance involving a contrac-
tion when f is a monotone convex function with f(0) < 0.

Theorem 4.26 Assume that [ is a monotone convex function on [a,b] with

a<0<band f(0) <0. Then, for every A € M,(C)** with o(A) C |a, b

and for every contraction Z € M, (C), there exists a unitary U such that
[(Z°AZ) < U*Z*f(A)ZU,

or equivalently,

M(f(Z7AZ)) S M(Z7f(A)Z)  (1<k<n)
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Proof: We may assume that f is increasing; the other case is covered by
taking f(—x) and —A. First, note that for every B € M,,(C)** and for every
vector = with [|z]| < 1 we have

f((z, Bx)) < (x, f(B)x). (4.20)

Indeed, taking the spectral decomposition B =" | A;|u;)(u;| we have

FeBa)) = F(SoMwl) < 30 A0l + 70)(1 - ol)

< D FO)@ u)® = (x, f(B)x)
i=1
thanks to convexity of f and f(0) < 0. By the mini-max expression in
(6.6) there exists a subspace M of C" with dim M = k — 1 such that
M(Z7f(A)Z) =  max (x,Z2"f(A)Zz) = max (Zz, f(A)Zx).

zeME, [lzf|=1 zeML, |z]|=1

Since Z is a contraction and f is non-decreasing, we apply (4.20) to obtain

M(Z¥F(A)Z) > xeMHi(:lljliH:l f({(Zx,AZx)) = f<xeMHll?|T§c|ll<x’ Z*AZJ:))
> [(M(Z27AZ)) = M(f(Z27AZ)).

In the second inequality above we have used the mini-max expression again.
OJ

The following corollary was originally proved by Brown and Kosaki [21] in
the von Neumann algebra setting.

Corollary 4.27 Let f be a function on [a,b] with a < 0 < b, and let A €
M, (C)**, o(A) C [a,b], and Z € M, (C) be a contraction. If f is a convex
function with f(0) <0, then

Tr f(Z*AZ) < Tr Z* f(A)Z.
If f is a concave function on R with f(0) > 0, then
T f(Z°AZ) > Tv Z* f(A) Z.
Proof: Obviously, the two assertions are equivalent. To prove the first,
by approximation we may assume that f(z) = ax + g(z) with o € R and a

monotone and convex function g on [a, b] with g(0) < 0. Since Tr g(Z*AZ) <
Tr Z*gf(A)Z by Theorem 4.26, we have Tr f(Z*AZ) < Tr Z*f(A)Z. O

The next theorem is the eigenvalue dominance version of Theorem 4.23 for
under the simple convexity condition of f.
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Theorem 4.28 Assume that f is a monotone convex function on [a,b]. Then,
for every Ay, ..., Ay € M, (C)** with o(A;) C [a,b] and every Cy,...,Cp, €
M., (C) with >~ C:C; = I, there exists a unitary U such that

f (i C’;‘AiCZ-) <U* <i C’Z-*f(Ai)Ci) U.
Proof: Letting fo(z) := f(x) — f(0) we have
f(Z Cz‘*AiCi> = fO) + fo (Z Ci*AzCz‘),
D CHANC = JO+3 Clfo(A)C:.

So it may be assumed that f(0) = 0. Set

A, 0 -+ 0 c, 0 -+ 0
0 A, --- 0 c, 0 --- 0
A= : :2 .. : and 7 := :2 . :
o o --- A, c, 0 -+ 0

For the block-matrices f(Z*AZ) and Z* f(A)Z, we can take the (1,1)-blocks:
f(O2; CHAC;) and ). CF f(A;)C;. Moreover, 0 is for all other blocks. Hence
Theorem 4.26 implies that

)\k(f<z C;*AiCi>> < )\k(z C;*f(Ai)Ci> (1<k<n),

as desired. O

A special case of Theorem 4.28 is that if f and A4,..., A, are as above,
ag,...,om, >0and Y a; =1, then there exists a unitary U such that

f (f; aiAi) < U <zm; a; f(Ai)) U.

From this inequality we have a proof of Theorem 4.16.

4.3 Pick functions

Let C* denote the upper half-plane,

Ct={zeC:Im2>0}={re¥*cC:0<r,0< o<}
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Now we concentrate on analytic functions f : C* — C. Recall that the range
f(CT) is a connected open subset of C unless f is a constant. An analytic
function f: Ct — CT* is called a Pick function.

The next examples show that this concept is in connection with the matrix
monotonicity property.

Example 4.29 Let z = rel’ with > 0 and 0 < § < 7. For a real parameter
0 < p the function _

fo(2) = 2P := rPe? (4.21)
has the range in P if and only if p < 1.

This function f,(z) is a continuous extension of the real function 0 < x +—
aP. The latter is matrix monotone if and only if p < 1. The similarity to the
Pick function concept is essential.

Recall that the real function 0 < z + logx is matrix monotone as well.
The principal branch of log z defined as
Log z := logr + i0 (4.22)

is a continuous extension of the real logarithm function and it is in P as well.

OJ

The next Nevanlinna’s theorem provides the integral representation of
Pick functions.

Theorem 4.30 A function f: Ct — C is in P if and only if there exists an
a€R, afB >0 and a positive finite Borel measure v on R such that

f(z):omLBz—l—/oo LA

oo A— 2

dv(\), zeCh. (4.23)

The integral representation (4.23) is also written as

f(z):a+5z+/_(:(>\iz—)\2)\+l

) du(\),  zeCH  (4.24)

where p is a positive Borel measure on R given by du()\) := (A? + 1) dv(\)
and so

< 1
/ o1 du(N) < +o0.

Proof: The proof of the “if” part is easy. Assume that f is defined on C*
as in (4.23). For each z € C*, since
f(z+Az)—f(z)_6+/ N +1
Az B R A=—2)(A—2z—Az)

dv(\)
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and

sup{ |
PUNT0 =2~ Ay

it follows from the Lebesgue dominated convergence theorem that

lim L2282 = /(2) :5+/R%dy(x).

A0 Az

‘ )\ER |AZ|<T}<+OO

Hence f is analytic in C*. Since

1+ Az (A2+1)Imz
I - +
m()\—z) noaz 0 C°C
we have )
A2+ 1
I - 2T dy(\)) Imz >0
m(2) = (54 [ fo @) me >

for all z € C*. Therefore, we have f € P. The equivalence between the two
representations (4.23) and (4.24) is immediately seen from

1+ Az 1 A
=02+ (5— - ).
P S e O
The “only if” is the significant part, whose proof is skipped here. O

Note that «, 8 and v in Theorem 4.30 are uniquely determined by f. In
fact, letting z =i in (4.23) we have a = Re f(i). Letting z = iy with y > 0
we have

fliy) = a+ify + /OO AL —y?) +iy(\ +1) dv(\)

oo A+ g2
[e’s) )\2 +1
By the Lebesgue dominated convergence theorem this yields

£ = lim M

Yy—r00 y

so that

Hence o and (3 are uniquely determined by f. By (4.24), for z = = + iy we
have

(e 9]

Imf(x—i—iy):ﬁy—i-/_ mdu(k), reR y>0. (4.25)
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Thus the uniqueness of p (hence v) is a consequence of the so-called Stieltjes
inversion formula. (For details omitted here, see [34, pp.24-26] and [18,
pp. 139-141)).

For any open interval (a,b), —oco < a < b < 0o, we denote by P(a,b) the
set of all Pick functions which admits continues extension to C* U (a,b) with
real values on (a, b).

The next theorem is a specialization of Nevanlinna’s theorem to functions

in P(a,b).

Theorem 4.31 A function f : Ct — C is in P(a,b) if and only if [ is
represented as in (4.23) with « € R, f > 0 and a positive finite Borel measure
v onR\ (a,b).

Proof: Let f € P be represented as in (4.23) with « € R, 8 > 0 and a
positive finite Borel measure v on R. It suffices to prove that f € P(a,b) if
and only if v((a,b)) = 0. First, assume that v((a,b)) = 0. The function f

expressed by (4.23) is analytic in C*UC™ so that f(z) = f(z) for all z € C*.
For every = € (a,b), since

Sup{‘ = x)?xt ic —Az)

A eRN (a,b), |Az| < %min{x—a,b—x}}

is finite, the above proof of the “if” part of Theorem 4.30 by using the
Lebesgue dominated convergence theorem can work for z = x as well, and so
f is differentiable (in the complex variable z) at z = x. Hence f € P(a,b).

Conversely, assume that f € P(a,b). It follows from (4.25) that

> 1 _ Im f(z +iy)
R e e e
For any = € (a,b), since f(z) € R, we have
I fletaiy) | fletwy) - fl@) o flety) - fl2)
y y iy

— Re f'(z)
as y \( 0 and so the monotone convergence theorem yields

o 1 /
/w o N =Refl@), e (ab)

Hence, for any closed interval [c, d] included in (a,b), we have

o0 1
R:= sup/ ————du(N\) = sup Re f'(z) < +oc.
z€[e,d] J —oc0 (l‘ - )‘)2 ( ) z€[e,d] ( )
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For each m € N let ¢t := c+ (k/m)(d —¢) for k =0,1,...,m. Then

= 3 e, ) <Z/ L’“)duu)

k=1 [ch_1,Ck) (cx — A)?
i( _C>/ ﬁ@@\)é%-

Letting m — oo gives u([c,d)) = 0. This implies that p((a,b)) = 0 and
therefore v((a, b)) = 0. O

| N

Now let f € P(a,b). The above theorem says that f(z) on (a,b) admits
the integral representation

A
f(x) = a+Br+ /R\( i 1;_ L av()

1 A
= a+ﬁx+/ A+ 1 — dv(\), x € (a,b),

where «, 5 and v are as in the theorem. For any n € N and A, B € M;*
with o(A),o(B) C (a,b), if A > B then (\[ — A)™' > (M — B)™! for all
A€ RN\ (a,b) (see Example 4.1) and hence we have

F(A) = aI+BA+/R\( b)()\2+1)<()\I—A)‘1— )\211]) dv()\)
> aI+BB+/R\( b)()\2+1)<()\I—B)‘1— )\211]) dv(\) = f(B).

Therefore, f € P(a,b) is operator monotone on (a,b). It will be shown in the
next section that f is operator monotone on (a, b) if and only if f € P(a,b).

The following are examples of integral representations for typical Pick
functions from Example 4.29.

Example 4.32 The principal branch Log z of the logarithm in Example 4.29
is in P (0, 00). Its integral representation in the form (4.24) is

o1 A N
Logz—/ ()\_z—)\2+1)dA, zeCT.

—00

To show this, it suffices to verify the above expression for z = x € (0, 00),

that is,
1 —/Oo( L A ) A e (0, 00)
0BT = 0 A+z A2+1 ’ . 00,

which is immediate by a direct computation. 0
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Example 4.33 If 0 < p < 1, then 2P defined in Example 4.29 is in P(0, c0).
Its integral representation in the form (4.24) is

: 0
P pm sinpm ( 1 B A ))\pd)\ n
z COSQ+ . / N vl AP dA, zeC™.

—00

For this it suffices to verify that

P — o LT 4 SINET Oo(— ! A ) dA 4.26
oo B [Tt A ae (00, (426

which is computed as follows.
The function
Pl rp—leip—1)0

0
= ‘ = 0<f<2
T+z d1+re® 7T g

is analytic in the cut plane C\ (—o0, 0] and we integrate it along the contour

ret?

(e <r<R,0=+0),
L Re? (0 <0 < 27),
) re? (R>r>e 0=21-0),

ge (27 >0 >0),

where 0 < € <1 < R. Apply the residue theorem and let € \ 0 and R " 0o

to show that )
/ dt = —— (4.27)
o 141 sin pr

For each = > 0, substitute A\/x for ¢ in (4.27) to obtain

: 00 p—1
P — Smp”/ iﬁ d\, € (0,00).
™ Jo x

Since

r 1 +( A 1 ))\
A4z N+1 X+l A+a/7
it follows that

p:SiIlpﬂ' RaD Vi I\ sinpﬂ/w< A 1 ))\pd)\
v T /0 A2 +1 + T Jo \X+1 Atz ’ v € (0,00).

Substitute A? for ¢ in (4.27) with p replaced by p/2 to obtain

o0 )\pfl
/ 2 = -ﬂ pr
0 A+1 2sin £

Hence (4.26) follows. O
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4.4 Lowner’s theorem

The main aim of this section is to prove the primary result in Lowner’s theory
saying that an operator monotone function on (a, b) belongs to P(a,b).

Operator monotone functions on a finite open interval (a,b) are trans-
formed into those on a symmetric interval (—1,1) via an affine function. So
it is essential to analyze operator monotone functions on (—1,1). They are
C*°-functions and f’(0) > 0 unless f is constant. We denote by K the set of
all operator monotone functions on (—1, 1) such that f(0) = 0 and f'(0) = 1.

Lemma 4.34 Let f € K. Then

(1) For every a € [—1,1], (x + «) f(x) is operator convex on (—1,1).
(2) For every o € [—-1,1], (14 2) f(x) is operator monotone on (—1,1).
(3) f is twice differentiable at 0 and
" o
) @) - SO

2 x—0 xQ

Proof: (1) The proof is based on Example 4.24, but we have to change
the argument of the function. Let ¢ € (0,1). Since f(z — 1 + ¢) is operator
monotone on [0,2 —¢), it follows that zf(x — 14 €) is operator convex on the
same interval [0,2 —¢). So (z + 1 —¢) f(z) is operator convex on (—1+¢,1).
By letting € \ 0, (z + 1) f(z) is operator convex on (—1,1).

We repeat the same argument with the operator monotone function — f(—x)
and get the operator convexity of (z — 1) f(z). Since

_1+0z 11—«

(o +a)f(z) = — 2o+ Df () + —

(z —1)f(),

this function is operator convex as well.

(2) (z+ «)f(x) is already known to be operator convex and divided by z
it is operator monotone.

(3) To prove this, we use the continuous differentiability of matrix mono-
tone functions. Then, by (2), (1 + 1)f(z) as well as f(z) is C* on (—1,1)
so that the function h on (—1,1) defined by h(x) := f(x)/x for  # 0 and
h(0) := f'(0) is C''. This implies that

f'(@)x — f(x)

2

h'(z) = — B'(0) asx — 0.
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Therefore,
fl(@)x = f(z) + 1 (0)a® + of|2]*)
so that
f'(x) = h(z) + ' (0)z + o(|z]) = h(0) + 2K (0)z + o(|z|) as x — 0,
which shows that f is twice differentiable at 0 with f”(0) = 2A’(0). Hence
" _ o
FO) ) — g M) =HO) _ o) — 100

2 z—0 €T z—0 xr2

and the proof is ready. OJ

Lemma 4.35 If f € K, then

< f@) Jora € (<1.0) @) < 7o

and | f"(0)| < 2.

1_xf0r:p6(0,1).

Proof: For every x € (—1,1), Theorem 4.5 implies that

f[ﬂ(;ax) f[ﬂ(l’,(]) B ) fx)/z
f[ﬂ(:c,O) f[ﬂ(0,0)} - [f(:b’)/x 1 >0,

and hence

< f'(x). (4.28)
By Lemma 4.34 (1),

%(x +1)f(z) = flz) + (x £ 1) f'(2)

is increasing on (—1,1). Since f(0) £ f'(0) = £1, we have

fX)+(x—=1)f(z) >-1 for O0<uz<l, (4.29)
f@)+(x+1)f'(x)<1  for -1 <z <0, (4.30)
By (4.28) and (4.29) we have
fay+1> L=olEr 2“56)2.

If f(x) > £ for some x € (0,1), then
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so that f(z) < 7%=, a contradiction. Hence f(z) < % for all z € [0,1).
A similar argument using (4.28) and (4.30) yields that f(x) > I for all

x € (—1,0].

Moreover, by Lemma 4.34 (3) and the two inequalities just proved,

" 2z _x 1
2 N0 72 N0l —x
and
" 0 X _x -1
f_<> > lim B - _
x 0 .§L’2 z\0 1 +x
so that |f"(0)] < 2. O

Lemma 4.36 The set K is convex and compact if it is considered as a subset
of the topological vector space consisting of real functions on (—1,1) with the
locally convex topology of pointwise convergence.

Proof: 1t is obvious that IC is convex. Since {f(z) : f € K} is bounded
for each x € (—1,1) thanks to Lemma 4.35, it follows that K is relatively
compact. To prove that K is closed, let {f;} be a net in K converging to a
function f on (—1,1). Then it is clear that f is operator monotone on (—1,1)
and f(0) = 0. By Lemma 4.34(2), (1 + 2)f;(x) is operator monotone on
(—1,1) for every 4. Since lim,_,o(1+ 2)f;(z) = f/(0) = 1, we thus have

(2

(1 - i)fi(—a:) <1< (1 + i)fi(x), z € (0,1).
Therefore,
(1 — l)f(—a:) <1< (1 + l)f(a:), z € (0,1).
x x
Since f is C* on (—1,1), the above inequalities yield f’(0) = 1. O

Lemma 4.37 The extreme points of K have the form
x /"(0)

=1 where \ = 5

Proof: Let f be an extreme point of K. For each o € (—1,1) define

Ja(x) := (1 + %)f(a:) —a, r € (—1,1).



168 CHAPTER 4. MONOTONE FUNCTIONS AND CONVEXITY

By Lemma 4.34(2), g, is operator monotone on (—1,1). Notice that

0a(0) = F(0) +af (0) —a =0
and

f(z) = f'(0)x

9a(0) = lim p

z—0

(1+2)f(z) —a

1
= /'(0) + o lim =1+ 5a/"(0)

by Lemma 4.34 (3). Since 1+ 2af”(0) > 0 by Lemma 4.35, the function

(1+2)f(z) —a

hol®) = T (0)

is in K. Since
1 1 1 1
:_1 - " )a _(1__ " >7a
=5 (14 5ar" ) ha + 5 (1= Saf"©)hoa,
the extremality of f implies that f = h, so that

(14 5070 f) = (14+2) f() —

for all & € (—1,1). This immediately implies that f(z) = z/(1 — 1 f"(0)x).
U

Theorem 4.38 Let f be an operator monotone function on (—1,1). Then
there exists a probability Borel measure jn on [—1,1] such that

Lo

11— x

F(x) = £(0) + 1'(0) / (), we(-11). (4.31)

Proof: The essential caseis f € IC. Let ¢(z) := /(1 —Ax) for A € [—1,1].
By Lemmas 4.36 and 4.37, the Krein-Milman theorem says that KC is the
closed convex hull of {¢) : A € [—1,1]}. Hence there exists a net {f;} in the
convex hull of {¢) : A € [—1,1]} such that f;(z) — f(x) for all z € (—1,1).
Each f; is written as f;(x) = f_ll oa(z) dp;(N) with a probability measure p;
on [—1,1] with finite support. Note that the set M;([—1,1]) of probability
Borel measures on [—1, 1] is compact in the weak* topology when considered
as a subset of the dual Banach space of C([—1,1]). Taking a subnet we may
assume that yu; converges in the weak™ topology to some u € M;([—1,1]).
For each x € (—1,1), since ¢,(z) is continuous in A € [—1, 1], we have

fla) =tim fi(o) =tim [ or()dh) = [ on(a) )
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To prove the uniqueness of the representing measure pu, let py, pis be prob-
ability Borel measures on [—1, 1] such that

f(a) = / Onl@) () = / @), e (L),

Since ¢(z) = Y ooy @*TIA* is uniformly convergent in A € [—1,1] for any
€ (—1,1) fixed, it follows that

[e'e] 1 o) 1
Zxk“/ Akdﬂl(A):Zxk+1/ Nedup(N),  z e (=1,1).
—1 —1

k=0 k=0

Hence fjl Nedpy(\) = fil Nedpy(N) for all k = 0,1,2,. .., which implies that
p1 = pa. O

The integral representation of the above theorem is an example of the so-
called Choquet’s theorem while we proved it in a direct way. The uniqueness
of the representing measure p shows that {¢, : A € [—1, 1]} is actually the
set of extreme points of K. Since the pointwise convergence topology on
{¢r : A € [-1,1]} agrees with the usual topology on [—1, 1], we see that K is
a so-called Bauer simplex.

Theorem 4.39 (Lowner theorem) Let —oo < a < b < oo and [ be a
real-valued function on (a,b). Then f is operator monotone on (a,b) if and
only if f € P(a,b). Hence, an operator monotone function is analytic.

Proof: The “itf” part was shown after Theorem 4.31. To prove the “only
if”, it is enough to assume that (a,b) is a finite open interval. Moreover,
when (a, b) is a finite interval, by transforming f into an operator monotone
function on (—1, 1) via a linear function, it suffices to prove the “only if” part
when (a,b) = (—1,1). If f is a non-constant operator monotone function on
(—=1,1), then by using the integral representation (4.31) one can define an
analytic continuation of f by

12

I

dps( A c*.
A,z €

f(2) = £(0) + £/(0) /
Since
L' Tmz

t /() = £10) [ 5 (),

it follows that f maps C* into itself. Hence f € P(—1,1). O
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Theorem 4.40 Let f be a non-linear operator convex function on (—1,1).
Then there ezists a unique probability Borel measure p on [—1,1] such that

flz) = f(0) + f'(0)z + fﬁz(o) /_1 : f oA, re(=11)

Proof: To prove this statement, we use the result due to Kraus that if f is a
matrix convex function on (a, b), then f is C? and f[z, o] is matrix monotone
on (a,b) for every a € (a,b). Then we may assume that f(0) = f/(0) =0
by considering f(z) — f(0) — f'(0)z. Since g(z) := fM[z,0] = f(z)/x is a
non-constant operator monotone function on (—1,1). Hence by Theorem 4.38
there exists a probability Borel measure p on [—1, 1] such that

Uog

11—z

oa) =40 | (N, we(-11),

Since ¢'(0) = f"(0)/2 is easily seen, we have

f(x):f”Q(O) /11333 du(),  xe(-1,1).

Moreover, the uniqueness of u follows from that of the representing measure
for g. OJ

Theorem 4.41 Matriz monotone functions on RY have a special integral
representation

fla) = f0)+ s+ [ 28

e du(N) (4.32)

where p is a measure such that

/O A du(A)

18 finite and B > 0.

Since the integrand

AT A2

Az A_A+x
is a matrix monotone function of x, see Example 4.1, one part of the Lowner
theorem is straightforward. It follows from the theorem that a matrix mono-
tone function on R* is matrix concave.

Theorem 4.42 If f : RT™ — R is matriz monotone, then xf(x) is matriz
convet.
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Proof: Let A > 0. First we check the function f(z) = —(x + A)~!. Then

T A

= — :—1
f (@) A4z +)\+x

and it is well-known that z — (z + \)~! is matrix convex.

For a general matrix monotone f, we use the integral decomposition (4.32)
and the statement follows from the previous special case. O]

Theorem 4.43 If f : (0,00) — (0,00), then the following conditions are
equivalent:

(1) f is matriz monotone;
(2) z/f(x) is matriz monotone;

(3) f is matriz concave.

Proof: For € > 0 the functionf.(z) := f(z + ¢) is defined on [0, 00). If the
statement is proved for this function, then the limit ¢ — 0 gives the result.
So we assume [ : [0,00) — (0, 00).

Recall that (1) = (3) was already remarked above.

The implication (3) = (2) is based on Example 4.24. It says that —f(z)/z
is matrix monotone. Therefore =/ f(z) is matrix monotone as well.

(2) = (1): Assume that z/f(x) is matrix monotone on (0,00). Let o :=
lim,\ o2/ f(x). Then it follows from the Léwner representation that divided
by x we have

1 a <A
—— =48+ [ —L—du().
flz) =z p /0 At H
This multiplied with —1 is the matrix monotone —1/f(x). Therefore f(x) is
matrix monotone as well. 0

It was proved that the matrix monotonicity is equivalent to the positive
definiteness of the divided difference kernel. Matrix concavity has a somewhat
similar property.

Theorem 4.44 Let f : [0,00) — [0,00) be a smooth function. If the divided
difference kernel function is conditionally negative definite, then f is matriz
conver.

Proof: Example 2.42 and Theorem 4.5 give that g(x) = 2%/ f(x) is matrix
monotone. Then z/g(z) = f(x)/z is matrix monotone due to Theorem 4.43.
Multiplying by x we get a matrix convex function, Theorem 4.42. O
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It is not always easy to decide if a function is matrix monotone. An efficient
method is based on holomorphic extension. The set C* := {a +ib : a,b €
R and b > 0} is called upper half-plane. A function R™ — R is matrix
monotone if and only if it has a holomorphic extension to the upper half-plane
such that its range is in the closure of C* [18]. (Such functions are studied
in the next section.) It is surprising that a matrix monotone function is very
smooth and connected with functions of a complex variable.

Example 4.45 The representation

: oo yt—1
ot = St / §+ L) (4.33)
T Jo x

shows that f(z) = 2’ is matrix monotone when 0 < ¢ < 1. In other words,
0<A<B imply A'< B,

which is often called Lowner-Heinz inequality.

We can arrive at the same conclusion by holomorphic extension. If
a+ib = Re¥' with 0 <p<m,

then a + ib — R!e! is holomorphic and it maps C* into itself when 0 <
t < 1. This shows that f(z) = ' is matrix monotone for these values of the
parameter but not for any other value. 0

4.5 Some applications

If the complex extension of a function f : Rt — R is rather natural, then it
can be checked numerically that the upper half-plane remains in the upper
half-plane and the function is expected to be matrix monotone. For example,
x — 2P has a natural complex extension.

Theorem 4.46 Let

1

fo(z) = (M) T @so). (4.34)

P —1

In particular, fo(x) = (x +1)/2, f_1(x) = /2 and

z r—1

fi(z) == lim f,(z) = e tre1, fo(x) ;= lim fp(x)

p—1 p—0 logx

Then f, is matriz monotone if =2 < p < 2.
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Proof: First note that fo(x) = (x+1)/2 is the arithmetic mean, the limiting
case fo(x) = (x — 1)/logz is the logarithmic mean and f_;(z) = \/x is the

geometric mean, their matrix monotonicity is well-known. If p = —2 then
(2;1:)%
f ,2<l’) = .1
(z+1)3

which will be shown to be matrix monotone at the end of the proof.

Now let us suppose that p # —2,—-1,0,1,2. By Léwner’s theorem f, is
matrix monotone if and only if it has a holomorphic continuation mapping the
upper half plane into itself. We define log z aslog 1 := 0 then in case —2 < p <
2, since 2P—1 # 0 in the upper half plane, the real function p(z—1)/(2?—1) has
a holomorphic continuation to the upper half plane, moreover it is continuous
in the closed upper half plane, further, p(z —1)/(2? — 1) # 0 (2 # 1) so f,
also has a holomorphic continuation to the upper half plane and it is also
continuous in the closed upper half plane.

Assume —2 < p < 2 then it suffices to show that f, maps the upper half
plane into itself. We show that for every € > 0 there is R > 0 such that the
set {z:]z] > R,Imz > 0} is mapped into {z : 0 < argz < m+¢}, further, the
boundary (—oo, +00) is mapped into the closed upper half plane. Then by
the well-known fact that the image of a connected open set by a holomorphic
function is either a connected open set or a single point it follows that the
upper half plane is mapped into itself by f,.

Clearly, [0, +00) is mapped into [0, 00) by f.

Now first suppose 0 < p < 2. Let € > 0 be sufficiently small and z € {z :
|z| = R, Imz > 0} where R > 0 is sufficiently large. Then

arg(zf — 1) = arg2? e =pargzte,

and similarly arg z — 1 = arg z &+ € so that

z—1
2P —1

arg =(1—p)argz + 2e.

Further,

z—1 S 2| -1  R-1
2 —1| 7 [zp+1  Rr 41’

which is large for 0 < p < 1 and small for 1 < p < 2 if R is sufficiently large,

hence
1
z—1\1>» 1 z—1 2—p
arg (zp—l) = ﬂarg (zp—l) i25:argzi251_p.




174 CHAPTER 4. MONOTONE FUNCTIONS AND CONVEXITY

Since € > 0 was arbitrary it follows that {z : |z| = R, Imz > 0} is mapped
into the upper half plane by f, if R > 0 is sufficiently large.

Now, if z € [-R,0) then arg(z — 1) = 7, further, pr < arg(z? — 1) < 7 for
0<p<landw<arg(zf—1) <pnrfor1<p< 2 whence

Ogarg(i)g(l—p)ﬁ for 0<p<1,
2P —1
and
(1—p)7r<arg(z_1)<0 for T<p<2.
< > 1) S
Thus by

s—1\ 1 -1
ar = ——ar
TS\ 1—p e\ 1

s—1\TF
0 < arg ] <7

so z is mapped into the closed upper half plane.

it follows that

The case —2 < p < 0 can be treated similarly by studying the arguments
and noting that

Finally, we show that f_,(z) is matrix monotone. Clearly f_5 has a holo-
morphic continuation to the upper half plane (which is not continuous in
the closed upper half plane). If 0 < argz < 7 then arg 25 = %argz and
0 <arg(z+1) <argz so

zs
O<arg| — | <7
(= + 1)}

thus the upper half plane is mapped into itself by f_s. O

Theorem 4.47 The function

folz) = (xp - 1); (4.35)

2

1s matriz monotone if and only if —1 < p < 1.
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Proof: Observe that f_i(z) = 2z/(x + 1) and fi(z) = (x +1)/2, so f,
could be matrix monotone only if —1 < p < 1. We show that it is indeed
matrix monotone. The case p = 0 is well-known. Further, note that if f, is
matrix monotone for 0 < p < 1 then

ol = ((“; 1);>1

is also matrix monotone since 77 is matrix monotone decreasing for 0 < p <
1.

So let us assume that 0 < p < 1. Then, since zP + 1 # 0 in the upper half
plane, f, has a holomorphic continuation to the upper half plane (by defining
log z as log 1 = 0). By Léwner’s theorem it suffices to show that f, maps the
upper half plane into itself. If 0 < argz < 7 then 0 < arg(z + 1) < arg z? =

pargz so
(zp+1)§ 1 <zp+1)
0 < arg = —arg <argz < T
2 P 2
thus z is mapped into the upper half plane. O

In the special case p = 1

n’

:L’%—l—l " 1 - n k
fp(:c)—( . )—2—n (1)
k=0

and it is well-known that 2 is matrix monotone for 0 < a < 1 thus f, is also
matrix monotone.

Theorem 4.48 For —1 < p < 2 the function

(x—1)?

fp(l') = p(]- _p) (.Tp _ 1)(1‘1717 _ 1) :

(4.36)

18 matrix monotone.

Proof: The special cases p = —1,0, 1,2 are well-known. For 0 < p < 1 we
can use an integral representation

1 sinpr [ o1 13 ! 1
RO /od“ /od/odtx((l—t>A+<1—s>>+<tA+s>

and this shows that 1/f, is matrix monotone decreasing since so is the inte-
grand as a function of all variables. It follows that f,(x) is matrix monotone
for 0 <p< 1.
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We use the Lowner’s theorem for 1 < p < 2 and —1 < p < 0 can be treated
similarly. We should prove that if a complex number z is in the upper half
plane, then so is f,(z). We have

(=1
(- DT 1)

fo(z) =pp—1)2"""
Then
arg f(2) = arg 2! + arg(z — 1)° — arg(" — 1) — arg(+""" — 1),

Assume that |z|] = R and Imz > 0. Let € > 0 be arbitrarily given. If R is
large enough then

arg f(z) = (p—1)arg z+2arg z+ O(e) —parg z + O(e)
—(p—1)arg z + O(e)
= (2—p)arg z+ O(e).

This means Im f(z) > 0.
At last consider the image of [—R,0). We obtain
arg 2’1 = (p— 1 arg z = (p — 1),

m <arg(zX —1) < pr,
(p— 1) <arg(z"'—1) <.

Hence
pr < arg(2f — 1) farg(z""' —1) < (p+ 1)

Thus we have

-2 = (p—1)m— (p+ )7 <arg 2" " —arg(z¥ — 1) —arg(z"" — 1)
(p—Lm—pr = —m,

IN

or equivalently

0<arg 27! —arg(zf — 1) —arg(z* ' — 1) < 7.

It means Im f(z) > 0. O

The strong subadditive functions are defined by the inequality (4.13). The
next theorem tells that f(z) = logz is a strong subadditive function, since
log det A = Tr log A for a positive definite matrix A.
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Theorem 4.49 Let
Sin Sz Sis

S: Sik2 522 523
Stz S33 Sz

be a positive definite block matriz. Then

S11 Sie Sao Sas
<
det S x det Sy < det [ s, 522} x det [ S, 533}

and the condition for equality is Si3 = S12S55 Sas.

Proof: Take the ortho-projections

P = and Q=

O O M~
o O O
o O O
O O~
O~ O
o O O

Since P < @), we have the matrix inequality
[P]S < [PIQSQ
which implies the determinant inequality
det [P]S < det [P]QSQ .

According to the Schur determinant formula, this is exactly the determinant
inequality of the theorem.

The equality in the determinant inequality implies [P]|S = [P]QSQ which
is

S Sw| ' [S _
Su-[Sa sul| 92 92| |5 ] = 5u - Susas.

This can be written as

Saa Sas - 52_1 0} {521 ]
S S — =0. 4.37
(912, Shs] ({532 533} [ 0 O Sa1 (4.37)
For a moment, let

{522 523]‘1:[022 023]
SB2 SB3 C%;2 C(33 .

Then

{522 523} - _ [52_21 0} _ [02303}51032 C23]
532 533 0 0 032 033
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Co3C " [ e
{ o } [Ci*C ]
Css
Comparing this with (4.37) we arrive at
C3Coy -
[S127 513] |: Qél?g :| - S120230331/2 —|— 513C§3/2 = O
33

Equivalently,
51202303;;,1 + 513 =0.

Since the concrete form of Cy3 and Cs3 is known, we can compute that
0230351 = —S,,' S53 and this gives the condition stated in the theorem. O

The next theorem gives a sufficient condition for the strong subadditivity
(4.13) of functions.

Theorem 4.50 Let f: (0,400) — R be a function such that —f' is matriz
monotone. Then the inequality (4.13) holds.

Proof: A matrix monotone function has the representation

VD 1
b - dp(X
a+ x+/0 <A2+1 Aer) (A,

where b > 0, see (V.49) in [18]. Therefore, we have the representation

f(t):c—/lt (a—l—b:c—l—/ooo ()\211 _)\—T—x) du()\)) dx.

By integration we have

b <) A i
f(t):d—at—§t2+/0 <>\2+1(1—t)+log<)\—+1+)\—+1>) ().

The first quadratic part satisfies the strong subadditivity and we have to check
the integral. Since logz is a strongly subadditive function due to Theorem
4.49, so is the integrand. The integration keeps the property. O

In the previous theorem the conditon for f is
Te () + T f(As) < Tx f(B) + Tr £(C), (4.38)

where

All A12 A13
A= |4} Ay As
Al; Asy Ass
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and

All A12 A22 A23 :|
[ Al Az } ’ [ A5z Asz

Example 4.51 By differentiation we can see that f(x) = —(z +1t)log(z + 1)
with ¢ > 0 satisfies the strongly subadditivity. Similarly, f(x) = —z' satisfies
the strongly subadditivity if 1 <t < 2.

In some applications the matrix monotone functions

(z =17
(o = D7 —1)

fo(x) = p(1—p) (0O<p<1)

appear.

For p = 1/2 this is a strongly subadditivity function. Up to a constant
factor, the function is

(Ve +1)?=x+2yr+1

and all terms are known to be strongly subadditive. The function — f] /2 18
evidently matrix monotone.

Numerical computation shows that — f; seems to be matrix monotone, but
proof is not known. O

For K, L > 0 and a matrix monotone function f, there is a very particular
relation between f(K) and f(L). This is in the next theorem.

Theorem 4.52 Let f : RT — R be a matriz monotone function. For positive
matrices K and L, let P be the projection onto the range of (K — L),. Then

Tr PL(f(K) — f(L)) > 0. (4.39)

Proof: From the integral representation

fz) = / TS g

r+s

we have
Tr PL(f(K) — f(L)) = /000(1 +5)sTr PL(K + s) (K — L)(L + s) " du(s).

Hence it is sufficient to prove that

Tr PL(K +s8) (K- L)(L+s)'>0
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for s > 0. Let Ag:= K — L and observe the integral representation
1
(K +38) "Ag(L+s) ' = / S(L+tAg + s) T Ag(L + tAg + s) "' dt.
0

So we can make another reduction:
Tr PL(L + tAg + 5) "#Ao(L +tAg +5)1 >0

is enough to be shown. If C':= L +tAq and A :=tAy, then L = C — A and
we have

Tr P(C — A)(C +s) 'A(C +5)"! > 0. (4.40)

We write our operators in the form of 2 x 2 block matrices:

_ -1 __ ‘/1 ‘/2 o -[O o A+ 0
V=(C+s) _[Vz* ‘/3:|’ P_{O 0}’ A_[ 0 —A_ |’

The left-hand-side of the inequality (4.40) can then be rewritten as

Tr P(C — A)YVAV) = Tr[(C — A)(VAV)],

(V= A —s)(VAV)],

r (A Vi — (Ay 4+ 5)(VAV)1)

r (A+(V — VAV)H — S(VAV)H) (441)

[
e

|
H =

Because of the positivity of L, we have V=1 > A + s, which implies V =
VV=IV > V(A + s)V = VAV + sV2. As the diagonal blocks of a positive
operator are themselves positive, this further implies

Vi— (VAV) > s(V?)1.
Inserting this in (4.41) gives

Tr [(V_l —A— S)(VAV)]H

Tr (AL(V—=VAV); — s(VAV) 1)

Tr (ALs(V?)1 — s(VAV) 1)

sTr (AL (V) — (VAV)1)

= STHAL VIV 4 1515) - (AW
NS

= STr (A VLVY + VoAV,

v

This quantity is positive. O
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Theorem 4.53 Let A and B be positive operators, then for all 0 < s <1,

2Tr A*B'™* > Tr (A + B — |A — B|). (4.42)

Proof: For a self-adjoint operator X, X1 denotes its positive and negative
parts. Decomposing A — B = (A — B); — (A — B)_ one gets

TrA+TrB—Tr|A— B|=2TrA—-2Tr (A — B)4,
and (4.42) is equivalent to
TrA—TrB*A'"™ <Tr (A - B),.
From B< B+ (A—- B),,
A<A+(A-B)-=B+(A-DB):
and matrix monotonicity of the function z +— z°, we can write

TrA - TeB*A™ = Tr(A° — B)AY™ < Tr((B+ (A— B),)* — B¥)A"

< Te((B+(A-B),)* — B)(B+(A-B),)"
= T'rB+Tr (A-B), —TtB*(B+ (A-B))"*®
< TtB+Tr (A-B), —TrB*B'"*
= TI‘ (A — B)+
and the statement is obtained. O

Theorem 4.54 If 0 < A, B and [ : [0,00) — R is a matriz monotone
function, then

9Af(A) +2Bf(B) > VAT B(f(A) + f(B)) VA+B.

The following result is Lieb’s extension of the Golden-Thompson in-
equality.

Theorem 4.55 (Golden-Thompson-Lieb) Let A, B and C' be self-adjoint
matrices. Then

Tr B0 < / Tret(t+e ) 1Bt + e ) dt.
0
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Proof: Another formulation of the statement is
TI' 6A+B*10gD S TI' eA JBI (GB),

where

1K = / (t+ D) 'K(t+ D) dt
0

(which is the formulation of (3.50)). We choose L = —log D+ A, 8 = ® and
conclude from (4.14) that the functional

F: [ —Treltlosh

is convex on the cone of invertible positive matrices. It is also homogeneous
of order 1 and the hypothesis of Lemma 4.56 (from below) is fulfilled. So

—TreAtB18D — Ty exp(L + log ) = F(B)

d
> —%Tr exp(L + log(D + zf))

z=0

= —TretJHB) = —Tret I ().

This is the statement with a — sign. 0

Lemma 4.56 Let C be a convexr cone in a vector space and F' : C' — R be

a convex function such that F(AA) = AF(A) for every A >0 and A € C. If

the limit (A B A
L F(A+aB) -~ F(A)

r—+0 €x

exists, then

F(B) > 0gF(A).
If the equality holds here, then F(A+ zB) = (1 —x)F(A) + F(A+ B) for
0<z<1.

Proof: Set a function f:[0,1] — R by f(z) = F(A + «B). This function
Is convex:

FOz + (1= Naa) = FMA+21B) + (1 — A\)(A+25B))
AF(A+2B) + (1 — N F(A + 2,B))

Af(z1) + (1= A)f(z2).

The assumption is the existence of the derivative f’(0). From the convexity

Al

F(A+B) = f(1) = f(0) + f'(0) = F(A) + OpF(A).
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Actually, F' is subadditive,
F(A+ B)=2F(A/2+ B/2) < F(A)+ F(B)

and the stated inequality follows.
If f/(0) + f(0) = f(1), then f(z) — f(0) is linear. (This has also the
description that f”(z) =0.) O

When C' = 0 in Theorem 4.55, then we have

Tred ™8 < Trede? (4.43)

which is the original Golden-Thompson inequality. If BC' = CB, then
in the right-hand-side, the integral

/ (t+e ) 2dt
0

appears. This equals to e“ and we have TreAtB+C¢ < TredePe. Without
the assumption BC' = C'B, this inequality is not true.

The Golden-Thompson inequality is equivalent to a kind of monotonicity
of the relative entropy, see [68]. An example of the application of the Golden-
Thompson-Lieb inequality is the strong subadditivity of the von Neumann
entropy.

4.6 Notes and remarks

About convex analysis R. Tyrell Rockafellar has a famous book: Convex
Analysis. Princeton: Princeton University Press, 1970.

The matrix monotonicity of the function (4.36) for 0 < p < 1 was recog-
nized in [69], a proof for p € [—1,2] is in the paper V.E. Sdndor Szabd, A
class of matrix monotone functions, Linear Algebra Appl. 420(2007), 79-85.
Another relevant subject is [15] and there is an extension:

(x —a)(x —b)
(f(z) = f(a))(z/f(z) — b/ (D))

in the paper M. Kawasaki and M. Nagisa, Some operator monotone functions
related to Petz-Hasegawa’s functions. (¢ = b = 1 and f(x) = P covers
(4.36).)

The original result of Karl Lowner is from 1934 (and he changed his name
to Charles Loewner when he emigrated to the US). Apart from Lowner’s
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original proof, three different proofs, for example by Bendat and Sherman
based on the Hamburger moment problem, by Koranyi based on the spectral
theorem of self-adjoint operators, and by Hansen and Pedersen based on
the Krein-Milman theorem. In all of them, the integral representation of
operator monotone functions was obtained to prove Lowner’s theorem. The
proof presented here is based on [38].

The integral representation (4.17) was obtained by Julius Bendat and Sey-
mur Sherman [14]. Theorems 4.16 and 4.22 are from the paper of Frank
Hansen and Gert G. Pedersen [38]. Theorem 4.26 is from the papers of J.-C.
Bourin [26, 27].

Theorem 4.46 is from the paper Adém Besenyei and Dénes Petz, Com-
pletely positive mappings and mean matrices, Linear Algebra Appl. 435
(2011), 984-997. Theorem 4.47 was already given in the paper Fumio Hiai
and Hideki Kosaki, Means for matrices and comparison of their norms, Indi-
ana Univ. Math. J. 48 (1999), 899-936.

Theorem 4.50 is from the paper [13]. It is an interesting question if the
opposite statement is true.

Theorem 4.52 was obtained by Koenraad Audenaert, see the paper K.
M. R. Audenaert, J. Calsamiglia, L.. Masanes, R. Munoz-Tapia, A. Acin, E.
Bagan, F. Verstraete, The quantum Chernoff bound, Phys. Rev. Lett. 98,
160501 (2007). The quantum information application is contained in the same
paper and also in the book [68].

4.7 Exercises

1. Prove that the function k : R™ — R, k(z) = —xlogx+(x+1)log(z+1)
is matrix monotone.

2. Give an example that f(x) = 2% is not matrix monotone on any positive
interval.

3. Show that f(z) = e” is not matrix monotone on [0, c0).

4. Show that if f: R™ — R is a matrix monotone function, then —f is a
completely monotone function.

5. Let f be a differentiable function on the interval (a,b) such that for
some a < ¢ < b the function f is matrix monotone for 2 x 2 matrices on
the intervals (a, c] and [c,b). Show that f is matrix monotone for 2 x 2
matrices on (a,b).
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Show that the function

ar +b
flx) = p— (a,b,c,d € R, ad > bc)

is matrix monotone on any interval which does not contain —d/c.

Use the matrices

1 1 2 1
A:L 1} and B:[l 1}

to show that f(z) = Va2 + 1 is not a matrix monotone function on R*.

. Let f: RT — R be a matrix monotone function. Prove the inequality

Af(A) + Bf(B) < %(A +B)P(f(A) + f(B)(A+B)'? (4.44)

for positive matrices A and B. (Hint: Use that f is matrix concave and
xf(z) is matrix convex.)

Show that the canonical representing measure in (5.46) for the standard
matrix monotone function f(x) = (z — 1)/logx is the measure

2
du(N) = ————=dX\.
The function
i —1
log,,(z) = T (x>0, a>0, a#l) (4.45)

is called a-logaritmic function. Is it matrix monotone?

Give an example of a matrix convex function such that the derivative
is not matrix monotone.

Show that f(z) = tanz := sinz/cosz is in P, where cosz := (e”* +
e~?)/2 and sin z := (e — e™%*) /2i.

Show that f(z) = —1/z isin P.
Show that the extreme points of the set
S, ={DeM)?*: D>0 and TrD =1}

are the orthogonal projections of trace 1. Show that for n > 2 not all
points in the boundary are extreme.
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15.

16.

17.

18.

19.

CHAPTER 4. MONOTONE FUNCTIONS AND CONVEXITY

Let the block matrix

v-[i 2

B* C
be positive and f : RT — R be a convex function. Show that

Tr f(M) > Tr f(A) + Tr f(O).

Show that for A, B € M:* the inequality

Tr Be#

log Tr e**? > log Tre?
oglre > log'lre” + Tr oA

holds. (Hint: Use the function (4.8).)

Let the block matrix

[ f

B* C

be positive and invertible. Show that

det M < det A-detC.

Show that for A, B € M3* the inequality
|log Tre*B —log Tre?| < ||B||
holds. (Hint: Use the function (4.8).)

Is it true that the function

Na(x) = (x > 0) (4.46)

is matrix concave if « € (0,2)?



Chapter 5

Matrix means and inequalities

The means of numbers is a popular subject. The inequality

a—+

is well-known for the harmonic, geometric and arithmetic means of positive
numbers. If we move from 1 x 1 matrices to n X n matrices, then arith-
metic mean does not require any theory. Historically the harmonic mean was
the first essential subject for matrix means, from the point of view of some
applications the name parallel sum was popular.

Carl Friedrich Gauss worked about an iteration in the period 1791 until
1828:

ap = a, by := 0,

. an + b” b R b
Up41 = 9 ) n+1l -— QA Op,

then the (joint) limit is called Gauss arithmetic-geometric mean AG(a,b)
today. It has a non-trivial characterization:

(5.1)

1 _g/m dt
AG(a,b) 7)o @+ )PP+ )

In this chapter, first the geometric mean will be generalized for positive
matrices and several other means will be studied in terms of operator mono-
tone functions. There is also a natural (limit) definition for the mean of
several matrices, but explicit description is rather hopeless.

187
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5.1 The geometric mean

The geometric mean will be introduced by a motivation including a Rieman-
nian manifold.

The positive definite matrices might be considered as the variance of multi-
variate normal distributions and the information geometry of Gaussians yields
a natural Riemannian metric. Those distributions (with 0 expectation) are
given by a positive definite matrix A € M, in the form

1
Ja@) = e a

The set P of positive definite matrices can be considered as an open subset
of the Euclidean space R™ and they form a manifold. The tangent vectors
at a footpoint A € P are the self-adjoint matrices M7*.

exp (— (A7 2, 2)/2) (x € C"). (5.2)

A standard way to construct an information geometry is to start with an
information potential function and to introduce the Riemannian metric
by the Hessian of the potential. The information potential is the Boltzmann
entropy

S(fa) = —/fA(az) log fa(z)dx = C+Tr log A (C is a constant). (5.3)

The Hessian is
62 1 1
ms<fA+tHl+sH2) =TrA™ HlA_ H2

t=s=0
and the inner product on the tangent space at A is

gA<H17H2) = TI'AilHlAilHQ. (54)

We note here that this geometry has many symmetries, each congruence
transformation of the matrices becomes a symmetry. Namely for any invert-

ible matrix S,
gSAS*<SHIS*7SH2S*> = gA<H17H2)- (5-5)

A C! differentiable function v : [0,1] — P is called a curve, its tangent
vector at ¢ is 7/(t) and the length of the curve is

1
| oo
0
Given A, B € P the curve
v(t) = AVEHATVZBATY2) A2 (0<t<1) (5.6)

connects these two points: 7(0) = A, (1) = B. This is the shortest curve
connecting the two points, it is called a geodesic.
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Lemma 5.1 The geodesic connecting A, B € P is (5.6) and the geodesic
distance is

0(A, B) = [[log(A™/2BATY?)||5,
where || - ||2 stands for the Hilbert-Schmidt norm.
Proof: Due to the property (5.5) we may assume that A = I, then ~(t) =

B'. Let £(t) be a curve in M2* such that ¢(0) = ¢(1) = 0. This will be used
for the perturbation of the curve v(¢) in the form ~(t) + f(t).

We want to differentiate the length

1
| o ®) + <0070 + <t0)
0
with respect to € at ¢ = 0. Note that
G0y (Y (1), (t)) = Tt B"B'(log B)B~"B"log B = Tt (log B)*

does not depend on t. When ~(¢t) = B' (0 < ¢t < 1), the derivative of the
above integral at ¢ = 0 is

dt

e=0

/0 % (97(0 (' (®), 7’(75)) 1/2%gw(t)+sé(t) (Y (t) + el'(t),~'(t) + el (t))

1 Lo
= X —T
24/ Tr (log B)? /0 9

(B +el(t)) Y (B'log B + &l'(t))(B" + l(t)) ' (B'log B +¢l'(t))| dt

e=0

“(log B)2((t) + B '(log B){'(1)) dt.

1 1

B
VTr (log B)? Jo

To remove ¢'(t), we integrate by part the second term:

1

/1 Tr B *(log B){'(t) dt = [Tr B~ '(log B)f(t)} + /lTr B~ '(log B)*/(t) dt .

0

Since £(0) = ¢(1) = 0, the first term vanishes here and the derivative at ¢ = 0
is 0 for every perturbation £(¢). Thus we can conclude that ~(¢t) = B* is the
geodesic curve between I and B. The distance is

/01 Vv Tr (log B)?dt = +/Tr (log B)2.

The lemma is proved. O
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The midpoint of the curve (5.6) will be called the geometric mean of
A, B € P and denoted by A#B, that is,

A#DB = AV2(ATVEBATY/2)2 A2 (5.7)

The motivation is the fact that in case of AB = BA the midpoint is vV AB.
This geodesic approach will give an idea for the geometric mean of three
matrices as well.

Let A, B > 0 and assume that A is invertible. We want to study the

positivity of the matrix
A X
1 3] o5

for a positive X. The positivity of the block-matrix implies
B> XAX,

see Theorem 2.1. From the matrix monotonicity of the square root function
(Example 3.26), we obtain (A~Y2BA~Y2)Y/2 > A=1/2X A~1/2 or

Al/Q(A—l/QBA—l/Q)l/QAl/Q > X,

It is easy to see that for X = A#B, the block matrix (5.8) is positive.
Therefore, A#B is the largest positive matrix X such that (5.8) is positive.

(5.7) is the definition for invertible A. For a non-invertible A, an equivalent
possibility is

A#B = lim (A + eI)#B.

lim
e—+40
(The characterization with (5.8) remains true in this general case.) If AB =
BA, then A#B = AY2BY2(= (AB)'?). The inequality between geometric
and arithmetic means holds also for matrices, see Exercise 1.

Example 5.2 The partial ordering < of operators has a geometric interpre-
tation for projections. The relation P < (@) is equivalent to Ran P C Ran @),
that is P projects to a smaller subspace than ). This implies that any two
projections P and () have a largest lower bound denoted by P A (). This op-
erator is the orthogonal projection to the (closed) subspace Ran P N Ran Q.

We want to show that P#(@Q = PA(Q. First we show that the block-matrix

P PAQ
PAQ  Q

is positive. This is equivalent to the relation

{PjLePl P/\Q}

PAQ 0 >0 (5.9)
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for every constant € > 0. Since
(PAQ)P+ePH)y HPAQ)=PAQ

is smaller than @), the positivity (5.9) is true due to Theorem 2.1. We conclude
that P#Q > P A Q.

The positivity of
P+ePt X
X Q
gives the condition

Q>X(P+e'PHX = XPX + e 'XPX.

Since ¢ > 0 is arbitrary, X Pt X = 0. The latter condition gives X = XP.
Therefore, Q > X?2. Symmetrically, P > X2 and Corollary 2.25 tells us that
PAQ>X?andso PAQ > X. O

Theorem 5.3 Assume that Ay, Ay, By, By are positive matrices and A, <
Bl, A2 S BQ. Then Al#AQ S Bl#BQ.

Proof: The statement is equivalent to the positivity of the block-matrix

[ B, Al#AZ}
A A, B, '

This is a sum of positive matrices:

Ar - AAy | | Bi— A 0
Al#AQ AQ 0 BZ - AQ .

The proof is complete. OJ

The next theorem says that the function f(z) = z' is matrix monotone
for 0 <t < 1. The present proof is based on the geometric mean, the result
is called the Lowner-Heinz inequality.

Theorem 5.4 Assume that for the matrices A and B the inequalities 0 <
A< B hold and 0 < t < 1 is a real number. Then A' < Bt.

Proof: Due to the continuity, it is enough to show the case t = k/2", that
is, t is a dyadic rational number. We use Theorem 5.3 to deduce from the
inequalities A < B and I < [ the inequality

AY? = A#] < B#I = B2,
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A second application of Theorem 5.3 gives similarly AY* < B4 and A%* <
B3/*. The procedure can be continued to cover all dyadic rational powers.
Arbitrary t € [0, 1] can be the limit of dyadic numbers. O

Theorem 5.5 The geometric mean of matrices is jointly concave, that is,

Av+ Ay | As+ Ay Ai#As + As# A,
;g 2 2 '

Proof: The block-matrices

{ A, Al#Ag] o { Ay Ag#A4]
Al#AQ AQ A4#A3 A4

are positive and so is there arithmetic mean,

[ %(Al + As) %(AI#A2 + A3#A4)]
%(A1#A2 + As#As) %(Az + Ay) '

Therefore the off-diagonal entry is smaller than the geometric mean of the
diagonal entries. O

Note that the jointly concave property is equivalent with the slightly sim-
pler formula

(A1 + Ag)#(Az + Ag) > (Ar#A3) + (As#Ay). (5.10)

Later this inequality will be used.

The next theorem of Ando [6] is a generalization of Example 5.2. For the
sake of simplicity the formulation is in block-matrices.

Theorem 5.6 Take an ortho-projection P and a positive invertible matriz
R:
{10 _ | Ri1 R
p=loo]melR R

The geometric mean is the following:

P#R = (prlp)flm _ {(Rn — R12ORQ_21R21)1/2 8] .

Proof: We have already P and R in block-matrix form. Due to (5.8) we
are looking for positive matrices
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such that
1 0 Xn X

P X| |0 0 Xy Xy
X1 X2 Ru R
Xo1 Xop Ror Ro

should be positive. From the positivity X5 = X951 = Xg9s = 0 follows and the
necessary and sufficient condition is

IO X11 0 -1 Xll 0
o o= alm 3

I> Xn(R_l)an-

It was shown at the beginning of the section that this implies that

X1 < ((Rfl)n)

The inverse of a block-matrix is described in (2.4) and the proof is complete.

0

X R

or

—-1/2

For projections P and @, the theorem gives

P#Q:;PAQ:ZQ%U%Q+5D4PYV?

The arithmetic mean of several matrices is simpler, than the geometric
mean: for (positive) matrices Ay, Ay, ..., A, it is
A+ A+ A
p )

A(Al,AQ, .. 7An) .

Only the linear structure plays a role. The arithmetic mean is a good example
to show how to move from the means of two variables to three variables.

Suppose we have a device which can compute the mean of two matrices.
How to compute the mean of three? Assume that we aim to obtain the mean
of A, B and C. For the case of arithmetic mean, we can make a new device

W:(A B,C)— (A(A,B),A(A,C),A(B,()) (5.11)
which, applied to (A, B, C') many times, gives the mean of A, B and C:
W"(A,B,C)— A(A,B,C) as n — oc. (5.12)
Indeed, W™(A, B, C) is a convex combination of A, B and C,
WA, B,C) = (An, Bn, Cp) = A" A+ 2B+ AC.

One can compute the coefficients )\E") explicitly and show that )\E") — 1/3.
The idea is shown by a picture and will be extended to the geometric mean.



194 CHAPTER 5. MATRIX MEANS AND INEQUALITIES

B

i

A Cy

By

Figure 5.1: The triangles Ay, A and As.

Theorem 5.7 Let A, B,C € M, be positive definite matrices and set a re-
cursion as
A():A, BQZB, C():C,
Am+1 - Am#Bma Berl = Am#cma Cerl = Bm#cm
Then the limits

G;3;(4, B,C) :=1lim A,, = lim B,, = lim C,, (5.13)
exist.

Proof: First we assume that A < B < C.

From the monotonicity property of the geometric mean, see Theorem 5.3,
we obtain that A, < B,, < C,,. It follows that the sequence (A,,) is increas-
ing and (C,,) is decreasing. Therefore, the limits

L:= lim A, and U= lim C,,

m—o0 m—r 00

exist. We claim that L = U.

Assume that L # U. By continuity, B,, — L#U =: M, where L. < M <
U. Since

Bm#Cm = Um+1,
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the limit m — oo gives M#U = U. Therefore M = U and so U = L. This
contradicts L # U.
The general case can be reduced to the case of ordered triplet. If A, B,C'

are arbitrary, we can find numbers A and p such that A < AB < uC and use
the formula

(aX)#(BY) = v aB(X#Y) (5.14)
for positive numbers o and S.
Let
Al = A, B} = \B, C) = uC,
and
A=A #B), B, = A #C), i1 = B #C.

It is clear that for the numbers
a:=1, b:= A and =L
the recursion provides a convergent sequence (a,, by, ¢;,) of triplets:
(A\)'/3 = lim a,, = lim by, = lim c,,.
Since
A, =A an, m =Bl /b,  and m=C! [cm

due to property (5.14) of the geometric mean, the limits stated in the theorem
must exist and equal G (A, B', C")/(Au)*/3. O

The geometric mean of the positive definite matrices A, B,C € M, is
defined as G3(A, B, C) in (5.13). Explicit formula is not known and the same
kind of procedure can be used to make definition of the geometric mean of k
matrices. If P, P, ..., P, are ortho-projections, then Example 5.2 gives the
limit

G(P,Pyy...,Py) = PAANPyN--- A\ Py (5.15)

5.2 (General theory

The first example is the parallel sum which is a constant multiple of the
harmonic mean.
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Example 5.8 It is well-known in electricity that if two resistors with re-
sistance a and b are connected parallelly, then the total resistance ¢ is the
solution of the equation

Then "
—(a~tap )l = a
q=(a" +0b") o

is the harmonic mean up to a factor 2. More generally, one can consider
n-point network, where the voltage and current vectors are connected by a
positive matrix. The parallel sum

A:B=(A"1+B )

of two positive definite matrices represents the combined resistance of two
n-port networks connected in parallel.

One can check that
A:B:A—A(A+B)_1A.

Therefore A : B is the Schur complement of A 4+ B in the block-matrix

A A
A A+ B\’
see Theorem 2.4.

It is easy to see that for 0 < A< Cand 0 < B< D, then A: B<C:D.
The parallel sum can be extended to all positive matrices:

A:B:li{‘rg)(A+€I):(B+EI).

Note that all matrix means can be expressed as an integral of parallel sums
(see Theorem 5.11 below). O

On the basis of the previous example, the harmonic mean of the positive
matrices A and B is defined as

H(A,B) :=2(A:B) (5.16)

Assume that for all positive matrices A, B (of the same size) the matrix
Ao B is defined. Then o is called an operator connection if it satisfies
the following conditions:
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il
L

——t L o0——
00— —o-
B
o N —C o
o e
Z .
= I — ——— .* ]
L — T ——
; A ;
" — I —

Upper part: An n-point network with the input and output voltage vectors.
Below: Two parallelly connected networks

(i) 0< A< Cand 0 < B <D imply

AoB<CoD (joint monotonicity), (5.17)

(i) if 0 < A, B and C' = C*, then

C(AoB)C < (CAC) e (CBC) (transformer inequality), (5.18)

(iii) if 0 < A,, B, and A, \( A, B, \, B then

(A,0B,) \( (Ao B) (upper semicontinuity). (5.19)

The parallel sum is an example of operator connections.
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Lemma 5.9 Assume that o is an operator connection. If C' = C* is invert-
wble, then
C(AoB)C = (CAC) o (CBC) (5.20)

and for every a > 0
a(Ao B) = (aA) o (aB) (positive homogeneity) (5.21)
holds.

Proof: In the inequality (5.18) A and B are replaced by C7'AC™! and
C~1BC™!, respectively:

AocB>C(CtAC'oC'BCC.
Replacing C with C~!, we have
C(AoB)C > CAC o CBC.

which gives equality with (5.18).

When a > 0, letting C := /2 in (5.20) implies (5.21). When a = 0, let
0 < a, \¢0. Then (a,]) o (a, 1) N\ 000 by (iii) above while (a,, 1) o (a, 1) =
an(Io 1), 0. Hence 0 =000, which is (5.21) for a = 0. O

The next fundamental theorem of Kubo and Ando says that there is a one-
to-one correspondence between operator connections and operator monotone
functions on [0, 00).

Theorem 5.10 (Kubo-Ando theorem) For each operator connection o
there exists a unique matriz monotone function f : [0,00) — [0,00) such that

f)I =1o(tl) (t e RT) (5.22)
and for 0 < A and 0 < B the formula
Ao B =AYV2f(A7Y2BA V%) AY?2 = f(BA 1A (5.23)
holds.

Proof: Let o be an operator connection. First we show that if an ortho-
projection P commutes with A and B, then P commutes Ao B and

((AP)o (BP)) P = (Ao B)P. (5.24)

Since PAP = AP < A and PBP = BP < B, it follows from (ii) and (i)
of the definition of o that

P(Ao B)P < (PAP)o (PBP) = (AP)o (BP) < Ao B. (5.25)
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Hence (Ao B — P(Ao B)P)"/? exists so that
12 |2
‘(AJB—P(AJB)P) P‘ :P(AaB—P(AaB)P)P:O.

Therefore, (Ao B — P(Ao B)P)Y?P = 0 and so (Ao B)P = P(Ao B)P.
This implies that P commutes with Ao B. Similarly, P commutes with
(AP) o (BP) as well, and (5.24) follows from (5.25). Hence we see that there
is a function f > 0 on [0,00) satisfying (5.22). The uniqueness of such
function f is obvious, and it follows from (iii) of the definition of the operator
connection that f is right-continuous for ¢ > 0. Since t=1f(¢t)I = (7)o I
for ¢ > 0 thanks to (5.21), it follows from (iii) of the definition again that
t=1f(t) is left-continuous for ¢ > 0 and so is f(¢). Hence f is continuous on
[0, 00).

To show the operator monotonicity of f, let us prove that
f(A) =10 A. (5.26)

Let A =>"", o;P;, where a; > 0 and P; are projections with > " | P, = I.
Since each P; commute with A, using (5.24) twice we have

m m

(Lo AP, =S (P (AP)P, = S (Pio (aiP)) P,

1 =1 =1
m

(To ()P, =) fa;)P, = f(A).

1 i=1

IcA =

M

(2

M-

2

For general A > 0 choose a sequence 0 < A,, of the above form such that
A, \ A. By the upper semicontinuity we have

IocA=1lim Iog A, = lim f(A4,) = f(A).

n—o0 n—oo

So (5.26) is shown. Hence, if 0 < A < B, then
f(A)=1cA<IocB=f(B)

and we conclude that f is matrix monotone.
When A is invertible, we can use (5.20):

Ao B = Al/Q(IO_A—l/QBA—l/Z)Al/Q _ Al/Qf(A—l/ZBA—l/Q)Al/Z

and the first part of (5.23) is obtained, the rest is a general property. O
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Note that the general formula is

Ao B =1limA, o B. =1lim AY2f(AZV?B.AZY/?) A2,
e\0 e\0

where A, := A+¢l and B, := B+¢cl. We call f the representing function
of 0. For scalars s,t > 0 we have sot = sf(t/s).

The next theorem comes from the integral representation of matrix mono-
tone functions and from the previous theorem.

Theorem 5.11 FEwvery operator connection o has an integral representation

Ao B=aA+bB +/ %((AA) : B) du(\)  (A,B>0), (5.27)

(0,00)
where p is a positive finite Borel measure on [0, 00).

Due to this integral expression, one can often derive properties of general
operator connections by checking them for parallel sum.

Lemma 5.12 For every vector z,
inf{(z, Az) + (y, By) : 2 +y = 2} = (. (A: B)z).

Proof: When A, B are invertible, we have

A:B= (B—l(A+B)A—1) - ((A+B)_B) (A+B)"'B = B—B(A+B)"'B.
For all vectors x,y we have

(x, Azx) + (z =z, B(z — x)) — (2, (A : B)z)
= (2,Bz) + (z,(A+ B)x) — 2Re (z, Bz) — (2, (A : B)z)
= (2, B(A+ B)"'Bz) + (z, (A + B)z) — 2Re (z, Bz)
= [I(A+ B)"2Bz|* + [|(A + B)"z|”
—2Re ((A+ B)Y?z,(A + B)"Y2Bz) > 0.

In particular, the above is equal to 0 if z = (A+ B) "' Bz. Hence the assertion
is shown when A, B > 0. For general A, B,

(,(A: B)2) = inf(z, ((A tel): (B+ 5[))2)

e>0

— infinf{(x, (A+elz) + (z — (B+€I)(z—x)>}

e>0 y

= inf{(x,Ax) +(z—z,B(z —:1:))}

Y
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The proof is complete. OJ

The next result is called the transformer inequality, it is a stronger
version of (5.18).

Theorem 5.13
S*(Ao B)S < (S*AS) o (S*BS) (5.28)

and equality holds if S is invertible.
Proof: For z = x +y Lemma 5.12 implies

(2,S*(A: B)Sz) = (Sz,(A:B)Sz) < (Sz, ASz) + (Sy, BSy)
= (x,S"ASz) + (y,S*BSy).

Hence S*(A: B)S < (S*AS) : (S*BS) follows. The statement of the theorem
is true for the parallel sum and by Theorem 5.11 we obtain for any operator
connection. U

A very similar argument gives the joint concavity:
(AcB)+ (CoD)<(A+C)o(B+ D). (5.29)
The next theorem is about a recursively defined double sequence.

Theorem 5.14 Let o1 and oy be operator connections dominated by the
arithmetic mean. For positive matrices A and B set a recursion

Al = A, Bl = B, AkJrl = AkO'lBk, Bk+1 = AkO'QBk. (530)
Then (Ag) and (By) converge to the same operator connection Ao B.
Proof: First we prove the convergence of (Ax) and (By). From the inequal-

ity
X+Y

XoY < (5.31)
we have
Apq1 + Bry1 = Apo1 By, + Agoo B, < Ay, + By
Therefore the decreasing positive sequence has a limit:
A+ B — X as k — oo. (5.32)

Moreover,

1
@ = (| Apall + 1 Besally < [Allz + 1Bills = 5114k = Billz,
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where || X||, = (Tr X*X)¥2 the Hilbert-Schmidt norm. The numerical se-
quence ay, is decreasing, it has a limit and it follows that

|Ax — Bill3 = 0

and Ay, B, — X/2 as k — oc.

Ay and By, are operator connections of the matrices A and B and the limit
is an operator connection as well. O

Example 5.15 At the end of the 18th century J.-L. Lagrange and C.F.
Gauss became interested in the arithmetic-geometric mean of positive num-
bers. Gauss worked on this subject in the period 1791 until 1828.

If the initial conditions

a; = a, blzb

and .
Gyt = “"; " by = anby (5.33)

then the (joint) limit is the so-called Gauss arithmetic-geometric mean
AG(a,b) with the characterization

1 2 [ dt
AG(a,b) :?/o V(@ + 202+ 12) (5:34)

see [32]. It follows from Theorem 5.14 that the Gauss arithmetic-geometric
mean can be defined also for matrices. Therefore the function f(x) = AG(1, x)
is an operator monotone function. 0

It is an interesting remark, that (5.30) can have a small modification:
Al = A, Bl = B, Ak+1 == AkO'lBk, BkJrl = Ak+1a2Bk. (535)

A similar proof gives the existence of the limit. (5.30) is called Gaussian
double-mean process, while (5.35) is Archimedean double-mean pro-
cess.

The symmetric matrix means are binary operations on positive matrices.
They are operator connections with the properties Ac A = A and Ao B =
B o A. For matrix means we shall use the notation m(A, B). We repeat the
main properties:

(1) m(A, A) = A for every A,
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(2) m(A, B) = m(B, A) for every A and B,

(3) if A< B, then A <m(A,B) < B,

(4) if A< A" and B < B, then m(A, B) < m(A', B'),
(5) m is continuous,

(6) Cm(A, B)C* <m(CAC*,CBC™).

It follows from the Kubo-Ando theorem, Theorem 5.10, that the operator
means are in a one-to-one correspondence with operator monotone functions
satisfying conditions f(1) = 1 and tf(¢~!) = f(t). Given an operator mono-
tone function f, the corresponding mean is

ms(A, B) = AY2f(A7Y2BATY?) A2 (5.36)

when A is invertible. (When A is not invertible, take a sequence A, of
invertible operators approximating A such that A, \, A and let m;(A, B) =
lim,, ms(A,, B).) It follows from the definition (5.36) of means that

if f <g, then ms(A, B) < my(A, B). (5.37)
Theorem 5.16 If f : R — R" is a standard matriz monotone function,
then ) .
z T+
< < .
v ST =—

Proof: From the differentiation of the formula f(x) = xf(z™'), we obtain
f'(1) = 1/2. Since f(1) = 1, the concavity of the function f gives f(z) <
(14+2x)/2.

If f is a standard matrix monotone function, then so is f(z7')~'. The
inequality f(z=1)™t < (14 x2)/2 gives f(x) > 2z/(x +1). O

If f(z) is a standard matrix monotone function with the matrix mean
m(-, ), then the matrix mean of z/f(x) is called the dual of m(-, -), the
notation is m*(-, - ).

The next theorem is a Trotter-like product formula for matrix means.

Theorem 5.17 For a symmetric matriz mean m and for self-adjoint A, B
we have A n
lim m(e?/™, eP/")" = exp i :

n—o0 2
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Proof: 1t is an exercise to prove that

. m(eeB)y -1 A+ B
lim = .
t—0 t 2

The choice t = 1/n gives

A+ B
exp < —n(I —m(e", eB/"))> — exp —ig_ .

So it is enough to show that
D, == m(e" eB/M" —exp ( —n(I —m(e, eB/"))> — 0

as n — oo. If A is replaced by A + al and B is replaced by B + al with a
real number a, then D,, does not change. Therefore we can assume A, B < 0.

We use the abbreviation F(n) := m(e4/™, eB/™), so

o0 k o0

k
n n " ) n .
1Dl < e 3 S IF )" = P < e 30 2T = Py,

k=0 k=0

Since

0<1—Fm)*" <|k—n|I - F(n)),
it follows that o
“n n
1D, < e™[[1 = F(n)| ) wrlk—nl
k=0

The Schwarz inequality gives that

ok ok 1/2 /o ok 1/2
LT n- N2 _ . 1/2.n
Zk!\k n\ﬁ(Zk'> (Zk'(k: n)) =n'%e".
k=0

k=0 k=0

So we have
Dyl < =2 In(I — F(n))]l.

Since ||[n(I — F(n))|| is bounded, the limit is really 0. O
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For the geometric mean the previous theorem gives the Lie-Trotter for-
mula, see Theorem 3.8.

Theorem 5.7 is about the geometric mean of several matrices and it can be
extended for arbitrary symmetric means. The proof is due to Miklos Palfia
and the Hilbert-Schmidt norm || X ||3 = Tr X*X will be used.

Theorem 5.18 Let m(-, -) be a symmetric matriz mean and 0 < A, B,C €
M,,. Set a recursion:

(1) A® =4 BO.=p 0©.=C,

(2) A*+D = m(A®) BR)Y - BEHD = (AR OR)Y)  gnd  CRHD =
m(B®), W),

Then the limits lim,, A™ = lim,, B™ = lim,, C"™ exist and this can be

defined as m(A, B,C).

Proof: From the well-known inequality

m(X,Y) < = . Y (5.38)
we have
AR+ L pk+) o okl < g(k) 4 g 4 o)
Therefore the decreasing positive sequence has a limit:
A® 4 B® L c®) 5 X as k — oo. (5.39)

It follows also from (5.38) that

I3+ IDI3 _ 1
m(c, D) < 1= - Sje - pj

Therefore,

appr = JJACDE+ | BEVIE + 3
< APRE+IBWIE + 03

1
—1 (1A% = BOI 4+ BY — W34 % — A9]3)
=. Qf — Cg.
The numerical sequence a;, is decreasing, it has a limit and it follows that
¢ — 0. Therefore,

A*¥ — B¥ -0, AP -k 0.
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If we add these formulas and (5.39), then
) _, 1
AV — §X as k — o0.
Similar convergence holds for B%*) and C*), O

Theorem 5.19 The mean m(A, B,C) defined in Theorem 5.18 has the fol-
lowing properties:

(1) m(A, A, A) = A for every A,

(2) m(A,B,C) =m(B,A,C)=m(C, A, B) for every A, B and C,
(3) if A< B<C, then A<m(A,B,C) <C,

(4) if A< A, B< B and C < ', then m(A, B,C) <m(A",B',C"),
(5) m is continuous,

(6) Dm(A, B,C)D* < m(DAD*, DBD*, DCD*) and for an invertible ma-
trix D the equality holds.

Example 5.20 If P, P;, P; are ortho-projections, then
m(Pl,PQ,Pg):Pl/\PQ/\Pg

holds for several means, see Example 5.23.
Now we consider the geometric mean G3(A, A, B). If A > 0, then

Gs(A, A, B) = AY2G(I,1,A"/2BA~Y2) A2,

Since 1,1, A"Y2BA~'/2 are commuting matrices, it is easy to compute the
geometric mean. So

G3<A,A, B) — A1/2<A71/2BA71/2)1/3A1/2.
This is an example of a weighted geometric mean:
Gi(A,B) = AV2(A7V2BATY2)I A2 (0 <t <1). (5.40)

There is a general theory for the weighted means. 0
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5.3 Mean examples

The matrix monotone function f : Rt — R* will be called standard if
f(1) =1 and tf(t7') = f(t). Standard functions are used to define matrix
means in (5.36).

Here are the popular standard matrix monotone functions:

2x <\/5<x—1<x+1.
r+1 7 ~ logx T 2

(5.41)

The corresponding increasing means are the harmonic, geometric, logarithmic
and arithmetic. By Theorem 5.16 we see that the harmonic mean is the
smallest and the arithmetic mean is the largest among the symmetric matrix
means.

First we study the harmonic mean H (A, B), a variational expression is
expressed in terms of a 2 x 2 block-matrices.

Theorem 5.21

s - mac{xz0: [% 915 X X)),

Proof: The inequality of the two block-matrices is equivalently written as
(x,2A2) + (y,2By) = ((x +y), X (z +y)).

Therefore the proof is reduced to Lemma 5.12, where x + y is written by z
and H(A,B) =2(A: B). O

Recall the geometric mean
G(A, B) = A#B = AY2(A7V2BAT2)1/2 A1/ (5.42)

which corresponds to f(x) = y/z. The mean A#B is the unique positive
solution of the equation X A™'X = B and therefore (A#B)™' = A~'#B~!.

Example 5.22 The function

_:U—l

f(x)

~ logx

1s matrix monotone due to the formula

/lxtdt:—x_l
0 logz
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The standard property is obvious. The matrix mean induced by the function
f(z) is called the logarithmic mean. The logarithmic mean of positive
operators A and B is denoted by L(A, B).

From the inequality

1 1 1/2 1/2
= / o' dt = / (' + 2 dt > / 2V/xdt = \/x
0 0 0

log x
of the real functions we have the matrix inequality
A#B < L(A, B).

It can be proved similarly that L(A, B) < (A+ B)/2.

From the integral formula

1 _loga—logb_/“’ 1 it
L(a,b)  a—b  Jy (a+t)(b+t)

o] —1
MABYHi/-@%;?—ﬁ
0

one can obtain

In the next example we study the means of ortho-projections.

Example 5.23 Let P and () be ortho-projections. It was shown in Example
5.2 that P#Q = P A Q. The inequality

2P 0] _[PAQ PAQ
0 20|~ |PAQ PAQ

18 true since

P 0 PAQ 0 P —PAQ
h Q]Z[() PAQ}’{—PAQ Q }20

This gives that H(P,Q) > P A @ and from the other inequality H(P,Q) <
P#@Q), we obtain H(P,Q) =P AQ.
It is remarkable that H (P, Q) = G(P, Q) for every ortho-projection P, Q.

The general matrix mean m(P, ()) has the integral

mARQ):aP+mQ+%;Ml§3(@P)x@de.
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Since \
()\P)ZQ:H—A(P/\Q),

we have

my(P,Q) =aP +bQ + c¢(PNQ).

Since m(I,I) =1, a = f(0), b = lim, , f(x)/x we have a = 0,b =0, c =1
and m(P,Q) = P A Q. O

Example 5.24 The power difference means are determined by the func-

tions Lot
t—1 o' —
I =——o5—

where the values t = —1, 1/2, 1, 2 correspond to the well-known means as
harmonic, geometric, logarithmic and arithmetic. The functions (5.43) are
standard operator monotone [37] and it can be shown that for fixed x > 0 the

value f;(z) is an increasing function of ¢. The case t = n/(n — 1) is simple,
then

(~1<t<2), (5.43)

1 n—1
_ k/(n—1)
fi(@) n Z x
k=0
and the matrix monotonicity is obvious. 0

Example 5.25 The Heinz mean

ptyl=t 4 pl=tyt
2

approximates between the arithmetic and geometric means. The correspond-
ing standard function

Hy(z,y) = 0<t<1/2) (5.44)

{L't + xlft

fi(@) = 9
is obviously matrix monotone and a decreasing function of the parameter ¢.
Therefore we can have Heinz mean for matrices, the formula is essentially the
from (5.44):
(A—l/QBA—l/Q)t +2(A—1/QBA—1/2)1—tA1/2.

This is between geometric and arithmetic means:

A+ B

Hy(A,B) = AY?

A#B < H,(A,B) < (te[0,1/2)).
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Example 5.26 For x # y the Stolarsky mean is

1 1
T— T-p 1 Y p—1 p=1 :
(p:v 7y ) = (Tm f:v tP dt) lfp # ]_,
mp(.ﬁlf’y) = N ’ xypﬁ ! )
= (g—y) ifp=1.

If -2 < p <2, then f,(x) = my(x,1) is a matrix monotone function (see
Theorem 4.46), so it can make a matrix mean. The case of p = 1 is called
identric mean and p = 0 is the well-known logarithmic mean. U

It follows from the next theorem that the harmonic mean is the smallest
and the arithmetic mean is the largest mean for matrices.

Theorem 5.27 Let f : R™ — R™ be a standard matriz monotone function.
Then f admits a canonical representation

14w L A=1D)(1—2)?
f@) == “pA D) WA (5.45)

where h : [0,1] — [0, 1] is a measurable function.

Example 5.28 In the function (5.45) we take
1 ifa<<A<b
AN = { SASS,
) 0 otherwise
where 0 < a <b<1.

Then an easy calculation gives

A=D1 -t)2> 2 1 ¢
A+)A+M)(1+XA)  T+A A+t 1+

Thus

b A=D1 —1t)? B ) ,
/a ornarnainy® = losl+A)—logh+1) —log(1+ M),

(1+0)? b+t log LT 0t

1 RN
Og(lJra)2 Bttt 1yt

So
(b+1)2 1+t)(a+t)(1+at)

2(a+1)? (b+1t)(1+ bt)

ft) =
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For h = 0 the largest function f(¢) = (1 +t)/2 comes and h = 1 gives the
smallest function f(t) =2t/(1+1t). If

1

h

/ ﬂd)\:—i-oo,
o A

then f(0) =0. O

Hansen’s canonical representation is true for any standard matrix
monotone function [39]:

Theorem 5.29 If f : Rt — Rt be a standard matriz monotone function,

then : Ly 1 1
+
fl@) ~ /0 2 (:p MW +m) dp(A), (5.46)

where 1 is a probability measure on [0, 1].

Theorem 5.30 Let f: RT™ — R™ be a standard matriz monotone function.
Then
(0)

f(x) = % ((x +1)—(z—1) %) (5.47)

1s standard matriz monotone as well.

Example 5.31 Let A, B € M, be positive definite matrices and M be a
matrix mean. The block-matrix
A m(A, B)
m(A, B) B

is positive if and only if m(A, B) < A#B. Similarly,

A7t m(A, B)™!
[m(A, B)! B!

E
if and only m(A, B) > A#B.
If Ay, Ag, ..., A\, are positive numbers, then the matrix A € M, defined as

1

A= —
T L, N)

is positive for n = 2 according to the above argument. However, this is true
for every n due to the formula

1 1 1
Lwy) - Gy ™ (5:48)
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(Another argument is in Example 2.54.)
From the harmonic mean we obtain the mean matrix
20

B;; .
PYE DY

This is positive, being the Hadamard product of two positive matrices, one
of them is the Cauchy matrix.

There are many examples of positive mean matrices, the book [41] is rele-
vant. U

5.4 Mean transformation

If 0 < A, B € M, then a matrix mean my(A, B) € M, has a slightly com-
plicated formula expressed by the function f : Rt — R* of the mean. If
AB = BA, then the situation is simpler: m(A, B) = f(AB~')B. The mean
introduced here will be a linear mapping M,, — M,. If n > 1, then this is
essentially different from m(A, B).

From A and B we have the linear mappings M,, — M, defined as
LaX = AX, RpX = XB (X € M,).

So L4 is the left-multiplication by A and Rp is the right-multiplication by
B. Obviously, they are commuting operators, LR = Rl 4, and they can
be considered as matrices in M,,2.

The definition of the mean transformation is
Mf(A, B) = mf(LA, RB) .

Sometime the notation J/, , is used for this.

For f(x) = y/x we have the geometric mean which is a simple example.

Example 5.32 Since L4 and Rp commute, the example of geometric mean
is the following;:

La#Rp = (La)2(Rp)"? = L1 2Rpr2, X = AV2XBY2.

It is not true that M (A, B)X > 0if X > 0, but as a linear mapping M (A, B)
is positive:

(X,M(A,B)X) = Tr X*AY2XBY? = Tt BV/*X*AY2X BY* > 0
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for every X € M,,.

Let A, B > 0. The equality M (A, B)A = M (B, A)A immediately implies
that AB = BA. From M(A,B) = M(B,A) we can find that A = \B
with some number A > 0. Therefore M (A, B) = M(B, A) is a very special
situation for the mean transformation. O

The logarithmic mean transformation is

1
Mog(A, B)X = / A'X B dt. (5.49)
0

In the next example we have a formula for general M (A, B).

Example 5.33 Assume that A and B act on a Hilbert space which has two
orthonormal bases |z1),...,|z,) and |y1), ..., |y,) such that

A= Mleel, B =3 mly) (yil

Then for f(z) = 2* we have
FLARG ) RElwi) (ys| = Aflwa) (y;| B~ = \opiy ™ aa) (]
= SO/l ysl = myp (N, pg)le) (y,]

and for a general f

My (A, B)lai)(y;| = mp(hi, p) i)yl (5.50)
This shows also that My(A, B) > 0 with respect to the Hilbert-Schmidt inner
product.

Another formulation is also possible. Let A = UDiag(Aq,...,\,)U*, B =
VDiag(p1, ..., tn)V* with unitaries U, V. Let |ej),...,|e,) be the basis
vectors. Then

M¢(A, B)X = U ([mg(Ni, p5)]ij o (U XV)) V™. (5.51)
It is enough to check the case X = |z;)(y;|. Then
U (fmy (i, )i © (U |2a) (s [V)) VE = U (g (A )i o fea) (e ) V2
= my(Xi; py)Ulea)(e; |V = myp(Ni, pg) i)y

For the matrix means we have m(A, A) = A, but M (A, A) is rather dif-

ferent, it cannot be A since it is a transformation. If A = ). Ai|x;)(w,

then
M(A, A)|z){x;| = m(Xi, Aj)|i) (]

(This is related to the so-called mean matrix.) O
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Example 5.34 Here we show a very special inequality between the geometric
mean Mg (A, B) and the arithmetic mean M4(A, B). They are

Mg(A,B)X = AY?XBY?,  Mu(A,B)X = {(AX + XB).
There is an integral formula
Mg(A,B)X = / AYMA(A, B)X B " du(t), (5.52)
where the probability measure is
du(t) = ! dt
S = cosh(wt)
From (5.52) it follows that
| Ma(A, B)X|| < [[Ma(A, B)X| (5.53)
which is an operator norm inequality. O

The next theorem gives the transformer inequality.

Theorem 5.35 Let f : [0,4+00) — [0,4+00) be an operator monotone func-
tion and M(-, -) be the corresponding mean transformation. If  : M, —
M, is a 2-positive trace-preserving mapping and the matrices A, B € M,

B(A), B(B) € M, are positive, then

BM(A, B)B* < M(B(A), B(B)). (5.54)

Proof: By approximation we may assume that A, B, 3(A), (B) > 0. In-
deed, assume that the conclusion holds under this positive definiteness con-
dition. For each £ > 0 let
B(X)+e(Tr X)L,

14 me

Be(X) = , X eM,,

which is 2-positive and trace-preserving. If A, B > 0, then .(A), 5.(B) > 0
as well and hence (5.54) holds for f.. Letting ¢ N\, 0 implies that (5.54) for 3
is true for all A, B > 0. Then by taking the limit from A + ¢/l,,, B + ¢l,, as
e\, we have (5.54) for all A, B > 0. Now assume A, B, 5(A), B(B) > 0.

Based on the Lowner theorem, we may consider f(z) = z/(A+z) (A > 0).
Then
L4

M(A,B) = ——2
M + LaRj,

M(A,B)™"' = (M + LR;HL;
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The statement (5.54) has the equivalent form
B M(B(A), B(B))™'5 < M(A, B)™, (5.55)
which means

(B(X), (M + LRz Ly B(X)) < (X, (M +LaRzHL,'X)

or
AT B(X*)B(A) 1 B(X)+Tr B(X)B(B) 'B(X*) < ATt X*A ' X +Tr XB1X*,
This inequality is true due to the matrix inequality

BXB(Y)B(X) < BXYTIX) (Y >0),
see Lemma 2.45. O

If 37! has the same properties as /3 in the previous theorem, then we have
equality in formula (5.54).

Theorem 5.36 Let f : [0,+00) — [0,+00) be an operator monotone func-
tion with f(1) =1 and M(-, -) be the corresponding mean transformation.
Assume that 0 < A, B € M,, and A < A,B < B'. Then M(A,B) <
M(A", B).

Proof: Based on the Lowner theorem, we may consider f(z) = x/(A + x)
(A > 0). Then the statement is

La(M + LR <La (M + LRS!,
which is equivalent to the relation
AL, + Ry = (A +LaRp L, < (A +LaRGHL, = AL + Ry

This is true, since L} < L' and Ry < R3' due to the assumption. O

Theorem 5.37 Let f be an operator monotone function with f(1) =1 and
M be the corresponding transformation mean. It has the following properties:

(1) My(ANA,AB) = AM¢(A, B) for a number X\ > 0.
(2) (My(A, B)X)" = My(B, A)X".
(3) My(A,A)I = A.
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(4) Tr My(A,A)7YY = Tr Ay
(5) (A, B) — (X, M¢(A, B)Y) is continuous.

(6) Let

A 0
C.—{O B}ZO.

Then

My(C,C) {X Y} - {Mf(gaA)X M(A, B)Y

Z W|= | M;(B,A)Z MyB.B)Z (5.56)

The proof of the theorem is an elementary computation. Property (6) is

very essential. It tells that it is sufficient to know the mean transformation
for two identical matrices.

The next theorem is an axiomatic characterization of the mean transfor-
madtion.

Theorem 5.38 Assume that for all 0 < A, B € M, the linear operator
L(A,B) : M,, = M,, is defined. L(A,B) = M;(ILs,Rp) with an operator
monotone function f if and only if L has the following properties:

(i) (X,Y)— (X, L(A, B)Y) is an inner product on M.
(i) (A, B) — (X, L(A, B)Y) is continuous.
(i1i) For a trace-preserving completely positive mapping 3

BL(A,B) 5" < L(BA, BB)

holds.
(iv) Let
e [i 9]0
Then
weall B)-[aas m] e

The proof needs a few lemmas. Recall that HF = {A €M, : A>0}.
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Lemma 5.39 If U,V € M, are arbitrary unitary matrices then for every
A,B € Hf and X € M,, we have

(X, L(A, B)X) = (UXV*, LLUAU*,VBV*)UX V™).

Proof: For a unitary matrix U € M, define §(A) = U*AU. Then :M,, —
M, is trace-preserving completely positive, further, 3*(A) = 871(A) = UAU*.
Thus by double application of (iii) we obtain

(X, L(A, A)X) (X, L(BB™'A, BT A)X)
(X,BL(BA, B A)B°X)
(8°X,L(37 A, 5~ A8 X)
(B"X, B7IL(A, A)(B7)" B X)
(X, L(A, A)X),

v IV

hence
(X, L(A,A)X) = (UAU", LIUAU* ,UAU*)UXU").

Now for the matrices

A o0 . [0 x [u o
C—|:0 B:| H2n7 Y—[O 0:|EM2n and W—|:0 V:|EM2n

it follows by (iv) that
(X, L(A,B)X) = (Y,L(C.C)Y)

(WYW*, LIWCW*, WCWWYW*)
= (UXV*L(UAU*, VBV*)UXV?)

and we have the statement. O

Lemma 5.40 Suppose that L(A, B) is defined by the axioms (i)-(iv). Then
there exists a unique continuous function d: RT x R — R™ such that

d(rA,rp) =rd(A,p)  (r,A,pu>0)

and for every A = Diag(\1,...,\,) € H, B = Diag(pq,...,pun) € HF

(X,L(A,B)X Zd (g ) | X ).

j,k=1

Proof: The uniqueness of such a function d is clear, we concentrate on the
existence.
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Denote by E(jk)™ and I,, the n x n matrix units and the n xn unit matrix,
respectively. We assume A = Diag(Ay,...,\,) € Hf, B = Diag(pq,...,p,) €
HT.

We first show that

(E(GE)™ LA, A)E(Im)™) =0 if (j,k) # (I, m). (5.58)

Indeed, if j # k,l,m we let U; = Diag(1,...,1,i,1,...,1) where the imagi-
nary unit is the jth entry and j # k, [, m. Then by Lemma 5.39 one has

(E(jk)™ (A A)E(lm)("’>
= (U; E(jk) U, L(U; AU, U; AU U E(Im) ™ U7
= (iE(jk)™, L(A, A)E(Im)™) = —i(E(jk)™, L(A, A)E(Im)™)

hence (E(jk)™, L(A, A)E(Im)™) = 0. If one of the indices j, k,[,m is dif-
ferent from the others then (5.58) follows analogously. Finally, applying con-
dition (iv) we obtain that

(E(jK)™, L(A, B)E(Im)™) = (E(j,k +n)® m(C,C)E(l,m 4 n)*) =0

if (j,k) # (I,m), because C = Diag(\1, ..., A\, i1, - -, fhn) € Hy and one of
the indices 7, k + n, [, m + n are different from the others.

Now we claim that (E(jk)™, L(A, B)E(jk)™) is determined by );, and
(. More specifically,

IEGR) ™5 = 1EQ2)P [ Biagen, yu)- (5.59)
where for brevity we introduced the notations
XI55 = (X.L(A4,B)X)  and  [|X[[% = X[} 4

Indeed, if Uj g4, € My, denotes the unitary matrix which interchanges the
first and the jth, further, the second and the (k + n)th coordinates, then by
condition (iv) and Lemma 5.39 it follows that

IEGH® s = 1BG,k+n)@)|2
= [Ujk+nE(, /{Z+n) (2n) U*k+n”Ujk+nCU

J,k+n

Thus it suffices to prove

1E(12)! = [1E(12)®||?

|| Diag(n1,m2)"

(5.60)

(2
™ ||D1ag(n1 72,.12n)
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Condition (iv) with X = E(12)™ and Y = Z = W = 0 yields

2n) (|2 n)||2
||E(12)( )HDiag(nlmg ..... Non) ||E(12)( )HDiag(nlmg ..... Nn)* (561)

Further, consider the following mappings (n > 4): 8,:M,, — M,,_1,

E(jk)D, if1<j,k<n-—1,
Bu(E(jE)™) = E(n—1,n—10" if j=k=n,
0, otherwise,

and f3,: M,,_; — M, Bn(E(j]{;)(n—l)) = E(GE) ™ Vif1<jk<n-—2,

- w1 En—1,n—1)®" W E (n)
6n<E<n_ 1,n— 1)(n—1)) — TIn—1 (n 1 ) +n (nn>
Mn—1 + Tn

and in the other cases f,(E(jk)" D) = 0.

Clearly, /3, and /3, are trace-preserving completely positive mappings hence

by (iii)

n) |12 n)|12
||E(12)( )HDiag(nl ..... Mn) = ||E(12)( )HBnﬁnDiag(nl ..... Mn)

18, 2(12)™|3,

Diag(n1,.--,1n)

(A\VARAYS

.....

—~
—_
[\

~—

—~
3
=
gowN
rd
o
09
—~
3
[
3

3

~

.....

Thus equality holds, which implies

| E(12)" )= ||E(12)¢! (5.62)

)12 )12
||Diag(n1 yeorsin—1,"n ||Diag(171 7~~~777n—2777n—1+77n) :

Now repeated application of (5.61) and (5.62) yields (5.60) and therefore also
(5.59) follows.

For 0 < A, let
d(>\7 :u) = HE(12>(2)”I2)iag()\,,u)'

Condition (ii) implies the continuity of d. We further claim that d is homo-
geneous of order one, that is,

d(rA,rp) =rd(Ap) (0 <A p,r).

First let » = k € N,. Then the mappings ay: My — Moy, ag: Mo, — My,
defined by

1
ap(X) = E[k ® X
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and
X X oo Xu
Xo1 Xoo ... X
Qg :21 :22 . = Xy Xog 4+ X
Xt Xpe o0 X
are trace-preserving completely positive, further, & = kay. So applying

condition (iii) twice it follows that

1E12)? gy = 1EA2)P2, 0, biagonn
g E(12)® ||akD1ag )
103 E(12) [Bagn
1E(12)® | Biagioe -

ALY

Hence equality holds, which means

1E12) [Biagr g = 1k ® EQ2) D3 1 oo

Thus by applying (5.58) and (5.59) we obtain

d\p) = | © E(12)®

|| 1Ik®D1ag A1)

k
= Z HEO])(IC) ® E<12) ” 1Ik®D1ag A1)
7=1

= k|E(11)® @ E(12)®

A p
= kd
(#5):

I 1omiacnn

If r = ¢/k where {, k are positive natural numbers then

(AN 1 14

By condition (ii), the homogeneity follows for every r > 0.
We finish the proof by using (5.58) and (5.59) and obtain

X125 = D dOy, )| Xl

J,k=1

O

If we require the positivity of M (A, B)X for X > 0, then from the formula

(M(A, B)X)" = M(B, A)X
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we need A= B. If A =3 Ni|a;) (x| and X = 37, . |2;)(z;| with an orthonor-
mal basis {|z;) : i}, then

(M(A, A)X) = M),
ij
The positivity of this matrix is necessary.

Given the positive numbers {\; : 1 <1i < n}, the matrix
Kij =m(Xi, Aj)

is called an n X n mean matrix. From the previous argument the positivity
of M(A,A) : M,, — M,, implies the positivity of the n x n mean matrices
of the mean M. It is easy to see that if the mean matrices of any size are
positive, then M (A, A) : M, — M, is a completely positive mapping.

Example 5.41 If the mean matrix

{m&f, M) " AQ)}

is positive, then m(\;, A2) < v/ Ao, It follows that to have a positive mean
matrix, the mean m should be smaller than the geometric mean.

The power mean or binomial mean

xt+yt 1/t
mt(x7y) = < 2 )

(5.63)

is an increasing function of ¢ when x and y are fixed. The limit ¢ — 0 gives
the geometric mean. Therefore the positivity of the matrix mean may appear
only for —t > 0. Then

1/t Ty

m—t(%y) =2 W

and this matrix is positive due to the infinitely divisible Cauchy matrix, see
Example 1.41. O]

5.5 Notes and remarks

The geometric mean of operators first appeared in the paper of Wieslaw Pusz
and Stanislav L. Woronowicz (Functional calculus for sesquilinear forms and
the purification map, Rep. Math. Phys., (1975), 159-170) and the detailed
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study was in the paper Tsuyoshi Ando and Fumio Kubo [53]. The ge-
ometric mean for more matrices is from the paper [9]. A popularization of
the subject is the paper Rajendra Bhatia and John Holbrook: Noncom-
mutative geometric means. Math. Intelligencer 28(2006), 32-39. The mean
transformations are in the book of Fumio Hiai and Hideki Kosaki [41].
Theorem 5.38 is from the paper [16]. There are several examples of positive
mean matrices in the paper Rajendra Bhatia and Hideki Kosaki, Mean matri-
ces and infinite divisibility, Linear Algebra Appl. 424(2007), 36-54. (Actually
the positivity of matrices A;; = m(\;, \;)" are considered, ¢ > 0.)

Theorem 5.18 is from the paper Miklés Palfia, A multivariable extension
of two-variable matrix means, SITAM J. Matrix Anal. Appl. 32(2011), 385
393. There is a different definition of the geometric mean X of the positive
matrices Ay, As,....Ay as defined by the equation

ZlogA;lX =0.
k=1

See the papers Y. Lim, M. Palfia, Matrixpower means and the Karcher mean,
J. Functional Analysis 262(2012), 1498-1514 or M. Moakher, A differential
geometric approach to the geometric mean of symmetric positive-definite ma-
trices, SITAM J. Matrix Anal. Appl. 26(2005), 735-747.

Lajos Molnar proved that if a bijection o : M7 — M preserves the
geometric mean, then for n > 2 a(A) = SAS* for a linear or conjugate linear
mapping S (Maps preserving the geometric mean of positive operators, Proc.
Amer. Math. Soc. 137(2009), 1763-1770.)

Theorem 5.27 is from the paper F. Hansen, Characterization of symmetric
monotone metrics on the state space of quantum systems, Quantum Infor-
mation and Computation 6(2006), 597-605.

The norm inequality (5.53) was obtained by R. Bhatia and C. Davis: A
Cauchy-Schwarz inequality for operators with applications, Linear Algebra
Appl. 223/224 (1995), 119-129. The integral formula (5.52) is due to H.
Kosaki: Arithmetic-geometric mean and related inequalities for operators, J.
Funct. Anal. 156 (1998), 429-451.

5.6 Exercises
1. Show that for positive invertible matrices A and B the inequalities

2047+ B ) ' < A#B < -(A+ B)

N =
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10.
11.
12.

13.

14.
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hold. What is the condition for equality? (Hint: Reduce the general
case to A =1.)

1A+ -pB !
A#B = — /O T dt.

Show that

. Let A, B > 0. Show that A#B = A implies A = B.

Let 0 < A, B € M,,. Show that the rank of the matrix

A A#B
A#B B

is smaller than 2m.

Show that for any matrix mean m,

m(A, B)#m* (A, B) = A#B.

. Let A > 0 and P be a projection of rank 1. Show that A#P =

VTr APP.
Argue that natural map
log A+ log B
(A, B) — exp <w>

would not be a good definition for geometric mean.

Show that for positive matrices A: B = A — A(A+ B) ' A.
Show that for positive matrices A : B < A.

Show that 0 < A < B imply A <2(A: B) < B.

Show that L(A, B) < (A+ B)/2.

Let A,B > 0. Show that if for a matrix mean my(A, B) = A, then
A=B.

Let f,g : RT — RT be matrix monotone functions. Show that their
arithmetic and geometric means are matrix monotone as well.

Show that the matrix .

v HtO‘iv Aj)

defined by the Heinz mean is positive.

A
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15

16.

17.

18.

19.

20.

21.

22.

23.
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Show that

gm(etA’etB) — A+B

ot t=0 2
for a symmetric mean. (Hint: Check the arithmetic and harmonic
means, reduce the general case to these examples.)

Let A and B be positive matrices and assume that there is a unitary U

such that AY2UBY? > 0. Show that A#B = AY2UBY2.

Show that
S*(A: B)S < (S*AS) : (S*BS)

for any invertible matrix S and A, B > 0.
Show the property

(A:B)+(C:D)<(A4+C):(B+ D)
of the parallel sum.

Show the logarithmic mean formula

[ee) —1
L(A,B) = / % dt
0

for positive definite matrices A, B.

Let A and B be positive definite matrices. Set Ay := A, By := B and
define recurrently

A,_1+ B,_ _ 1 -
A= S B =oAL 4 BT (n=12,)
Show that
lim A, = lim B, = A#B.
n—oo n—oo

Show that the function f;(x) defined in (5.43) has the property

< 14+

Vi < fi(z) < 5
when 1/2 <t < 2.
Let P and @ be ortho-projections. What is their Heinz mean?

Show that

det (A#B) = Vdet Adet B.
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24.

25.

26.

27.

28.

29.

30.

31.

32.

33.
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Assume that A and B are invertible positive matrices. Show that

(A#B) ™' = A" #B71,

Let

1= ) e n [ 1)

Show that A > B > 0 and for p > 1 the inequality A? > BP does not
hold.

Show that

det (G(A,B, C)) - (det Adet B det 0)1/3.

Show that
G(aA, 3B,1C) = (apy)/*G(A, B,C)

for positive numbers «, 3, .
Show that Al Z AQ, Bl Z BQ, Cl Z 02 1mply

G(Ala Bl7 Cl) Z G(A27 BQ) 02)

Show that
G(A,B,C) = G(Afl,Bfl, Cil)*l.

Show that

1
3(A'+B '+ 0! < G(A,B,C) < S(A+B+0).

Show that
£ (@) = 227717 (1 4 )17
is a matrix monotone function for 0 < vy < 1.

Let P and @ be ortho-projections. Prove that L(P,Q) = P A Q.

Show that the function

fo(z) = (xp; 1) " (5.64)

is matrix monotone if and only if —1 < p < 1.
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34. For positive numbers a and b

P 1/p
lim <a ;pr) = Vab.

p—0

Is it true that for 0 < A, B € M, (C)

AP 4 B\ /P
lim (7)

p—0 2

is the geometric mean of A and B?



Chapter 6

Majorization and singular
values

A citation from von Neumann: “The object of this note is the study of certain
properties of complex matrices of nth order together with them we shall use
complex vectors of nth order.” This classical subject in matrix theory is
exposed in Sections 2 and 3 after discussions on vectors in Section 1. The
chapter contains also several matrix norm inequalities as well as majorization
results for matrices, which were mostly developed rather recently.

Basic properties of singular values of matrices are given in Section 2. The
section also contains several fundamental majorizations, notably the Lidskii-
Wielandt and Gel’fand-Naimark theorems, for the eigenvalues of Hermitian
matrices and the singular values of general matrices. Section 3 is an impor-
tant subject on symmetric or unitarily invariant norms for matrices. Sym-
metric norms are written as symmetric gauge-functions of the singular values
of matrices (the von Neumann theorem). So they are closely connected with
majorization theory as manifestly seen from the fact that the weak majoriza-
tion s(A) <, s(B) for the singular value vectors s(A), s(B) of matrices A, B is
equivalent to the inequality |||A]|| < |||B]|| for all symmetric norms (as sum-
marized in Theorem 6.24. Therefore, the majorization method is of particular
use to obtain various symmetric norm inequalities for matrices.

Section 4 further collects several majorization results (hence symmetric
norm inequalities), mostly developed rather recently, for positive matrices in-
volving concave or convex functions, or operator monotone functions, or cer-
tain matrix means. For instance, the symmetric norm inequalities of Golden-
Thompson type and of its complementary type are presented.

227
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6.1 Majorization of vectors

Let a = (ay,...,a,) and b = (by,...,b,) be vectors in R". The decreasing
rearrangement of a is a* = (al,... a}) and b* = (b%,... b}) is similarly

defined. The majorization a < b means that

dap<M bb (1<k<n) (6.1)

and the equality is required for & = n. The weak majorization a <, b is
defined by the inequality (6.1), where the equality for £ = n is not required.
The concepts were introduced by Hardy, Littlewood and Pdlya.

The majorization a < b is equivalent to the statement that a is a convex
combination of permutations of the components of the vector b. This can be

written as
a=> M\Ub,
U

where the summation is over the n x n permutation matrices U and Ay > 0,
> v Av = 1. The n xn matrix D = Y, A\yU has the property that all entries
are positive and the sums of rows and columns are 1. Such a matrix D is
called doubly stochastic. So a = Db. The proof is a part of the next
theorem.

Theorem 6.1 The following conditions for a,b € R" are equivalent:
(1) a<b;
(2) D lai—r| <> by —r| forallr € R;

(3) doiy fla) <D0, f(b;) for any convex function f on an interval con-
taining all a;, b; ;

(4) a is a convexr combination of coordinate permutations of b;

(5) a = Db for some doubly stochastic n X n matriz D.

Proof: (1) = (4). We show that there exist a finite number of matrices
Dy, ..., Dy of the form A+ (1—A)II where 0 < A < 1 and II is a permutation
matrix interchanging two coordinates only such that a = Dy --- D1b. Then
(4) follows because Dy --- Dy becomes a convex combination of permutation
matrices. We may assume that a; > --- > a,, and by > --- > b,. Suppose
a # b and choose the largest j such that a; < b;. Then there exists a k£ with
k > j such that a; > by. Choose the smallest such k. Let Ay := 1 —min{b; —
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aj,ar — by}/(bj — by) and II; be the permutation matrix interchanging the
jth and kth coordinates. Then 0 < Ay < 1 since b; > a; > ay > b,. Define
Dy := M1 + (1 — AT and Y := Dib. Now it is easy to check that
a < b < band bgl) > o> bﬁﬂ). Moreover the jth or kth coordinates of a
and b are equal. When a # bV, we can apply the above argument to a and
b . Repeating finite times we reach the conclusion.

(4) = (b) is trivial from the fact that any convex combination of permu-
tation matrices is doubly stochastic.

(5) = (2). For every r € R we have

Z Dij (b] — 7"

J=1

n

IEEUEDY

i=1 i=1

ZDU|b Z|b —7"|

1,j=1 7j=1

(2) = (1). Taking large r and small 7 in the inequality of (2) we have
v a; = > b. Noting that |z] + 2 = 2z; for z € R, where z; =
max{xz,0}, we have

n

Z(ai —r); < Z(bl — T4, reR. (6.2)

i=1

Now prove that (6.2) implies that a <,, b. When bi > > btﬂa sk af <
Ele bii follows since

Z Za—’r >Za — kr, Z(bl-—'r)Jr:be—k'r.

i=1

(4) = (3). Suppose that a; = Z]kvzl Akbry, 1 <@ < n, where A\, > 0,
chvzl Ar = 1, and 7 are permutations on {1,...,n}. Then the convexity of
f implies that

Zf a;) < ZZM ) = Y f(bi)
i=1 k=1 i=1
(3) = (b) is trivial since f(x) = |z — r| is convex. O

Note that the implication (5)=-(4) is seen directly from the well-known
theorem of Birkhoff saying that any doubly stochastic matrix is a convex
combination of permutation matrices [25].

Example 6.2 Let DA ¢ M, ® M,, be a density matrix which is the convex
combination of tensor product of density matrices: DA = S \;DA @ DPE.
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We assume that the matrices D! are acting on the Hilbert space H 4 and DP
acts on Hp.

The eigenvalues of DAP form a probability vector r = (r1,72,...,7nm)-
The reduced density matrix D4 = >~ X\;(Tr DZ) D has n e igenvalues and
we add nm — n zeros to get a probability vector ¢ = (q1,¢2, ..., Gnm). We
want to show that there is a doubly stochastic matrix S which transform gq
into r. This means r < q.

Let

DA = relex)(exl = D pila) (sl @ lys) (s

k J

be decompositions of a density matrix in terms of unit vectors |eg) € Ha ®
Mg, |x;) € Ha and |y;) € Hp. The first decomposition is the Schmidt de-
composition and the second one is guaranteed by the assumed separability
condition. For the reduced density D? we have the Schmidt decomposition
and another one:

DA = "alf) (il =Y pile) (],
z j

where f; is an orthonormal family in H4. According to Lemma 1.24 we have
two unitary matrices V' and W such that

D VigyBile) ©ly;) = raler)
k
Y Wialh) = pjlw).
l
Combine these equations to have
> Vig 2 Wavalfi) @ lys) = virelex)
k !
and take the squared norm:

re= 30 (D0 Vi Vi W Wt (s )
l J1,J2
Introduce a matrix
Skl — ( Z Vk]l ijQlele2l<yj17 y]2>)
J1,J2

and verify that it is doubly stochastic. O
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The weak majorization a <, b is defined by the inequality (6.1). A
matrix S is called doubly substochastic n x n matrix if 37, Sj; < 1 for
l1<i<nand ) S;<lforl<;j<n.

The previous theorem was about majorization and the next one is about
weak majorization.

Theorem 6.3 The following conditions for a,b € R™ are equivalent:
(1) a <y by

(2) there exists a ¢ € R™ such that a < ¢ < b, where a < ¢ means that
a; < ¢, 1 <i<n;

(3) Do (i —r)y <30 (bi— 1)y forallr € R;

(4) D0 fla) < D%, f(by) for any increasing convex function f on an
interval containing all a;, b;.

Moreover, if a,b > 0, then the above conditions are equivalent to the next one:
(5) a = Sb for some doubly substochastic n X n matriz S.

Proof: (1) = (2). By induction on n. We may assume that a; > --- > a,
and by > --- > b,. Let @ == minj <<, (32 b;— 3" a;) and define a := (a,+
a,as,...,a,). Then a < a <, b and Zle a; = Zle b; for some 1 < k < n.
When k£ =n, a < a < b When k < n, we have (ay,...,ar) < (by,...,b)

and (Gg11,---,0n) <w (bgs1,-..,b,). Hence the induction assumption implies
that (a’kJrlv cee 7&n) < (Ck+17 R Cn) = (karlu R bn) for some (Ck+17 s ,Cn) €
R" ¥ Then a < (a1, ..., G0k Ci1,.--,Cn) < b is immediate from a; > b, >
b1 = Cry1-

(2) = (4). Let a < ¢ < b. If f is increasing and convex on an interval
[a, B] containing a;, b;, then ¢; € [« 8] and

Zf(ai) SZf(Ci) SZf(bz‘)

by Theorem 6.1.

(4) = (3) is trivial and (3) = (1) was already shown in the proof (2) =
(1) of Theorem 6.1.

Now assume a, b > 0 and prove that (2) < (5). If a < ¢ < b, then we have,
by Theorem 6.1, ¢ = Db for some doubly stochastic matrix D and a; = a;¢;
for some 0 < o; < 1. So a = Diag(ay, ..., a,)Db and Diag(ay,...,a,)D is a
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doubly substochastic matrix. Conversely if a = Sb for a doubly substochastic
matrix S, then a doubly stochastic matrix D exists so that S < D entrywise,
whose proof is left for the Exercise 1 and hence a < Db < b. O

Example 6.4 Let a,b € R" and f be a convex function on an interval con-
taining all a;, b;. We use the notation f(a) := (f(a1),..., f(a,)) and similarly
f(b). Assume that a < b. Since f is a convex function, so is (f(x) —r); for
any r € R. Hence f(a) <, f(b) follows from Theorems 6.1 and 6.3.

Next assume that a <,, b and f is an increasing convex function, then
f(a) < f(b) can be proved similarly. O

Let a,b € R™ and a,b > 0. We define the weak log-majorization
a <w(log) O When

o <[Jor  (1<k<n) (6.3)

=1 i=1

and the log-majorization a <) b When a <,,1g) b and equality holds for
k =n1in (6.3). It is obvious that if @ and b are strictly positive, then a <(og) b
(resp., @ <w(og) b) if and only if loga < logb (resp., loga <, logb), where
loga := (logay,...,loga,).

Theorem 6.5 Let a,b € R" with a,b > 0 and suppose a <y0g) b. If f is
a continuous increasing function on [0,00) such that f(e*) is convex, then
f(a) <w f(D). In particular, a < (og) b implies a <y, b.

Proof: First assume that a,b € R" are strictly positive and a < (iog) b, 50
that loga <, logb. Since g o h is convex when g and h are convex with ¢
increasing, the function (f(e®) — r), is increasing and convex for any r € R.
Hence by Theorem 6.3 we have

D (fla) = r)s <3 () =)

i=1

which implies f(a) <, f(b) by Theorem 6.3 again. When a,b > 0 and
a <w(log) b, We can choose a™ ™ > 0 such that o™ < w(log) b qm) s ¢,
and ™ — b. Since f(a™) <, f(b™)) and f is continuous, we obtain

fla) <uw f(D). O



6.2. SINGULAR VALUES 233

6.2 Singular values

In this section we discuss the majorization theory for eigenvalues and sin-
gular values of matrices. Our goal is to prove the Lidskii-Wielandt and the
Gel’fand-Naimark theorems for singular values of matrices. These are the
most fundamental majorizations for matrices.

When A is self-adjoint, the vector of the eigenvalues of A in decreasing
order with counting multiplicities is denoted by A(A). The majorization re-
lation of self-adjoint matrices appears also in quantum theory.

Example 6.6 In quantum theory the states are described by density matri-
ces, they are positive with trace 1. Let D; and Dy be density matrices. The
relation A(D1) < A(Dz) has the interpretation that D; is more mixed than
D,. Among the n x n density matrices the “most mixed” has all eigenvalues
1/n.

Let f : R" — R™ be an increasing convex function with f(0) = 0. We
show that

AD) < A(f(D)/Tx f(D)) (6.4)

for a density matrix D.

Set A(D) = (A, A2,..., ;). Under the hypothesis on f the inequality
f(y)xr > f(x)y holds for 0 < x < y. Hence for i < j we have \;f(\;) >
)\Zf()\J) and

(FOA) 44 FOw) A+ )
Z (At M) (fQegr) -+ F ()

Adding to both sides the term (f(A1) + -+ f(Ax))(A1 + - -+ Ax) we arrive
at

PO+ LN D A=+ + ) D F(N)
i=1 i=1

This shows that the sum of the k largest eigenvalues of f(D)/Tr f(D) must

exceed that of D (which is Ay 4 - -+ 4+ Ag).

The canonical (Gibbs) state at inverse temperature 3 = (KT)~! possesses
the density e ## /Tre P, Choosing f(z) = 2%/% with 8’ > 8 the formula
(6.4) tells us that

e PH  Tre P < o H Ty ¢ FH

that is, at higher temperature the canonical density is more mixed. ([l
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Let H be an n-dimensional Hilbert space and A € B(H). Let s(A) =
(s1(A), ..., s,(A)) denote the vector of the singular values of A in decreas-
ing order, i.e., s;(A) > --- > s5,(A) are the eigenvalues of |A| = (A*A)Y/?
with counting multiplicities.

The basic properties of the singular values are summarized in the next
theorem. Recall that || - || is the operator norm. The next theorem includes
the definition of the mini-max expression.

Theorem 6.7 Let A, B, X,Y € B(H) and k,m € {1,...,n}. Then
(1) 51(4) = JA].
(2) sp(aA) = |afsg(A) for a € C.
(3) sk(A) = sk(A”).
(4) Mini-max expression:
sk(A) = min{||A(L — P)|| : P is a projection, rank P = k — 1}. (6.5)
If A >0 then

si(A) = min{max{(z, Az) : z € M*, [|z]| =1} :
M is a subspace of H, dim M =k —1}. (6.6)

(5) Approximation number expression:

sp(A) = inf{||]A — X|| : X € B(H), rank X < k}. (6.7)

(6) If 0 < A < B then s,(A) < sp(B).
(7) se(XAY) < [[X[[IY]|sk(A).
(8) Skrm-1(A+ B) < sp(A) + sm(B) if k+m —1<n.
(9) Skim-1(AB) < $0(A)sm(B) ifk+m —1<n.
(10) [sx(A) = sk(B)| < |A = BJ|.

(11) sk(f(A) = f(sk(A) if A > 0 and f : Rt — RT is an increasing

function.
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Proof: Let A = U|A| be the polar decomposition of A and we write the
Schmidt decomposition of |A| as

n

Al = si(A)ui)(uil,

i=1

where U is a unitary and {uy, ..., u,} is an orthonormal basis of #. From the
polar decomposition of A and the diagonalization of | A| one has the expression

A = UDiag(s1(A), ..., sn(A)V (6.8)

with unitaries U,V € B(H), which is called the singular value decompo-
sition of A.

(1) follows since s1(A) = || |A] || = ||A]|- (2) is clear from |aA| = |af |A].
Also, (3) immediately follows since the Schmidt decomposition of |A*| is given

as
n

|A*| = UJAIU* =)~ si(A)|[Uu;) (U]
i=1
(4) Let ay be the right-hand side of (6.5). For 1 < k < n define P, :=
Zle |u;) (u;|, which is a projection of rank k. We have

n

D si(A)|ui) (]

i=k

ar < AU = Poy) = — si(A).

Conversely, for any € > 0 choose a projection P with rank P = k — 1 such
that ||A(I — P)|| < ay +e. Then there exists a y € H with ||y|| = 1 such that
P,y =y but Py = 0. Since y = Ele(ui, y)u;, we have

k

Z(Uu y)si(A)u;

i=1

ap+e > [[[A(I =Pyl = [IAlyll =

X 1/2
- (Do) >
i=1
Hence si(A) = oy and the infimum «y is attained by P = Py_;.
When A > 0, we have
sip(A) = 5,(AY?)? = min{||AY*>(I—P)||* : P is a projection, rank P = k — 1}.

Since [|AY2(I — P)||? = max,c pme o<1 (2, Az) with M := ran P, the latter
expression follows.
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(5) Let Bk be the right-hand side of (6.7). Let X := AP, where Py
is as in the above proof of (1). Then we have rank X < rank P,_; =k — 1 so
that g < ||A(I — Pi_1)|| = sx(A). Conversely, assume that X € B(H) has
rank < k. Since rank X = rank |X| = rank X*, the projection P onto ran X*
has rank < k. Then X (I — P) = 0 and by (6.5) we have

sp(A) < AU = P)|| = [[(A = X)(I = P)[ < [|A = X]|,

implying that s;(A) < Bk. Hence si(A) = By and the infimum Sy is attained
by APk_l.

(6) is an immediate consequence of (6.6). It is immediate from (6.5) that
sp(XA) < | X||sn(A). Also s,(AY) = s,(Y*A*) < |Y||sn(A) by (3). Hence
(7) holds.

Next we show (8)—(10). By (6.7) there exist X, Y € B(H) with rank X <
k, rankY < m such that ||[A — X|| = sx(A) and ||B = Y| = s,,(B). Since
rank (X +Y) <rank X +rankY < k+m — 1, we have

Sktm-1(A+ B) < [[(A+ B) = (X +Y)|| < s1(A) + s5m(B),
implying (8). For Z := XB + (A — X)Y we get
rank Z <rank X +rankY <k+m —1,

IAB — Z|| = [[(A = X)(B =Y)| < sk(A)sm(B).
These imply (9). Letting m = 1 and replacing B by B — A in (8) we get

se(B) < sk(A) +[|B = A,

which shows (10).
(11) When A > 0 has the Schmidt decomposition A = > | s;(A)|u;) (wil,

we have f(A) = S, f(s:(A))us) il Since f(s1(4)) > - > f(sn(A)) > 0.
sk(f(A)) = f(sk(A)) follows. O

The next result is called Weyl majorization theorem and we can see
the usefulness of the antisymmetric tensor technique.

Theorem 6.8 Let A € M,, and A\i(A), -+, A\, (A) be the eigenvalues of A
arranged as |\ (A)| > -+ > |\ (A)| with counting algebraic multiplicities.

Then
k

H [Ai(A)] < Hsz‘(A) (1<k<n).

i=1
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Proof: If X is an eigenvalue of A with algebraic multiplicity m, then there
exists a set {y1,...,ymn} of independent vectors such that

Ay; — A\y; € span{yy,...,yj_1} (1<j<m).

Hence one can choose independent vectors x1, . . ., x, such that Az; = \;(A)x;+
z; with z; € span{xy,..., 2,1} for 1 <4 < n. Then it is readily checked that

k
=1

and 1 A---Axy # 0, implying that Hle \i(A) is an eigenvalue of A", Hence
Lemma 1.62 yields that

k k
[T < ) =T s

i=1 i=1

Note that another formulation of the previous theorem is
(A (A A (A)]) <w(og) S(A).

The following majorization results are the celebrated Lidskii-Wielandt
theorem for the eigenvalues of self-adjoint matrices as well as for the singular
values of general matrices.

Theorem 6.9 If A, B € M*, then
AA) — A(B) < MA - B),

or equivalently

(Ni(A) + A—iz1(B)) < AM(A+ B).

Proof: What we need to prove is that for any choice of 1 < i < iy < --- <
i < n we have

k
D (4) = A (B) £ Y A(A-B), (6.9)
j=1
Choose the Schmidt decomposition of A — B as

A=B=> X(A- B)u){u

i=1
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with an orthonormal basis {u1, ..., u,} of C*. We may assume without loss of
generality that \(A— B) = 0. In fact, we may replace B by B+ A,(A— B)I,
which reduces both sides of (6.9) by kA;(A— B). In this situation, the Jordan
decomposition A — B = (A — B), — (A — B)_ is given as

k
(A=B)y = S AA-B)udul.  (A=B)-=— 3 A(A=B)ju) .

i=1 i—k+1
Since A= B+(A—-B); —(A—B)_ < B+(A—DB)., it follows from Exercise
3 that

MNi(A) < Ni(B+ (A—B),), 1 <i<n.

Since B < B+ (A — B), we also have

N(B)<MB+(A-B),), 1<i<n.

Hence
Z(Aij(A)—Azj(B)) < Z(A (B+ (A= B)y) — A, (B))
< SNB+(A-B)y) - M(B)
= :l:r(B—i—(A B)y)—TrB
 T(A-BL =Y M4 B)

proving (6.9). Moreover,

n

> (Mi(A) = Xi(B)) =Tr (A - B) Z)\A B).

=1

The latter expression is obvious since \;(B) = —\,_i11(—B) for 1 < i < n.
0

Theorem 6.10 For every A, B € M,
s(A) — s(B)| <w s(A — B)

holds, that is,
k

k
Z |$’J( SZJ Z

J=1

forcmychoiceofl§i1<22<---<2k§n.
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Proof: Define
0 A* 0 B*
N )

L [AA 0 14 o
S P B

it follows from Theorem 6.7 (3) that
s(A) = (s1(A), s1(A), s2(A), s2(A), ..., 5.(A), s,(A)).
On the other hand, since

I 0 I 0

o G)als S =
we have \;(A) = A\(—=bA) = =Xy, _i41(A) for n < i < 2n. Hence one can
write

Since

)\(A) =M, A=Ay, =AY,
. Since

where A\; > >\,
( ) )\(|A|) ()‘17)‘17)‘27)‘27"'7)‘717)\71)7
) fo

1 < ¢ < n and hence

we have \; = s;(A

AMA) = (51(A4), ..., 80(A), —sn(A), ..., —s1(A)).
Similarly,
AB) = (s1(B),...,8,(B),—sn(B),...,—s1(B)),
MA-B) = (s1(A=B),...,s0(A—=B),—s,(A—B),...,—s1(A— B)).

Theorem 6.9 implies that
AMA) = A(B) < AM(A - B).
Now we note that the components of A(A) — A\(B) are
[51(A) = s1(B)], -+ [sn(A) = sn(B)], =[s1(A) = 51(B)], .., =[sa(A) = su(B)].

Therefore, for any choice of 1 <11 < iy < --- <1, < nwith 1 <k <n, we

have i i
o, (40—, (] € YA~ B) = Y4
j=1 j=1
the proof is complete. O

The following results due to Ky Fan are consequences of the above theo-
rems, which are weaker versions of the Lidskii-Wielandt theorem.
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Corollary 6.11 If A, B € M*, then
AMA+ B) < MA) + A\(B).

Proof: Apply Theorem 6.9 to A+ B and B. Then

k

Z(A(A+B ) ZA

i=1

so that . .
Z Mi(A+ B) < Z ( ))
Moreover, Y " Ni(A+B) =Tr (A+ B) =Y, (M(A) + \i(B)). O

Corollary 6.12 If A, B € M,,, then
s(A+ B) < s(A) + s(B).

Proof: Similarly, by Theorem 6.10,

k

so that

OJ

Another important majorization for singular values of matrices is the
Gel’fand-Naimark theorem as follows.

Theorem 6.13 For every A, B € M,
(5i(A)sn-i+1(B)) <(10g) s(AB), (6.10)
holds, or equivalently
Hs“ (AB) < H A)s; (B (6.11)
7=1 7j=1

for every 1 <1y < iy < -+ < i < n with equality for k =n.
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Proof: First assume that A and B are invertible matrices and let A =
UDiag(s1,...,s,)V be the singular value decomposition (see (6.8) with the
singular values s; > --- > s, > 0 of A and unitaries U,V. Write D :=
Diag(si,...,8n). Then s(AB) = s(UDV B) = s(DVB) and s(B) = s(VB),
so we may replace A, B by D,V B, respectively. Hence we may assume that
A = D = Diag(sy,...,S,). Moreover, to prove (6.11), it suffices to assume
that s = 1. In fact, when A is replaced by s;'A, both sides of (6.11) are
multiplied by same s, *. Define A :=Diag(sq,..., sk, 1,...,1); then A% > A2
and A2 > I. We notice that from Theorem 6.7 that we have

si(AB) = si((B*jélzB)l/Q):siEB*AQB)W
< si(B*A’B)Y? = 5,(AB)

for every 1 =1,...,n and

si(AB) = s;(B*A’B)Y? > 5,(B*B)"/? = s;(B).

Therefore, for any choice of 1 <14 < --- <1 < n, we have
sy (AB)_ yrsy(AB) H si(AB)  det|AB|
Ll s, (B) — 11 s5.(B) — 11 s(B) — det | B|
j=1 J j=1 J =1

det(B*A2B)  det A - | det B|
det(B*B) | det B

k
=det A =[] s;(4),
j=1

proving (6.11). By replacing A and B by AB and B!, respectively, (6.11) is
rephrased as

k K
[Ts:,4) <TI sj(AB)sij(B_1)>.
=1 j=1
Since s;(B™1) = s, ;1(B)"! for 1 < i < n as readily verified, the above
inequality means that
k
(s, (A)sni,11(B)) < [T 55(4B).

1 7j=1

J

Hence (6.11) implies (6.10) and vice versa (as long as A, B are invertible).

For general A, B € M, choose a sequence of complex numbers a; € C\
(c(A)Uo(B)) such that oy — 0. Since A; := A — I and B, := B — o[ are
invertible, (6.10) and (6.11) hold for those. Then s;(A4;) — s;(A), s;(B;) —
si(B) and s;(A;B)) — s;(AB) as | — oo for 1 < i < n. Hence (6.10) and
(6.11) hold for general A, B. O
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An immediate corollary of this theorem is the majorization result due to
Horn.

Corollary 6.14 For every matrices A and B,
S(AB) <0g) 5(A)s(B),
where s(A)s(B) = (si(A)s;(B)).

Proof: A special case of (6.11) is

ﬁsi(AB) < (si(A)si(B)>

=1 i=1
for every k =1,...,n. Moreover,

[[5:/(AB) = det|AB| = det |A| - det |B| = [ | (si(A)si(B))

i=1 i=1

]
6.3 Symmetric norms
A norm @ : R”™ — R is said to be symmetric if
P(ar, ag, ..., an) = P(e10r(1), €207 (2), - - - » Enlr(n)) (6.12)
for every (ay,...,a,) € R", for any permutation 7 on {1,...,n} and ¢; = +1.

The normalization is ®(1,0, ...,0) = 1. Condition (6.12) is equivalently
written as

O(a) = ®(aj,as,...,a;) (6.13)
for a = (a1,...,a,) € R", where (af,...,a’) is the decreasing rearrangement
of (la|,...,|a,|). A symmetric norm is often called a symmetric gauge

function.

Typical examples of symmetric gauge functions on R™ are the /,-norms
®,, defined by

1/p
(Z?:l |az~|p> if 1 <p< oo,

Q,(a) := (6.14)

max{|a;| : 1 <i<n} if p= 0.

The next lemma characterizes the minimal and maximal normalized sym-
metric norms.
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Lemma 6.15 Let ® be a normalized symmetric norm on R™. If a = (a;),
b= (b;) € R" and |a;| < |b;] for 1 <i <mn, then ®(a) < ®(b). Moreover,

o o <00 £ Ylol (0= (@) € R
which means & < & < ;.

Proof: In view of (6.12) we may show that
O(aay,ag, ... a,) < P(ay,ag,...,a,) for0<a<l,

This is seen as follows:

d(aay, ag,. .., ap)
®<1+a +1—a< )1—|—a +1—a 1+ o +1—a )
— a —Qa a a N CLn a/n
9 1 2 1) 9 2 9 2 ) 9 2
1 1—
< JrO[(IJ(al,ag,...,an)+ 5 a@(—al,ag,...,an)
= ®(ay,as,...,a,).
(6.12) and the previous inequality imply that
‘ai| = (I)<ai707 .- 70) < (I)<CL)
This means ., < &. From
O(a) <D B(a;,0,...,0) = |aj]
i=1 i=1
we have & < ®;. O
Lemma 6.16 Ifa = (a;), b= (b;) € R" and (|a1|, ..., |an]) <w (|b1],-- -, |bnl]),

then ®(a) < ®(b).
Proof: Theorem 6.3 gives that there exists a ¢ € R™ such that

(la1l, .-, lan]) <c =< (|b1],-- -, |bal)-

Theorem 6.1 says that c is a convex combination of coordinate permutations
of (|by],...,|by|). Lemma 6.15 and (6.12) imply that ®(a) < &(c) < &(b). O

Let H be an n-dimensional Hilbert space. A norm ||| - ||| on B(#) is said
to be unitarily invariant if

HTAV[| = [I|All

for all A € B(H) and all unitaries U,V € B(H). A unitarily invariant norm
on B(H) is also called a symmetric norm. The following fundamental
theorem is due to von Neumann.
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Theorem 6.17 There is a bijective correspondence between symmetric gauge
functions ® on R™ and unitarily invariant norms ||| - ||| on B(H) determined
by the formula

Al = @(s(A)),  Ae B(H). (6.15)

Proof: Assume that ® is a symmetric gauge function on R™. Define |||-||| on
B(#H) by the formula (6.15). Let A, B € B(#). Since s(A+B) <., s(A)+s(B)
by Corollary 6.12, it follows from Lemma 6.16 that

O(s(A+ B)) < &(s(A) + s(B))
O(s(A)) + @(s(B)) = [[|Alll + [l BIIl-

Also it is clear that |||A]|| = 0 if and only if s(A) =0 or A =0. Fora € C
we have

|4+ B]|

IA I

llaAll] = @(lals(A)) = [af [[|A]l

by Theorem 6.7. Hence ||| ||| is a norm on B(H), which is unitarily invariant
since s(UAV') = s(A) for all unitaries U, V.
Conversely, assume that ||| - ||| is a unitarily invariant norm on B(H).

Choose an orthonormal basis {ej,...,e,} of H and define ® : R* — R by

a) := H’ Zn:ai|ei><ei|

Then it is immediate to see that ® is a norm on R". For any permutation 7
on{l,...,n}and ¢; = %1, one can define unitaries U,V on H by Ue,u) = €;€;
and Veri) = ¢, 1 <i <n, so that

R ’HU(XH; aﬂi)'eﬂ(i))(em)')v*’H - H’ Zn;an(i)|Ue7r(z‘)>(Ve7r(z‘)| H’
- Higiaﬂ(i)\eiﬂei\

Hence @ is a symmetric gauge function. For any A € B(H) let A = U|A| be
the polar decomposition of A and [A| = Y% | s;(A)|w;)(u;| be the Schmidt
decomposition of |A| with an orthonormal basis {uy,...,u,}. We have a
unitary V defined by Ve; = u;, 1 < i <n. Since

’, a=(a;) € R".

H = B(e10r(1), E20r(2); - - - Enlin(n))-

n

A=UJA|=UV (Z si(A)|e,~><ei|)V*,

i=1
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we have
o(s(4)) = ||| 2 siAledei ||| = ||[ov (X siled el )v||| = l4ll;
i=1 =1
and so (6.15) holds. Therefore, the assertion is obtained. O

The next theorem summarizes properties of unitarily invariant (or sym-
metric) norms on B(H).

Theorem 6.18 Let |||-||| be a unitarily invariant norm on B(H) correspond-
ing to a symmetric gauge function ® on R™ and A, B, X,Y € B(H). Then

D (1A= 1A

2) [IXAY < [[X0 - YA - [TAT-

(1)
(2)
(3) 1If s(A) =w s(B), then [[|A[[| < || B]l].
(4) Under the normalization we have ||A|| < [||A]|| < [|A]]1-

Proof: By the definition (6.15), (1) follows from Theorem 6.7. By Theorem
6.7 and Lemma 6.15 we have (2) as

X AY ]| = @(s(XAY)) < S([[ X [[Y[[s(A)) = X[ NY [ HAI]-
Moreover, (3) and (4) follow from Lemmas 6.16 and 6.15, respectively. [

For instance, for 1 < p < oo, we have the unitarily invariant norm || - ||,
on B(H) corresponding to the ¢,-norm &, in (6.14), that is, for A € B(H),

1/
(Ziysiar) ™ = (Tejap)r 1< p < o,

Al = ®,(s(A)) =
s1(4) = | A] if p = o,

The norm ||-||, is called the Schatten-von Neumann p-norm. In particular,
|All; = Tr|A| is the trace-norm, ||Al, = (Tr A*A)Y? is the Hilbert-
Schmidt norm |A|lgs and ||Al|~ = ||A4| is the operator norm. (For
0 < p < 1, we may define || - ||, by the same expression as above, but this is
not a norm, and is called quasi-norm.)

Example 6.19 For the positive matrices 0 < X € M,(C) and 0 < Y €
M, (C) assume that || X]|[,,||Y||, <1 for p > 1. Then the inequality

X@L+1,0Y — L@ L), ||, <1 (6.16)
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is proved here.

It is enough to compute in the case || X||, = ||Y]|, = 1. Since X ® I}
and I, ® Y are commuting positive matrices, they can be diagonalized. Let
the obtained diagonal matrices have diagonal entries x; and y;, respectively.
These are positive real numbers and the condition

D (@wity —1))r <1 (6.17)
.3
should be proved.

The function a +— (a + b — 1), is convex for any real value of b:

+ 1 1
(‘“ a2+b—1) < (a1 +b—1)4 + ~(as +b—1),
2 T2 2

It follows that the vector-valued function
o @ty —1)y 1<j<K)

is convex as well. Since the /¢ norm for positive real vectors is convex and
monotone increasing, we conclude that

fla) = (D (s +a=1)))

J

is a convex function. We have f(0) = 0 and f(1) < 1 and the inequality
f(a) < a follows for 0 < a < 1. Actually, we need this for x;. Since 0 < z; <
1, f(z;) < x; follows and

DD ity — D=3 flamp <Yt <1

So the statement is proved. O

1/q

Another important class of unitarily invariant norms for n X n matrices is
the Ky Fan norm || - |/ defined by

k
1Al =D si(A)  fork=1,...,n.
i=1
Obviously, || - ||y is the operator norm and || - ||¢,) is the trace-norm. In
the next theorem we give two variational expressions for the Ky Fan norms,
which are sometimes quite useful since the Ky Fan norms are essential in
majorization and norm inequalities for matrices.

The right-hand side of the second expression in the next theorem is known
as the K-functional in the real interpolation theory.
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Theorem 6.20 Let H be an n-dimensional space. For A € B(H) and k =
1,...,n, we have

(1) ||Al|xy = max{||AP], : P is a projection, rank P = k},
(2) | Al = min{|[X][s + K[Y][: A= X +Y}.

Proof: (1) For any projection P of rank k, we have

n k
IAP]y =) " si(AP) = " si(AP) <) si(A)
i=1 i=1 i=1
by Theorem 6.7. For the converse, take the polar decomposition A = U|A]
with a unitary U and the spectral decomposition |A| = ZZ" L Si(A)P; with
mutually orthogonal projections P; of rank 1. Let P := 22:1 P;. Then

Zsi(A)P = Z si(A) = [[ Al k)

(2) For any decomposition A = X + Y, since s;(A) < s;(X) + ||| by
Theorem 6.7 (10), we have

APy = [U]A[ Pl =

=

AT ey Z )+ RV < X[ + KV

for any decomposition A = X + Y. Conversely, with the same notations as
in the proof of (1), define

k

X = UZ(SZ'(A) —si(A)) P,

i=1

( ZP+ Z )P).

i=k+1

Then X +Y = A and
k

IX N =) si(A) —ksi(A), (Y] = si(A).

i=1
Hence || X + K[Y]| = S5, si(A). 0
The following is a modification of the above expression in (1):

| Al () = max{|Tr (UAP)| : U a unitary, P a projection, rank P = k}.

Here we show the Holder inequality for matrices to illustrate the use-
fulness of the majorization technique.
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Theorem 6.21 Let 0 < p,p1,p2 < o0 and 1/p=1/p; + 1/ps. Then
|ABlp < [[Allp, [| Bllp., A, B € B(H).

Proof: When p; = oo or p, = o0, the result is obvious. Assume that
0 < p1,p2 < oo. Since Corollary 6.14 implies that

(5i(AB)") <o) (si(A)si(B)"),
it follows from Theorem 6.5 that
(8i(AB)") <w (s:(A)’si(B)P).

Since (p1/p)~t + (p2/p)~* = 1, the usual Holder inequality for vectors shows
that

n

4B, = (3 sny)” < (S sars(ey)

i=1 i=1
n n

< (sar) " () < 1Al Bl

i=1 i=1

1/p

0

Corresponding to each symmetric gauge function ®, define & : R* — R
by

®'(b) := sup { Zn:aibl- ca=(a;) €R", ®(a) < 1} (6.18)

for b = (b;) € R™.
Then @' is a symmetric gauge function again, which is said to be dual to

®. For example, when 1 < p < oo and 1/p+1/q = 1, the {,-norm ®, is dual
to the ¢,-norm &,,.

The following is another generalized Holder inequality, which can be shown
as Theorem 6.21.

Lemma 6.22 Let &, &, and ®y be symmetric gauge functions with the cor-
responding unitarily invariant norms ||| - |||, ||| - [|[x and ||| - |||2 on B(H),
respectively. If

O (ab) < Dq(a)Ps(b), a,beR",

then
ABI[| < [I[Al[lL[l|Blll2, A, B € B(H).

In particular, if ||| - ||| is the unitarily invariant norm corresponding to @'
dual to @, then

IAB[l < [[[A[[[IBII', A, B e B(H).
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Proof: By Corollary 6.14, Theorem 6.5, and Lemma 6.16, we have
O(s(AB)) < ®(s(A)s(B)) < Py(s(A))P2(s(B)) < [|[A[[L[[[Bl[l2;

showing the first assertion. For the second part, note by definition of ® that
O (ab) < P(a)d’(b) for a,b € R™. O

Theorem 6.23 Let ® and &' be dual symmetric gauge functions on R™ with
the corresponding norms ||| - ||| and ||| - |||/ on B(H), respectively. Then
I - Il and ||| - ||| are dual with respect to the duality (A, B) — Tr AB for
A,B € B(H), that is,

IIBIII"=sup{|Tr AB| : A€ B(H), |[|[All| <1},  BeBH). (6.19)

Proof: First note that any linear functional on B(H) is represented as
A € B(H) — Tr AB for some B € B(H). We write ||| B|||° for the right-hand
side of (6.19). From Lemma 6.22 we have

Tr AB| < |AB|[ < [||AlI[IIBII[

so that ||| B]||° < |||B|||' for all B € B(H). On the other hand, let B = V|B|
be the polar decomposition and |B| = Y"1 | s;(B)|v;){(v;| be the Schmidt
decomposition of |B|. For any a = (a;) € R" with ®(a) < 1, let A :=
(OO0 agvi) (v )V*. Then s(A) = s>, a;lvi)(vi]) = (af,...,ak), the de-

creasing rearrangement of (|ail,...,|a,|), and hence |||A]|| = ®(s(A4)) =
®(a) < 1. Moreover,

TTAB = Tr (Zn:ai|v,~><vi|) (zn:si(B)|v,~><vi|)

i=1 i=1

- T (z; aisi(B)|vi>(vi|) - izn;aisi(B)

so that .
Y aisi(B) < [Te AB| < [|| Al IBI[I° < [I|BI||°.
i=1
This implies that |||B||| = ®'(s(B)) < ||| B]||°. O
As special cases we have || ||} = || - ||; when 1 <p < ooand 1/p+1/q = 1.

The close relation between the (log-)majorization and the unitarily invari-
ant norm inequalities is summarized in the following proposition.

Theorem 6.24 Consider the following conditions for A, B € B(H).
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(i) s(A) <w(og) S(B);

) ||FUADI < [IIF(IBDI|| for every unitarily invariant norm ||| - ||| and
every continuous increasing function f : RT — Rt such that f(e*) is
convex;

(iii) s(A) < s(B);
(iv) Al < I1Bllgy for every k=1,....,n;
V) Al < |1BI|| for every unitarily invariant norm ||| - |||;

Vi) IFAADIE < WFABDI| for every unitarily invariant norm ||| - ||| and
every continuous increasing convexr function f: RT — RT.

Then
(i) <= (ii) = (iil) <= (iv) <= (v) <= (vi).

Proof: (i) = (ii). Let f be as in (ii). By Theorems 6.5 and 6.7 (11) we
have

s(f(1A]) = f(s(A)) <w f(s(B)) = s(f(|B)). (6.20)

This implies by Theorem 6.18 (3) that |||f(JAD||| < [I|f(|B|)]|| for any uni-
tarily invariant norm.

(ii) = (i). Take |||-]|] = || ||), the Ky Fan norms, and f(z) = log(1+c ')
for ¢ > 0. Then f satisfies the condition in (ii). Since

si(f(|A]) = f(si(A)) = log(e + si(A)) — loge,

the inequality ||f(JA])|lx) < [|f(|B])||x) means that

—
m
_I_

CID
||:?r
m
_l’_
£’3

Letting € \, 0 gives Hle si(A) < Hle si(B) and hence (i) follows.

(i) = (iii) follows from Theorem 6.5. (iii) < (iv) is trivial by definition of
| - |lxy and (vi) = (v) = (iv) is clear. Finally assume (iii) and let f be as in
(vi). Theorem 6.7 yields (6.20) again, so that (vi) follows. Hence (iii) = (vi)
holds. 0J

By Theorems 6.9, 6.10 and 6.24 we have:
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Corollary 6.25 For A, B € M,, and a unitarily invariant norm ||| - |||, the
inequality

|[[Diag(s1(A) — s1(B),. .., sn(A) — sn(B))[l| < [||A = B
holds. If A and B are self-adjoint, then
[[[Diag(A1(A) = Ai(B), ..., An(A) = A(B))][| < [|A = B]|.

The following statements are particular cases for self-adjoint matrices:

n 1/p
(Zn@-xmP) <la-sl, G<p<o)

The following is called Weyl’s inequality:
max |\;(4) — A(B)| < [|[A - B||

1<i<n

There are similar inequalities in the general case, where \; is replaced by
S;.

In the rest of this section we show symmetric norm inequalities (or eigen-
value majorizations) involving convex/concave functions and expansions. An
operator Z is called an expansion if ZZ > I.

Theorem 6.26 Let f : [0,00) — [0,00) be a concave function. If A € M
and Z € M, is an expansion, then

IF(ZAZ)|I| < 127 f(A) Z]]
for every unitarily invariant norm ||| - |||, or equivalently,

Mf(ZTAZ)) < MZ7f(A)Z).

Proof: Note that f is automatically non-decreasing. Due to Theorem 6.23
it suffices to prove the inequality for the Ky Fan k-norms || - [|x), 1 <k < n.

Letting fo(z) := f(z) — f(0) we have
[(Z7AZ) = JO) + fo(Z27AZ),
ZHAZ = [0)ZZ+ 2 fo(A)Z > [O)] + 2" fo(A)Z

which show that we may assume that f(0) = 0. Then there is a spectral
projection E of rank k for Z*AZ such that

1f(Z*AZ) || xy = Zf (Z*AZ)) = Tr f(Z*AZ)E.
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When we show that
Tv f(Z*AZ)E < Tr Z* f(A) ZE, (6.21)
it follows that
/(27 AZ)llwy < Tr Zf(A)ZE < |27 F(A) Z ] 1)
by Theorem 6.20. For (6.21) we may show that
Trg(Z*AZ)E > Tr Z*g(A)ZE (6.22)

for every convex function on [0, 00) with g(0) = 0. Such a function g can be
approximated by functions of the type

ar + Z ai(x — B+ (6.23)

with a € R and «;, 5; > 0, where (z — ), := max{0,z — f}. Consequently,
it suffices to show (6.22) for gs(z) := (v — )4+ with f > 0. From the lemma
below we have a unitary U such that

95(Z*AZ) > U*Z*gs(A) ZU.

We hence have

WE

Tgi(Z AZ)E = 3 N(9(2°AZ)) 2 Y \(U" 2 g5(A) 20)

j=1 7=1

\%
=

= ZAJ(Z*%(A)Z) Z*gs(A)ZE,

that is (6.22) for g = gg. O

Lemma 6.27 Let A € Mf, Z € M be an expansion, and B > 0. Then there
exists a unitary U such that

(Z*AZ — pI)y > U Z*(A— BI)4+ZU.

Proof: Let P be the support projection of (A — 8I); and set Ag := PA.
Let @ be the support projection of Z*AgZ. Since Z*AZ > Z*ApZ and
(r — B)+ is a non-decreasing function, for 1 < j < n we have

N(Z°AZ = BI)y) = (\(Z°AZ) - B)s
> (\(Z°452) - B4
= N(Z°A5Z - BI).).
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So there exists a unitary U such that
(Z*AZ — BI)y > U (Z*AgZ — BI), U.

It is obvious that @ is the support projection of Z*PZ. Also, note that
Z*PZ is unitarily equivalent to PZZ*P. Since Z*Z > I, it follows that
Z7* > I and so PZZ*P > P. Therefore, we have () < Z*PZ. Since
ZAgZ >= BZPZ > BQ, we see that

(Z*ApZ — BI), = Z*AsZ — BQ > Z*AsZ — BZ*PZ
= Z'(Ap— BP)Z =Z"(A-BI),Z,

which gives the conclusion. O

When f is convex with f(0) = 0, the inequality in Theorem 6.26 is re-
versed.

Theorem 6.28 Let f : [0,00) — [0,00) be a convex function with f(0) = 0.
If Ae M} and Z € M, is an expansion, then

IA(ZAZ)| = 1|1 Z" f(A) Z]l]
for every unitarily invariant norm ||| - ||].

Proof: By approximation we may assume that f is of the form (6.23) with
a >0 and oy, ; > 0. By Lemma 6.27 we have

ZfA)Z = aZ'AZ+Y aZ'(A—BI).Z

< aZ'AZ+ ) U2 AZ - BiI), U}

for some unitaries U;, 1 < ¢ < m. We now consider the Ky Fan k-norms
| - llk)- For each k =1,...,n there is a projection £ of rank k so that

aZ AZ+ S Ui (Z°AZ — ), U}
| >l s
~Tr {aZ*AZ +3 ai(2°AZ ~ BZ-I)+UZ-*}E

=aTr Z*AZE + Y _ oTr (Z°AZ — B,1).U; EU;

<al|Z*AZ|wy + > aill(Z7AZ — BiI) 4[|y
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I
]~

{on(Zz°42)+ Y ailn(2°42) - ). |

1

<.
Il

I
E

(27 AZ)) = | 1(Z7AZ) ||k,

1

and hence || Z*f(A)Z||x) < || f(Z*AZ)||r). This implies the conclusion. [

<.
Il

For the trace function the non-negativity assumption of f is not necessary
so that we have

Theorem 6.29 Let A € M,,(C)t and Z € M,,(C) be an expansion. If f is a
concave function on [0, 00) with f(0) >0, then

Tr f(Z7AZ) < Tr Z* f(A)Z.
If f is a convex function on [0,00) with f(0) <0, then
T f(Z*AZ) > Tr Z* f(A) Z.

Proof: The two assertions are obviously equivalent. To prove the second,
by approximation we may assume that f is of the form (6.23) with « € R
and «;, 3; > 0. Then, by Lemma 6.27,

T f(Z°AZ) = Tt {aZ*AZ +3 a2 AZ - /3Z-I)+}
> T {aZ*AZ +3 a2 (A~ @I)J} — Tv Z°f(A)Z

and the statement is proved. O

6.4 More majorizations for matrices

In the first part of this section, we prove a subadditivity property for certain
symmetric norm functions. Let f: RT — R™ be a concave function. Then f
is increasing and it is easy to show that f(a + b) < f(a) + f(b) for positive
numbers a and b. The Rotfel’d inequality

Tr f(A+ B) <Tr (f(A) + f(B) (A, BeM,)
is a matrix extension. Another extension is
1A+ B[] < [[lf(A) + f(B)]]l (6.24)

for all A, B € M} and for any unitarily invariant norm ||| - |||, which will be
proved in Theorem 6.34 below.
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Lemma 6.30 Let g : Rt — R* be a continuous function. If g is decreasing
and xg(x) is increasing, then

M(A + B)g(A+ B)) <u MAY2g(A+ B)AY? + BY2g(A+ B)B'/?)
for all A, B € M.

Proof: Let A(A+ B) = (A1,...,\,) be the eigenvalue vector arranged in
decreasing order and uy, . .., u, be the corresponding eigenvectors forming an
orthonormal basis of C". For 1 < k < n let P, be the orthogonal projection
onto the subspace spanned by wuy, ..., u. Since xg(x) is increasing, it follows
that

A(A+ B)g(A+ B)) = (g AgO).

Hence, what we need to prove is
Tr (A + B)g(A+ B)P, < Tr (AY?g(A+ B)A'? + B**g(A+ B)B'?) P,

since the left-hand side is equal to S5, A\;g()\;) and the right-hand side is

less than or equal to Zle Ni(AY2g(A 4+ B)AY? + BY2g(A 4 B)B'Y?). The

above inequality immediately follows by summing the following two:
Trg(A+ B)Y2Ag(A + B)V?P, < Tr AV?g(A + B) AP, (6.25)
Trg(A+ B)Y?Bg(A + B)'?P, < Tr BY?¢(A + B)BY*P,. (6.26)

To prove (6.25), we write Py, H := g(A + B) and A'? as

_ [’C 0 _ Hl 0 1/2 _ All A12

in the form of 2 x 2 block-matrices corresponding to the orthogonal decom-

position C* = K @ K+ with K := P,C". Then

0 0
[A11H1A11 + A Hy Al 0}

1/2 2 171/2 1/2 « 1rl/2
Pog(A+ B)Y?Ag(A+ B)'/?p, = [Hl ALH" + H " Ap AL H, 0]7

P,AY?g(A+ B)AV?P, 0 0
Since g is decreasing, we notice that

Hy < g(A) Ik, Hy > g(Ag)Icr.
Therefore, we have

Tr H?Ap AT HY? = Tr AfH Ars < g()Tr A% Ars = g(O)Tr Ajp AL,
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< TrApHyAL,
so that
Tr (H,? A2 H? + HPAp A H?) < Tr (A Hi Ay + A HaAL),
which shows (6.25). (6.26) is similarly proved. O

In the next result matrix concavity is assumed.

Theorem 6.31 Let f: RT — R be a continuous matriz monotone (equiv-
alently, matriz concave) function. Then (6.24) holds for all A, B € M} and
for any unitarily invariant norm ||| - |||.

Proof: By continuity we may assume that A, B € Ml are invertible. Let
g(x) := f(z)/x; then g satisfies the assumptions of Lemma 6.30. Hence the
lemma implies that

IF(A+B)Il < [I|AV*(A+B) 2 f(A+ B)(A+ B) /A
+BY2(A+ B)'Y2f(A+ B)(A+ B)"Y2BY|||.  (6.27)

Since C := AY?(A + B)~'2 is a contraction, Theorem 4.23 implies from the
matrix concavity that

AV2(A+ B) V2 f(A+ B)(A+ B)2AY?
=Cf(A+B)C" < f(C(A+ B)C") = f(4),

and similarly
BY2(A+ B)"Y2f(A+ B)(A+ B)"Y?BY2 < f(B).

Therefore, the right-hand side of (6.27) is less than or equal to |||f(A) +
FBINI- O

A particular case of the next theorem is |||(A+ B)™||| > |||A™ + B™||| for
m € N, which was shown by Bhatia and Kittaneh [21].

Theorem 6.32 Let g : RT™ — R be an increasing bijective function whose
inverse function is operator monotone. Then

Hlg(A+ B[ = [llg(A) + g(B)]] (6.28)

for all A, B € M} and ||| -||-
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Proof: Let f be the inverse function of g. For every A, B € M, Theorem
6.31 implies that

FMA+ B)) =uw A(f(A) + f(B)).
Now, replace A and B by g(A) and g(B), respectively. Then we have

f(Mg(A) +9(B))) <w A(A + B).
Since f is concave and hence g is convex (and increasing), we have by Example
6.4
A(g(A) + 9(B)) <w g(MA + B)) = Ag(A+ B)),
which means by Theorem 6.24 that |||g(A) + g(B)||| < ||lg(A + B)||l. O

The above theorem can be extended to the next theorem due to Kosem
[52], which is the first main result of this section. The simpler proof below is
from [28].

Theorem 6.33 Let g : Rt — R* be a continuous convex function with
g(0) = 0. Then (6.28) holds for all A, B and ||| - ||| as above.

Proof: First, note that a convex function g > 0 on [0,00) with g(0) = 0
is non-decreasing. Let I' denote the set of all non-negative functions g on
[0,00) for which the conclusion of the theorem holds. It is obvious that
I' is closed under pointwise convergence and multiplication by non-negative
scalars. When f,g € I, for the Ky Fan norms || - |[), 1 < k < n, and for
A, B € Ml we have

I+ 9)(A+ B)llw)

1A+ Bl +[l9(A+ Bl
17 (A) + F(B)ll oy + lg(A) + 9(B)lw)
I+ 9)(A) + (f + 9) (Bl v,

where the above equality is guaranteed by the non-decreasingness of f, g and
the latter inequality is the triangle inequality. Hence f 4 g € I' by Theorem
6.24 so that I' is a convex cone. Notice that any convex function g > 0
on [0,00) with ¢g(0) = 0 is the pointwise limit of an increasing sequence of
functions of the form > )", ¢, (z) with ¢, a; > 0, where 7, is the angle
function at a > 0 given as v,(x) := max{z — a,0}. Hence it suffices to show

that v, € I" for all a > 0. To do this, for a,r > 0 we define
1
ha,,,(:c)::§< (a:—a)2+'r+:c—\/a2—|—7’>, x>0,

which is an increasing bijective function on [0, c0) and whose inverse is

r/2 +\/a2+r—i—a
x — )
2¢ +Va +r—a 2

>
>

(6.29)
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Since (6.29) is operator monotone on [0,00), we have h,, € I' by Theorem
6.32. Therefore, 7, € I" since hy, — 7, as r N\, 0. O

The next subadditivity inequality extending Theorem 6.31 was proved by
Bourin and Uchiyama [28], which is the second main result.

Theorem 6.34 Let f : [0,00) — [0,00) be a continuous concave function.
Then (6.24) holds for all A, B and ||| - ||| as above.

Proof: Let \; and u;, 1 < i < n, be taken as in the proof of Lemma 6.30,
and P, 1 <k < n, be also as there. We may prove the weak majorization

k k

S0 < SMFA) +£(B),  1<k<n

i=1 i=1
To do this, it suffices to show that
Te f(A+ B)Py < Tr (f(A) + F(B)Pi. (6.30)

Indeed, since f is necessarily increasing, the left-hand side of (6.30) is 325 | f(\;)
and the right-hand side is less than or equal to > \i(f(A) + f(B)). Here,
note by Exercise 13 that f is the pointwise limit of a sequence of functions of
the form a+ fx — g(x) where a > 0, 5 > 0, and g > 0 is a continuous convex
function on [0, 00) with g(0) = 0. Hence, to prove (6.30), it suffices to show
that

Teg(A+ B)P, > Tr (9(A) + g(B)) Pe

for any continuous convex function g > 0 on [0, 00) with g(0) = 0. In fact,
this is seen as follows:

Trg(A+ B)Pe = llg(A+ B)llw = l9(A) + 9(B)llxy = Tr (9(A) + g(B)) Pk,

where the above equality is due to the increasingness of g and the first in-
equality follows from Theorem 6.33. U

The subadditivity inequality of Theorem 6.33 was further extended by
Bourin in such a way that if f is a positive continuous concave function on
[0,00) then

(A + BDI < £ (AN + fABDI

for all normal matrices A, B € M, and for any unitarily invariant norm |||-|||.
In particular,

HLFAZDIE< HSAAD + £ABDI
when Z = A 4 1B is the Descartes decomposition of Z.



6.4. MORE MAJORIZATIONS FOR MATRICES 259

In the second part of this section, we prove the inequality between norms of
f(JA—=B|) and f(A)— f(B) (or the weak majorization for their singular values)
when f is a positive operator monotone function on [0, 00) and A, B € M.
We first prepare some simple facts for the next theorem.

Lemma 6.35 For self-adjoint X, Y € M, let X = X, — X_ and Y =
Y, —Y_ be the Jordan decompositions.

(1) If X <Y then s;(Xy) < s;(Yy) for all i.
(2) If s(Xy) <w s(Yy) and s(X_) <y, s(Y2), then s(X) <, s(Y).
Proof: (1) Let @ be the support projection of X, . Since
X, = QXQ < QYQ < QY,Q.
we have s;(X;) < 5;(QY,Q) < s;(Yy) by Theorem 6.7 (7).

(2) It is rather easy to see that s(X) is the decreasing rearrangement of
the combination of s(X;) and s(X_). Hence for each k& € N we can choose
0 <m < k so that

k m k—m
D si(X) =) si(X)+ > si(X0).
i=1 i=1 i=1
Hence
k m k—m k
D si(X) <D sV + ) si(Yo) <) si(Y),
i=1 i=1 i=1 i=1
as desired. O

Theorem 6.36 Let f: RT — R* be a matriz monotone function. Then

1FCA) = FB < I1F(A = B
for all A, B € M and for any unitarily invariant norm ||| - |||. Equivalently,
s(f(A) = f(B)) <w s(f(|A = BI)) (6.31)
holds.

Proof: First assume that A > B > 0 and let C := A — B > 0. In view of
Theorem 6.24, it suffices to prove that

[F(B+C) = fB)lw <1 Ollwy,  1T<k<n (6.32)
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For each A € (0, 00) let
A
Z =1

h — — _
M) x4+ A\ x4+ N

which is increasing on [0,00) with h)(0) = 0. According to the integral
representation for f with a,b > 0 and a positive finite measure m on (0, c0),
we have

si(f(C) = f(s(C))

= a+bs;(C —|—/
(0,00)

= a+bs;(C —i—/ (14 N)si(ha(C)) dm(N),

0,00)

1+/\) dm())

so that
WﬂCHM>ZbMMw>+]Q (4O dm). (6.33)
On the other hand, since

f(B+C)=al +b(B+C) +/ (14 A)ha(B + C) dm(N\)
(0,00)

as well as the analogous expression for f(B), we have

f(B+C)— f(B)=0bC +/ (1+ N)(ha(B+ C) — hy(B))dm(X),

(0,00)

so that
1f(B+C) = f(B)llw < bHC|l(k>+/(0 )(1+)\)HhA(B+C)—hA(B)H(k) dm(A).

By this inequality and (6.33), it suffices for (6.32) to show that
Iha(B +C) = Bl < IOl (A€ (0.00), 1<k < ).

As hy(x) = hi(x/)), it is enough to show this inequality for the case A = 1
since we may replace B and C' by A™'B and A\~1C, respectively. Thus, what
remains to prove is the following:

I(B+D™ = (B+C+D)w <= (C+D7Hw (Q<k<n) (6.34)
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Since
(B+1) ' —=(B+C+I)"t = (B+1)"V2h((B+1)"V2C(B4+1)Y?)(B+1)"'/?
and ||(B + I)~'/2|| < 1, we obtain

s((B+D)'—=(B+C+D)Y < si(h((B+1)V2C(B+1)71?))

= hi(si((B+1)2C(B+1)7"%)
< hi(si(0) = si(I — (C+ D)7

by repeated use of Theorem 6.7 (7). Therefore, (6.34) is proved.

Next, let us prove the assertion in the general case A, B > 0. Since
0< A< B+ (A—- B)y, it follows that

f(A) = f(B) < f(B+ (A= B)y) - f(B),
which implies by Lemma 6.35 (1) that
ICFCA) = F(B))tllwy < (B + (A= B)y) = f(B)llw):
Applying (6.32) to B+ (A — B), and B, we have
IF(B+(A=B)s) = [(B)llw < [IF((A=B))llw-

Therefore,

s((f(A) = F(B))+) <w s(f((A = B)4))- (6.35)
Exchanging the role of A, B gives

s((f(A) = f(B))-) <w s(f((A = B)-)). (6.36)

Here, we may assume that f(0) = 0 since f can be replaced by f — f(0).
Then it is immediate to see that

J((A=B))f(A=B)-) =0, f(A=B)y)+f(A=B))=/f(A-B].

Hence s(f(A)— f(B)) <w s(f(]JA—B|)) follows from (6.35) and (6.36) thanks
to Lemma 6.35 (2). O

When f(x) = 2 with 0 < 6 < 1, the weak majorization (6.31) gives the
norm inequality formerly proved by Birman, Koplienko and Solomyak:

14" = Bl < |1A = B,

for all A,B € Ml and # < p < co. The case where § = 1/2 and p = 1 is
known as the Powers-Stgrmer inequality.

The following is an immediate corollary of Theorem 6.36, whose proof is
similar to that of Theorem 6.32.
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Corollary 6.37 Let g : Rt — R* be an increasing bijective function whose
inverse function is operator monotone. Then

llg(A) = g(B)II| = [llg(|A = BII]

for all A, B and ||| - ||| as above.

In [12], Audenaert and Aujla pointed out that Theorem 6.36 is not true
in the case where f: R™ — R is a general continuous concave function and
that Corollary 6.37 is not true in the case where g : Rt — R™" is a general
continuous convex function.

In the last part of this section we prove log-majorizations results, which
give inequalities strengthening or complementing the Golden-Thompson in-
equality. The following log-majorization is due to Araki.

Theorem 6.38 For every A, B € M},
s((AY2BAY®)) <aog) S(ATPBTAT?), > 1, (6.37)
or equivalently
s((AP2BPAPIYPY <00y s((AY2BIAY)Y) 0 <p<q. (6.38)

Proof: We can pass to the limit from A + el and B + ¢l as € N\, 0 by
Theorem 6.7 (10). So we may assume that A and B are invertible.

First we show that
[(AV2BAY| < |A2B A, 2L (6.39)

It is enough to check that A™/2B"A"/? < I implies AY2BA'Y? < I which is
equivalent to a monotonicity: B” < A~ implies B < A7L.
We have

((AI/QBAI/Q)T)Ak — ((A/\k)l/2<BAk>(AAk)l/Q)r’
(Ar/ZBrAr/Q)/\k — (A/\k)r/Q(B/\k)r(A/\k)r/Z’

and instead of A, B in (6.39) we put A"* Bk
H((Al/QBAl/Q)r)/\kH < ||(AT/QBTAT/2)NCH.
This means, thanks to Lemma 1.62, that
Si((Al/QBAl/Q)r) < HSi(AT/QBTAT/Q).

i=1 =1
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Moreover,

Hsi((Al/ZBAl/Q)r) _ (detA - det B)r _ HSZ‘(AT/QBTAT/Q),

i=1 =1
Hence (6.37) is proved. If we replace A, B by AP, BP and take r = ¢/p, then
s((AP/2BP AP/2)4/P) = (log) s(A2BIA?),
which implies (6.38) by Theorem 6.7 (11). O
Let 0 < A,BeM,,, s,t € R" and ¢ > 1. Then the theorem implies
Tr (AY2BAY?)*t < Tr (AY2BAY?)® (6.40)

which is called Araki-Lieb-Thirring inequality. The case s = 1 and
integer t was the Lieb-Thirring inequality.
Theorems 6.24 and 6.38 yield:

Corollary 6.39 Let A, B € M} and ||| - ||| be any unitarily invariant norm.
If f is a continuous increasing function on [0,00) such that f(0) > 0 and
f(e') is conver, then

IIF(APBAE)| < [[IFA2BT A, r> L
In particular,

[I(AVZBAVE ||| < [[[A72BTAT2]l], - r > 1.

The next corollary is the strengthened Golden-Thompson inequality
to the form of log-majorization.

Corollary 6.40 For every self-adjoint H, K € M,,,
S(THK) <1og) (/26K e H/2) 1T, 0.
Hence, for every unitarily invariant norm ||| - |||,
[l < [ll(er2eEer B2 |, r >0,
and the above right-hand side decreases to |||e® ||| as r \ 0. In particular,

1™ < [lle™2e®e 2| < []|efe |l]. (6.41)



264 CHAPTER 6. MAJORIZATION AND SINGULAR VALUES

Proof: The log-majorization follows by letting p N\, 0 in (6.38) thanks to
the above lemma. The second assertion follows from the first and Theorem
6.24. Thanks to Theorem 6.7 (3) and Theorem 6.38 the second inequality of
(6.41) is seen as

e |11 = Ile"e™ Il = [lI(e™e* ™M)V = [[[e™2e e 2]]].

0

The specialization of the inequality (6.41) to the trace-norm || - ||; is the
Golden-Thompson trace inequality Treft% < TrefeX . It was shown in
[74] that Tref+X < Tr (efl/eX/™)" for every n € N. The extension (6.41)
was given in [56, 75]. Also (6.41) for the operator norm is known as Segal’s
inequality (see [72, p. 260]).

Theorem 6.41 If A, B, X € M, and for the block-matrix

oe[4 4]

(x s ("57 5]

Proof: By Example 2.6 and the Ky Fan majorization (Corollary 6.11), we
have

(s ) =" 0]

This is the result. O

then we have

The following statement is a special case of the previous theorem.
Example 6.42 For every X,Y € M, such that X*Y is Hermitian, we have
AMXX"+YY") < A(X*X +YYY).

Since
XX*+YY* 0] |X Y| |[X® O
0 o |0 0 Y* 0
is unitarily conjugate to

X 0l|X Y| [|X*'X X'Y
Y 0|0 0] |Y*X Y*Y
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and X*Y is Hermitian by assumption, the above corollary implies that

(X5 a8

So the statement follows. O

Next we study log-majorizations and norm inequalities. These involve the
weighted geometric means

A#a B = A1/2<A71/28A71/2)QA1/2’

where 0 < a < 1. The log-majorization in the next theorem is due to Ando
and Hiai, [7] which is considered as complementary to Theorem 6.38.

Theorem 6.43 For every A, B € M},
S(A"#4 B") <(10g) s((A#a B)"), r>1, (6.42)
or equivalently
S((A #ha BN)P) <og) s(AT# BYYT),  p2q>0.  (6.43)
Proof: First assume that both A and B are invertible. Note that
det(A” #, B") = (det A)"0=) (det B)™ = det(A #4, B)".

For every k = 1,...,n, it is easily verified from the properties of the antisym-
metric tensor powers that

(Ar #a Br)/\k: — (A/\k)r #a (B/\k)r’
(A#a B))™ = ((A™) #a (B™))".

So it suffices to show that
|A" #a B"|| < [[(A#oB)"||  (r>1), (6.44)

because (6.42) follows from Lemma 1.62 by taking A"* B"* instead of A, B in
(6.44). To show (6.44), we may prove that A#, B < I implies A" #, B" < [.
When 1 <7 <2, let us write r = 2—e with 0 < e < 1. Let C := A~1/2BA~1/2.
Suppose that A#, B < I. Then C* < A~! and

A<Ce (6.45)



266 CHAPTER 6. MAJORIZATION AND SINGULAR VALUES

so that thanksto 0 <e <1
Al=s < ¢golte), (6.46)
Now we have
AT #,B" = AVI{AT'AB. B  BATTE} AR
Al—%{A—1;5CA1/2(A—l/zc—lA—l/Q)eAl/ZCA—
_ A1/2{A17€ #a [C(A #E 071)0]}141/2
A1/2{0—a(1—5) #a [C(C—a #5 0_1)0]}141/2

1—

T }O‘Al_g

IA

by using (6.45), (6.46), and the joint monotonicity of power means. Since
C—a(l—a) #a [C(C—a #5 C—l)c] _ C—a(l—a)(l—a) [C(C—a(l—e)c—a)c]oz _ Ca’

we have

AT #, B" < AY20AY? = A#,B < I.

Therefore (6.42) is proved when 1 < r < 2. When r > 2, write r = 2™s with
m € N and 1 < s < 2. Repeating the above argument we have

S(AT #a Br) '<w(log) 3<A2

m—1

s # B2m’13>2

'<w(log) 3<As #Cv Bs)Qm
<w(log) s(A#.B)".

For general A, B € B(H)" let A. := A+ ¢l and B. := B + ¢l for ¢ > 0.
Since

A" #,B" = ll{(l(l) AT#, Bl and (A#.B)" = ll{(r(l)(Ag #.B.)",
we have (6.42) by the above case and Theorem 6.7 (10). Finally, (6.43) readily
follows from (6.42) as in the last part of the proof of Theorem 6.38. U
By Theorems 6.43 and 6.24 we have:

Corollary 6.44 Let A, B € Ml and ||| - ||| be any unitarily invariant norm.
If f is a continuous increasing function on [0,00) such that f(0) > 0 and
f(e") is convex, then

(A" 0 BOII < [IlF((A#a B)DIIl, =1

In particular,

A" #a Bl < [[I((A#a B)[Il,  r=1.
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Corollary 6.45 For every self-adjoint H, K € M,,,
(€ #ae™ )Y < iog) s(elIOHFK), >0
Hence, for every unitarily invariant norm ||| - |||,
11" #ae™ )| < [lleM R, e >0,
and the above left-hand side increases to |||e=HTK||| as 7\, 0.
Specializing to trace inequality we have
Tr (erH#ae”K)l/” < Trell-oH+ak r >0,

which was first proved in [42]. The following logarithmic trace inequalities
are also known for every A, B € B(H)* and every r > 0:

1 1
“Tr Alog B?A"B"/? < Tr A(log A+ log B) < —Tr Alog A"/?B" A™/?
r r

1
~Tr Alog(A” # B")*> < Tr A(log A + log B).
,
The exponential function has generalization:
exp,(X) = (I + pX)7 , (6.47)

where X = X* € M,(C) and p € (0,1]. (If p — 0, then the limit is exp X.)
There is an extension of the Golden-Thompson trace inequality.

Theorem 6.46 For 0 < XY € M,,(C) and n € (0,1] the following inequal-
ities hold:

Tr exp, (X +Y) < Tr exp, (X +Y + pYV2XY1/?)
< Tr exp, (X +Y +pXY) < Tr exp,(X) exp,(Y).

Proof: Let Xy :=pX, Y] :==pY and ¢ :=1/p. Then

Tr exp,(X +Y)

IN

Tr exp, (X +Y + pY'/2XY/?)
Te[(1+ Xy + Vi + V{2 X,9,7%)7]
Tr[(I + X1+ Y1+ X1 Y1)
Tr[((I + X1)(I +Y1))1]

FIA

The first inequality is immediate from the monotonicity of the function (1 +
pr)/? and the second is by Lemma 6.47 below. Next we take

Tr [(1 + X0)(I +Y1))*] < Tr [(I 4+ X1)"(1 + 1)) = Tr [exp,(X) exp, (Y],
which is by the Araki-Lieb-Thirring inequality (6.40). OJ
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Lemma 6.47 For X,Y € MY we have the following:
Tr[(I+X+Y +YV2XYYV2P < Tr [T+ X +Y + XY ifp>1,
T[T+ X +Y +Y2XYY2P)>Te [T+ X +Y +XY)P] if0<p<1.

Proof: For every A, B € M** let X = A and Z = (BA)* for any k € N.
Since X*Z = A(BA)* is Hermitian, we have

AMA? + (BA*(AB)*) < A(A% + (AB)*(BA)). (6.48)
When k£ = 1, by Theorem 6.1 this majorization yields the trace inequalities:

Tr[(A* + BA’B)?] < Tr[(A*>+ AB*A)Y] ifp>1,
Tr[(A%> + BA’B)?] > Tr[(A*+ AB?A)*] if0<p<1.

Moreover, for every X,Y € Mif let A = (I + X)"/? and B = Y'*/2. Notice
that
Tr[(A> + BA’B)’| = Tr (I + X + Y + Y'/2XY/2)7]

and

Te[(A° + BA’BY] = Tr[((I+X)"*(I +Y)(I + X))
= Tr[({+X)I+Y)P|=Tr [+ X +Y + XY)7],

where (I + X)(I +Y) has the eigenvalues in (0, 00) so that ((I+X)(I+Y))?
is defined via the analytic functional calculus (3.17). Therefore the statement
follows. 0

The inequalities of Theorem 6.46 can be extended to the symmetric norm
inequality, as shown below together with the complementary inequality with
geometric mean.

Theorem 6.48 Let ||| - ||| be a symmetric norm on M, and p € (0,1]. For
every X, Y € M7 we have
Il exp, (2X)# exp, (2Y)][| < |[[ exp, (X + Y|
< [l exp, (X)M2 exp, (V) exp, (X) V7]
< [l exp, (X) exp, (V)]

Proof: We have

Aexp,(2X)#exp,(2Y)) = MU+ 2pX)1/p#(I + 2pY)1/p)
<(og) (I +2pX)#(I +2pY))"/?)
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< Alexp,(X +7Y)),

where the log-majorization is due to (6.42) and the inequality is due to the
arithmetic-geometric mean inequality:

(I +2pX)+ (I +2pY)

(I +2pX)#(I +2pY) < 5

=I+p(X+Y).

On the other hand, let A := (I +pX)? and B := (pY)/2. We can use (6.48)
and Theorem 6.38:

AMexp,(X +Y)) < A((A*+ BA’B)'?)

< M(A%+ AB?A)VP)
= M +pX) (I +pY)(I +pX)"2)YP)

<og) A+ pX) P (I +pY ) VP (1 +pX)Y/?)
= Aexp, (X)) exp, (V) exp, (X)'/?)

<(10g) A((exp, (X) exp, (Y)? exp, (X))"/?)
= Allexp,(X) exp,(Y)]).

The above majorizations give the stated norm inequalities. O

6.5 Notes and remarks

The first sentence of the chapter is from the paper of John von Neumann,
Some matrix inequalities and metrization of matric-space, Tomsk. Univ. Rev.
1(1937), 286-300. (The paper is also in the book John von Neumann collected
works.) Theorem 6.17 and the duality of the ¢, norm appeared also in this
paper.

Example 6.2 is from the paper M. A. Nielsen and J. Kempe: Separable
states are more disordered globally than locally, Phys. Rev. Lett., 86, 5184-
5187 (2001). The most comprehensive literature on majorization theory for
vectors and matrices is Marshall and Olkin’s monograph [61]. [61] (There is
a recently reprinted version: A. W. Marshall, I. Olkin and B. C. Arnold, In-
equalities: Theory of Majorization and Its Applications, Second ed., Springer,
New York, 2011.) The contents presented here are mostly based on Fumio
Hiai [40]. Two survey articles of Tsuyoshi Ando are the best sources on
majorizations for the eigenvalues and the singular values of matrices [4, 5].

The first complete proof of the Lidskii-Wielandt theorem was obtained by
Helmut Wielandt in 1955 and the mini-max representation was proved by
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induction. There were some other involved but a surprisingly elemetnary and
short proofs. The proof presented here is from the paper C.-K. Li and R.
Mathias, The Lidskii-Mirsky-Wielandt theorem — additive and multiplicative
versions, Numer. Math. 81 (1999), 377-413.

Theorem 6.46 is in the paper S. Furuichi and M. Lin, A matrix trace
inequality and its application, Linear Algebra Appl. 433(2010), 1324-1328.

Here is a brief remark on the famous Horn conjecture that was affirmatively
solved just before 2000. The conjecture is related to three real vectors a =
(a1,...,a,), b = (by,...,b,), and ¢ = (cq,...,¢,). If there are two n X n
Hermitian matrices A and B such that a = A(A), b = A\(B), and ¢ = \(A+B),
that is, a, b, c are the eigenvalues of A, B, A+ B, then the three vectors obey
many inequalities of the type

chSZaﬂerj

keK el jeJ

for certain triples ([, J, K) of subsets of {1,...,n}, including those coming
from the Lidskii-Wielandt theorem, together with the obvious equality

ici = iai + Zbl
1=1 1=1 1=1

Horn [47] proposed the procedure how to produce such triples (7, J, K) and
conjectured that all the inequalities obtained in that way are sufficient to
characterize a, b, c that are the eigenvalues of Hermitian matrices A, B, A+ B.
This long-standing Horn conjecture was solved by two papers put together,
one by Klyachko [50] and the other by Knuston and Tao [51].

The Lieb-Thirring inequality was proved in 1976 by Elliott H. Lieb and
Walter Thirring in a physical journal. It is interesting that Bellmann proved
the particular case Tr (AB)? < Tr A? B in 1980 and he conjectured Tr (AB)" <
Tr A"B™. The extension was by Huzihiro Araki (On an inequality of Lieb
and Thirring, Lett. Math. Phys. 19(1990), 167-170.)

Theorem 6.26 is also in the paper J.S. Aujla and F.C. Silva, Weak ma-
jorization inequalities and convex functions, Linear Algebra Appl. 369(2003),
217-233. The subadditivity inequality in Theorem 6.31 and Theorem 6.36 was
first obtained by T. Ando and X. Zhan. The proof of Theorem 6.31 presented
here is simpler and it is due to Uchiyama [77].

In the papers [7, 42] there are more details about the logarithmic trace
inequalities.
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6.6 Exercises

1. Let S be a doubly substochastic n x n matrix. Show that there exists a
doubly stochastic nxn matrix D such that S;; < D;; forall 1 <14, j < n.

2. Let A,, denote the set of all probability vectors in R", i.e.,

An = {p: (pla"'apn) ‘Di Z 07 Zpl = ]'}
i=1

Prove that

(1/n,1/n,...,1/n) <p<(1,0,...,0) (p e A).

The Shannon entropy of p € A, is H(p) := —> ., p;logp;. Show
that H(q) < H(p) <logn for all p < ¢ in A,, and H(p) = logn if and

only if p= (1/n,...,1/n).
3. Let A € B(H) be self-adjoint. Show the mini-max expression

Me(A) = min{max{({r, Az) : v € M+, ||z| =1} :
M is a subspace of H, dim M =k —1}}

for1 <k <n.

4. Let A € M. Prove the expression

k
Z Ai(A) = max{Tr AP : P is a projection, rank P = k}

i=1
for1 <k <n.

5. Let A, B € M?*. Show that A < B implies A\;(A) < \e(B) for 1 <k <
n.

6. Show that statement of Theorem 6.13 is equivalent with the inequality

k k
(sns1-5(A)s,,(B)) < [T 5:,(AB)

= 7j=1

1

<

for any choice of 1 <47 < --- <1 < n.

7. Give an example that for the generalized inverse (AB)T = BTAT is not
always true.
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10.

11.

12.

13.

14.

15.

16.
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Describe the generalized inverse for a row matrix.

. What is the generalized inverse of an orthogonal projection?

Let A € B(#H) with the polar decomposition A = U|A|. Prove that

x,|Alz) + (z, UJA[U"x)
2

z, Az)| < ¢

for z € H.
Show that |Tr A| < ||A||; for A € B(H).

Let 0 < p,p1,p2 < oo and 1/p =1/p; +1/ps. Prove the Holder inequal-
ity for the vectors a,b € R™:

®p(ab) < @p, (@) Py, (),
where ab = (a;b;).

Show that a continuous concave function f : RT™ — R™T is the pointwise
limit of a sequence of functions of the form

a+ Bz =Y v, (v),
=1
where o > 0, (3, ¢p,ap > 0 and 7, is as given in the proof of Theorem
6.33.
Prove for self-adjoint matrices H, K the Lie-Trotter formula:
hm<erH/2€rK€rH/2)1/r — H+K.

e
r—0

Prove for self-adjoint matrices H, K that

li_r)I(I)(GTH#aerK)l/r — 6(1_Q)H+QK.

Let f be a real function on [a,b] with a < 0 < b. Prove the converse of
Corollary 4.27, that is, if

Tr f(Z*AZ) < Tr Z* f(A)Z

for every A € M3* with o(A) C [a,b] and every contraction Z € M,
then f is convex on [a,b] and f(0) < 0.
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17. Prove Theorem 4.28 in a direct way similar to the proof of Theorem
4.26.

18. Provide an example of a pair A, B of 2 x 2 Hermitian matrices such that
M(JA4+ Bl) < M(JAl+|B|) and  Ae(|JA+ B|) > A2(|A] + | B])-

From this, show that Theorems 4.26 and 4.28 are not true for a simple
convex function f(x) = |z|.



Chapter 7

Some applications

Matrices are of important use in many areas of both pure and applied math-
ematics. In particular, they are playing essential roles in quantum proba-
bility and quantum information. A discrete classical probability is a vector
(p1,D2s - -, pn) Of p; > 0 with Y"1 | p; = 1. Its counterpart in quantum theory
is a matrix D € M,,(C) such that D > 0 and Tr D = 1; such matrices are
called density matrices. Then matrix analysis is a basis of quantum prob-
ability /statistics and quantum information. A point here is that classical
theory is included in quantum theory as a special case where relevant matri-
ces are restricted to diagonal ones. On the other hand, there are concepts in
classical probability theory which are formulated with matrices, for instance,
covariance matrices typical in Gaussian probabilities and Fisher information
matrices in the Cramér-Rao inequality.

This chapter is devoted to some aspects in application sides of matrices.
One of the most important concepts in probability theory is the Markov prop-
erty. This concept is discussed in the first section in the setting of Gaussian
probabilities. The structure of covariance matrices for Gaussian probabilities
with the Markov property is clarified in connection with the Boltzmann en-
tropy. Its quantum analogue in the setting of CCR-algebras CCR(#) is the
subject of Section 7.3. The counterpart of the notion of Gaussian probabili-
ties is that of Gaussian or quasi-free states w4 induced by positive operators
A (similar to covariance matrices) on the underlying Hilbert space H. In the
situation of the triplet CCR~algebra

CCR(H1 @ Hs @ H3) = CCR(H;) ® CCR(H2) ® CCR(H3),
the special structure of A on H; ® Ho ® Hs and equality in the strong subad-

ditivity of the von Neumann entropy of w4 come out as equivalent conditions
for the Markov property of w.

274
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The most useful entropy in both classical and quantum probabilities is
the relative entropy S(D1||Ds) := Tr Dy(log Dy —log Ds) for density matrices
Dy, Dy, which was already discussed in Sections 3.2 and 4.5. (It is also known
as the Kullback-Leibler divergence in the classical case.) The notion was
extended to the quasi-entropy:

S{(D1[|Ds) = (ADy?, F(A(D1/Ds))(ADy)

associated with a certain function f : [0,00) — R and a reference matrix A,
where A(Dy/D5)X = D1 XD;" = Lp, Ry} (X). (Recall that M (L4, Rp) =
f(LARZYRp was used for the matrix mean transformation in Section 5.4.)
The original relative entropy S(D:[|Dy) is recovered by taking f(r) = xlogx
and A = I. The monotonicity and the joint convexity properties are two
major properties of the quasi-entropies, which are the subject of Section 7.2.
Another important topic in the section is the monotone Riemannian metrics
on the manifold of invertible positive density matrices.

In a quantum system with a state D, several measurements are performed
to recover D, that is the subject of the quantum state tomography. Here,
a measurements is given by a POVM (positive operator-valued measure)
{F(z) : x € X}, i.e., a finite set of positive matrices F'(z) € M, (C) such
that Y ., F(xz) = I. In Section 7.4 we study a few results concerning how
to construct optimal quantum measurements.

The last section is concerned with the quantum version of the Cramér-Rao
inequality, that is a certain matrix inequality between a sort of generalized
variance and the quantum Fisher information. The subject belongs to the
quantum estimation theory and is also related to the monotone Riemannian
metrics.

7.1 Gaussian Markov property

In probability theory the matrices have typically real entries, but the content
of this section can be modified for the complex case.

Given a positive definite real matrix M € M, (R) a Gaussian probability
density is defined on R" as

p(x) = 1/%6}@(—%@,]\4@) (x € R™).

Obviously p(x) > 0 is obvious and the integral

/np(x)d:pzl
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follows due to the constant factor. Since
/R (x, Bx)p(r)dx = Tr BM ™1,
and the particular case B = E(ij) gives
[ maipte) s = [ fo B do = T BN = 017,

Thus the inverse of the matrix M is the covariance matrix.

The Boltzmann entropy is
1
S(p) = —/ p(x)logp(x) dx = glog(%re) — §Tr log M. (7.1)

(Instead of Tr log M, the formulation logdet M is often used.)
If R® = R* x R, then the probability density p(z) has a reduction p;(y)

on RF:
det M1 1 k
p1(y) ::“Wexp<—§<y,M1y)) (y € RY).

To describe the relation of M and M; we take the block matrix form

My M
M= , 7.2
{Mfz M22] (7:2)
where M, € Mg (R). The we have
det M 1
piy) = @r)rdet My P < — 3y, (M1 — M12M221M12)?/>>, (7.3)

see Example 2.7. Therefore M; = My, — M12M2}1Mf2 = M /Mys, which is
called the Schur complement of My, in M. We have det M; x det My, =
det M.

Let py(z) be the reduction of p(z) to R and denote the Gaussian matrix
by M,. In this case My = My, — MM * M1, = M/My,. The following
equivalent conditions hold:

(1) S(p) < S(p1) +5(p2)
(2) —Tr log M < —Tr log M; — Tr log M,

(3) Tr log M < Tr log My; + Tr log Moo
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(1) is known as the subadditivity of the Boltzmann entropy. The equivalence
of (1) and (2) follows directly from formula (7.1). (2) can be rewritten as

—logdet M < —(logdet M — logdet M) — (log det M — log det M)
and we have (3). The equality condition is My = 0. If

Sll 512:|

M'=8=
[ng Saa

then My, = 0 is obviously equivalent with S5 = 0. It is an interesting remark
that (2) is equivalent to the inequality

(2*) Tr log S < Tr log S11 + Tr log Sas.

The three-fold factorization R® = R* x R x R™ is more interesting and
includes essential properties. The Gaussian matrix of the probability density
pis

My Mip M
M= | M{y, My My, (7.4)
My My Mss
where My € Mg (R), Mayy € My(R), M33 € M,,(R) and denote the reduced
probability densities of p by pi, ps, p3, P12, p23. The strong subadditivity of
the Boltzmann entropy

S(p) + S(p2) < S(p12) + S(p23) (7.5)

is equivalent to the inequality

Tr log S 4+ Tr log Sas < Tr log {gﬁl 212} + Tr log [gﬁz 223} ., (7.6)
12 22 23 33

where

Sll 512 513
M'=8=|8% Sy S
Stz S35 Sa3

The Markov property in probability theory is typically defined as

p(1, 22, 73) o P23 (T2, 73)

(.Tl S Rk,l’g S Rg,l’g S Rm)

p12(z1, T2) B p2(z2)
Taking the logarithm and integrating with respect to dp, we obtain
—S(p) + S(p12) = —=S(p2s3) + S(p2) (7.7)

and this is the equality case in (7.5) and in (7.6). The equality case of (7.6)
is described in Theorem 4.49, so we have the following:
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Theorem 7.1 The Gaussian probability density described by the block matriz
(7.4) has the Markov property if and only if Si3 = S12S455 So3 for the inverse.

Another condition comes from the inverse property of a 3 x 3 block matrix.

Theorem 7.2 Let S = [S;]?,_, be an invertible block matriz and assume
that Sy and [Sy?;_, are invertible. Then the (1,3)-entry of the inverse
ST = [My]},_, is given by the following formula:

-1
Saa, Sag ] [512]
S — 1S S ’
( 11 [ 12, 13] |:S32 S33j| 513
><(51252_21523 — 513)(S33 — 53252_21523)_1-
Hence Mys = 0 if and only if Si3 = 51252_21523.

It follows that the Gaussian block matrix (7.4) has the Markov property
if and only if M3 = 0.

7.2 Entropies and monotonicity

Entropy and relative entropy have been important notions in information the-
ory. The quantum versions are in matrix theory. Recall that 0 < D € M, is a
density matrix if Tr D = 1. This means that the eigenvalues (A1, A2, ..., \)
form a probabilistic set: A; > 0, > . A\; = 1. The von Neumann entropy
S(D) = —Tr Dlog D of the density matrix D is the Shannon entropy of the
probabilistic set, —> . A;log ;.

The partial trace Tr; : M ® M, — M,, is a linear mapping which
is defined by the formula Tri(A ® B) = (Tr A)B on elementary tensors.
It is called partial trace, since trace of the first tensor factor was taken.
Try : M ® M,,, — M, is similarly defined. When D € M, ® M,, is a density
matrix, then TroD := Dy and Tr1 D := Dy are the partial densities. The next
theorem has an elementary proof, but the result was not known for several
years.

The first example includes the strong subadditivity of the von Neumann
entropy and a condition of the equality is also included. (Other conditions
will appear in Lemma 7.6.)

Example 7.3 We shall need here the concept for three-fold tensor product
and reduced densities. Let Dio3 be a density matrix in M, ® M, ® M,,,. The
reduced density matrices are defined by the partial traces:

Dy = TI'1D123 c Mk (%9 Mg, Dy = TI'13D123 c Mg, Dgg = TI'1D123 c Mk
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The strong subadditivity is the inequality
S(D1a3) + S(Ds) < S(D12) + S(Da3), (7.8)
which is equivalent to
Tr D123 (log D12g — (log D12 — log Dy + log Ds3)) > 0.

The operator
exp(log D1y — log Dy + log Da3)

is positive and can be written as AD for a density matrix D. Actually,
A = Tr exp(log D1y — log Do + log Dag3).
We have

S(D12) + S(Da3) — S(D1ag) — S(D2)
= Tl" D123 (log D123 — (lOg D12 — lOg D2 —+ lOg Dgg))

Here S(X|Y) := Tr X(log X —logY) is the relative entropy. If X and Y
are density matrices, then S(X||Y) > 0, see the Streater inequality (3.23).

Therefore, A < 1 implies the positivity of the left-hand side (and the strong
subadditivity). Due to Theorem 4.55, we have

Tr exp(log D1s —log Dy +1log Dy3)) g/ Tr D1o(t1 + Do) "t Dos(t1 + Do)t dt
0

Applying the partial traces we have
Tr Dlz(t[ -+ D2)71D23(t[ -+ D2)71 ="Tr DQ(t[ -+ D2)71D2<t1 —+ D2)71

and that can be integrated out. Hence
/ Tr D12<t[ + D2)71D23<t1 + D2)71 dt ="Tr D2 =1
0

and A < 1 is obtained and the strong subadditivity is proven.

If the equality holds in (7.8), then exp(log Dis — log Dy + log Ds3) is a
density matrix and

S(D1a3|| exp(log D12 — log Dy 4 log Da3)) =0
implies
lOg D123 = lOg D12 — log D2 + lOg Dgg. (710)

This is the necessary and sufficient condition for the equality. 0
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For a density matrix D one can define the g-entropy as

_1-TrD? Tr(D?-D)
g—-1  1—g

S.(D) (q>1). (7.11)

This is also called the quantum Tsallis entropy. The limit ¢ — 1 is the
von Neumann entropy.

If D is a state on a Hilbert space H;®%H,, then it has reduced states D; and
D, on the spaces H; and Hy. The subadditivity is S,(D) < S,(D1) +S,(Ds),
or equivalently

Tv DY + Tr D4 = || Dy[[2 + || Ds]|¢ < 1+ ||D]|2 = 1 + Tr D (7.12)

Theorem 7.4 When the density matriz D € M @ M, has the partial den-
sities Dy := TroD and Dy := Try D, then the subadditivity inequality (7.12)
holds for ¢ > 1.

Proof: Tt is enough to show the case ¢ > 1. First we use the g-norms and

we prove
L+[Dllg = |[D1llg + || D2|lq- (7.13)

Lemma 7.5 below will be used.
If 1/¢+1/¢' =1, then for A > 0 we have

l|A||; ;== max{Tr AB: B > 0,||B||y < 1}.
It follows that
D]l =Tr XD, and ||Dyl|, =TrY D,

with some X > 0 and Y > 0 such that ||X||, <1 and ||Y]|;y < 1. It follows
from Lemma 7.5 that

XL +1,0Y -1, ® )|y <1
and we have Z > 0 such that
22X, +1,0Y -1, ® 1
and ||Z||, = 1. It follows that
Tt (ZD)+1>Tr (X @I+ 1, @Y)D =Tr XDy + Tr Y D,.

Since
|D[ly > Tr (ZD),



7.2. ENTROPIES AND MONOTONICITY 281

we have the inequality (7.13).

We examine the maximum of the function f(z,y) = 27+ y? in the domain
Mi={(r,y) 05 <1,0<y<Laty<1+|Dlh

Since f is convex, it is sufficient to check the extreme points (0,0), (1,0),
(1, [1Dllq), (I|D]lg, 1), (0,1). It follows that f(x,y) < 14[[D||Z. The inequality
(713) gives that (|| Dy]|, IDsll,) € M and this gives f(|[Dyllo,[|Dslly) <
1+ ||D||¢ and this is the statement. O

Lemma 7.5 For ¢ > 1 and for the positive matrices 0 < X € M, (C) and
0 <Y e M(C) assume that || X||4, ||Vl < 1. Then the quantity

X +1,0Y -1, @), <1 (7.14)
holds.

Proof: 1t is enough to compute in the case || X||, = |[[Y]||l, = 1. Let
{z;:1<i <1} and {y; : 1 <j < m} be the positive spectrum of X and Y.
Then

and
I X®@L+ LY =L@ L) |l1=> ((z;+y;— 1)4)"

/[:7.7

The function a +— (a + b — 1), is convex for any real value of b:

+ 1 1
<a1 a2+b—1) < (o +b—1)4 4+ =(ag+b—1),
2 L2 2

It follows that the vector-valued function
ar ((a+y;— 1)t : J)

is convex as well. Since the ¢? norm for positive real vectors is convex and
monotonously increasing, we conclude that

1/q
fla) = (Z((a +y;— 1)+)q>

J
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is a convex function. Since f(0) = 0 and f(1) = 1, we hav the inequality
fla) < afor 0 < a < 1. Actually, we need this for x;. Since 0 < z; < 1,
f(z;) < a; follows and

DD (g = 1) =D ) < Y al =1

So (7.14) is proved. O

The next lemma is stated in the setting of Example 7.3.

Lemma 7.6 The following conditions are equivalent:
(1) S(Dizs) + S(D2) = S(D12) + S(Das)
(i) Dit.D5t = DDy for every real t
(i) DIDR = DDy
(iv) log D13 — log D3 = log D15 — log D,

(v) There are positive matrices X € My & My andY € M, ® M, such that

In the mathematical formalism of quantum mechanics, instead of n-tuples
of numbers one works with n x n complex matrices. They form an algebra
and this allows an algebraic approach.

For positive definite matrices D, Dy € M,,, for A € M, and a function
f:RT — R, the quasi-entropy is defined as

SHDIID,) = (ADy”, J(A(D1/D2))(AD,))
= TrDY?A*f(A(Dy/Dy))(ADY?), (7.15)

where (B, C) := Tr B*C' is the so-called Hilbert-Schmidt inner product
and A(D1/Ds) : M, — M,, is a linear mapping acting on matrices:

A(Dl/DQ)A - DlADgl

This concept was introduced by Petz in [65, 67]. An alternative terminology
is the quantum f-divergence.

If we set

Lp(X)=DX, Rp(X)=XD and I} , = f(Lp,Ry)Rp,, (7.16)
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then the quasi-entropy has the form
SH(D1||Da) = (A, J%, p,A). (7.17)
It is clear from the definition that
S}4(>\D1||)‘D2) = AS?(D1||D2)

for positive number \.

Let a : M,, — M,,, be a mapping between two matrix algebras. The dual
o+ M, — M, with respect to the Hilbert-Schmidt inner product is positive
if and only if « is positive. Moreover, « is unital if and only if o* is trace
preserving. « : M, — M, is called a Schwarz mapping if

a(B*B) > a(B*)a(B) (7.18)

for every B € ML,.

The quasi-entropies are monotone and jointly convex.

Theorem 7.7 Assume that f : RT™ — R is a matriz monotone function with
f(0) >0 and a : Ml,, — M, is a unital Schwarz mapping. Then

S (a*(Dy)||a* (D)) = S (Dy]| Dy) (7.19)

holds for A € M, and for invertible density matrices Dy and Dy from the
matrix algebra M, .

Proof: The proof is based on inequalities for matrix monotone and matrix
concave functions. First note that

Stie(a(Di)lla”(D2)) = 87 (a*(Dy)|a” (D2)) + ¢ Tr Dya(A™A)

and
Sii2 (D1l D) = S7Y(D1 || D) + ¢ Tr Dy (a(A)*a(A))

for a positive constant ¢. Due to the Schwarz inequality (7.18), we may
assume that f(0) = 0.

Let A := A(Dy/D5) and Ay := A(a*(D1)/a*(Ds)). The operator
VXa*(Do)/? = a(X)DY? (X € M) (7.20)
Is a contraction:

la(X)Dy*|? = TrDy(a(X) (X))
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< TrDy(a(X7X) =Tra" (D) XX = HXOé*(Dz)l/Q”Q

since the Schwarz inequality is applicable to a. A similar simple computation
gives that
VAV < Ay. (7.21)

Since f is matrix monotone, we have f(Ag) > f(V*AV). Recall that f is
matrix concave, therefore f(V*AV) > V*f(A)V and we conclude

F(B0) = VR (722)
Application to the vector Aa*(D;)'/? gives the statement. O

It is remarkable that for a multiplicative « (i.e., v is a x-homomorphism)
we do not need the condition f(0) > 0. Moreover, since VAV = Ay, we do
not need the operator monotony of the function f. In this case the operator
concavity is the only condition to obtain the result analogous to Theorem
7.7. If we apply the monotonicity (7.19) (with —f in place of f) to the
embedding a(X) = X @ X of M, into M,, ® M,, C M,, ® My and to the
densities D = AE; @ (1 — N\)Fy, Dy = AEy @ (1 — ) Fy, then we obtain the
joint convexity of the quasi-entropy:

Theorem 7.8 If f : Rt — R is an operator convex, then S{(Dy||Dy) is
jointly convex in the variables Dy and Ds.

If we consider the quasi-entropy in the terminology of means, then we can
have another proof. The joint convexity of the mean is the inequality

F(Lasa)2R 5, 4 5y ) RBiBay2 < 5F (L, Rp)Rp, + 5 f(La, Ry, )Ra,
which can be simplified as
_ —1/2 p1/2 1\ l/2mp—1/2
f(LA1+A2RBi+BQ) S RBl—/f—BQRB/l f(LAIRBi)RB/l RBl-/i-Bg
R, R, (LR Ry, R, s,
= Of(La,Rp)C" + Df(La,Rp) D"
Here CC* + DD* = I and
C(La,Rp)C" + D(L,Rp,) D* = Lig 4 4, R, -
So the joint convexity of the quasi-entropy has the form
f(CXC*+DYD") < Cf(X)C*+ Df(Y)D*

which is true for an operator convex function f, see Theorem 4.22.
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Example 7.9 The concept of quasi-entropy includes some important special
cases. If f(t) =t then

S#(D1||Dy) = Tr A*DY ADy .

If 0 < a <1, then f is matrix monotone. The joint concavity in (Dy, Ds) is
the famous Lieb’s concavity theorem [58].

If Dy and D, are different and A = I, then we have a kind of relative
entropy. For f(z) = zlogz we have Umegaki’s relative entropy S(D;||Ds) =
Tr Dy (log Dy —log Ds). (If we want a matrix monotone function, then we can
take f(x) = logx and then we get S(Ds||D;).) Umegaki’s relative entropy is
the most important example; therefore the function f will be chosen to be
matrix convex. This makes the probabilistic and non-commutative situation
compatible as one can see in the next argument.

Let
1

(7)) = ——— (1 — 29).
fuld) = g (1= )
This function is matrix monotone decreasing for a € (—1,1). (For o« = 0, the
limit is taken and it is —logz.) Then the relative entropies of degree «

are produced:

1

Sa(D2||D1) = a(l—a)

Tr (I — DYD5 ) Ds.
These quantities are essential in the quantum case. O

Let M,, be the set of positive definite density matrices in M,,. This is a
differentiable manifold and the set of tangent vectors is {A = A* € M, :
Tr A = 0}. A Riemannian metric is a family of real inner products vp(A, B)
on the tangent vectors. The possible definition is similar to (7.17):

(A, B) .= Tr A(J),)Y(B) (7.23)

(Here J}, = JfD7D.) The condition xf(x~!) = f(z) implies the existence of
real inner product. By monotone metrics we mean a family of inner products
for all manifolds M,, such that

Vo) (B(A), B(A)) < 7h(A, A) (7.24)

for every completely positive trace-preserving mapping g : M,, — M,,. If f
is matrix monotone, then this monotonicity holds.

Let 8 : M, ® My — M,, be defined as

|:Bll Bl2

— B + Bas.
By, 322} 11 22
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This is completely positive and trace-preserving, it is a so-called partial trace.

For
(A0 a0
b=1" (1—A)DJ’ A—{ 0 (1—A)AJ

the inequality (7.24) gives

YaD1+(1-N D2 (AAL 4 (1 = A) Az, AL + (1 — N) Ag)
< 70, (AL AAL) +Ya-a, (1 = A) Ag, (1 = A) Ag).

Since y,p(tA,tB) = typ(A, B), we obtain the joint convexity:

Theorem 7.10 For a matrix monotone function f, the monotone metric
yé(A,A) is a jointly convex function of (D, A) of positive definite D and
general A € ML,.

The difference between two parameters in JfDl p, and one parameter in

J4 ,, is not essential if the matrix size can be changed. We need the next
lemma.

Lemma 7.11 For Dy, Dy > 0 and general X in M, let

o2 8) v ) 4= [2 3]

0 D, 0 O X* 0
Then
(Y, (I5) 1Y) = (X, (I, p,) ' X), (7.25)
(A, (J5) " A) = 2(X, (I, p,) ' X). (7.26)

Proof: First we show that

(J]f )71 |:X11 X12:| _ { (ng)*an (J£17D2)71X12
D) Xy Xoo Th,p)  Xor  (J],) " X

Since continuous functions can be approximated by polynomials, it is enough
to check (7.27) for f(x) = x¥, which is easy. From (7.27), (7.25) is obvious
and

(7.27)

(A, (Ip) 71 A) = (X, (Tp, p,) "' X) + (X, (TD, p,) "' X").

From the spectral decompositions

D, = Z)‘ipi and Dy = ZMJ’QJ
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we have
I s A= mys(Ni, 1) PLAQ;

i

and
(X, (T, p,) ' X) = > mg(Ni, ) e X*PXQ;
ij

= me(,uj,)\i)TrXQjX*Pi

- &*,(JfDQ,DI)lx*y (7.28)
Therefore,

(A, (I5) 71 A) = (X, (IDy,0,) 7' X) + (X, (3D, p,) 7' X) = 2(X, (T, p,) "' X).
O

Now let f : (0,00) — (0,00) be a continuous function; the definition of f
at 0 is not necessary here. Define g, h : (0,00) — (0,00) by g(z) := zf(z™!)

e ) (f(x)l gl ) -

Obviously, h is symmetric, i.e., h(z) = zh(z™!) for z > 0, so we may call h
the harmonic symmetrization of f.

Theorem 7.12 In the above situation consider the following conditions:

(i) f is matriz monotone,

(ii) (D, A) — (A, (J),) T A) is jointly convex in positive definite D and gen-
eral A in ML, for every n,

(iii) (Dy, Dy, A) — (A, (JthDQ)_lA) is jointly convex in positive definite
D1, Dy and general A in M, for every n,

(iv) (D, A) — (A, (J5) " A) is jointly convex in positive definite D and self-
adjoint A in M, for every n,

(v) h is matriz monotone.

Then (i) < (ii) < (iii) = (iv) < (v).
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Proof: (i) = (ii) is Theorem 7.10 and (ii) = (iii) follows from (7.25). We
prove (iii) = (i). For each £ € C" let X := [0 --- 0] € M, i.e., the first
column of X, is { and all other entries of X are zero. When D, = I and
X = X¢, we have for D > 0 in M,

(Xe, J5) ' Xe) = (Xe, f(D) ' Xe) = (€, F(D)1).

Hence it follows from (iii) that (£, f(D)7!€) is jointly convex in D > 0
in M,, and ¢ € C". By a standard convergence argument we see that
(D, &) — (&, f(D)71€) is jointly convex for positive invertible D € B(H) and
¢ € H, where B(H) is the set of bounded operators on a separable infinite-
dimensional Hilbert space H. Now Theorem 3.1 in [8] is used to conclude
that 1/f is operator monotone decreasing, so f is operator monotone.

(ii) = (iv) is trivial. Assume (iv); then it follows from (7.26) that (iii)
holds for h instead of f, so (v) holds thanks to (iii) = (i) for h. From (7.28)
when A = A* and Dy = Dy = D, it follows that

(A, (Ip)71A) = (A, (IH) 1 A4) = (A, (Tp) ' 4).

Hence (v) implies (iv) by applying (i) = (ii) to h. O

Example 7.13 The y*-divergence

X*(p:q) :Zm;iiqi)z = (%—1>2q@-

7 %

was first introduced by Karl Pearson in 1900 for probability densities p and

q. Since
2 2 | )
(Z lpi — C_Iz|> = <Z %) < Z (% — 1) i,

Ip = qll; < X*(p.q). (7.29)

A quantum generalization was introduced very recently:

by

qi

we have

2(p.0) = T (=)o~ (p— 0)o°") = Tt po—po®! — 1
<p7 (J(Jj)_lp> - 17

where a € [0,1] and f(x) = 2. If p and o commute, then this formula is
independent of «.

The monotonicity of the y2-divergence follows from (7.24).
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The monotonicity and the classical inequality (7.29) imply that

lp—ollf < X*(p, o).

Indeed, if E is the conditional expectation onto the commutative algebra
generated by p — o, then

lp =l = 1E(p) — E(@)]I} < X*(E(p), E(0)) < X*(p, 0).

7.3 Quantum Markov triplets

The CCR-algebra used in this section is an infinite dimensional C*-algebra,
but its parametrization will be by a finite dimensional Hilbert space H. (CCR
is the abbreviation of “canonical commutation relation” and the book [64]
contains the details.)

Assume that for every f € H a unitary operator W (f) is given so that the
relations

W)W (fe) = W(fi + fo) exp(io(fi, f2)),
W(=f)=W(f)

hold for fi, fo, f € H with o(fi, f2) := Im(fi, fo). The C*-algebra gener-
ated by these unitaries is unique and denoted by CCR(#). Given a positive
operator A € B(H), a functional wy : CCR(H) — C can be defined as

wa(W(f)) = exp (= |IfII*/2 = (f, A))- (7.30)

This is called a Gaussian or quasi-free state. In the so-called Fock repre-
sentation of CCR(H) the quasi-free state w4 has a statistical operator D4,
Dy >0and TrD4 = 1. We do not describe here D4 but we remark that if
A;’s are the eigenvalues of A, then D4 has the eigenvalues

1 A\
H1+Ai (1+>\i> ’

i

where n; € Z, . Therefore the von Neumann entropy is
S(wa) := =TrDylog Dy = Trk(A), (7.31)

where k() := —tlogt + (t + 1) log(t + 1) is an interesting special function.
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Assume that H = H; @ Hs and write the positive mapping A € B(H) in
the form of block matrix:

A Ap
A= .
[Am A22:|

If f €My, then

wa(W(f@0)) =exp (= [IfII*/2=(f, Auf)).

Therefore the restriction of the quasi-free state ws to CCR(H;) is the quasi-
free state wy,,.

Let H = H1® Ho @ Hs be a finite dimensional Hilbert space and consider
the CCR-algebras CCR(H;) (1 < i < 3). Then

CCR(H) = CCR(H,) ® CCR(H) ® CCR(H)

holds. Assume that Dja3 is a statistical operator in CCR(H) and we denote
by Dis, Do, Dog its reductions into the subalgebras CCR(H;) ® CCR(Hs),
CCR(H3), CCR(Hz) ® CCR(H3), respectively. These subalgebras form a
Markov triplet with respect to the state Dqo3 if

S(Dlgg) — S(Dgg) = S(Dlg) — S(Dg), (732)

where S denotes the von Neumann entropy and we assume that both sides
are finite in the equation. (Note (7.32) is the quantum analogue of (7.7).)

Now we concentrate on the Markov property of a quasi-free state wy =
w193 With a density matrix Dis3, where A is a positive operator acting on
H=H, D Hs D Hs and it has a block matrix form

All A12 A13
A= A21 A22 A23 . (733)
A31 A32 A33

Then the restrictions Ds3, Do and Dy are also Gaussian states with the
positive operators

I 0 0 Ay Ap O I 0 O
D = 0 AQQ A23 s B = A21 A22 0 s and C == 0 AQQ 0 s
0 Az As 0 0 I 0o 0 I

respectively. Formula (7.31) tells that the Markov condition (7.32) is equiv-
alent to
Trk(A) + Trr(C) = Trk(B) + Tr k(D).



7.3. QUANTUM MARKOV TRIPLETS 291

(This kind of condition appeared already in the study of strongly subadditive
functions.)

Denote by P; the orthogonal projection from H onto H;, 1 < i < 3. Of
course, P + P, + P; = I and we use also the notation P := P; + P, and
P23 = P2 -+ P3.

Theorem 7.14 Assume that A € B(H) is a positive invertible operator and
the corresponding quasi-free state is denoted as wa = wiaz on CCR(H). Then
the following conditions are equivalent.

(a) S(wizs) + S(ws2) = S(wiz) + S(was)-
(b) Trk(A) + Tr k(P APy) = Tr k(P1oAP1o) + Tr k(Pag APag3).

(c) There is a projection P € B(H) such that P, < P < P, + P and
PA = AP.

Proof: Due to the formula (7.31), (a) and (b) are equivalent.

Condition (c) tells that the matrix A has a special form:

Ay [a 0] 0 {i? Z] 0
NI [ R A
0 [0 b] A 0 [b* Agg]

where the parameters a, b, ¢, d (and 0) are operators. This is a block diagonal
matrix, A = Diag(A;, As),

Al 0

o

I 0
0 0
in this setting.

The Hilbert space H, is decomposed as HL & HE, where HL is the range
of the projection PP,. Therefore,

and the projection P is

CCR(H) = CCR(H1 ® HY) ® CCR(Hy & Ha) (7.35)

and wi93 becomes a product state wy ® wr. This shows that the implication
(¢) = (a) is obvious.
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The essential part is the proof (a) = (¢). The inequality
Tr log(A) + Tr log(As2) < Tr log(B) + Tr log(C) (7.36)

is equivalent to (7.6) and Theorem 7.1 tells that the necessary and sufficient
condition for equality is A3 = A12A§21A23.

The integral representation
k(z) = / t 2 log(tr + 1) dt (7.37)
1

shows that the function x(z) = —zlog x+(x+1) log(z+1) is matrix monotone
and (7.31) implies the inequality

Trk(A) + Trk(Aw) < Tri(B) + Trx(C). (7.38)
The equality holds if and only if
tAlg - tA12<tA22 -+ I)iltA23

for almost every ¢t > 1. The continuity gives that actually for every ¢t > 1 we
have

Az = Ap(Agy + 1711 Aygs.

The right-hand-side, Aj9(Ag + 2I)71 Ay, is an analytic function on {z € C:
Re z > 0}, therefore we have

A13 =0= A12<A22 + S[)_1A23 (8 € R+)7

as the s — oo case shows. Since Aj95(Ag+5I) 1Ay — A9As3 as s — 0o, we
have also 0 = A;2A453. The latter condition means that Ran As; C Ker Ajs,
or equivalently (Ker Ajp)t C Ker Aj,.

The linear combinations of the functions « — 1/(s+x) form an algebra and
due to the Stone-Weierstrass theorem Aj9g(Asg)Ags = 0 for any continuous
function g.

We want to show that the equality implies the structure (7.34) of the

operator A. We have Ay : Hz — Ho and Ayp : Ho — Hq. To show the
structure (7.34), we have to find a subspace H C Hs such that

ApH C H, H* CKerAyp, H C KerAj,

or alternatively (H + =)K C H; should be an invariant subspace of Ay such
that
Ran Ays € K C Ker A;s.
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Let
K = {ZA;%AZ;SL’Z T € Hg,ni € ZJr}

be a set of finite sums. It is a subspace of Hy. The property Ran Ass C K
and the invariance under Ay, are obvious. Since

AlgAngggl‘ = O,
K C Ker Aj5 also follows. The proof is complete. O

In the theorem it was assumed that H is a finite dimensional Hilbert space,
but the proof works also in infinite dimension. In the theorem the formula
(7.34) shows that A should be a block diagonal matrix. There are nontrivial
Markovian Gaussian states which are not a product in the time localization.
However, the first and the third subalgebras are always independent.

The next two theorems give different descriptions (but they are not essen-
tially different).

Theorem 7.15 For a quasi-free state wy the Markov property (7.32) is equiv-
alent to the condition

AY I+ A)'D7(I + D) = BYI + B)™"C~ (I + O)" (7.39)
for every real t.

Theorem 7.16 The block matrix

All A12 A13
A= A21 A22 A23
A31 A32 A33

gives a Gaussian state with the Markov property if and only if
Az = Araf(Agz) Ass
for any continuous function f: R — R.

This shows that the CCR condition is much more restrictive than the
classical one.

7.4 Optimal quantum measurements

In the matrix formalism the state of a quantum system is a density matrix
0 < p € My(C) with the property Trp = 1. A finite set {F(z) : € X} of
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positive matrices is called positive operator-valued measure (POVM)

if
Y Fla)=1, (7.40)

reX
and F(x) # 0 can be assumed. The quantum state tomography can recover
the state p from the probability set {TrpF(x) : x € X}. In this section
there are arguments for the optimal POVM set. There are a few rules from
quantum theory, but the essential part is the frames in the Hilbert space
M, (C).

The space My(C) of matrices equipped with the Hilbert-Schmidt inner
product (A|B) = Tr A*B is a Hilbert space. We use the bra-ket notation for
operators: (A| is an operator bra and |B) is an operator ket. Then |A)(B| is
a linear mapping M;(C) — M,(C). For example,

[ANBIC = (Tx B*C)A,  (|A)(B])" = [B)(4],
|A1A) (A2 Bl = Aq|A)(B|A;3
when A17 AQ : Md<(C) — Md<C)
For an orthonormal basis {|Ey) : 1 < k < d?} of My(C), a linear superop-

erator S : My(C) — My(C) can then be written as S = >, s;x|Ej) (Eg| and
its action is defined as

S|A) =) sl Ej)(EelA) = > siyETr (B A).
gk gk
We denote the identity superoperator as I, and so I =), |Ey)(Ej|.
The Hilbert space M;(C) has an orthogonal decomposition
{cI:ceC}ad{AecM,yC): TrA=0}.

In the block-matrix form under this decomposition,

1:[3 Idg_l} and |1><1|:lg 8}

Let X be a finite set. An operator frame is a family of operators { A(x) :
x € X} for which there exists a constant 0 < a such that

a{C|C) < Y [(A@)IC) (7.41)
zeX
for all C' € M4(C). The frame superoperator is defined as

A =S JA@)A@)]. (7.42)

zeX
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It has the properties

AB =) |A(z)) = |A(2))Tr A(z)"B,

zeX zeX

TrA® =) [(A@)A@w)I (7.43)

z,yeX

The operator A is positive (and self-adjoint), since

(BIA|B) =) [(A(z)|B)|* > 0.

zeX

Since this formula shows that (7.41) is equivalent to
al < A, (7.44)

it follows that (7.41) holds if and only if A has an inverse. The frame is called
tight if A = al.

Let 7: X — (0,00). Then {A(x) : x € X} is an operator frame if and only
if {r(z)A(x) : x € X} is an operator frame.

Let {A; € My(C) : 1 <i <k} be asubset of My(C) such that the linear
span is My(C). (Then k > d2.) This is a simple example of an operator frame.
If k = d?, then the operator frame is tight if and only if {A4; € My(C) : 1 <
i < d?} is an orthonormal basis up to a multiple constant.

A set A: X — My(C)™" of positive matrices is informationally complete
(IC) if for each pair of distinct quantum states p # o there exists an event

x € X such that Tr A(z)p # Tr A(z)o. When A(x)’s are of unit rank we call
A a rank-one. It is clear that for numbers A(z) > 0 the set {A(x) : z € X}
is IC if and only if {\(z)A(z) : z € X} is IC.

Theorem 7.17 Let F : X — My(C)" be a POVM. Then F is information-
ally complete if and only if {F(z) : x € X} is an operator frame.

Proof: We use the notation
A=) [F@)(F(), (7.45)
rzeX

which is a positive operator.

Suppose that F' is informationally complete and take an operator A =
Aj 4 1A, in self-adjoint decomposition such that

(AJAJA) =) [Te F(2) AP = |Tr (o)A + ) T F(x) Aof* = 0,

zeX rzeX zeX
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then we must have Tr F'(x)A; = Tr F(x)Ay = 0. The operators A; and A,
are traceless:
Trd;=)» TrF(x)A;=0 (i=12).
rzeX
Take a positive definite state p and a small number € > 0. Then p + cA; can
be a state and we have

Tr F(z)(p+cAi) =Tr F(x)p (x € X).

The informationally complete property gives A1 = Ay =0 and so A = 0. It
follows that A is invertible and the operator frame property comes.

For the converse, assume that for the distinct quantum states p # o we
have

(p=olAlp—o) =) |TtF(x)(p— o) > 0.

zeX

Then there must exist an z € X such that

Tr (F(x) (p — o)) £ 0,

or equivalently, Tr F'(x)p # Tr F'(x)o, which means F is informationally com-
plete. O

Suppose that a POVM {F(z) : z € X} is used for quantum measurement
when the state is p. The outcome of the measurement is an element z € X
and its probability is p(x) = Tr pF(z). If N measurements are performed
on N independent quantum systems (in the same state), then the results
are yi,...,yn. The outcome x € X occurs with some multiplicity and the
estimate for the probability is

o) = By uw) = = 56w, (7.46)

N
N
k=1

From this information the state estimation has the form

p=2_ p®)Q),
reX
where {Q(z) : © € X} is a set of matrices. If we require that
o= 3T (pF (1) Q)
zeX

should hold for every state p, then {Q(x) : z € X} should satisfy some
conditions. This idea will need the concept of dual frame.
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For a frame {A(x) : € X}, a dual frame {B(z) : x € X} is such, that

Y 1B@){A@)| =1,

zeX

or equivalently for all C' € My(C) we have

C=) (A(x)|C)B(x) = Y (B(x)|C)Ax).

zeX zeX

The existence of a dual frame is equivalent to the frame inequality, but we
also have a canonical construction: The canonical dual frame is defined by
the operators

[A(2)) = A7 A(x)). (7.47)

Recall that the inverse of A exists whenever {A(x) : x € X} is an operator
frame. Note that given any operator frame {A(x) : x € X} we can construct
a tight frame as {A"12|A(z)) : 2 € X}.

Theorem 7.18 If the canonical dual of an operator frame {A(x) : x € X}
with superoperator A is {A(x) : x € X}, then

A =3 @) (A() (7.48)

zeX

and the canonical dual of {A(x) : z € X} is {A(x) : z € X}. For an arbitrary
dual frame {B(z) : x € X} of {A(x) : x € X} the inequality

Y IB@)(B)| = Y |A(2))(A(x)] (7.49)

zeX rzeX
holds and equality only if B = A.

Proof: A and A~! are self-adjoint superoperators and we have

Do A@)A@)] = ) |ATA@) (AT A)]

zeX zeX

= A (Y A@)NA@) ) AT

rzeX

= ATTAATT=AT1

The second statement is A|A(z)) = |A(z)), which comes immediately from

A(z)) = A7 A(2)).
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Define D = B — A. Then

S IA@ND@] = 3 (|A<x>><B<a:>| — |A(@) (A()])

zeX zeX

= A JA@)(Bx)] — AT |A(@))(Ax)| AT

zeX zeX

= AT - ATAA =0,

The adjoint gives

> ID(@)A@)] = 0,

and
ZX|B(SC)><B<:6)| = ZXM(SC)M(:C)I + Zx\fl(x))(l? x
) jzx | D(2))(A(x) f% | D(x))(D(x
= Z}:Tfl(x)ﬂfl(x)l + Z:\D(w)ﬂD(:v)
> melefl(x)><fl(x) -
with equality if and only if DZ 0. 0

We have the following inequality, also known as the frame bound.

Theorem 7.19 Let {A(z) : © € X} be an operator frame with superoperator
A. Then the inequality

3 Al > T (7.50)

z,yeX

holds, and we have equality if and only if {A(z) : © € X} is a tight operator
frame.

Proof: Due to (7.43) the left hand side is Tr A%, so the inequality holds.
The condition for equality is the fact that all eigenvalues of A are the same,
that is, A = cl. O

Let 7(z) = Tr F(z). The useful superoperator is

F=) |F(2))(F(x)|(r(x)".

zeX
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Formally this is different from the frame superoperator (7.45). Therefore, we
express the POVM as

F(z) = Py(x)\/7(x) (r € X)

where {Py(z) : x € X} is called the positive operator-valued density
(POVD). Then

F =Y R@)(Po)| = S [F@)F@)(r@) " (751)

F is invertible if and only if A in (7.45) is invertible. As a corollary, we
see, that for an informationally complete POVM F, the POVD F, can be
considered as a generalized operator frame. The canonical dual frame (in the
sense of (7.47)) then defines a reconstruction operator-valued density

|Ro(z)) = F~HPy(z)) (r € X). (7.52)
We use also the notation R(z) := Ro(x)7(z)~'/2. The identity
ST IR@NE@] = 3 Ro@)(Pole)| = 3B o)) (By(a)] = FIF =T

zeX rzeX rzeX

(7.53)

then allows state reconstruction in terms of the measurement statistics:
p= <Z |R($)><F($)|> p=> (TrF(z)p)R(z). (7.54)
reX reX

So this state-reconstruction formula is an immediate consequence of the
action of (7.53) on p.

Theorem 7.20 We have

F~' =% |R(x))(R(x)|r() (7.55)

zeX

and the operators R(x) are self-adjoint and Tr R(x) = 1.

Proof: From the mutual canonical dual relation of {Fy(z) : x € X} and

{Ro(x) : x € X} we have

F~' = [Ro(x))(Ro()]

zeX

and this is (7.55).
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R(z) is self-adjoint since F, and thus F~!, maps self-adjoint operators
to self-adjoint operators. For an arbitrary POVM, the identity operator is
always an eigenvector of the POVM superoperator:

FII) =) |F(2))(F(2)|I)(r(2))" = ) |F(x)) = |I). (7.56)

rzeX zeX

Thus |7) is also an eigenvector of F~!, and we obtain

TrR(x) = (I|R(x)) = () "*(I| Ro(2))

= r(z) (I[P Po(a))
= 7(0) U P(x)) = r(2) (T F ()

)) = 7(x) tr(z) = 1.
U

Note that we need |X| > d* for F to be informationally complete. If
this were not the case then F could not have full rank. An IC-POVM with
|X| = d? is called minimal. In this case the reconstruction OVD is unique. In
general, however, there will be many different choices.

Example 7.21 Let z1,x,,..., x4 be an orthonormal basis. Then Q; = |z;){x;]
are projections and {@Q; : 1 <i < d} is a POVM. However, it is not informa-
tionally complete. The subset

d
A= {inm)(m AL Aoy M€ c} C My(C)
i=1
is a maximal abelian *-subalgebra, called a M ASA.
A good example of an IC-POVM comes from d + 1 similar sets:
QM 1<k<d 1<m<d+1}

consists of projections of rank one and

5kl if m= n,

(m) H(n) _
TrQy=Q _{l/d if m # n.
The class of POVM is described by
Xe={(kym): 1 <k<d, 1<m<d+1}

and

F(k,m) : Q,(Cm), 7(k,m) :=

o
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for (k,m) € X. (Here 7 is constant and this is a uniformity.) We have

(;%:ex k) (F (e m]Q: = (d+1 1) (an) + I)
This implies
= <Z |F(w>><F(f€)I(T(x))‘1> A= (di 0 (A+ (Tr A)I).

So F is rather simple: if Tr A = 0, then FA =
formulation is (7.59).)

This example is a complete set of mutually unbiased bases (MUBs)
[79, 49]. The definition

d_lHA and FI = I. (Another

d
= {Z)‘le(cm) AL Ao, L A E C} - Md(©)
k=1

gives d + 1 MASAs. These MASAs are quasi-orthogonal in the following
sense. If A; € A;and TrA; =0 (1 < i < d+1), then Tr 4;4; = 0 for
t # j. The construction of d + 1 quasi-orthogonal MASAs is known when d
is a prime-power (see also [29]). But d = 6 is already not prime-power and it
is a problematic example. O

It is straightforward to confirm that we have the decomposition

:—|] WI|+ > |P(x) — I/d){P(x) — I/d|7() (7.57)

zeX

for any POVM superoperator (7.51), where P(x) := Py(x)7(x)""/? = F(z)7(x)~".

ana=1g o]

is the projection onto the subspace CI. With a notation

0 0
T = {0 1d2_1}’

an IC-POVM {F(z) : z € X} is tight if

> |P(x) = I/d){P(x) — I/d|7(x) = aly. (7.58)

zeX
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Theorem 7.22 F is a tight rank-one IC-POVM if and only if

F:M:{l y } (7.59)

d—|—1 0 ﬁIdQ—l

(The later is in the block-matriz formalism.)

Proof: The constant a can be found by taking the superoperator trace:

0 = 5 P@) ~ /dlP(@) - 1/d)r(x)
1
T o221 <%<P($)IP(w)>T(x) - 1) .

The POVM superoperator of a tight IC-POVM satisfies the identity

F = al + da 111 . (7.60)

In the special case of a rank-one POVM a takes its maximum possible
value 1/(d + 1). Since this is in fact only possible for rank-one POVMs, by
noting that (7.60) can be taken as an alternative definition in the general
case, we obtain the proposition. O

It follows from (7.59) that

Fl— {(1) (d+10)ld21} — (d+ DT —|1)(1]. (7.61)

This shows that Example 7.21 contains a tight rank-one IC-POVM. Here is
another example.

Example 7.23 An example of an IC-POVM is the symmetric informa-
tionally complete POVM (SIC POVM). The set {Qr : 1 < k < d?}
consists of projections of rank one such that

1

TrQrQr = i1 (k#1).

Then X :={z:1 <z < d?} and

F@) =500 F =530

zeX
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We have some simple computations: FI = I and

F(Qu—1/d) = ——=(Q— I/d),

This implies that if Tr A = 0, then

1
FA=—-A.
d+1

So the SIC POVM is a tight rank-one IC-POVM.
SIC-POVMs are conjectured to exist in all dimensions [80, 11]. O

The next theorem will tell that the SIC POVM is characterized by the IC
POVM property.

Theorem 7.24 If a set {Q) € My(C) : 1 < k < d?} consists of projections
of rank one such that

I+ |I)({]

62
d+1 (7.62)

d2
D Ml Qu)(Qul =
k=1

with numbers A\, > 0, then

TeQuQ; = —— (i # 7).

)\i:
d+1

37
Proof: Note that if both sides of (7.62) are applied to |I), then we get

d2
> ANQi=1. (7.63)
=1

First we show that A; = 1/d. From (7.62) we have

d2

I+ |1)(I
> a1 @) = (At (764
i=1
with 1

(7.64) becomes

d2
)\ -
Fd+ 1)

1 \2 d
YN (rQe - ) = o 00
J#k
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The inequality
d? d
<
(d+1)2 = (d+1)?
gives Ay < 1/d for every 1 < k < d?. The trace of (7.63) is

d Ai=d

i=1

Ak

Hence it follows that Ay = 1/d for every 1 < k < d*. So from (7.65) we have

Z)\J-(TerQk - ﬁ)Q ~0

J#k
and this gives the result. O

The state-reconstruction formula for a tight rank-one IC-POVM also takes
an elegant form. From (7.54) we have

p=>_ R(x)p(x) =Y F'P(x)p(x) = ((d+1)P(x) - I)p(x)

rzeX zeX zeX

and obtain
p=(d+1)) Pl)px) — I. (7.66)

zeX

Finally, let us rewrite the frame bound (Theorem 7.19) for the context of
quantum measurements.

Theorem 7.25 Let F: X — My(C)* be a POVM. Then

(TrF — 1)

1
Tt e o1

> (P@)P(y)r(2)r(y)

z,yeX

v

(7.67)

with equality iof and only iof F' is a tight IC-POVM.
Proof: The frame bound (7.50) takes the general form
Tr (A% > (Tr (A))*/D,

where D is the dimension of the operator space. Setting A = F — 2|I)(I| and
D = d? — 1 for My(C) & CI then gives (7.67) (using (7.56)). O

Informationally complete quantum measurements are precisely those mea-
surements which can be used for quantum state tomography. We will show
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that, amongst all IC-POVMs, the tight rank-one IC-POVMs are the most
robust against statistical error in the quantum tomographic process. We will
also find that, for an arbitrary IC-POVM, the canonical dual frame with re-
spect to the trace measure is the optimal dual frame for state reconstruction.
These results are shown only for the case of linear quantum state tomography.

Consider a state-reconstruction formula of the form

p =3 p@)Q@) = Y (Tr F()p)Q(), (7.69)

zeX zeX

where Q(z) : X — M,(C) is an operator-valued density. If this formula is to
remain valid for all p, then we must have

D 1Q@)F@) =1 =) |Qo(x))(Po(x)]. (7.69)

zeX zeX

where Qo(z) = 7(2)Y2Q(z) and Py(z) = 7(x)"Y2F(x). Equation (7.69)
restricts {Q(z) : € X} to a dual frame of {F(z) : x € X}. Similarly
{Qo(z) : v € X} is a dual frame of {Fy(z) : € X}. Our first goal is to find
the optimal dual frame.

Suppose that we take N independent random samples, 41, ..., yn, and the
outcome x occurs with some unknown probability p(x). Our estimate for this
probability is (7.46) which of course obeys the expectation E[p(z)] = p(z). An
elementary calculation shows that the expected covariance for two samples is

El(p() — o) py) ~ 56))] = - (p()5(x,9) ~p@ply)) - (7.70)

Now suppose that the p(x) are outcome probabilities for an information-
ally complete quantum measurement of the state p, p(x) = Tr F/(z)p. The
estimate of p is

ﬁ = ﬁ(ylv"'ayN) = Zﬁ(x7y177yN)Q(x)7 (771)

rzeX
and the error can be measured by the squared Hilbert-Schmidt distance:

lp—pl3 = (p—p.p—p) = > (p(x) —p(@)(p(y) — H))(Q(x). Q).

z,yeX

which has the expectation E[||p — p||3]. We want to minimize this quantity,
but not for an arbitrary p, but for some average. (Integration will be on the
set of unitary matrices with respect to the Haar measure.)
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Theorem 7.26 Let {F(z) : x € X} be an informationally complete POVM
which has a dual frame {Q(x) : x € X} as an operator-valued density. The
quantum system has a state o and y, ..., yn are random samples of the mea-
surements. Then

pla) = %Zé(x, W, p= S H@)Qw).

k=1 zeX

Finally let p = p(o,U) := UoU* parametrized by a unitary U. Then for the
average squared distance

A112 1 1 -1 2
| Ello=ilBdn@) > 5 (FTE - Tr()

> %(d(d+ )—1-Tr (02)>. (7.72)

FEquality in the left-hand side of (7.72) occurs if and only if Q is the recon-
struction operator-valued density (defined as |R(x)) = F~|P(x)) and equality
in the right-hand side of (7.72) occurs if and only if F' is a tight rank-one 1C-
POVM.

Proof: For a fixed IC-POVM F we have

Ellp—alls] = %Z (p(x)d (2, y) — p()p(y)){(Qx), Qy))

= S(Trm@e).ew) - Cr@e Y pnew)

= (8@ ()

where the formulas (7.70) and (7.68) are used, moreover

A(Q) = p(x) (Qx),Q(x)). (7.73)

zeX

Since we have no control over Trp?, we want to minimize A,(Q). The
IC-POVM which minimizes A,(Q) will in general depend on the quantum
state under examination. We thus set p = p(o,U) := UosU*, and now remove
this dependence by taking the Haar average p(U) over all U € U(d). Note
that

/ UPU* du(U)
U(d)
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is the same constant C' for any projection of rank 1. If Zle P; =1, then

dC = Z/ UPU* du(U) = I

and we have C' = I /d. Therefore for A = Zle A\ P; we have

/ UAU* du(U) = > NC = STr A,
U(d) -
This fact implies

/U(d) A (Q) du(U) = ZTr (F(x)/ UcU* dM(U)) (Q(z), Q(x))

where 7(z) := Tr F(z). We will now minimize A,(Q) over all choices for @,
while keeping the IC-POVM F fixed. Our only constraint is that {Q(z) :
r € X} remains a dual frame to {F(z) : z € X} (see (7.69)), so that the
reconstruction formula (7.68) remains valid for all p. Theorem 7.18 shows
that the reconstruction OVD {R(z) : z € X} defined as |R) = F~!|P) is the

optimal choice for the dual frame.

Equation (7.20) shows that A, (R) = Tr(F~!). We will minimize the
quantity

d
1
-1 _
TF =) v (7.74)
k=1
where A1, ..., Agz > 0 denote the eigenvalues of F. These eigenvalues satisfy

the constraint

A = TTF =) 7(a)Tr[P)(Px)| <) 7(z) = d, (7.75)

reX zeX
since Tr|P(x))(P(x)| = Tr P(z)*> < 1. We know that the identity operator I

is an eigenvalue of F:

FI =) 7(z)|P(x)) =1

zeX
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Thus we in fact take \; = 1 and then Zi; A < d—1. Under this latter
constraint it is straightforward to show that the right-hand-side of (7.74) takes

its minimum value if and only if Ay = -+ = Ao = (d—1)/(d*—1) = 1/(d+1),
or equivalently,
_ L 1Dd] 1 11|
F =1 . +d+1 I ) (7.76)

Therefore, by Theorem 7.22, Tr F~! takes its minimum value if and only if
F is a tight rank-one IC-POVM. The minimum of Tr F~! comes from (7.76).
O

7.5 Cramér-Rao inequality

The Cramér-Rao inequality belongs to the estimation theory in mathemat-
ical statistics. Assume that we have to estimate the state py, where 6 =
(01,05,...,0y) lies in a subset of RY. There is a sequence of estimates
®, : X, — RY. In mathematical statistics the N x N mean quadratic
error matrix

ValO)is = [ (@)= 0(@a(a)y — 05} diinola) (1< 0 < N)
is used to express the efficiency of the nth estimation and in a good estimation
scheme V,(0) = O(n™') is expected. An unbiased estimation scheme
means

/ D, (x); dpin g(z) = 6; (1<i<N)

n

and the formula simplifies:

Vo(0)ij = / D, (x); Py (2); dpin,o(x) — 6,0 . (7.77)

(In mathematical statistics, this is sometimes called covariance matrix of the
estimate. )

The mean quadratic error matrix is used to measure the efficiency of an
estimate. Even if the value of 0 is fixed, for two different estimations the
corresponding matrices are not always comparable, because the ordering of
positive definite matrices is highly partial. This fact has inconvenient conse-
quences in classical statistics. In the state estimation of a quantum system
the very different possible measurements make the situation even more com-
plicated.
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Assume that dp, (z) = fne(z)de and fix 0. f, 4 is called the likelihood
function. Let

0
0; = —.
700,
Differentiating the relation
fno(z)de =1,
Xn

we have

ajfnﬂ(l‘) dx = 0.

Xn

If the estimation scheme is unbiased, then

/ B, (2):0; fop(w) di = 5 .

n

As a combination, we conclude

/ (o () — 6)0, fup(x) di = 5,

n

for every 1 < 4,5 < N. This condition may be written in the slightly different

form
/Xn (@u(@)i = 04/ fuol@)) % de = 6.,

Now the first factor of the integrand depends on ¢ while the second one on j.
We need the following lemma.

Lemma 7.27 Assume that u;, v; are vectors in a Hilbert space such that
<ui,vj):5i7j (’L,jzl,Q,,N)

Then the inequality
A>B!

holds for the N x N matrices
Aij = (uiuj) and Bij=(vv;)  (1<4,j<N).

The lemma applies to the vectors

u; = (P ()i — 0i)\/ fap(z) and v; = 9ifasx)

fro(z)
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and the matrix A will be exactly the mean square error matrix V,,(6), while
in place of B we have

_ [ lbs@)0ifune)
L)y = [ HEGTE D ),

Therefore, the lemma tells us the following.

Theorem 7.28 For an unbiased estimation scheme the matrixz inequality
Vo(0) > 1,(0)* (7.78)

holds (if the likelihood functions f, g satisfy certain regularity conditions).

This is the classical Cramér-Rao inequality. The right hand side is
called the Fisher information matrix. The essential content of the in-
equality is that the lower bound is independent of the estimate ®,, but depends
on the the classical likelihood function. The inequality is called classical be-
cause on both sides classical statistical quantities appear.

Example 7.29 Let F' be a measurement with values in the finite set X and
assume that pp = p + >, 0;B;, where B; are self-adjoint operators with
Tr B; = 0. We want to compute the Fisher information matrix at § = 0.
Since
0;Tr pgF'(z) = Tr B;F(x)

for 1 <i<nandx € X, we have

Tr B;F(x)Tr B; F(x
1(0) = 3 TR

reX

O

The essential point in the quantum Cramér-Rao inequality compared with
Theorem 7.28 is that the lower bound is a quantity determined by the family
©. Theorem 7.28 allows to compare different estimates for a given measure-
ment but two different measurements are not comparable.

As a starting point we give a very general form of the quantum Cramér-Rao
inequality in the simple setting of a single parameter. For § € (—e,¢) C R
a statistical operator py is given and the aim is to estimate the value of
the parameter 6 close to 0. Formally py is an m x m positive semidefinite
matrix of trace 1 which describes a mixed state of a quantum mechanical
system and we assume that py is smooth (in #). Assume that an estimation
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is performed by the measurement of a self-adjoint matrix A playing the role
of an observable. (In this case the positive operator-valued measure on R is
the spectral measure of A.) A is an unbiased estimator when TrpgA = 0.
Assume that the true value of 6 is close to 0. A is called a locally unbiased
estimator (at § = 0) if

%Tr poA " 1. (7.79)
Of course, this condition holds if A is an unbiased estimator for . To require
Tr pgA = 0 for all values of the parameter might be a serious restriction on

the observable A and therefore we prefer to use the weaker condition (7.79).

Example 7.30 Let

_ exp(H +0B)
PO Ty exp(H +0B)
and assume that py = e is a density matrix and Tref! B = 0. The Fréchet

derivative of py (at 6§ = 0) is fol el Bel=YH qt. Hence the self-adjoint operator
A is locally unbiased if

1
/ TrphBpy "Adt = 1.
0

(Note that py is a quantum analogue of the exponential family, in terms
of physics pg is a Gibbsian family of states.) OJ

Let ¢,[B,C] = TrJ,(B)C be an inner product on the linear space of self-
adjoint matrices. ¢,[-, -] and the corresponding super-operator J, depend
on the density matrix p, the notation reflects this fact. When py is smooth
in 0, as already was assumed above, then

0
—Tr py B = B, L :
S| =B 1) (7.80)
with some L = L*. From (7.79) and (7.80), we have ¢, [A, L] = 1 and the
Schwarz inequality yields

Theorem 7.31 .

Ppo [La L] '

This is the quantum Cramér-Rao inequality for a locally unbiased esti-
mator. It is instructive to compare Theorem 7.31 with the classical Cramér-
Rao inequality. If A = > . \;E; is the spectral decomposition, then the cor-
responding von Neumann measurement is F' = ) .0y, E;. Take the estimate

PpolA, Al = (7.81)
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®();) = A\i. Then the mean quadratic error is Y, A2Tr poE; (at § = 0) which
is exactly the left-hand side of the quantum inequality provided that

©po| B, C] = +Tr po(BC + CB).

Generally, we want to interpret the left-hand side as a sort of generalized
variance of A. To do this it is useful to assume that

¢,[B,B] = TrpB*> if Bp=pB. (7.82)

However, in the non-commutative situation the statistical interpretation seems
to be rather problematic and thus we call this quantity quadratic cost func-
tional.

The right-hand side of (7.81) is independent of the estimator and provides
a lower bound for the quadratic cost. The denominator ¢,,[L, L] appears to
be in the role of Fisher information here. We call it the quantum Fisher
information with respect to the cost function ¢,,[-, -]. This quantity de-
pends on the tangent of the curve py. If the densities pg and the estimator A
commute, then

_1% d )

L= =—1
Po df le=0 df ngge 0

dpg ? dpe ?
L L =Trpy" | = =T —
SOO[ ) ] I'pg <d€ 00) I Po (pO do 00)

The first formula justifies that L is called the logarithmic derivative.

A coarse-graining is an affine mapping sending density matrices into
density matrices. Such a mapping extends to all matrices and provides a
positivity and trace preserving linear transformation. A common example of
coarse-graining sends the density matrix p;5 of a composite system M,,, @M,
into the (reduced) density matrix p; of component M,,,. There are several
reasons to assume completely positivity for a coarse graining and we do so.
Mathematically a coarse-graining is the same as a state transformation in
an information channel. The terminology coarse-graining is used when the
statistical aspects are focused on. A coarse-graining is the quantum analogue
of a statistic.

Assume that pg = p + 0B is a smooth curve of density matrices with
tangent B := p at p. The quantum Fisher information F,(B) is an informa-
tion quantity associated with the pair (p, B), it appeared in the Cramér-Rao
inequality above and the classical Fisher information gives a bound for the
variance of a locally unbiased estimator. Now let a be a coarse-graining.
Then a(py) is another curve in the state space. Due to the linearity of «, the
tangent at a(p) is a(B). As it is usual in statistics, information cannot be
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gained by coarse graining, therefore we expect that the Fisher information
at the density matrix p in the direction B must be larger than the Fisher
information at a(p) in the direction a(B). This is the monotonicity property
of the Fisher information under coarse-graining;:

Fy(B) = Fo(p(a(B)) (7.83)

Although we do not want to have a concrete formula for the quantum Fisher
information, we require that this monotonicity condition must hold. Another
requirement is that F,(B) should be quadratic in B, in other words there
exists a non-degenerate real bilinear form v,(B, C') on the self-adjoint matrices
such that

Fy(B) = 7,(B, B). (7.84)

When p is regarded as a point of a manifold consisting of density matrices
and B is considered as a tangent vector at the foot point p, the quadratic
quantity v,(B, B) may be regarded as a Riemannian metric on the manifold.
This approach gives a geometric interpretation to the Fisher information.

The requirements (7.83) and (7.84) are strong enough to obtain a reason-
able but still wide class of possible quantum Fisher informations.

We may assume that
7(B,C) = Tr BJ,'(C) (7.85)

for an operator J, acting on all matrices. (This formula expresses the inner
product 7y, by means of the Hilbert-Schmidt inner product and the positive
linear operator J,.) In terms of the operator J, the monotonicity condition
reads as

o’ e <T) (7.86)

for every coarse graining a. (a* stands for the adjoint of « with respect to
the Hilbert-Schmidt product. Recall that « is completely positive and trace
preserving if and only if o* is completely positive and unital.) On the other
hand the latter condition is equivalent to

OzJpoz* S Ja(p) . (787)
It is interesting to observe the relevance of a certain quasi-entropy:
(Bp'2, f(L,R, ) Bp'?) = SF(pllp),

where the linear transformations L, and R, acting on matrices are the left
and right multiplications, that is,

L,(X)=pX and R,(X) = Xp.
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When f: Rt — R is operator monotone (we always assume f(1) = 1),
(@ (B)p'?, f(ILR, )" (B)p"?) < (Ba(p)'?, f(LamRy(,)) Ba(p)'/?)
due to the monotonicity of the quasi-entropy. If we set
J, = R F(LR, R,
then (7.87) holds. Therefore
0o[B, B] = Tt BI,(B) = (Bp'2, [(LR;VB))  (7.88)

can be called a quadratic cost function and the corresponding monotone
quantum Fisher information

Y(B,C) =Tr BJ1(C) (7.89)

will be real for self-adjoint B and C'if the function f satisfies the condition

fl) =tf).

Example 7.32 In order to understand the action of the operator J,, assume
that p is diagonal, p = >, p;E;;. Then one can check that the matrix units
Ej,; are eigenvectors of J,, namely

J,(Ew) = pof (or/ 1) B

The condition f(t) = tf(t™!) gives that the eigenvectors Ej; and Ej have
the same eigenvalues. Therefore, the symmetrized matrix units Ej; + Ej. and
ik — iEy, are eigenvectors as well.

Since

B =) ReBy(Eu+Ey)+ Y ImBy(iEy —iEy) + Z Bii Ly,

k<l k<l
we have
»(B,B) =2 Bul? + 3| Baf* 7.90
S RN ST
In place of 23, _;, we can write ), ;. O

Any monotone cost function has the property ¢,[B, B] = Tr pB? for com-
muting p and B. The examples below show that it is not so generally.
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Example 7.33 The analysis of operator monotone functions leads to the fact
that among all monotone quantum Fisher informations there is a smallest one
which corresponds to the (largest) function f..(t) = (14 ¢)/2. In this case

min _ _ 2 —
FM(B)="Tr BL =TrpL", where pL+ Lp=2B.

For the purpose of a quantum Cramér-Rao inequality the minimal quantity
seems to be the best, since the inverse gives the largest lower bound. In fact,
the matrix L has been used for a long time under the name of symmetric
logarithmic derivative. In this example the quadratic cost function is

¢ B,C] = +Tr p(BC + CB)
and we have
Jo(B)=4(pB+Bp) and  JN(C)=2 [T e "Cedt

for the operator J,. Since J;l is the smallest, J, is the largest (among all
possibilities).

There is a largest among all monotone quantum Fisher informations and
this corresponds to the function f,,;,(t) = 2¢/(1 +t). In this case

ILUB)=3(p'B+Bp™') and  FM™(B)=Trp 'B

It is known that the function

(t—1)?

fCV(t) = Oé(l o Oé) (ta _ ].)(tl_a _ 1)

is operator monotone for o € (0,1). We denote by F'® the corresponding
Fisher information metric. When B = i[p, C] is orthogonal to the commutator
of the foot point p in the tangent space, we have
1
F*(B) = ———Tr ([p*, C][p"~*, C)). 7.91
Apart from a constant factor this expression is the skew information pro-
posed by Wigner and Yanase some time ago. In the limiting cases o — 0 or

1 we have
1t

~ logt

fo(t)

and the corresponding quantum Fisher information

7(B,C) = K,(B,C) := /Ooo TrB(p+t) 'Cp+t) 'dt (7.92)
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will be named here after Kubo and Mori. The Kubo-Mori inner product
plays a role in quantum statistical mechanics. In this case J is the so-called
Kubo transform K (and J~! is the inverse Kubo transform K1),

o 1
K, (5) ::/ (p+1)"'B(p+1)"tdt and K,(C) ::/ plCp't dt.
0 0

Therefore the corresponding generalized variance is
1
©,|B,C] = / Tr Bp'Cp' " dt. (7.93)
0

All Fisher informations discussed in this example are possible Riemannian
metrics of manifolds of invertible density matrices. (Manifolds of pure states
are rather different.) O

A Fisher information appears not only as a Riemannian metric but as
an information matrix as well. Let M := {py : 6§ € G} be a smooth m-
dimensional manifold of invertible density matrices. The quantum score
operators (or logarithmic derivatives) are defined as

Li0) =1, @op)  (1<i<m)

and
Qij(0) :=Tr Li(0)J,,(L;(0)) (1 <4,j <m)

is the quantum Fisher information matrix. This matrix depends on
an operator monotone function which is involved in the super-operator J.
Historically the matrix ) determined by the symmetric logarithmic derivative
(or the function fy,q.(t) = (1 +1t)/2) appeared first in the work of Helstrgm.
Therefore, we call this Helstrgm information matrix and it will be denoted
by H(6).

Theorem 7.34 Fix an operator monotone function f to induce quantum
Fisher information. Let o be a coarse-graining sending density matrices
on the Hilbert space Hi into those acting on the Hilbert space Ho and let
M :={py : 0 € G} be a smooth m-dimensional manifold of invertible density
matrices on Hy. For the Fisher information matriz QW (0) of M and for the
Fisher information matriz Q@ (0) of a(M) = {a(ps) : 0 € G}, we have the
monotonicity relation

Q2 (6) < QW(8). (7.94)

(This is an inequality between m X m positive matrices.)
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Proof: Set B;(0) := 0p,pg. Then J;(lpe)a(Bi(G)) is the score operator of
a(M). Using (7.86), we have

Z QP (O)aa; = T J;(lpe)c)z(Z aiBi(0)>a(Za_ij(0)>

< Trl)) ( Z aiBi(9)> (Za_ij(ﬁ)>

7 J
= > QY (0)aa;
ij

for any numbers a;. OJ

Assume that F} are positive operators acting on a Hilbert space H; on
which the family M := {py : 0 € O} is given. When » 7 | F; = I, these

operators determine a measurement. For any pg the formula
a(pg) = Diag(Tr pgF1, ..., TrpgF,)

gives a diagonal density matrix. Since this family is commutative, all quantum
Fisher informations coincide with the classical (7.78) and the classical Fisher
information stand on the left-hand side of (7.94). We hence have

I(0) < Q(0). (7.95)

Combination of the classical Cramér-Rao inequality in Theorem 7.28 and
(7.95) yields the Helstrgm inequality:

V(9) > H(6)".

Example 7.35 In this example, we want to investigate (7.95) which is equiv-
alently written as

QO)"PLO)QO) ™ < .

Taking the trace, we have
TrQ(0)'1(0) < m. (7.96)

Assume that
po=p+ Z 0By
k

where Tr By = 0 and the self-adjoint matrices Bj are pairwise orthogonal
with respect to the inner product (B, C) — Tr BJ;H(C).
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The quantum Fisher information matrix

Qu(0) = Tr B.J ' (B))

is diagonal due to our assumption. Example 7.29 tells us about the classical
Fisher information matrix:

Lu0) = 30 R
J
Therefore,
TrQ(0)"11(0) = ZTerJ Z T;f;g
] 2
) ZTrpFZ " T B,J. ( )J;l(Jij)

We can estimate the second sum using the fact that

By,
Tr BkJ;1 (Bk)

is an orthonormal system and it remains so when p is added to it:

and
(p,p) = TrpJH(p) = Trp=1.

Due to the Parseval inequality, we have

By, _ _
(TI' PJ +Z Tr Ty BkJ ( )Jp ! (JPF’]) S Tr (JPF’])J;) 1(JPFJ)

and

Q) 1(0) < ZT;)FA (Tx (3,F5)F; — (Tr pFy)?)

— TrpF
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if we show that
Tt (I,F))F; < Tt pF}.

To see this we use the fact that the left hand side is a quadratic cost and it
can be majorized by the largest one:

Tr (J,F;)F; < Tr pF; < Tr pFy,

because Fj2 < Fj.

Since # = 0 is not essential in the above argument, we obtained that
TeQ(6) ' 1(6) < n 1,

which can be compared with (7.96). This bound can be smaller than the gen-
eral one. The assumption on By’s is not very essential, since the orthogonality
can be reached by reparameterization. O

Let M := {pp : 0 € G} be a smooth m-dimensional manifold and assume
that a collection A = (A4, ..., A,,) of self-adjoint matrices is used to estimate
the true value of 6.

Given an operator J we have the corresponding cost function py = ¢, for
every # and the cost matrix of the estimator A is a positive definite matrix,
defined by ¢g[Al;; = polAi, A;]. The bias of the estimator is

b(0) = (b1(0),b2(0), ..., bm(0))
= (Trpe(Ay —01), Trpg(As — 0s), ..., Tr po(Ap — On)).

From the bias vector we form a bias matrix

For a locally unbiased estimator at 6y, we have B(fy) = 0.

The next result is the quantum Cramér-Rao inequality for a biased esti-
mate.

Theorem 7.36 Let A = (Ay,..., An) be an estimator of 6. Then for the
above defined quantities the inequality

olA] = (1 + B(0))Q(0)"" (I + B(0)")

holds in the sense of the order on positive semidefinite matrices. (Here I
denotes the identity operator.)
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Proof: We will use the block-matrix method. Let X and Y be m x m
matrices with n x n entries and assume that all entries of Y are constant
multiples of the unit matrix. (A; and L; are n x n matrices.) If « is a positive
mapping on n X n matrices with respect to the Hilbert-Schmidt inner prod-
uct, then & := Diag(c,...,a) is a positive mapping on block matrices and
a(YX) = Ya(X). This implies that Tr Xa(X*)Y > 0 when Y is positive.
Therefore the [ x [ ordinary matrix M which has the (7, j) entry

Tr (X&(XY))

is positive. In the sequel we restrict ourselves to m = 2 for the sake of
simplicity and apply the above fact to the case | = 4 with

A 0 00
| 4 000
X L6) 0 0 0 and o =],
Ls(§) 0 0 0
Then we have
Tl"Al.,Hp(Al) TI'ALJP(AQ) Tl"Al.,Hp(Ll) TI'ALJP(LQ)
M _ Tr AQJP<A1) Tr AQJP(AQ) Tr AQJP<L1) Tr AQJP<L2) > O
TYL1JP<A1) TI'LhUP(AQ) TYL1JP<L1) TTL1JP<L2) -
TI'LQJP(Al) TrLQJp(AQ) TI'LQJP(Ll) TrLQJp(LQ)

Now we rewrite the matrix M in terms of the matrices involved in our
Cramér-Rao inequality. The 2 x 2 block Mj; is the generalized covariance,
My, is the Fisher information matrix and M, is easily expressed as [ + B.
We get

wo[A1, A1l pplAr, As] 1+ Bu(0)  Bia(0)

polAa, Ai] - pglAa, As]  Bar(0) 14 B(6) |

L+ Bu(0)  Bu(0)  wolla, L1]  wolLli, Lo] | =7
Bia(0) 1+ Box(0) wglLlae, Li] oL, Lo]

M=

The positivity of a block matrix

M, c]:[ 0 Al I+ B(0)

M:[O* My | T 14 BO” Q)

implies M, > C' M, *C*, which reveals exactly the statement of the theorem.
(Concerning positive block-matrices, see Chapter 2.) O

Let Mo = {py : 0 € O} be a smooth manifold of density matrices. The
following construction is motivated by classical statistics. Suppose that a
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positive functional d(p;, ps) of two variables is given on the manifold. In
many cases one can get a Riemannian metric by differentiation:

62

9i5(0) = Wd(/)m/)e/) / (6 € O).
t=g

To be more precise the positive smooth functional d( -, - ) is called a contrast
functional if d(py, p2) = 0 implies p; = po.

Following the work of Csiszar in classical information theory, Petz intro-
duced a family of information quantities parametrized by a function F' : Rt —

R
Se(pr,p2) = (p1* F(Apa/p1)) o),

see (7.15); F is written here in place of f. (A(p2/p1) = Ly, R, is the
relative modular operator of the two densities.) When F' is operator monotone
decreasing, this quasi-entropy possesses good properties, for example it is a
contrast functional in the above sense if F' is not linear and F(1) = 0. In

particular for

Folt) = Sy (1= )

we have
1

Salp1,p2) = ———Tr (L — p5p;%)p1 .
( 1 2) (1 ) I'( 2 F1 ) 1
The differentiation is

0? 1 0?
— B = — T B)'~ *
atauSa(/th ,p+uC) (i — o) didu r(p+tB) *(p+ uC)

= K;(B,C)

at t = u = 0 in the affine parametrization. The tangent space at p is decom-
posed into two subspaces, the first consists of self-adjoint matrices commuting
with p and the second is {i(Dp—pD) : D = D*}, the set of commutators. The
decomposition is essential both from the viewpoint of differential geometry
and from the point of view of differentiation, see Example 3.30. If B and C'
commute with p, then

K$(B,C) =Trp 'BC

is independent of o and it is the classical Fischer information (in matrix form).
If B=i[Dg,p] and C =i[D¢, p|, then

K5 (B,C) =Tr[p'=*, Dg][p", D).

This is related to the skew information (7.91).
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7.6 Notes and remarks

As an introduction we suggest the book Oliver Johnson, Information Theory
and The Central Limit Theorem, Imperial College Press, 2004. The Gaussian
Markov property is popular in probability theory for single parameters, but
the vector-valued case is less popular. Section 1 is based on the paper T.
Ando and D. Petz, Gaussian Markov triplets approached by block matrices,
Acta Sci. Math. (Szeged) 75(2009), 329-345.

(Classical information theory is in the book I. Csiszar and J. Koérner, Infor-
mation Theory: Coding Theorems for Discrete Memoryless Systems, Cam-
bridge University Press, 2011. The Shannon entropy appeared in the 1940’s
and it is sometimes written that the von Neumann entropy is its generaliza-
tion. However, it is a fact that von Neumann started the quantum entropy
in 1925. Many details are in the books [62, 68]. The f-entropy of Imre
Csiszar is used in classical information theory (and statistics) [33], see also
the paper F. Liese and I. Vajda, On divergences and informations in statistics
and information theory, IEEE Trans. Inform. Theory 52(2006), 4394-4412.
The quantum generalization was extended by Dénes Petz in 1985, for ex-
ample see Chapter 7 in [62]. The strong subadditivity of the von Neumann
entropy was proved by E.H. Lieb and M.B. Ruskai in 1973. Details about the
f-divergence are in the paper [44]. Theorem 7.4 is from the paper K. M. R.
Audenaert, Subadditivity of g-entropies for ¢ > 1, J. Math. Phys. 48(2007),
083507. The quantity Tr D? is called g-entropy, or Tsallis entropy. It is
remarkable that the strong subadditivity is not true for the Tsallis entropy
in the matrix case (but it holds for probability), good informations are in
the paper [36] and S. Furuichi, Tsallis entropies and their theorems, proper-
ties and applications, Aspects of Optical Sciences and Quantum Information,
2007.

A good introduction to the CCR-algebra is the book [64]. This subject
is far from matrix analysis, but the quasi-free states are really described by
matrices. The description of the Markovian quasi-free state is from the paper
A. Jencova, D. Petz and J. Pitrik, Markov triplets on CCR-algebras, Acta
Sci. Math. (Szeged), 76(2010), 111-134.

The optimal quantum measurements section is from the paper A. J. Scott,
Tight informationally complete quantum measurements, J. Phys. A: Math.
Gen. 39, 13507 (2006). MUBs have a big literature. They are commu-
tative quasi-orthogonal subalgebras. The work of Scott was motivated in
the paper D. Petz, L. Ruppert and A. Szantd, Conditional SIC-POVMs,
arXiv:1202.5741. It is interesting that the existence of d MUBs in M,(C)
implies the existence of d + 1 MUBs, in the paper M. Weiner, A gap for the
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maximum number of mutually unbiased bases, arXiv:0902.0635, 2009.

The quasi-orthogonality of non-commutative subalgebras of My(C) has
also big literature, a summary is the paper D. Petz, Algebraic complementar-
ity in quantum theory, J. Math. Phys. 51, 015215 (2010). The SIC POVM
is constructed in 6 dimension in the paper M. Grassl, On SIC-POVMs and
MUBSs in dimension 6, http://arxiv.org/abs/quant-ph/0406175.

The Fisher information appeared in the 1920’s. We can suggest the book
Oliver Johnson, Information theory and the central limit theorem, Impe-
rial College Press, London, 2004 and a paper K. R. Parthasarathy, On the
philosophy of Cramér-Rao-Bhattacharya inequalities in quantum statistics,
arXiv:0907.2210. The general quantum matrix formalism was started by D.
Petz in the paper [66]. A. Lesniewski and M.B. Ruskai discovered that all
monotone Fisher informations are obtained from a quasi-entropy as contrast
functional [57].

7.7 Exercises

1. Prove Theorem 7.2.

2. Assume that H, is one-dimensional in Theorem 7.14. Describe the
possible quasi-free Markov triplet.

3. Show that in Lemma 7.6 condition (iii) cannot be replaced by

Dio3Dy' = D1y Dyt

4. Prove Theorem 7.15.

5. The Bogoliubov-Kubo-Mori Fisher information is induced by the func-

tion .
-1
flz) = v :/ ot dt
0

~ logx

and
~BEM(4 B) = Tr A(J)™'B

for self-adjoint matrices. Show that

VPEM(A, B) = / Tr (D +t1)""A(D +tI) ' Bdt
0

2

9
_ D4 tA|D + sB .
195D +HtAID +sB)|
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10.

11.

12.

13.
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Prove Theorem 7.16.

oz x
xlog:p:/ (—— )dt
o M+t x+t

and imply that the function f(x) = xlogx is matrix convex.

Show that

Define s s
Trp; "py," —1
55(P1HP2) = - 52

for 8 € (0,1). Show that

S(pillp2) < Ss(pillp2)

for density matrices p; and ps.

. The functions

il —aP) ifp#£ L

p(1-p)
gp(z) =
xlogx ifp=1

can be used for quasi-entropy. For which p > 0 is the function g,
operator concave?

Give an example that condition (iv) in Theorem 7.12 does not imply
condition (iii).

Assume that

Prove that
Tr (AC — B*B) < (Tr A)(Tr C) — (Tr B)(Tr B*).
(Hint: Use Theorem 7.4 in the case ¢ = 2.)

Let p and w be invertible density matrices. Show that
S(wllp) < Tr (wlog(w'/?p~'w'/?)).
For a € [0, 1] let
Xo(p,a) = Trpo~“po®t — 1.

Find the value of v which gives the minimal quantity.
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