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Preface

Since the last century, the postulational method and an abstract point of view have
played a vital role in the development of modern mathematics. The experience
gained from the earlier concrete studies of analysis point to the importance of
passage to the limit. The basis of this operation is the notion of distance between
any two points of the line or the complex plane. The algebraic properties of
underlying sets often play no role in the development of analysis; this situation
naturally leads to the study of metric spaces. The abstraction not only simplifies and
elucidates mathematical ideas that recur in different guises, but also helps econo-
mize the intellectual effort involved in learning them. However, such an abstract
approach is likely to overlook the special features of particular mathematical
developments, especially those not taken into account while forming the larger
picture. Hence, the study of particular mathematical developments is hard to
overemphasize.

The language in which a large body of ideas and results of functional analysis are
expressed is that of metric spaces. The books on functional analysis seem to go over
the preliminaries of this topic far too quickly. The present authors attempt to
provide a leisurely approach to the theory of metric spaces. In order to ensure
that the ideas take root gradually but firmly, a large number of examples and
counterexamples follow each definition. Also included are several worked examples
and exercises. Applications of the theory are spread out over the entire book.

The book treats material concerning metric spaces that is crucial for any ad-
vanced level course in analysis. Chapter 0 is devoted to a review and systematisation
of properties which we shall generalize or use later in the book. It includes the
Cantor construction of real numbers. In Chapter 1, we introduce the basic ideas of
metric spaces and Cauchy sequences and discuss the completion of a metric space.
The topology of metric spaces, Baire’s category theorem and its applications,
including the existence of a continuous, nowhere differentiable function and an
explicit example of such a function, are discussed in Chapter 2. Continuous map-
pings, uniform convergence of sequences and series of functions, the contraction
mapping principle and applications are discussed in Chapter 3. The concepts of
connected, locally connected and arcwise connected spaces are explained in Chapter
4. The characterizations of connected subsets of the reals and arcwise connected
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subsets of the plane are also in Chapter 4. The notion of compactness, together with
its equivalent characterisations, is included in Chapter 5. Also contained in this
chapter are characterisations of compact subsets of special metric spaces. In Chapter
6, we discuss product metric spaces and provide a proof of Tychonoff’s theorem.
The authors are grateful to Dr. Savita Bhatnagar for reading the final draft of the
manuscript and making useful suggestions. While writing the book we benefited
from the works listed in the References. The help rendered by the staff of Springer-
Verlag London, in particular, Ms. Karen Borthwick and Ms. Helen Desmond, in
transforming the manuscript into the present book is gratefully acknowledged.

Satish Shirali
Harkrishan L. Vasudeva
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0 Preliminaries

We shall find it convenient to use logical symbols such as V, 3, 5, = and <. These
are listed below with their meanings. A brief summary of set algebra and functions,
which will be used throughout this book, is included in this chapter. The words ‘set’,
‘class’, ‘collection’ and ‘family’ are regarded as synonymous and no attempt has been
made to define these terms. We shall assume that the reader is familiar with the set R
of real numbers as a complete ordered field. However, Section 0.3 is devoted to
review and systematisation of the properties that will be needed later, The concepts
of convergence of real sequences, limits of real-valued functions, continuity, com-
pactness and integration, together with properties that we shall generalise, or that
we use later in the book, have been included in Sections 0.4 to 0.8. A sketch of the
proof of the Weierstrass approximation theorem for a real-valued continuous
function on the closed bounded interval [0,1] constitutes a part of Section 0.8.
This has been done for the benefit of readers who may not be familiar with it.
The final Sections, Sections 0.9 to 0.11, are devoted to the construction of real
numbers from the field Q of rational numbers (axioms for Q are assumed). It is a
common sense approach to the study of real numbers, apart from the fact that this
construction has a close connection with the completion of a metric space (see
Section 1.5).

0.1. Sets and Functions

Throughout this book, the following commonly used symbols will be employed:

V means “for all” or “for every”

3 means “there exists”

3 means “such that”

= means “implies that” or simply “implies”
& or “iff” means “if and only if”.

The concept of set plays an important role in every branch of modern math-

ematics. Although it is easy and natural to define a set as a collection of objects, it
has been shown that this definition leads to a contradiction. The notion of set is,



2 0. Preliminaries

therefore, left undefined, and a set is described by simply listing its elements or by

naming its properties. Thus {x,x,...,x,} is the set whose elements are
X1, X2, . . . » Xy and {x} is the set whose only element is x. If X is the set of all elements
x such that some property P(x) is true, we shall write

X = {x: P(x)}.

The symbol ¢ denotes the empty set.

We write x € X if x is a member of the set X; otherwise, x ¢ X. If Yis a subset of
X, that is, if x € Y implies x € X, we write Y C X. If Y C X and X C Y, then
X=Y.1fY C Xand Y # X, then Yis proper subset of X. Observe that ¢ C X for
every set X.

We list below the standard notations for the most important sets of numbers:

N the set of all natural numbers
Z the set of all integers

Q the set of all rational numbers
R the set of all real numbers

C the set of all complex numbers.

Given two sets X and Y; we can form the following new sets from them:

XUY={x:xe€XorxeY}
XNY={x:x€Xand x € Y}.

X UY and X NY are the union an intersection, respectively, of X and Y. If {X,} is a
collection of sets, where a runs through some indexing set A, we write

U X, and ﬂ Xo

acEA acA
for the union and intersection, respectively, of X,:

U X =1{x:x€ X, for at least one a € A},

aEA

ﬂXa:{x:xEXq for every a € A}.

aEA

If A =N, the set of all natural numbers, the customary notations are

D X, and ﬁ X

n=1 n=1

If no two members of {X,} have any element in common, then {X,} is said to be a
pairwise disjoint collection of sets.

If Y C X, the complement of Yin X is the set of elements that are in X but not in
Y, that is,

XV ={x:xeX, x£Y}
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The complement of Yis denoted by Y whenever it is clear from the context with
respect to which larger set the complement is taken.
If {X,} is a collection of subsets of X, then De Morgan’s laws hold:

(U Xa>c= [ (X)° and (ﬂ Xu>6= U .

aEA aEA aEA aEA

The Cartesian product X1 x Xp x ... X X,, of the sets X;, X, ..., X, is the set of all
ordered n-tuples (x;,x,. .., xX,), where x; € X; for i =1,2,...,n.
The symbol

f:X—=Y

means that fis a function (or mapping) from the set X into the set Y; that is, fassigns
to each x € X an element f(x) € Y. The elements assigned to elements of X by fare
often called values of f. If A C X and B C Y, the image of A and inverse image of B
are, respectively,

f(A) ={f(x) :x € A},
fB) = {x :f(x) € B}.
Note that f~!(B) may be empty even when B # . The domain of fis X and the
rangeis f (X). If f(X) =Y, the function f1is said to map X onto Y (or the function is
said to be surjective). We write f~1(y) instead of f =1 ({y}) for every y € Y. If f ()
consists of at most one element for each y € Y, fis said to be one-to-one (or
injective). If fis one-to-one, then f~! is a function with domain f(X) and range
X. A function that is both injective and surjective is said to be bijective.
If {X, :a € A} is any family of subsets of X, then

f(U Xa> = Jrxw
aEA aEA
and
f(ﬂ Xa> = () f(X).
acA acA
Also, if {Yy: a € A} is a family of subsets of ¥, then

() -yros

aEA aEA
and

fl<ﬂ n) =Y.

aEA acA
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If Y7 and Y, are subsets of Y, then
fH\Y) = YOV TH(Y).
Finally, if f: X — Yand g: Y — Z, the composite function g o f: X — Z is defined by
(g0 )x) = g(f(x)).

0.2. Relations

Let X be any set. By a relation R on X, we simply mean a subset of X x X. If
(x, y) € R, then x is said to be in relation R with y and this is denoted by xRy.
Among the most interesting relations are the equivalence relations. A relation is said
to be an equivalence relation if it satisfies the following three properties:

(i) xRx for each x € X (reflexive);
(ii) if xRy, then yRx (symmetric);
(iii) if xRy and yRz, then xRz (transitive).

Let R be an equivalence relation on a set X. Then the equivalence class determined by
x € X is defined by [x] = {y € X : xRy}.

It is easy to check that any two equivalence classes are either disjoint or else they
coincide. Since x € [x], it follows that R partitions X; that is, there exists a family
{Aq:a € A} of sets such that X =[], ., As. Conversely, if a pairwise disjoint
family {A, : @ € A} of sets partitions X, that is, X = J,. A« then by letting

R={(x, y) e XxX:Ja € A>x€ Ay and y € A,},

an equivalence relation is defined on X whose equivalence classes are precisely A,.

0.3. The Real Number System

We assume that the reader has familiarity with the set R of real numbers and those
of its basic properties, which are usually treated in an elementary course in analysis,
namely, that it satisfies field axioms, the linear ordering axioms and the least upper
bound axiom. In the present section, they are listed in detail. Beginning with the set
of natural numbers N, it can be shown that there exists a unique set R that satisfies
these properties. The process, though, is lengthy and tedious. Later in the chapter
we shall sketch one way of constructing R from Q.

A. Field Axioms

For all real numbers x, y and z, we have

D x+y=y+x
(i) (x+y)+z=x+(y+2),
(iii) there exists 0 € R such that x + 0 = x,
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(iv) there exists a w € R such that x + w = 0,
(v) xy = yx,
(vi) (xp)z = x(yz),
(vii) there exists 1 € R such that 1 #0 and x- 1 = x,
(viii) if x is different from 0, there exists a w € R such that xw = 1,
(ix) x(y + z) = xy + xz.

The second group of properties possessed by the real numbers has to do with the
fact that they are ordered. They can be phrased in terms of positivity of real
numbers. When we do this, our second group of axioms takes the following form.

B. Order Axioms
The subset P of positive real numbers satisfies the following:

(i) Pis closed with respect to addition and multiplication, that is, if x, y € P, then
so are x + y and xy,
(ii) x € P implies —x & P,
(iii) x € R implies x =0 or x € Por —x € P.

Any system satisfying the axioms of groups A and B is called an ordered field, for
example, the rational numbers.

In an ordered field we define the notion x < y to mean y — x € P. We write x <y
to mean x < y or x = J.

Absolute value is defined in any ordered field in the familiar manner:

) x it x=0,
|x| = .
—x if x<O.

It can be shown on the basis of this definition that the triangle inequality
[+ 71 =|x[ + |yl
or equivalently,
[ —yl=lx—z|+|z - x|

holds.

The third group of properties of real numbers contains only one axiom, and it is
this axiom that sets apart the real numbers from other ordered fields. Before stating
this axiom, we need to define some terms. Let X be a nonempty subset of R. If there
exists M such that x =< M for all x € X, then X is said to be bounded above and M is
said to be an upper bound of X. If there exists m such that x = m for all x € X, then
X is said to be bounded below and m is said to be a lower bound of X. If X is bounded
above as well as below, then it is said to be bounded. A number M’ is called the least
upper bound (or supremum) of X if it is an upper bound and M’ = M for each upper
bound M of X. The final axiom guarantees the existence of least upper bounds for
nonempty subsets of R that are bounded above.
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C. Completeness Axiom

Every nonempty subset of R that has an upper bound possesses a least upper bound.

We shall denote the least upper bound of X by sup X or by sup {x:x € X} or by
sup,cyx. The greatest lower bound or infimum can be defined similarly. It follows
from C above that every nonempty subset of R that has a lower bound possesses a
greatest lower bound. The greatest lower bound of X is denoted by inf X or by inf
{x : x € X} or by inf,cx x. Note that inf,cx x = —sup,.x — (x).

The following characterisation of supremum is used frequently.

Proposition 0.3.1. Let X be a nonempty set of real numbers that is bounded above.
Then M = sup X if and only if

(i) x=M for all x € X, and
(ii) given any € > 0, there exists x € X such that x > M —«.

There is a similar characterisation of the infimum of a nonempty set of real
numbers that is bounded below.
The Cartesian product R x R becomes a field under + and « defined as follows:

(x1,01) + (X2, 12) = (X1 + %2, 1 + 1),
(x1, 1) - (X2, 12) = (120 — Y125 X192 + N1%2).

It is convenient to denote the ordered pair (x,0) by x and the ordered pair (0, 1) by i.
The reader will check that (0, 1)-(0,1) = (— 1,0), i.e., * = —1. The ordered pair
(x, ¥) can now be written as

(x%,9) = (x,0) + (0,) = (x,0) + (0,1) - (,0) = x + iy.

This field is denoted by C and is called the field of complex numbers.
The absolute value of x + iy is defined to be \/x? + y?. The triangle inequality, as
stated above, holds for complex numbers x, y and z.

0.4. Sequences of Real Numbers

Functions that have the set N of natural numbers as domain play an important role
in analysis. Such functions have special terminology and notation, which we
describe below.

A sequence of real numbers is a map x: N — R. Given such a map, we denote x(n)
by x,, and this value is called the nth term of the sequence. The sequence itself is
frequently denoted by {x,}, ;. It is important to distinguish between the sequence
{x,},=1 and its range {x,, : n € N}, which is a subset of R. A real number /is said to be
a limit of the sequence {x,},~ ; if for each € > 0, there is a positive integer #y such that
for all n= ny, we have |x, — I| < €. Itis easy to verify that a sequence has at most one
limit. When {x,}, >, does have a limit, we denote it by lim x,. In symbols,
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I=limx, if Ve >0, Ingd n=ny = |x, — I] <e.

A sequence that has a limit is said to converge (or to be convergent).

A sequence {x,},=, of real numbers is said to be increasing if it satisfies the
inequalities x, = x,,1, n=1, 2,..., and decreasing if it satisfies the inequalities
Xy =Xup1, n=1, 2,.... We say that the sequence is monotone if it is either
increasing or it is decreasing.

A sequence {x,},~, of real numbers is said to be bounded if there exists a real
number M > 0 such that |x,| = M for all n € N. The following simple criterion for
the convergence of a monotone sequence is very useful.

Proposition 0.4.1. A monotone sequence of real numbers is convergent if and only
if it is bounded.

Let {x,},= be a sequence of real numbers and let r <7n, <...<r,<...bea
strictly increasing sequence of natural numbers. Then {x; },~ is called a subse-
quence of {x,},= .

Proposition 0.4.2. (Bolzano—Weierstrass Theorem) A bounded sequence of real
numbers has a convergent subsequence.

The convergence criterion described in Proposition 0.4.1 is restricted to mono-
tone sequences. It is important to have a condition implying the convergence of a
sequence of real numbers that is applicable to a larger class and preferably does not
require knowledge of the value of the limit. The Cauchy criterion gives such a
condition.

A sequence {x,},= of real numbers is said to be a Cauchy sequence if, for every
€ > 0, there exists an integer ny such that |x, — x,,| < & whenever n=n, and
m = ny. In symbols,

Ve >0, Ing > (m=ny, n=my) = |x, — Xm| < &.

Proposition 0.4.3. (Cauchy Convergence Criterion) A sequence of real numbers
converges if and only if it is a Cauchy sequence.

Let {x,},=, be a bounded sequence in R. Then the limit superior of {x,},~ is
defined by

lim sup x, = inf {sup x},
m k=n

and the limit inferior of {x,},~, is defined by
lim inf x, = sup {kinf xi}.
" =n
Observe that a sequence {x,}, > is convergent if and only if
lim sup x,, = liminf x;,.

In case {x,},=; is not bounded from above [respective, below], one defines
limsup x,, = oo [respective, lim inf x, = —o0].
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0.5. Limits of Functions and Continuous Functions

Mathematical analysis is primarily concerned with limit processes. We have already
met one of the basic limit processes, namely, convergence of a sequence of real
numbers. In this section, we shall recall the notion of the limit of a function, which
is used in the study of continuity, differentiation and integration. The notion is
parallel to that of the limit of a sequence. We shall also state the definition of
continuity and its relation to limits.

A point a € R is said to be a limit point of a subset X C R if every neighbour-
hood (a —¢, a+¢€), € > 0, of a contains a point x # a such that x € X.

Let f be a real-valued function defined on a subset X of R and a be a limit
point of X. We say that f (x) tends to / as x tends to a if, for every &€ > 0, there exists
some & > 0 such that

If (x) — 1| < €Vx € X for which 0 < |x — a| <38.

The number [ is said to be the limit of f{x) as x tends to a, and we write

limf(x) =1 or f(x) — las x — a.

Note that f(a) need not be defined for the above definition to make sense.
Moreover, the value / of the limit is uniquely determined when it exists.

The following important formulation of limit of a function is in terms of limits of
sequences.

Proposition 0.5.1. Let f:X — R and let a be a limit point of X. Then
lim,_,, f(x) = I if and only if, for every sequence {x,},~ in X that converges to a
and x, # a for every n, the sequence {f(x,)},=, converges to L

Let f be a real-valued function whose domain of definition is a set X of real
numbers. we say that fis continuous at the point x € X if, given € > 0, there exists a
8 > 0 such that for all y € X with |y — x| <38, we have |[f(y) — f(x)| <e&. The
function is said to be continuous on X if it is continuous at every point of X. If we
merely say that a function is ‘continuous’, we mean that it is continuous on its
domain.

It may checked that fis continuous at a limit point a € X if and only if f(a) is
defined and lim,_., f(x) = f(a). The following criterion of continuity of fat a point
a € X follows immediately from the preceding criterion and Proposition 0.5.1.

Proposition 0.5.2. Let f be a real-valued function defined on a subset X of R
and a € X be a limit point of X. Then f is continuous at a if and only if, for
every sequence {x,},-; in X that converges to a and x,# a for every
n, limf(x,) = f(limx,) = f(a).

This result shows that continuous functions are precisely those which send
convergent sequences into convergent sequences, in other words, they ‘preserve’
convergence.
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The next result, which is known as the Bolzano intermediate value theorem,
guarantees that a continuous functions on an interval assumes (at least once)
every value that lies between any two of its values.

Proposition 0.5.3. Let I be an interval and f: I — R be a continuous mapping on L
Ifa,b € I and o € R satisfies f(a) < o < f(b) or f(a) > a > f(b), then there exists
a point ¢ € I between a and b such that f(c) = a.

0.6. Sequences of Functions

Let X be a subset of R. If to every n =1, 2, ... is assigned a real-valued function f,
defined on X, then {f,},~ is called a sequence of functions on X.

The sequence {f,},= is said to converge pointwise on X if for each x € X, the
sequence fi(x), f,(x), ... of real numbers is convergent. In this case we define a
function fon X by taking f(x) = lim f,,(x) for every x € X. This function is called
the pointwise limit of the sequence {f,},~. Thus a function f which is defined on
X is the pointwise limit of the sequence {f,}, =~ if, given x € X and & > 0, there is
an integer ny (depending on both x and €) such that we have |f(x) — f,(x)| < & for
all n= ny. In symbols,

given € > 0 and x € X, 3 an integer ny = ny(x, €) D n=ny = |f(x) — fu(x)| < &.

Recall that a series ), x, of real numbers converges to x € R if the sequence
{su}n=1, where s, = >/, x¢ (the nth partial sum), converges to x. We write
x =lims, =Y 7, x, and x is called the sum of the series. If > -, f,(x) converges
for every x € X, and if we define f(x) = >, fu(x), x € X, the function fis called
the sum of the series >, f,.

A sequence {f,},=, of functions defined on a set X C R is said to converge
uniformly on X to a function fif, given € > 0, there is an integer 1, (depending
on ¢ only) such that for all x € X and all n= ny, we have |f(x) — f,(x)| < &. In
symbols,

given € > 0, J an integer ny = np(e) 3 n=ny = [f(x) — fu(x)] < & Vx € X.

The statement ‘{f,},,~ ; converges uniformly to f” is written as ‘lim f,, = f uniformly’
or as ‘limf, = f (unif)’.

It is clear that every uniformly convergent sequence is pointwise convergent. The
converse is, however, not true.

We say that the series Y - | f, converges uniformly on X if the sequence {s,},=;
of functions, where s,(x) = 22:1 fi(x), x € X, converges uniformly on X. The
Cauchy criterion of uniform convergence of sequences of functions is as follows.

Proposition 0.6.1. The sequence of functions {f,},~, defined on X converges
uniformly on X if and only if, given € > 0, there exists an integer 7, such that, for
all x € X and all n=ny, m= ny, we have |f,(x) — fin(x)| < &.
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The limit of a uniformly convergent sequence of continuous functions is con-
tinuous. More precisely, the following is true:

Proposition 0.6.2. Suppose {f,},= is a sequence of continuous functions defined
on X that converges uniformly to f. Then fis continuous.

0.7. Compact Sets

The notion of compactness, which is of enormous significance in the study of metric
spaces, or more generally in analysis, is an abstraction of an important property
possessed by certain subsets of real numbers. The property in question asserts that
every open cover of a closed and bounded subset of R has a finite subcover. This
simple property of closed and bounded subsets has far reaching implications in
analysis; for example, a real-valued continuous function defined on [0,1], say, is
bounded and uniformly continuous. In what follows, we shall define the notion of
compactness in R and list some of its characterisations. To begin with, we recall the
definition of an open subset of R. A subset G of R is said to be open if for each x € G,
there is a neighbourhood (x — &, x +€), € > 0, of x that is contained in G.

Let X be a subset of R. An open cover (covering) of X is a collection
C = {Gy : a € A} of open sets in R whose union contains X, that is,

XQUGu.

If C' is a subcollection of C such that the union of sets in C’ also contains X, then C’
is called a subcover (or subcovering) from C of X. If C' consists of finitely many sets,
then we say that C' is a finite subcover (or finite subcovering).

A subset X of R is said to be compact if every open cover of X contains a finite
subcover. The following proposition characterises compact subsets of R.

Proposition 0.7.1. (Heine-Borel Theorem) Let X be a set of real numbers. Then the
following statements are equivalent:

(i) X is closed and bounded.
(ii) X is compact.
(iii) Every infinite subset of X has a limit point in X.

Proposition 0.7.2. Let fbe a real-valued continuous function defined on the closed
bounded interval I = [a, b]. Then fis bounded on I and assumes its maximum and
minimum values on I, that is, there are points x; and x, in I such that
f(x1) =f(x) =f(xp) for all x € X.

For our next proposition we shall need the following definition. Let f be a
real-valued continuous function defined on a set X. Then fis said to be uniformly
continuous on X if, given € > 0, there is a 8 > 0 such that for all x, y € X with
|x — y| < 8, we have |f(x) — f(y)| < e.
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Proposition 0.7.3. If a real-valued function f is continuous on a closed and
bounded interval I, then fis uniformly continuous on I

0.8. Derivative and Riemann Integral

A function f: [a, b] — R is differentiable at a point ¢ € [a, b] if
L flet ) — f(o)

h—0 h

exists, in which case, the limit is called the derivative of f at ¢ and is denoted by

f'(c).
Let [a, b] be a closed and bounded interval of R and f a real-valued function
defined on [a, b]. As is well known, the (Riemann) integral

ij(x)dx

is defined as the limit of Riemann sums

D FE) (= x50,

i=1
where x;,j =0, 1, 2,...,n, form a partition of [a, b],
a=x <x <...<x, =D,

and X; € [xj_1,%], j=1, 2,...,n are arbitrary. Recall that the integral exists, for
instance, if fis continuous or monotone.

If fand g are Riemann integrable on [4, b] and f(x) =< g(x) for each x € [a, b],
then [ f(1)dt = [* g(1)dt.

If fis Riemann integrable on [a, b], f =0 and [a, B] C [a, b], then fis Riemann

integrable on [a, B] and [° f(r)dr= [’ f(t)dt.
The following is known as the fundamental theorem of integral calculus.

Proposition 0.8.1. Let f: [a, b] — R be integrable and let

F(x) = fo(t)dt, a<x<hb.

Then F is continuous on [a, b]. Moreover, if f is continuous at a point ¢ € [a, b],
then F is differentiable at ¢ and

F(c) = f(o).

Proposition 0.8.2. Suppose ¢ has a continuous derivative on [4, b] and fis con-
tinuous on the image of the interval [a, b]. Then
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@(b) b
J | fwa =J Flo(u)¢ (wd

@

Proposition 0.8.3. Suppose {f,},~ is a sequence of Riemann integrable functions
on [a, b] with uniform limit f. Then fis Riemann integrable on [a, b] and

lim J:fn(t)dt = ij(t)dt.

We end this section with a sketch of the proof of the Weierstrass approximation
theorem.

Proposition 0.8.4. Suppose fis a real-valued continuous function defined on [0, 1].
Then there exists a sequence {P,},~, of polynomials with real coefficients that
converges uniformly to fon [0,1], that is,

Ve >0, Ing 2 n=ny = |P,(t) — f(1)] < eVt €]0,1].

Proof. Without loss of generality, we may assume that f(0) = f(1) = 0. This is
because g(t) = f(t) — f(0) — (f(1) — f(0))t is a continuous function satisfying
g(0) = g(1) = 0, and if {Q,}, = ; is a sequence of polynomials converging uniformly
to g then the sequence of polynomials {P,},~;, where P,(t) = Q,(t) +
(f(1) = f(0) )t + f(0), converges uniformly to f.

Extend the function fto the whole of R by setting f(#) = 0 for t € R\[0, 1]. The

extended function is clearly continuous on R. For n =1, 2,..., let
a1 =)t =1
Qult) = { 0 [t| > 1,
where
1
— = J (1 —*)"dt,
n -1
and let
1
P,(t) = J f(t — 5)Qu(s)ds. (0.1)
-1
Since Q,(t) = Qu(— t) and (1 — *)"=1—nt? for —1 <t =<1,
f (1-r)d Jl( 2y jl/ﬁ( 2)d JW< = =1
1—t)"dt =2 (1—t)"dt =2 1—t)"dt =2 l—nt)dt = —=—.
-1 0 0 0 3v/n  4/n

So, a; = /1. For any 8 > 0, this implies
Q.(t) =v/n(1 —8%)", where 8=|t|=1. (0.2)
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It is obvious that fil Q,(t)dt = 1. The function f, being continuous on [0,1], is
uniformly continuous; given € > 0, there exists a & > 0 such that s, r € [0,1] and
|s—t] <& imply |f(s) —f(¢)] <e&/2. As f vanishes outside [0,1], we have
If(s) — f(#)| <e/2 foralls, t € Rwith |s—t| <3.

Since f(t) = 0 for t € R\[0, 1], it follows by a simple change of variable that

1
P,(t) = J f($)Qu(t — s)ds. (0.3)
0

Now, the integral on the right of (3) is a polynomial in # Thus, {P,},=, is a
sequence of polynomials.

Let M = sup|f(¢)|:t € R. For 0=t =1 and any positive integer n, using (0.1),
(0.2) and (0.3), we have

1
|Pa(t) — f(£)] = J [f(t —s) = f()]Qu(s)ds
-1

1
= J (£ = 5) = £()]|Quls)ds
-1

—d < S 1
SZMJ Q,(s)ds + (E)J Qn(s)ds—i—ZMJ Q,(s)ds
—1 —5

d
=4M/n(1 — §%)" +§.

This is less than ¢ for sufficiently large 1, because when 0 < § < 1, lim /n(1 — §%)"
can be shown to be 0 as follows:

0=yn(1-38)"=vn(1+B) "=B"'/v/n, where (1-8*)=1/B, 3>0. O

0.9. Cantor’s Construction

In this section we sketch one way of constructing R from Q (the axioms for Q will
be assumed). The reasons for the inclusion of this approach are twofold; firstly, it is
one of the quickest ways of obtaining R, and secondly, it has a close connection with
completion of metric spaces (see Section 1.5).

Definition 0.9.1. Let Q denote the field of rational numbers. A sequence {x,},=; in
Q is said to be bounded if there exists a rational number K such that

|| = K for all n.

Definition 0.9.2. A sequence {x,},~; in Q is said to be Cauchy if for each rational
number € > 0 there exists an integer 7, such that

|, — x| < € for all n, m= ny.
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Definition 0.9.3. A sequence {x,},~ in Q is said to converge to a rational number
x if for each rational number & > 0 there exists an integer 7, such that

x, — x| <€ for all n= n,.
| |

In symbols, lim,_,., x, = x. The rational number x is called the limit of the
sequence.

It may be easily verified that

(i) A convergent sequence in Q is a Cauchy sequence in Q;
(ii) a Cauchy sequence in Q is bounded; in particular, every convergent sequence in
Q is bounded;
(iii) if a sequence {x,}, = converges to x as well as y, then x = y. Thus, the symbol
lim,,_, x, is unambiguously defined when the sequence {x,},~, converges.

Let Fq denote the set of all Cauchy sequences in Q.

Definition 0.9.4. A sequence {x,},~, in Fq is said to be equivalent to a sequence
{yu}n=1in Fq if and only if lim, . |x; — y4| = 0. In symbols, {Xn}n=1 ~ {Ynln=1-

The relation ~ defined in Fgq is an equivalence relation, as is shown below:

(i) Reflexivity: {x,},=; ~ {x,},=, since |x, —x,| =0 for every n, so that
lim, . |%, — x| = 0.

(ii) Symmetry: If {x,},=, ~ {yu} =1, then lim, . |x, — yu| = 0; but |x, — y,| =
|yn — x4| for every n and therefore lim, . |yy —xs] =0, so that
{yn}nzl ~ {xn}nz 1-

(iii) Transitivity: Suppose {x,},=1 ~ Vulu=1 and {yu},=1 ~{z4},=1- Then
lim, o |0 — yn| = 0 =lim, . |yn — z4|- Since 0=|x, — z,| = |x, — yu|+
|yn — 24| for all n, it follows that {x,},=1 ~ {z.},=1-

Thus, the relation splits Fq into equivalence classes. Any two members of the same
equivalence class are equivalent, while no member of an equivalence class is
equivalent to a member of any other equivalence class. The equivalence class
containing the sequence {x,},=, will be denoted by [{x,},=] or simply [x,] for
short, i.e.,

[xn] - {{)/n}nzl S FQ: {yn}nzl ~ {xn}nzl}-

Henceforth we shall abbreviate {x,},~ as simply {x,} whenever convenient.

Proposition 0.9.5. If {x,} € Fq then lim,_. x, = x if and only if {x,} ~ {x}, where
{x} denotes the constant sequence with each term equal to x.

Proof. If {x,} ~ {x}, then by definition of ~, it follows that lim, ... |x, — x| = 0.
On the other hand, if lim,,_, |x, — x| = 0, then {x,} ~ {x}, since the sequence {x}
has limit x. O
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Proposition 0.9.6. If {x,} and {y,} are in Fq, then so are the sequences {x, + y,} and
{xnyn}-

Proof. Let € > 0 be a rational number. There exist integers #; and n, such that

g
|0 — X <3 for all n,m=mn

and

Y — Yol <§ for all n, m= n,.

Let ny = max {n;, m}. Then for n, m= n, we have
|(xn +yn) - (xm +ym)| = |xn - xm' + |)’n _ym| <E&.

So {x, + y,} is a Cauchy sequence of rational numbers.
Since {x,} and {y,} are Cauchy sequences of rational numbers, there exist rational
numbers K; and K, such that

|x,| = K and [y,| = K, for all n.

Now, for n, m= ny, we have

|xﬂyﬂ - xm}’m' = |yn(xn — Xm) + xm(yn - )’m)|
= [yul - %0 — Xm| + |%m| - [Yn — yim]

<+ Q=m0

Since Kj and K, are fixed, it follows that {x,y,} is a Cauchy sequence of rational
numbers. O

Proposition 0.9.7. If {x,}, {y.}, {x,} and {y,} are in Fy and {x,} ~ {x},
{yn} ~ {y;}» then {xn +yn} ~ {x; +}’;} and {xn}’n} ~ {x;y;}

Proof. The fact that {x, + y,} ~ {x], 4 y,} is easy to prove. We proceed to prove the
other part. Since every Cauchy sequence is bounded, there exist rational constants
K and K, such that

lx,| =K and |y,| =K, for all n.

Let € > 0 be a given rational number. Since {x,} ~ {x/}, and {y,} ~ {y.}, there
exists ny such that for n= n, we have

€ €
|xn — x| < <2K2) and |y, — y,| < <2K1>
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For n=ny we get

Xy — Xy = 1% (vm — V)| + [y (30 — %))
= |l + [y = yul + 2] - |20 — x|

- £ N €

Syt

2 2

which, in turn, implies lim,,_ }xnyn —xy | = 0. 0

Proposition 0.9.8. If {x,} is a Cauchy sequence in Q that does not have limit 0, then
there exists a Cauchy sequence {y,} in Q such that lim,_, |x,y, — 1| = 0.

Proof. Since {x,} does not have limit 0, there is a positive number a in Q such that
for every n € N, there exists some k € N such that k= n and

|Xk| = .
Since {x,} is a Cauchy sequence, there exists 1y in N such that

|50 — %] <% for myn=mny.

If |xx,| = o, where ky > 1, then

(0 (0
2| = [o0g, — (oo, — )| = [0k, | — |2k, — X >a-o=

for all n= ny. Hence, x, # 0 for all n= n,.
Let
1 if n< ny,
— 1
In=19 — if n=ny.
Xn

Then {y,} is a sequence in Q. If € is any positive rational number, there exists 7,
such that

a’e
|56 — x| < e for all m, n= n,.

% — %] a’e) [ 4
=< | =] ==
‘ym y"| |xm|‘xn| 4 0(2

for all m, n= max{ny, n;). Thus {y,} is a Cauchy sequence in Q. Since
Xpyn = 1 for all n=ny, lim, . |x,y, — 1| = 0. .

Hence,
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0.10. Addition, Multiplication and Order in R

Definition 0.10.1. A real number is an equivalence class [x,] with respect to the
equivalence relation ~ defined in Fy.
Let R denote the set of all real numbers. If £ € R is [x,], then

€= {{ymn=1 € Fo: {ynlu=1 ~ {xa}u=1}

Definition 0.10.2. If £ = [x,] and m = [y,] are in R, we define the sum &+n as
E+m=[x]+ [)/n] =[x, +}’n]

and the product &x as
ng = [xn] : [yn] = [xn)/n]-

Proposition 0.10.3. The operations of addition and multiplication are well defined.
With these operations of addition and multiplication, R is a field.

Proof. It follows from Proposition 0.9.7 that addition and multiplication are well
defined. It can be easily verified that (R,+,-) is a field with [{1}] and [{0}] serving as
the multiplicative and additive identities, respectively, and the additive inverse of
[x,] being [—x,]. When [x,] # [{0}], it is possible that x,, = 0 for some #; conse-
quently, the proof of the existence of its multiplicative inverse requires some care: If
[x,] # [{0}], then {x,} is not equivalent to {0}, so that lim,_, x, # 0 in Q. Hence,
by Proposition 0.9.8 there is a sequence {y,} in Q such that lim, .., x,y, = 1, i.e.,
{x,yn} ~ {1}. It follows that [y,] is a multiplicative inverse of [x,]. O

Definition 0.10.4. A sequence {x,} in Q is said to be a positive sequence if there
exists a positive rational number « and a positive integer m such that

x, > a for all n=m.

The first of the following two facts can now be easily verified by the reader:

L. If {x,} and {y,} are positive sequences of rational numbers, then so are

{xs 4 yn} and {x,y}.

IL If {x,} is a positive sequence of rational numbers and {x,} ~ {x]}, then {x/} is
also a positive sequence of rational numbers.

As regards 1II, there exists a positive rational number o and a positive integer my,
such that
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X, > Q for all n=m;.

Since {x,} ~ {x]}, there exists a positive integer m, such that

, o
|xn—xn‘ <5 for n=mj,.

Let my = max {m;, my}. For n= my, we have

el , o
xn—5<xn<xn+5.
So,
s a o R -
X a——=— or n=my.
" 2 2 0

Definition 0.10.5. A number & € R is said to be a positive real number if it contains
a positive sequence. The set of all positive real numbers will be denoted by R™.

We note that by II above, number & € R is positive if and only if every sequence
belonging to it is positive. Also,

R = {£ € R : £ is positive}
= {€ € R:some {x,} € & is a positive sequence of rational numbers}.

It is clear from I above that R™ is closed under addition and multiplication, i.e., if
& m € R, then so are £ + m and &m.

Proposition 0.10.6. If £ € R, then one and only one of the following must hold:

(i) £=0,
(ii) £ € RT,
(iii) —& € R*.

Definition 0.10.7. For £ m € R, we define £ > m if £ —n € R". Also, we define
the absolute value || of £ in the usual manner to be 0 if £ =0, & if £ € R" and to
be —& if —£ € RY.

With the above definition of order (the relation >), the field R can be shown to
be an ordered field in the sense that the following statements are true:

Transitivity: £ > m > { implies that £ > (.

Compatibility of order with addition: £ > m and { € R implies £+ { > n + L.
Compatibility of order with multiplication: £ > m and { > 0 implies & > nC.

Proposition 0.10.8. The mapping i: Q — R defined by i(x) = {x} is an isomorph-
ism of Q into R. Moreover, i preserves order and, hence, also absolute values.

Proof. If x, y € Q, then

i(x+y)={x+yt ={xts{yt = i(x)ﬁ i(y)

+
R
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and

ity) = {ay} = {xd gy} = ix)pi(y).
Moreover, x < y in Q if and only if y — x > 0 in Q, so that {y — x} is a positive
sequence in Fq. O

Proposition 0.10.9. For any sequence {x,} € Fq, we have |[x,]| = [|x|].

Proof. We begin by showing that |[x,]| = 0 if and only if [|x,|] = 0. To this end,
[[x,]| = [{0}] ifand onlyif {x,} ~ {0}, which, in turn, is equivalent to lim,,_,~ x, = 0.
Similarly, [|x,|] = [{0}] if and only if lim,_ |x,| = 0. But lim,_,« x, = 0 if and
only if lim,_, |x,| = 0.

Now consider the case when [x,] > [{0}]. As noted after Definition 0.10.5, {x,}
must be a positive sequence, i.e., there exists a positive rational number « and a
positive integer m such that x, > a for n= m (see Definition 0.10.4). By definition
of absolute value in Q, it follows that |x,| = x, for n=m. This implies that
{|x4|} ~ {x,}, so that [|x,|] = [x,]. On the other hand, by Definition 0.10.7, we
also have |[x,]| = [x,]. Thus, |[x,]| and [|x,|] are both equal to [x,].

The case when [x,] < [{0}] is similar. O

0.11. Completeness of R

Convergence in R is defined exactly as in Definition 0.9.3 but with ‘rational’
replaced by ‘real’. We first prove that every Cauchy sequence of rationals converges
in R, or more precisely that its image under the order-preserving isomorphism
i:Q — R has a limit in R.

Proposition 0.11.1. If {x,} is a Cauchy sequence of rationals and {x,} € &, then
lim, - x, = £ in R, i.e, lim, . i(x,) = & where i is as in Proposition 0.10.8.

Proof. Let € be a positive real number. By Definition 0.10.5, € contains a positive
sequence {z,} of rational numbers. Therefore (see Definition 0.10.4) there exists a
positive rational number 2o and some positive integer n; such that z, > 2a for
n=mn;. So, z, —a > a for n=n; and hence {z, — a} is a positive rational sequence.
It follows that [z,] > i(a), i.e.,

e > i(a). (0.3)
Since {x,} is a Cauchy sequence, there exists a positive integer 7, such that

|y — x| < 20 for m, m=mn,. Hence o — |x, — x| >  for n, m=mn,. Conse-
quently, for each n= n,, the sequence {|x, — x,|},,= has the property that

[lxtn = || < (). (0.4)
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Therefore, n= n, implies
li(x) — &| = [i(x0) — [m]]| = [[{2x0 — X} m=1]] = [[x0 — x0|] < i(a) <,
using Proposition 0.10.9, (0.4) and (0.3) in that order. Thus, lim,_,, x, = &. O

In order to avoid cluttered notation, we shall henceforth denote i(x) by x. Thus,
for example, in the next Corollary, |§ — x| means |§ — i(x)|.

Corollary 0.11.2. If £ € R and € > 0 in R, then there is an x € Q such that
|€ — x| <eisinR.

Proof. Let {x,} € & Then by Proposition 0.11.1, lim,_,, x, = & Therefore, there
exists 1y € N such that

€ — x4, <einR  for n=ny.
In particular, the number x = x,, has the property that x € Q and |[{ — x| <¢
in R. 0

Corollary 0.11.3. If ¢ < in R, thereisa z € Q such that £ < z < m.

Proof. £ < m implies 2§ =&+ E< &+ m <m+m=2nand 2 = [{1}] + [{1}] >
[{0}]. It follows that 1/2 > [{0}] in R and hence that & < (§+m)/2 <m. Let
L= (E+m)/21f

e=min{{ —§ m—{}
then € >0 and by Corollary 0.11.2, there is a rational number z such that
E=({—-ce<z<{+e=n. O
Corollary 0.11.4. R is Archimedean.
Proof. For 0 < & < m in R, let x and y be rational numbers (see Corollary 0.11.3)
such that
O<x<éE<m<y<é+nm.

Since the field Q is Archimedean, there exists a positive integer n such that nx > y.
Therefore,

ng > nx>y>m. O

Theorem 0.11.5. Every Cauchy sequence of real numbers converges in R.

Proof. Let {£,}, =, be a Cauchy sequence in R. By Corollary 0.11.2, for each n € N,
there exists a rational number x,, such that

1€, — xu| < 1/m.
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We shall first show that {x,},~, is a Cauchy sequence in Q. For € > 0 in R, there
exists m; € N such that

€
|§n—§m|<§ for m, n=my.
Choose m, such that
1 ¢
-<3 for all n=m,
n 3
so that
€
|§n7xn‘ <§ for all n=my.

Let my = max {m;, mp}. Then n, m= m, implies
|-xn7xm| = |xn7gn+gn7§m+§m7-xm‘S|xﬂ7gn|+|§n7§m‘+|gm7~xm‘ <E&.

Therefore, {x,},=, is a Cauchy sequence in Q.

Now [x,] is a real number, say & We shall show that lim,_,+, &, = £ in R. For this
purpose, consider any € > 0 in R. Let m, and 1, be as above. By Proposition 0.11.1,
lim,_ . i(x,) = € in R, and therefore there exists m3 € N such that

2g
1€ — x| <?inR for n=ms.

Therefore, for n= m = max {m;,, ms}, we have
|§n_g| = |§n_xﬂ+xn_§‘ < |‘§n_'xﬂ|+|xn_§| <&

This completes the proof that lim, ., &, = &in R. O
Finally, the following result holds:

Theorem 0.11.6. Every nonempty subset of the real numbers that is bounded above
has a supremum.

Proof. Suppose A is a subset containing an element « and having an upper bound
B, so that o = . Since B — a =0, for any n € N, there exists an m € N such that
m/mn=p — a, ie,a+ m/n=p € A and therefore a + m/n is an upper bound for
A. Hence, for each n € N, the set

B,={meN:a + 25 an upper bound for A}
n

is nonempty. Being a nonempty set of natural numbers, B, must have a least
element, say m,. Therefore for each n € N,

m,
=a+—
Vn n

is an upper bound of A, i.e.,
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X=y, for every n € N and every x € A,

and also,

A

x for some x € A.

Hence,
Xm = Yn for all m,n € N.

It follows that, for any m, n € N, we have

1 1
xn—xmsym—xm:;l andxm—xnsyn—xnzz.

Therefore,

1 1
|%, — X| = max{, } for all m,n € N.
n om

We use this inequality to argue that {x,} is a Cauchy sequence. Consider any & > 0.
Since R is Archimedean, there exists a positive integer 1y > 1/&. For m, n= n, it
follows from the above inequality that |x, — x,,| < €. This shows that {x,} is a
Cauchy sequence. Since R is complete (see Theorem 0.11.5) {x,} converges; let
lim, .o x, = & in R.

We next show that £ is an upper bound of A. If not, then there exists an x € A
such that & < x. Since lim,_ . x, = £ and R is Archimedean, there exists some
n € N such that
x—§& 1 x-—¢&

and — <
2 n 2

xn_§5|xn_§|<

Then y, = x, +1/n < (x+&)/2 + (x — §)/2 = x. But this is impossible because
x € A and y, is an upper bound of A. This contradiction shows that £ is an upper
bound of A.

Finally, we show that £ is less than or equal to every upper bound of A. Suppose
not. Consider any real number n < & Let 8 =& —m > 0. Since lim, o x, = &,
therefore there exists n € N (corresponding to the positive number 8) such that

§—x,=]&—x,) <d=§&—m and hence n < x,.

But, as observed earlier, x,, < x for some x € A, whence we have n < x for some
x € A. Thisimplies that 1 is not an upper bound of A. Thus no real number less than £
can be an upper bound of A. In other words, an upper bound of A cannot be less than
& and must therefore, by Proposition 0.10.6, be greater than & or equal. O

Remark 0.11.7. The above proof makes no explicit reference to real numbers being
equivalence classes of Cauchy sequences. A close examination of the argument
shows that it works in any ordered field having the Archimedean property and in
which every Cauchy sequence converges.
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In many branches of mathematics, it is convenient to have available a notion of
distance between elements of an abstract set. For example, the proofs of some of the
theorems in real analysis or analytic function theory depend only on a few proper-
ties of the distance between points and not on the fact that the points are in R or C.
When these properties of distance are abstracted, they lead to the concept of a
metric space. The notion of distance between points of an abstract set leads
naturally to the discussion of convergence of sequences and Cauchy sequences in
the set. Unlike the situation of real numbers, where each Cauchy sequence is
convergent, there are metric spaces in which Cauchy sequences fail to converge. A
metric space in which every Cauchy sequence converges is called a “complete”
metric space. This property plays a vital role in analysis when one wishes to make
an existence statement.

Our objective in this chapter is to define a metric space and list a large number of
examples to emphasise the usefulness and the unifying force of the concept. We also
define complete metric spaces, give several examples and describe their elementary
properties. In Section 1.5, we shall prove that every metric space can be ‘completed’
in an appropriate sense.

1.1. Inequalities

The subject of inequalities has applications in every part of mathematics, and the
study of metric spaces is no exception. In fact, the definition of a metric space
involves an inequality which is a generalisation of the familiar triangle inequality,
satisfied by the distance function in R. (|x — y| < |x — z| + |z — y| forall x, y, zin R
or C.)

In this section, we establish some inequalities that will be required for confirming
that some of the examples we list are indeed metric spaces. Theses examples will be
invoked repeatedly.

X
Proposition 1.1.1. The function f(x) = T+ x =0, is monotonically increasing.
X

23
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Proof. Let y > x = 0. Then

1 1 1 1 . y x
< and so 1 — >1-— , 1.e., > .
I+y 1+4x 1+y 1+x 1+y 1+x

Theorem 1.1.2. For any two real numbers x and y, the following inequality holds:

ety _ b
T+|x+y  14|x] 1+]y

Proof. Let x and y have the same sign. Without loss of generality, we may assume
that x=0 and y =0, and so

lx+y| x4y x N y
I+|x+y 14+x+y 1+x+y 1+x+y
_ X y I« Iyl

= + = + )
I+x 14y 1+4+x] 14|y

Suppose x and y have different signs. We may assume that |x| > |y|. Then
|x+ y| = |x]|.
It follows from Proposition 1.1.1 that

e I I N
T+]x+yl  14+x]  1+]x 1+

This completes the proof. O

The next proposition is the well known arithmetic mean-geometric mean
inequality, or AM-GM inequality, for short.

Proposition 1.1.3. (AM-GM Inequality) If a >0 and b >0 and if 0 <A < 1 is
fixed, then

AN =\a+ (1 -Nb. (1.1)
Proof. Since y = Inx, x > 0, is concave, we have
In(Aa+ (1 —N)b)=Nlna+ (1 —N)Inb,
ie.,
Inadb' < Ina+ (1 =Nb).
As y = exp x is a strictly increasing function, it follows from the above inequality that
A= Na+ (1 —\)b. O

Remark. When x=0, y=0, p > 1and 1/p+ 1/qg = 1, we have
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1 1
xy < —xf +-yL
p q

The inequality is obvious when either x or y is 0. If x # 0 # y, then it follows from
Proposition 1.1.3 upon writing A = 1/p, a* = x and b' ™ = y.

Theorem 1.1.4. (Holder’s Inequality) Let x; =0 and y; =0 for i = 1,2,...,n, and
suppose that p > 1 and g > 1 are such that 1/p + 1/g = 1. Then

" " p s 4 1/q
= (30) (31) - 02
i=1 i=1 i=1
In the special case when p = g = 2, the above inequality reduces to
Y Y 12/, 1/2
S = <Z xg> (Z y,z) | (13
i=1 i=1 i=1

This is known as the Cauchy-Schwarz inequality.

Proof. We need consider only the case when xf £0# > yf. To begin with, we
assume that i=1 i=1

i=1 i=1
In this case, the inequality (1.2) reduces to the form
 xyi=1 (1.5)
i=1

To obtain (1.5), we put successively x = x; and y =y, for i =1,2,...,n in the
inequality of the preceding Remark and then add up the inequalities so obtained.
The general case can be reduced to the foregoing special case if we take in place of
the numbers x;, y; the numbers

;o Xi o Vi

%= Vi = n 1/q°
(Z y?)
i=1

! n 1/p’

(£)
i=1

for which the condition (1.4) is satisfied. It follows by what we have proved in the

paragraph above that

n
/ /
<
E Xy =1
i=1

This is equivalent to (1.2). This completes the proof. O
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Theorem 1.1.5. (Minkowski’s Inequality) Let x;=0 and ;=0 for i=1,2,...,n
and suppose that p=1. Then

; 1/p " 1/p " 1/p
(Zmﬂi)f’) S(fo) +<ny’> : (1.6)
i=1

i=1 i=1

Proof. If p = 1, the inequality (1.6) is self-evident. So, assume that p > 1. We write
Sor (xi + )P in the form

n n n
Z (xi +y)f = Z xi(x 4+ y)P T+ Z}’i(xi + )P (L.7)
i=1 i=1

i=1

Let g > 1 besuch that 1/p + 1/g = 1. Apply Holder’s inequality to the two sums on
the right side of (1.7) and obtain

n n 1/P n l/q
2 Gty = (Z xf’) (Z (x; +yi)“’“q>

i i=1

i=1
n p s, 1/q
+ (ny’) (Z (xi +y,-)<P—“‘f>
i=1 i=1
; 1/p ; el 7 » 1/q
{8 )
i=1 i=1 i=1

Dividing both sides of this inequality by (E?zl (x; + ;)P ) Y 1 we obtain (1.6) in the
case > =, (x; + ;) # 0. In the contrary case, (1.6) is self-evident. O

i=1

Theorem 1.1.6. (Minkowski’s Inequality for Infinite Sums) Suppose that p=1 and
let {x,},=1> {¥a}n=1 be sequences of nonnegative terms such that » . x,” and
> ool yal are convergent. Then > | (x, + y)f is convergent. Moreover,

o 1/p = 1/p = 1/p
<Z (%4 + m") = (Z xﬁ) + (Zﬁ) :
n=1 n=1 n=1

Proof. For any positive integer m, we have from Theorem 1.1.5,

. 1/p 1/p m 1/p
(Z (s + M") ) + (Z yﬁ)
n=1 n=1 n=1

)1/17
n=1

I "
N N
Mz i
I
G
N

NgE

N
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Thus, {( >0 (x, + yu)f )1/ P}, which is an increasing sequence of nonnegative real
numbers, is bounded above by the sum

= 1/p o 1/p
(54) (=)
n=1 n=1

It follows that Y ", (x, + y,)” is convergent and that the desired inequality holds. [

Theorem 1.1.7. Let p > 1. For a=0 and b= 0, we have
(a+ bl =207 (al + bP).
Proof. If either a or b is 0, the result is obvious. So assume a > 0 and b > 0. Now

the function that maps every positive number x into x” is convex when p > 1. So,

a+ b\’  aP 4P
<
2 2

>

ie.,

(a+ bl =207 Y(al + bP). O

1.2. Metric Spaces

The notion of function, the concept of limit and the related concept of continuity
play an important role in the study of mathematical analysis. The notion of limit
can be formulated entirely in terms of distance. For example, a sequence {x,},=, of
real numbers converges to x if and only if for all € > 0 there exists a positive integer
np such that |x, — x| < € whenever n=ny. A discerning reader will note that the
above definition of convergence depends only on the properties of the distance
|o — B| between pairs «, B of real numbers, and that the algebraic properties of real
numbers have no bearing on it, except insofar as they determine properties of the
distance such as,

o = B[ > 0 when a # B, o — B[ = |B —af and [a —y| =] - B[+ [B — 7|

There are many other sets of elements for which “distance between pairs of

elements” can be defined, and doing so provides a general setting in which the

notions of convergence and continuity can be studied. Such a setting is called a

metric space. The approach through metric spaces illuminates many of the concepts

of classical analysis and economises the intellectual effort involved in learning them.
We begin with the definition of a metric space.

Definition 1.2.1. A nonempty set X with a map 4:X x X — R is called a metric
space if the map d has the following properties:
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(MS1) d(x,y)=0 x yE€X;

(MS2) d(x,y)=0 if and only if x = y;
(MS3) d(x,y) =d(y,x) xyeX;

(MS4)  d(x,y)=d(x,2) + d(z,y) %9z € X.

The map d is called the metric on X or sometimes the distance function on X. The
phrase “(X, d) is a metric space” means that d is a metric on the set X. Property
(MS4) is often called the triangle inequality.

The four properties (MS1)—(MS4) are abstracted from the familiar properties of
distance between points in physical space. It is customary to refer to elements of any
metric space as points and d(x, y) as the distance between the points x and y.

We shall often omit all mention of the metric d and write “the metric space X”
instead of “the metric space (X, d)”. This abuse of language is unlikely to cause any
confusion. Different choices of metrics on the same set X give rise to different
metric spaces. In such a situation, careful distinction between them must be
maintained.

Suppose that (X, d) is a metric space and Y is a nonempty subset of X. The
restriction dy of d to Y x Y will serve as a metric for Y, as it clearly satisfies the
metric space axioms (MS1)—(MS4); so (Y, dy) is a metric space. By abuse of language,
we shall often write (Y, d) instead of (Y, dy). This metric space is called a subspace of
X or of (X, d) and the restriction dy is called the metric induced by d on Y.

Examples 1.2.2. (i) The function d: R x R — R defined by d(x,y) = |x — y| is a
metric on R, the set of real numbers. To prove that d is a metric on R, we need verify
only (MS4), as the other axioms are obviously satisfied. For any x, y,z € R,

dx,z)=lx—z|=|(x—p+ @ —2)|=|x—y|+|y— 2| =d(xy) + d(y, 2).

It is known as the usual or standard metric on R.
(ii) Let X=R"={x=(x1,%,...,%,):x €ER, 1=i=n} be the set of real
n-tuples. For x = (x1,%,...,%,) and y = (y1, ¥, ..., ¥,) in R”, define

" 1/2
d(x,y) = (Z (i — y,->2> :
i=1

(For n=2, d(x,y) = ((x1 — y1)* + (x5 — )/2)2)1/2 is the usual distance in the Car-
tesian plane.) To verify that d is a metric on R", we need only check (MS4), i.e., if
z=(z1,2,...,24), we must show that d(x,y)=d(x,z)+d(zy). For
k=1,2,...,n, set

ay = Xk — 2z, by = 2 — yi.

Then
/2

; 1/2 . 1
d(x,z) = (Z ai) , d(z,y) = (Z bi) ,
k=1 k=1

and
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" 1/2
d(x,y) = (Z (ax + bk>2> .
k=1

We must show that

. 1/2 . 1/2 . 1/2
(Z(ak+bk>2) s(Zai) +<Zb£> : (*)
k=1 k=1 k=1

Squaring both sides of (*), and using the equality
(a+ b)? = a® + 2ab + b,

we see that (*) is equivalent to

" n 1/2 " 1/2
Zakbk5<2ai> (m) ,
k=1 k=1 k=1

which is just the Cauchy-Schwarz inequality (see Theorem 1.1.4). This metric is
known as the Euclidean metric on R".
When # > 1, R* ! can be regarded as a subset of R” in the usual way. The metric
induced on R"™! by the Euclidean metric of R” is the Euclidean metric of R",
(iii) Let X = R". For x = (x1,%2,...,%,) and y = (31, ¥2, ..., ¥») in R”, define

" 1/p
dy(x,y) = (Z |x; — in”> ,
i=1

where p= 1. Note that when p = 2 this agrees with the Euclidean metric. To verify
that d, is a metric, we need only check that d,(x,y) = d,(x,z) + d,(z,y) when
z=(z1,22,...,2y) E R". For k=1,2,...,n set ap = xx — zx, by = zx — yx. Then

" 1/p n 1/p
dy(x,2) = <Z|ak|P> s dp(z,y) = <Z|bk|p>
k=1 k=1

and

" 1/p
dy(x%,y) = (Z oy + w’) :

k=1

We need to show that

" 1/p n 1/p " 1/p
<Z|ak+bk|‘o> = <Z|akp> +<Z|bk|P> .
k=1 k=1 k=1

However, this is just Minkowski’s inequality (see Theorem 1.1.5).
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Here again, when n > 1, the metric induced by d, on the subset R""' is the
corresponding metric of the same kind, i.e.,

n—1 1/p
dp(x,y) = (Z |x — yﬂ’) when x,y € R" .
i1

(iv) Let X = R". For x = (x1,%,...,%,) and y = ()1, ¥2, ..., ¥u) in R”, define

doo(x,y) = max |x; —yi.

Then d, is a metric. Indeed, for z = (21, 25, . . ., z,) € R", we have

lxi — yil = |xi — zi| + |zi — yil

= max [x —z[+ max |z — i,
n 1=i=n

1=i=
from which it follows that

max |x; — yi| = max |x — zi| +  max |zi — il

1=i=n 1=i=

Remark. Examples (ii), (iii) and (iv) show that we can define more than one distance
function, i.e., different metrics in the set of ordered n-tuples.
(v) Let X be any nonempty set whatsoever and let

_Jo ifx=y
d(x,y)—{l if x#y.

It may be easily verified that d is a metric on X. It is called the discrete metric on X.
If Yis a nonempty subset of X, the metric induced on Y by d is the discrete metric
on Y.

Sequence spaces provide natural extensions of Examples (i), (iii) and (iv).

(vi) The space of all bounded sequences. Let X be the set of all bounded
sequences of numbers, i.e., all infinite sequences

x=(x,%,...) = {xi}i=1
such that
sup,|x;| < oco.
If x = {xi};=, and y = {yi};= belong to X, we introduce the distance
d(x, y) = sup;|x; — yil-

It is clear that d is a metric on X. Indeed, if z = {z;},~ is in X, then
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lxi = yil = |xi = zil + |z — yil
= sup;|x; — z| + sup;|zi — yil
=d(x,z) + d(z,y).
Therefore,

d(x, y) = sup,|x; — yi| = d(x,z) + d(z, ).

(vii) The space £,,. Let X be the set of all sequences x = {x;};~, such that

. 1/p
<Z|xi|p> < 00, p=1.

i=1

If x = {xi};=, and y = {yi};= belong to X, we introduce the distance

o 1/p
d(x,y) = (Z |xi _)’1‘|P> :

i=1

It is a consequence of the Minkowski inequality for infinite sums (Theorem 1.1.6)
that d(x,y) € R. Evidently, d(x,y)=0,d(x,y) =0 if and only if x =y, and
d(x,y) = d(y,x). The triangle inequality follows from the Minkowski inequality
for infinite sums. In the special case when p = 2, the space ¢, is called the space of
square summable sequences.

(viii) The space of bounded functions. Let S be any nonempty set and B(S)
denote the set of all real- or complex-valued functions on S, each of which is
bounded, i.e.,

sup |f (x)] < oc.

xe$S
If fand g belong to B(S), there exist M > 0 and N > 0 such that
sup | f(x)| =M and sup|g(x)|=N.
x€S x€S

It follows that sup |f(x) — g(x)| < co. Indeed,
x€$
If (%) — g()[ = [f(0)] + [g(x)] SSUI; If ()] + sup lg(x)];

and so

0= sup |[f(x) — g(x)| =M+ N.
x€S$

Define
a(f,g) = SUIS) If (x) — g(x)]s f>g € B(S).
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Evidently, d(f,g)=0,d(f,g) =0 if and only if f(x) = g(x) for all x € S and
d(f,g) = d(g,f). It remains to verify the triangle inequality for B(S). By the triangle
inequality for R, we have

[f(x) — g(x)] = |f(x) — h(x)] + |h(x) — g(x)]
= suIS) If (x) — h(x)| + suISJ [h(x) — g(x)]

=d(f,h) +d(hg)
and so
a(f,g)=d(f,h) + d(h,g),

for all f,g, h € B(S). The metric d is called the uniform metric (or supremum
metric).

(ix) The space of continuous functions. Let X be the set of all continuous
functions defined on [a,b], an interval in R. For f, g € X, define

af,g) = Supxe[a,b]|f(x) —g(x)|.

The measure of distance between the functions fand g is the largest vertical distance
between their graphs (see Figure 1.1). Since the difference of two continuous
functions is continuous, the composition of two continuous functions is continu-
ous, and a continuous function defined on the closed and bounded interval [a,b] is
bounded, it follows that d(f, g) € Rforall f, g € X. It may be verified as in Example
(viii) that d is a metric on X. The space X with metric d defined as above is denoted
by C[a,b]. All that we have said is valid whether all complex-valued continuous
functions are taken into consideration or only real-valued ones are. When it is
necessary to specify which, we write C¢la, b] or Cr[a, b]. Note that C[a, b] C
Bla, b] and the metric described here is the one induced by the metric in Example
(viii) and is also called the uniform metric (or supremum metric).

(x) The set of all continuous functions on [a,b] can also be equipped with the metric

b
d(f,g) = J () — g()|dx.

NV

Ficure 1.1



1.2. Metric Spaces 33

Vv

FIGURE 1.2

The measure of distance between the functions fand g represents the area between
their graphs, indicated by shading in Figure 1.2. If f,g € Cla,b], then
|f — g| € Cla, b], and the integral defining d(f, g) is finite. It may be easily verified
that d is a metric on Cl[a, b]. We note that the continuity of the functions enters into
the verification of the “only if” part of (MS2).

(xi) Let X = RU {oo} U { — oo}. Define f: X — R by the rule

X .
TM lf*OO<X<OO
fo) = 1 if x=o00
-1 if x = —o0.

Evidently, fis one-to-one and —1 = f(x) = 1. Define d on X as follows:
d(x,y) = |f(x) = fW)], %,y € X.

If x =y then f(x) = f(y) and so d(x,y) = 0. On the other hand, if d(x,y) =0,
then [f(x) — f(y)] = 0, i.e., f(x) = f(y). Since fis one-to-one, it follows that x = y.
That d satisfies (MS3) and (MS4) is a consequence of the properties of the modulus
of real numbers.

(xii) On X = RU {oo} U {— 00}, define

d(x,y) = [tan ' x —tan"' y|, x5,y € X.

(Note that tan™! (c0) = /2, tan! (-~ c0) = —m/2 and that the function tan~! is
one-to-one.) It may now be verified that X is a metric space with metric d defined as
above.

(xiii) The extended complex plane. Let X = C U {oo}. We represent X as the unit
sphere in R,

S={(x1,%,%): x1,%,% € Rx + x5 + x5 = 1},

and identify C with {(x;, x5, 0): x1, X, € R}. The line joining the north pole (0,0,1) of
S with the point z = (x, x;) € C intersects the sphere S at (& m,) # (0,0, 1), say.
We map C to S by sending z = (x1, x;) to (&, (). The mapping is clearly one-to-
one and each point of S other than (0,0,1) is the image of some point in C. The
correspondence is completed by letting the point co correspond to (0, 0, 1). (See
Figure 1.3.)
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FiGgure 1.3

Analytically, the above representation is described by the formulae
2Rz 23z |lz]* — 1
=, ’n = 5 - .
A S A

Corresponding to the point at infinity, we have the point (0,0, 1). Also,
_&+m

1-¢°
We define the distance between the points of X by

2|z — 2|

1+ Zl|2 1+ Zz|2
d(z,2) = \/ | 2\/ |

V1+lal

This is actually the chordal distance between those points on the sphere correspond-
ing to the points z;,2, € CU {oc}. Evidently, d(z;,2) =0 and d(z,z) = 0 if and
only if z; = z. Also, d(z1,2,) = d(z, z;). For the triangle inequality, the following
elementary inequality will be needed:

when z;,2, € C

when z; € C and z, = oo.

(1+z2w)(1 +2w) = 1 + 2w + 2w + |2 |w|’
=1+ 2R(zw) + |2 |w]’
= 1+42z||w| + |z]*|w|®
=< 1+’ + [w + |2’ |w]

=1+ 21+ |w]). (1.8)

From the identity
(21 —2) (1 +zz) = (21 — )1 + 232) + (z3 — 2)(1 + z321),
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we have
lzs — |(1 + |z]°) = |21 — 5|1 + 22| + |23 — 22||1 + 232
=z — z|(1+ |) 21 + |2
+lz — 2|1+ |20 + |2 )Y (1.9)
using inequality (1.8). Dividing both sides of (1.9) by
(141220 + 220 + |2,

we get the triangle inequality when none among z;, 2,, z3 is 00. Other cases are left
to the reader.

(xiv) Let d be a metric on a nonempty set X. We shall show that the function e
defined by

e(x,y) = min{l, d(x, y)},

where x,y € X is also a metric on X.

Since d(x,y)=0,s0 e(x,y) =min{1,d(x,y)} =0.1f x=y, then d(x,y) =0, and hence,
e(x,y)=min{1,d(x,y)} =0.Ontheother hand, ife(x,y) =0,1i.e., min{1,d(x,y)} =0, it
follows that d(x,y) =0, and hence that x=y. This proves (MS1) and (MS2). Since
d(x,y) =d(y,x), it is immediate from the definition of e that e(x,y) =e(y,x). Thus,
(MS3) also holds. It remains to verify only the triangle inequality (MS4).

Let x,y,z¢€ X. Observe that e(x,y)=1 for all x,y € X; therefore,
e(x,y) = e(x,z) + e(z, ) if either e(x, z) or e(z, y) is 1. But if both are less than 1,
then e(x,z) = d(x, z), and e(z, y) = d(z, y). Accordingly,

e(x,y) =min{l,d(x,y)} = d(x,y) =d(x,z) + d(z,y) = e(x, z) + e(z, y).

Proposition 1.2.3. Let (X, d) be a metric space. Define d: X x X — R by
d(x, y)
d(x,y) =—"7"—.
) =Tt )

Then d’ is a metric on X. Besides, d'(x,y) < 1 for all x,y € X.

Proof. We need prove only (MS4). Suppose x, y,z € X. Then d(x,y) =0,d(x,z) =
0,d(z,y) =0 and d(x, y) = d(x, z) + d(z, y) because d is a metric on X. Now,
d(x, z) d(z,y)
1+dx,z) 14+d(zy)
d(x,z) + d(z,y)
T 1+d(x,z) +d(zy)
1

d(x,z)+d(zy) =

by Theorem 1.1.2

1
L+ d(x,z) + d(z,y)
1 _dxy)
1 14dxy)
d(x, y)

v

1+
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Examples 1.2.4. (i) Let X = R. For x, y € R, define
d/ x’ — |‘x B y| .
6 y) =1 PP

Then d’ is a metric on R, different from the usual metric described by
d(x,y) = |x — y| in Example 1.2.1(i).

(ii) The space of all sequences of numbers. Let X be the space of all sequences of
numbers. Let x = {x;};,~, and y = {y;};~, be elements of X. Define

16—yl
d(x,y) = S
; 211+ |xi = yil
We prove that the axioms (MS1)—(MS4) are fulfilled by this distance. It is imme-
diate that
d(x,y) =0, d(x,y) =0 if and only if x = y and that d(x, y) = d(y, x).

For the triangle inequality, we have

.1

|lxi — il
dx,y) =S — S Hl
(x,7) ;zwﬂxi—y,w

:il |xi — zi +zi — yil
— 201+ |x — zi + 2 — i

1 |x,— Zj o0 1 |Zl i|
= - - -z
2211+|x,—z,|+22’1+|z, il

=d(x,z) +d(z,y).

In R?, define d(x, y) = |x, — y,|, where x = (x;,x,) and y = (y1,3). For x = (0,0)
and y = (1,0), we have d(x, y) = 0 although x # y. Therefore, the “only if” part of
(MS2) does not hold and so, d is not a metric on R?. It may be noted, however, that
all other properties of a metric, including the “if” part of (MS2) do hold. In such a
situation, d is called a pseudometric. More precisely, we have the following defin-
ition.

Definition 1.2.5. Let X be a nonempty set. A pseudometric on X is a mapping of
X x X into R that satisfies the conditions:

(PMS1) d(x,y)=0 xy€eX;

(PMS2) d(x,y) =0 if x=y;

(PMS3) d(x,y) = d(y,x) %y €eX;

(PMS4) d(x,y)=d(x,z) 4+ d(z,y) x ¥,z € X.

Another example of a pseudometric space is the following:

Example 1.2.6. Let X denote the set of all Riemann integrable functions on [a, b].
For f, g € X, define



1.3. Sequences in Metric Spaces 37
b
4.9 = | 1) = gl

It is easily verified that d is a pseudometric on X, but it is not a metric on X.
Indeed, if

_Jo if x=a
f(x)_{l ifa<x=b
and g(x) =1 for all x € [a, b], then d(f, g) = 0. However, f # g.
Let (X,d) be a pseudometric space. Define a relation ~ on X by

x ~ y if and only if d(x,y) = 0.

Then ~ is an equivalence relation on X. Since d(x, x) = 0, it follows that x ~ x. As
d(x,y) = d(y, x), the relation is also symmetric. We shall show that it is transitive: If
x~y and y ~ z, then d(x,y) =0 and d(y,z) = 0; it follows from the triangle
inequality (PMS4) that d(x, z) = 0, so that x ~ z. The set of all equivalence classes
of X corresponding to the equivalence relation ~ is denoted by X/~. As is custom-
ary, the equivalence class to which x belongs will be denoted by [x]. Moreover,
[x] = [y] if and only if x ~ y.
We now define a metricd on X/~ as follows:

d([x], [y]) = d(x,y),

where x € [x] and y € [y]. It is readily verified that the value of zi([x], [y]) is
independent of the choice of representatives x and y of the classes [x] and [y]. We
next show that d is a metric on the set X/~.

d([x],[y]) = 0 implies d(x,y) =0, where x € [x] and y € [y], which in turn
implies that x ~ y, so that [x] = [y]. On the other hand, if [x] = [y], then x ~ y
and so d(x,y) =0, ie, d([x],[y]) =0. Since d(x,y)=d(y,x), we have
d([x], [y]) = d([y], [x]). Finally,

d([x], [y]) = d(x,y) = d(x,2) + d(z, y)
=d([x],[2]) +d([z],[y]) ifz£xandz4y.

The case where either z ~ x or z ~ y is trivial.

1.3. Sequences in Metric Spaces

As pointed out in Chapter 0, analysis is primarily concerned with matters involving
limit processes. It is no wonder that mathematicians thinking about such matters
studied and generalised the concept of convergence of sequences of real numbers
and of continuous functions of a real variable. The reader will note that the basic
facts about convergence are just as easily expressed in this setting.
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Definition 1.3.1. Let (X,d) be a metric space. A sequence of points in X is a
function ffrom N into X.

In other words, a sequence assigns to each n € N a uniquely determined element
of X. If f(n) = x,, it is customary to denote the sequence by the symbol {x,},=; or
{x,} or by x1, %2, .. s Xy - - ..

Definition 1.3.2. Let d be a metric on a set X and {x,} be a sequence in the set X. An
element x € X is said to be a limit of {x,} if, for every € > 0, there exists a natural
number n, such that

d(x,, x) < & whenever n= ny.

In this case, we also say that {x,} converges to x, and write it in symbols as x, — x.
If there is no such x, we say that the sequence diverges. A sequence is said to be
convergent if it converges to some limit, and divergent otherwise.

Remark 1. By comparing the above with the definition of convergence in R (or C), we
find that x, — x if and only if lim,_, d(x,, x) = 0, where d denotes the usual
metric in R (or C).

Remark 2. In case there are two or more metrics on the set X, then it is necessary to
specify which metric is intended to be used in applying the definition of convergence.

Remark 3. If x € X and x’ € X are such that x, — x and x, — x’, then x = x'.
Indeed, for € > 0, there exist natural numbers #; and n, such that d(x,,x) < €/2
whenever n = n; and d(x,,x') <g/2 whenever n = n,. Consequently,
d(x,x') = d(x,,x) + d(x,,x') < & provided that n = max{n;, m}. It follows
that d(x,x’) = 0 and hence that d(x,x’) =0 by (MS1) and x = x’ by (MS2).
This means that a sequence can have at most one limit and we can speak of the
(one and only) limit of a sequence, provided that the sequence under reference has a
limit in the first place. We can now unambiguously denote the limit by lim x,, or
lim x,, or by lim,,_, o x;.
"We next consider the notion of convergence in specific metric spaces.

Examples 1.3.3. (i) Let X =R with d(x,y) =|x—y|,x,y € R. Let {x,} be a
sequence of real numbers. It converges to x € R in the sense of the metric space
(X,d) if and only if

lim d(x,,x) = lim |x, — x| = 0.

n—oo n—oo

So convergence in R with the usual metric is the same as convergence of a sequence
of real numbers in the familiar sense.
(ii) Let X = R" with

" 1/p
d(x,y) = dp(x,y) = (Z | _)’j|p> >

i=1
where x = (x,x,...,%,) and y = (1, ...,¥s) are in R” and p=1. Let
x0 = (xik),xgk),...,x,gk)), k=1,2,..., be a sequence of elements in R" that

converges to x = (X1, X2, . . ., X), say, i.e.,
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. 1/p
; (k) — (k) _ P _
Jim, A, ) = fio (Z"% %') -0

j=1

For every € > 0, there exists an integer ko(¢) such that |x;k) — x| < ¢ for all
k=ko(e) and j = 1,...,n This says that limy_, x;k) = x; for each j, i.e., that the
sequence {x®},— converges to x coordinatewise. On the other hand, suppose that

x;k) — xjas k — oo foreach j = 1,..., n. Let € > 0 be given. For each j there exists

a positive integer k; such that

XM — x| < — for k= k;.

€
J nl/p

Consequently,

" 1/p
d(x x) = (Z |x}k) — xj|p> <e for k= kK = max{k, ky, ..., ky}.

=

Thus, convergence of sequences in (R",d,) is equivalent to coordinatewise
convergence.
(iii) Let X = R". For x = (x1,%,...,%,) and y = ()1, %2, ..., ¥n) in R", let

do(x,y) = max {|x; — yj| : 1 =j=n}.
Let {x®},~, be a sequence in R" that converges to x € R", say, i.e.,
6, 3) = max ) — 515122 — 0 35 ko0

Then, for every € > 0, there exists an integer ky such that

|9c;k)—9cj|<8 for k=kyand each j=1,...,n.

So the sequence {x¥},—, converges coordinatewise to x. On the other hand, if
{x®},~ | converges coordinatewise to x, then for any € > 0 and each j = 1,...,n,
there exists an integer k; such that

|x;k) —x|<e  for k=k.
If ¥ = max{k;, k..., k,}, then we have
rnax{|x;k)—xj|:lsj5n}<8 for k=K.

Thus, the convergence of sequences in (R",dy) is equivalent to coordinatewise
convergence.
(iv) Let X be a nonempty set and d denote the discrete metric. For x,y € X,

1 if x
wor={l £t
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Let {x,},=, be a sequence in X that converges to x, say, lim,_, d(x,,x) = 0. For
€ = 1/2, there exists an integer 79(1/2) such that

1 1
d(x,, x) < 3 whenever n = n <2>
But in the metric space under consideration, d(x,,x) < 1/2 if and only if
d(x,, x) = 0 if and only if x,, = x. Thus, x, — x in (X, d) if and only if all the x,,
except possibly finitely many, are equal to x.
(v) Let X denote the space of all sequences of numbers with metric d defined by
o~ L6 =il

dx,y)=) ————,

2 21+ |x—yjl

j=1

where x = {xj};=; and y = {y;};=, are in X. Let (xW}, o, = {{x;”)}jzl}ngl be a
sequence in X which converges to, say, x € X. In other words,

—— — 0 as n— 0.

This means that, for € > 0, there exists an integer 1y(€) such that

5" — x|
— —————— < ¢ whenever n=ny(g),

1
12 1+|9C;n) — %l

o0
i=
and so

1 K" - x

—_ < &

(n) ’
71+ |x]‘n — x|
for n=mny(e) and for all j=1,2,.... Since € > 0 is arbitrary, it follows that
lim, .~ x;") = x; for each j. On the other hand, let lim,_. x}") = x; for each j.
Consider any € > 0. There exists an integer m such that

= 1

€
7.< E
j=m+1 2
Consequently,
. (n)
1 |x" —x
A0 =3 5
TV 1+ 5" -«
R it NN L
Y STt 2 ST
Y1+ |x;n) -x S Y1+ |x;n) x|
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As the first sum contains only finitely many terms and lim,_.,, x\") = x; for each j,

]
there exists ny(€) such that
m (1)
1 %" = xl €
Z — 0 T % \henever n= ny(€).
U145 — x| 2
j=1 7
Hence, d(x\", x) < € whenever n=ny(g). Thus, convergence in the space of all
sequences is coordinatewise covergence.
(vii) Let X=L,(p=1) and let d(xy) = (X, |x —wl?)"”", wh
p\p= Y k=1 1%k — Yk » where
x = {x}x=1 and y = {;}y=, are in £,. Let {x(”)},,ZI = {{xk")}kZI}nZI be a
sequence in £, that converges to, say, x € £,, i.e.,

1/p
lim d(x"™, x) = lim (Z X — xk|P> —0.

Then, for &€ > 0 there exists a positive integer 1y(€) such that

0 1/p
<Z x(” — xkp> <e

k=1
for all n= ny(e). Since € > 0 is arbitrary, it follows that lim,,_,, x,((") = x; for each k.
The converse is, however, not true, as the following example shows.

n)

Let x,(( = Xx + O, where
0 if k#n
8n: .
k {1 if k=n.

Clearly,
|x,(<”) — x| =8 =0 ifn>k

(n)

Consequently, lim,, .o, ;" = x; for each k. However,

1/p
,X) (Z |xkn — _ka) =1

for all n. Thus, x"—/£ x in the /,-metric.
The following does, however, hold.

Theorem 1.3.4. Let {x("},_, be a sequence in £, such that lim,,_, x,(cn) = x; for
each k, where x = {xt}; = is an element of £,. Suppose also that for every € > 0

there exists an integer my(€) such that

k=m+1

o 1/p
( Z x,((")|p> <eg for m= my(¢) and for all n.

Then lim,,_,, d(x", x) = 0.



42 1. Basic Concepts

Proof. Consider any € > 0. Then for m = my(e/4), we have
00 1/p
(m)p €
( > I |> << foralln (1.10)
4
k=m+1
and hence,
N 1/p c
( Z x,((”>|p> <- for all N=m+ 1 and all n.
k=m+1 4
Taking the limit as # — oo in this finite sum, we get
N 1/p .
( Z |xk|p> =- for all N=m+ 1.
4
k=m+1

Taking the limit as N — oo, we get

0o 1/p
( > ka|”> =34 (1.11)
4

k=m+1

Select any m = mg(e/4). Then, for any n € N, we have

d(x(" ,x) Z|x(" —xi/?

o0

m
=S nl S
k=1 k=m+1
m o0 o0
§Z|x§{")—xk|p+2}”1 Z |x,(<")|p+ Z |x¢|[f | by Theorem 1.1.7
k=1 k=m+1 k=m+1
" (n) E\P
= M — x| 2P(7) by (1.10) and (1.11).
lek xel” + 2 y (1.10) and (1.11)

x-
Il
_

By hypothesis, lim,_.» x,((”) = x; for each k. Therefore, for the finite sum above we

know that there exists #y(g) such that
m
E\ P
Z \x,({") —xlf < (Z) whenever n= ny(¢).
k=1

Together with the preceding inequality this implies that

(d(x™, %)) < (1 +29) G)P
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or
(n) ni/p(E
d(x'",x) < (1 +2P) 1 whenever n= nqy(g).
But (1+27)"/7 = (2P +27)"/P = (2¢*1)/P < (22)!/P = (4#)/P = 4. Therefore,
d(x", x) < & whenever n=ny(g). Since the existence of such #y(¢) has been
established for an arbitrary € > 0, it has been shown that lim,,_, d(x"”,x) = 0. [
Examples 1.3.5. (i) Let X = C[a, b], the space of all continuous functions on [a, b].

It does not matter whether we consider only real-valued functions or also allow
complex-valued functions to be in C[a, b]. Define

b
af.9) = | 1) ~ gt
A sequence {f,},=, in X converges to f € X if and only if
b
lim d(f,,f) = lim J Ifu(x) = f(x)]dx = 0.

Convergence in this metric does not imply pointwise convergence, as the following
example shows: Let f(x) =1 for all x € [0, 1] and

1
nx when 0= x=-—
fn(x) = n

1
1 when - < x=1.
n
The functions f, are illustrated in Fig. 1.4. Now,
1 1/n 1
J \f,,(x)—f(x)\dxzj (1—-nx)dc=——0 asn— oco.
0 0 2n

So d(f,, f) — 0as n— o0, ie., f, — f in the metric space. But f,(0) = 0 for all n
while f(0) = 1, so that f, /4 f pointwise on [0, 1].

0,1)¢ (1,1)

\
10 7

FIGURE 1.4
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Indeed, the notion of pointwise convergence of sequences of functions on
[a, D], ie.,
lim f, =f if and only if lim f,(x) = f(x) Vx € [a, b],
cannot be described by any metric on a nontrivial class of functions (Dugundji [8;
p- 273]).
(ii) Let X = Cla, b], and d(f, g) = sup {|f(x) — g(x)|: x € [a, b]}. Let {f,},=, be
a sequence of elements of C[a, b] that converges to, say, f € C[a, b]; i.e.,

'1113010 d(fa, f) = JLTI(}O sup {|fu(x) — f(x)|: x € [a, b]} = 0.

This means that for € > 0 there exists an integer #y(€) such that

sup {|fu(x) — f(x)|: x € [a,b]} <& whenever n=ny(e),

i.e., the sequence {f,},= converges uniformly to f on [a,b]. The converse is also
true. Indeed, if f, — f uniformly on [a,b], then for any € > 0 there exists an integer
ny(€) such that

sup {|fu(x) — f(x)|: x € [a,b]} <& whenever n= ng(e),

i.e,, lim, o d(fu, f) = 0. Therefore, convergence of a sequence of functions in
Cla, b] in the uniform metric is the same as uniform convergence.

(iii) Let X denote the space B(S) of all bounded functions defined on a nonempty
set S and

d(f,g) =sup{|f(x) — g(x)|:x € S},

where f, g € X. Asin (ii) above, a sequence {f,}, = in X converges to fif and only if
fu — f uniformly on S. Therefore, convergence of a sequence of functions in B(S) in
the uniform metric is the same as uniform convergence. The reader may fill in the
necessary details.

1.4. Cauchy Sequences

In real analysis (function theory), we have encountered Cauchy’s principle of
convergence. (Recall that a sequence {x,},=; of numbers is said to be Cauchy, or
to satisfy the Cauchy criterion, if and only if, for all € > 0, there exists an integer
no(g) such that |x, — x,,| < & whenever m=ny(g) and n=ny(g). The Cauchy
principle states that a sequence in R or C is convergent if and only if it is Cauchy.)
The principle enables us to prove the convergence of a sequence without prior
knowledge of its limit.
The real sequence
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is such that for m = n the distance between the terms is given by

B 1 1\ 1 1
e e ) A ST | R TR T

which tends to zero as m, n tend to infinity. In other words, the real sequence
{x4},=1, where x, = 1 — 1/2", satisfies the Cauchy criterion and hence converges by
Cauchy’s principle of convergence.

A similar situation arises with sequences of functions; in fact, it comes up more
often than with real or complex sequences. An extension of the idea of Cauchy
sequences to metric spaces turns out to be useful.

Definition 1.4.1. Let dbe a metric on a set X. A sequence {x,}, ~ in the set Xis said to
be a Cauchy sequence if, for every ¢ > 0, there exists a natural number 7, such that

d(x,, x,,) < & whenever n=ny and m= n.

Remark 1. A sequence {x,} in R or C is a Cauchy sequence in the sense familiar from
elementary analysis if and only if it is a Cauchy sequence according to Definition
1.4.1 in the sense of the usual metric on R or C.

Remark 2. 1t is cuambersome to keep referring to a “sequence in a set X with metric d”,
especially if it is understood which metric is intended and no symbol such as d has
been introduced to denote it. We shall therefore adopt the standard phrase
“sequence in a metric space X

Examples 1.4.2. (i) The sequence {x,},=, where x, =1+ 1/2+ ...+ 1/n, does
not satisfy Cauchy’s criterion of convergence. Indeed,

1 1 1
|x2n_xn|:n+l+n+2+...—|—ﬂ
S S

2n  2n 2n 2

So, it is not the case here that |x, — x,,| — 0 for large m and n.
(ii) In C[0,1], the sequence fi, f5, f5,... given by
nx

fn(x)Zner, x € [0,1]

is Cauchy in the uniform metric. For m = n the function

mx nx  (m—mn)x
m+x n+x (m+x)n+x)’

being continuous on [0, 1], assumes its maximum at some point x € [0,1]. So,

d(fins fu) = sup {[fu(x) — fu(x)|: x € [0, 1]}

(m—mxg  _ X D

T (mtx)(ntx) ntx n
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for large m and n. Moreover, the sequence {f,},~, converges to some limit. For

fx) =x,
fulx) = f()] = |

2

nx X
—x| = =-—0 asn— o0.
n-+x n+x n

Therefore, {f,},= converges to the limit f, where f(x) = x for all x € [0, 1].
Proposition 1.4.3. A convergent sequence in a metric space is a Cauchy sequence.

Proof. Let {x,} be a sequence in a set X with metric d, and let x be an element of
X such that lim,_~ x, = x. Given any € > 0, there exists some natural number
1o such that d(x,, x) < &/2 whenever n= ny. Consider any natural numbers n and
m such that n= ny and m = ny. Then d(x,, x) < €/2 and d(x,,, x) < /2. Therefore
A%, %) = d(x, %) + d(x, x) < €/2+€/2 =&. O

Does the converse of Proposition 1.4.3 hold? If a sequence {x,},~; in a metric
space (X, d) fulfills the Cauchy condition of Definition 1.4.1, does it follow that the
sequence converges?

Examples 1.4.4. (i) Let X denote the set of all rational numbers with the usual
metric, namely, d(x,y) = |x — y| for x, ¥ € X. It is well known that the sequence

1.4, 1.41, 1.414,...

converges to \/2. It is therefore Cauchy. However, it does not converge to a point of
X. So, a Cauchy sequence need not converge to a point of the space.

(ii) Another example of a Cauchy sequence that does not converge to a point of
the space is the following: Let X = C[0, 1] with metric d defined by

1
d(f,g) = J F(x) — g()|dx, g € ClO,1].

Let {f,},=» be the sequence in C[0,1] defined by

1 1
0, O=x=-—-,
2 n
1 1 1 1
x)=<4 nlx—= 1, -——<Xx=z,
£ < 2>+ Lloee!
1
1, —-<x=1.
2

Clearly, {f,},=> is a sequence in C[0,1]. Moreover, it is Cauchy because

1
d(fnr f) = L () — fo()|

1/2 1/2 L1
= J fm(x)dx+J fa(x)dx = (1/2)(m+n>'

1/2—1/m 1/2—1/n

The measure d(f,,,, fu) is the shaded area in Fig. 1.5.
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(2,1)

N

=1
Ny 2

FIGuURE 1.5

Suppose now that there is a continuous function fsuch that d(f,, ) — 0. It will
be shown that this leads to a contradiction. Since

1/2—1/n 1/2 1

d(fin ) = J

0

(o)l dx +J ) —f<x>|dx+J £(x)|dx

11—
1/2=1/n 1/2

and d(f,, f) — 0 as n — o0, it follows that

1

1/2
J If(x)|dx =0 and J |1 — f(x)|dx = 0.
0 /2

1

Since f is continuous, we see that f(x) =0 for 0=x=1/2 and f(x) =1 for
1/2 < x =1, which is impossible.

Thus, the metric spaces in which Cauchy sequences are guaranteed to converge
are special and we need a name for them.

Definition 1.4.5. A metric space (X,d) is said to be complete if every Cauchy
sequence in X is convergent.

It follows from Cauchy’s principle of convergence that R, C and R" equipped
with their standard metrics (namely, d(x,y) =|x—y| for x,y € R; d(z,w) =
|z — w| for z,w € C and d(x,y) = (ZLI (x; — yi)z)l/zfor x = (x1,%,...,x,) and
¥y = (J1,¥2 - -.»yn) InR") are complete metric spaces. The metric space (X, d), where X
denotes the set of rationals and d(x, y) = |x — y| for x, y € X, has been observed to be
an incomplete metric space (see Example 1.4.4(i)). That the metric space (X, d) of
rationals is incomplete also follows on considering the sequence {x,},= ;, where
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IR 1
Xy — +i+?++ﬁ’

as this is a Cauchy sequence but it converges to the irrational number e.
In our next proposition, we need the following definition.

Definition 1.4.6. Let {x,},~, be a given sequence in a metric space (X,d) and let
{m}r=1 be a sequence of positive integers such that n; < n, < n3 < .... Then the
sequence {x,}x=1 is called a subsequence of {x,},~. If {x, }r=, converges, its
limit is called a subsequential limit of {x,},~ ;.

It is clear that a sequence {x,},~; in X converges to x if and only if every
subsequence of it converges to x.

Proposition 1.4.7. If a Cauchy sequence of points in a metric space (X,d) contains a
convergent subsequence, then the sequence converges to the same limit as the
subsequence.

Proof. Let {x,},~ be a Cauchy sequence in (X, d). Then for every positive number ¢
there exists an integer ry(g) such that

d(x,,, x,) < & whenever m, n=ny(e).
Denote by {x,, } a convergent subsequence of {x,},~ ; and its limit by x. It follows that
d(x,,,,x,) < €& whenever m, n=ny(g),
since {n} is a strictly increasing sequence of positive integers. Now,
d(x, x,) = d(x, x,) + d(xp,,, x,) < d(x,x,,) +€ whenever m, n=mny(e).
Letting m — 0o, we have
d(x,x,) =& whenever n=ny(g).
So, the sequence {x,},~ converges to x. O

We next show that the spaces (R", d,), £,, B(S) and C[a, b] are complete.

Proposition 1.4.8. The metric space X = R” with the metric given by

" 1/p
dp(x’y) - (Z |xi - )/i|p> > PZ 17

i=1
wherex = (x1,%,...,x,)andy = (31, 2, . . ., y») areinR"”, isa complete metric space.
Proof. Let {x"}, -, x"™ = (xim), xﬁm), ...,x™), denote a Cauchy sequence in

(X,d), i.e., dp(x("‘), x("”) — 0 as m, m" — oo. Then, for a given & > 0 there exists
an integer n(€) such that
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" 1/p
(Z |x,((m) - x,((m/) |P> <eg for all m, m' = ny(e). (1.12)
k=1
Hence, |x,((m) - x,im/)| < g forall m,m' = ny(e) and all k = 1,2,...,n Upon fixing k
and using Cauchy’s principle of convergence, it follows that {ka) }m=1 converges to
a limit x, say, i.e., lim, x,(cm) = x¢. Let x = (x1,%2,...,%,) and m=ngy(e). It
follows from (1.12) above that
n
3 I~ PP < o (1.13)
k=1

for all m’ = ny(e). Letting m’ — oo in (1.13), we have
n
ol -l =¢
k=1

for all m = ny(e), ie., x"™ — xin (X, d). O

Corollary 1.4.9. Let X =R" and d.(x,y) = max{|xx — y|: 1=k =n}. Then
(X, dy) is a complete metric space.

Proof. Observe that for any real numbers uy, 1, ..., u,
; 1/2 ; ; 1/2
<Zui> SZ|uk|snmax{uk|:1SkSn}Sn<Zui> ) )
k=1 k=1 k=1

Indeed, the first inequality follows on squaring both sides. The second one is
obvious. The third inequality is a consequence of the fact that

; 1/2
(Zui) =|ul, j=1,2,...,n
k=1

Letx = (x1,%2,...,%,) and y = (31, 2, . . ., ¥») belong to R". It follows from (*) that

n

n 1/2 1/2
(Z(xkyk)2> Snmax{|xkyk|:15k5n}5n<2(xkyk)2> . (1.14)
k=1

k=1

The inequality (1.14) shows that a sequence in R" is Cauchy (respectively, conver-

gent) in the sense of one of these metrics if and only if it is Cauchy (respectively,

convergent) in the sense of the other metric. Since R" with dy(x,y) =
n 2\ 1/2 . . I o s

(Z 1 (e — wi) ) as metric is complete (see Proposition 1.4.8), it is also

complete with the metric d. O

Proposition 1.4.10. The metric space (X,d), where X denotes the space of all
sequences x = (xi, %, ...) of real numbers for which (3", |xk|P)1/p< oo(p=1)
and d is the metric given by
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= 1/p
dp(x,y) = (Z |k — yk|p> xy € X,
k=1

is a complete metric space, i.e., the space ¢, is complete.
p p p p p

Proof. Let {x"™}, _, x" = (x{m), xgm), ...), denote a Cauchy sequence in (X,d).
Then, for a given € > 0, there exists a positive integer #y(e) such that

0 1/p
dy(x", x) = (Z %" — x;"”v’) <s (1.15)
k=1

for all n, m = ny(g). This implies \x,(('” — xlim)| < ¢ forall n, m= ny(¢); i.e., for each k
the sequence {x,im)}mzl is a Cauchy sequence of real numbers. So by Cauchy’s
principle of convergence, lim,;—.~ x,im) = X, say. Let x be the sequence (x;,x, .. .).
It will be shown that x € X and lim,,_. x"™ = x. From (1.15) we have

N
S - < e (1.16)
k=1

for any positive integer N, provided that n, m = ny(¢). Letting m — oo in (1.16), we

obtain
N
Yol —xff =e
k=1

for any positive integer N and all #= ny(€). The sequence {Zgil |x,(<") — xilf }
N=1

is a monotonically increasing sequence which is bounded above and therefore has a
finite limit ) ;> , |x,((”) — xx|?, which is less than or equal to . Hence,

00 1/p
(Z |x,(C") —xk|p> =¢ for all n= ny(e). (1.17)
k=1

Observe that
o) 1/p o0 1/p 0 1/p
(Sr) = (o -wr) ()
k=1 k=1 k=1

by Minkowski’s inequality, Proposition 1.1.6, and consequently, x € X. Moreover,
x™ — x in X in view of (1.17) above. O

Proposition 1.4.11. Let X denote the space of all bounded sequences and let
d(x,y) = sup{|xx — yi| : 1 =k}

be the associated metric. Then (X,d) is a complete metric space.
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Proof. As the argument is simpler than that of Proposition 1.4.10, the reader is
invited to fill in the details. O

Proposition 1.4.12. The space B(S) of all real- or complex-valued functions fon S,
each of which is bounded, with the uniform metric d(f,g) = sup{|f(x)—
g(x)]: x € S}, is complete.

Proof. Let {f,} be a Cauchy sequence in B(S). For each s& S, we have
Ifu(s) = fu(s)| = d(fo fin)> so that the sequence {f,(s)} in C is a Cauchy sequence
and therefore convergent. Define f: S — C by f(s) = lim,_. f.(s). We shall prove
first that f € B(S) and then prove that lim,, .o d(f,, f) = 0.

Since 1 > 0, therefore by the Cauchy property of {f,}, there exists some #ny such
that

d(fu> fm) < 1 whenever n=ny and m= ny.

In particular, d(f,, f,,) < 1, and hence |f,(s) — f,,(s)| < 1 for all s € S, whenever
n=mny. Since f,, € B(S), there exists some M > 0 such that |f,(s)| =M for all
s € S. Therefore,

()] = fu(s) = fus (O] + [fun ()| =1+ M Vs € S whenever n= nj.

It follows that |f(s)| = lim,— |fu(s)| =1 + M for every s € S. Thus, f € B(S), as
claimed.

Now consider any € > 0. By the Cauchy property of {f,}, there exists some
such that

A(fus fn) < € whenever n=ny and m= ny.

Therefore,

Ifu(s) — fu(s)] < & Vs € S whenever n=ny and m= ny.

It follows upon letting m — oo that

Ifu(s) — f(s)| =e whenever s € S and n= ny.

This says that lim, .~ d(f,, f) = 0. O

Proposition 1.4.13. Let X = Cla, b] and d(f, g) = sup{|f(x) — g(x)|: a =< x = b} be
the associated metric. Then (X,d) is a complete metric space.

Proof. Let {f,},~ be a Cauchy sequence in C[a,b]. Then for every € > 0 there exists
an integer ny(g) such that m,n=mny(e) implies d(fy, f,) = sup{|fn(x) — fu(x)]:
a=x=b} <e. In particular, for every x € [a, b], the sequence {f,(x)},=, is a
Cauchy sequence of numbers. By Cauchy’s principle of convergence, f,(x) —
f(x), say, as n — 0o. We have thus defined a function f with domain [a,b]. It
remains to show that f € C[a, b] and that lim,—, d(f,, f) = 0.
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Since for every x € [a, b],
fn(x) = fu(x)| <&
provided that m, n= ny(¢€), it follows upon letting m — oo that
[fu(x) = f(x)|=¢ (1.18)

for all n=ny(e) and all x € [aq, b].

To see why fis continuous, consider any Xy € [a, b] and any n > 0. According to
what has been noted in the preceding paragraph, there exists an integer #;(m) such
that, for every x € [a, b], we have |f,(x) — f(x)| < m/3 provided that n=n;(n).
Select m = n;(m). Then

fin(%) = finl(x)] <2 for all x € [a, b]. (1.19)
Now use the continuity of f,, to obtain & > 0 such that
) = )| <3 for |x — x| <. (1.20)

Since
If (%) = f(x0)| = [f (%) = fin(X)] 4 [fin() = fin(x0)| + [ fin(x0) — f(x0)],

it follows from (1.19) and (1.20) that |f(x) — f(x)| < m whenever |x — x| < 8.
Therefore, f € C[a, b]. Moreover, (1.18) says that lim,,_,, d(f;, f) = 0. As already
noted, this completes the proof. O

Examples 1.4.14. (i) Let X be any nonempty set and let d be defined by

_Jo ifx=y,
d(x,y)—{l if x # y.

Then (X, d) is a complete metric space.

Indeed, if {x,}, > is a Cauchy sequence, then for 0 < &€ < 1 there exists a positive
integer ny(€) such that d(x,, x,,) < € for all m, n=ny(e). So for n= ny(e), we have
Xn = Xpn,. Thus, any Cauchy sequence in (X,d) is of the form

(xl,X2, ey Xpgs Xy - v - )>
which is clearly convergent to the limit x;,.
(ii) Let N denote the set of natural numbers. Define

11
d(m,n) =[———]|, myn € N.
m n

Then (N, d) is an incomplete metric space.

That (N, d) is a metric space is clear. The sequence {n},~, can be shown to be
Cauchy by arguing as follows. Let € > 0 and let 1y be the least integer greater than
1/e. If m, n=n, then
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1 1 1 1 1
dimn) =|———|= max{, } =—<e.
m n m n 11
Thus, the sequence is Cauchy. To see why it does not converge, suppose that it were
to converge if possible to, say, p € N. Let n; be any integer greater than 2p. Then
n=n; implies that

1 1
d(p,n)Z‘— = =—.
p n p n p m p 2p 2p
This shows that the sequence cannot converge to p and therefore does not converge
at all.
(iii) Let X = CU {oo} and let d be given by

1 1 1 1 1 1 1
=

2|Zl — Zz|

V1+aPy/1+|2f
d(z1,2) = 2

A/ 1+ |21|2

Then (X,d) is a complete metric space.

Let {z,},,~, be a Cauchy sequence in (X,d). If the sequence {z,},~, contains the
point at infinity infinitely often, then it contains a convergent subsequence, namely
the subsequence each of whose terms is co. In this case, the sequence {z,},=
converges to co by Proposition 1.4.7. On the other hand, if the point at infinity
appears only finitely many times in the sequence, then we may assume without loss of
generality that the sequence consists of points of C only, as the deletion (or insertion)
of finitely many terms does not alter the convergence behaviour of a sequence.

when z,2, € C,

when z; € C and 2 = .

(ase |. If the sequence {|z,|}, = 1 is unbounded, then for every natural number k there
exists a term z, of the sequence such that |z, | > k, where these terms can be
chosen so that ny.; > ng, k= 1,2,.... Now,

2 - 2
2
\/1 + |an|2 Vitk

We thus have lim . 2z, = oo in (X,d). By Proposition 1.4.7, it follows that
lim,,_ 2z, = 0.

d(zy,,00) = — 0 as k— oo.

(ase ll. The sequence {|z,|}, = is bounded, say by M > 0. Let € > 0 be given. There
exists 19 € N such that m, n= ny implies

2|2y — 2]

<
\/1 + |z|? \/1 + |zm|*

Since |z,| < M for all n, it follows that |z, — z,,| < (1/2)&(1 + M?). This shows that
{zu},=1 1is a Cauchy sequence in the usual metric in C, and hence
lim, . |z, — z| = 0 for some z € C. Since d(z,, z,,) = 2|z, — z,,| always, it follows
that d(z,,z) — 0 as n — oco. Thus, (X, d) is a complete metric space.

€.
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(iv) Let X = R and d:R x R — R be defined by

lx =yl
dx,y) = ————.
(x,9) A (1)

We shall show that (R, d) is a metric space which is not complete.
As the proof that (R, d) is a metric space is no different from that of (xiii) of
Example 1.2.2, it is not included. We shall only show that (R, d) is not complete.
Consider the sequence {#n},~; of natural numbers. Observe that

ViV VEHL &+
n m
11

1 1
S|l-——]=—-4+—.
n o m n m
The right hand side of the above inequality can be made arbitrarily small by
choosing m and # sufficiently large. Thus {n},~ is a Cauchy sequence in the metric
space (R, d). We claim that it does not converge in R: Suppose, if possible, that it
were to converge to some limit p € R. Then

n—pl F*%

Vit J1+p* 1 ’
\/ 1+;\/1+p2

d(”>P) =

so that

1
lim d(n, p) = ——=#0
fim () = s
This shows that the Cauchy sequence {n},~, does not converge to p € R. Since p is
arbitrary, the argument is complete.

1.5. Completion of a Metric Space

Let (X, d) be a metric space that is not complete. It is always possible to construct a
larger space which is complete and contains just enough points so that every Cauchy
sequence in X has a limit in the larger space. In fact, we need to adjoin new points to
(X, d) and extend d to all these new points in such a way that the formerly
nonconvergent Cauchy sequences find limits among these new points and the
new points are limits of sequences in X.

Definition 1.5.1. Let (X, d) be an arbitrary metric space. A complete metric space
(X*, d*) is said to be a completion of the metric space (X, d) if
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(i) X is a subspace of X*;
(ii) every point of X* is the limit of some sequence in X.

For example, the space of all real numbers is the completion of the space of
rationals. Also, the closed interval [0,1] is the completion of (0,1), [0,1), (0,1] and
itself. In fact, any complete metric space is its own completion. We note that the
Weierstrass approximation theorem (Proposition 0.8.4) shows that the metric
space Crla, b] of Example 1.2.2(ix) is the completion of its subset consisting of
polynomials.

Definition 1.5.2. Let (X,d) and (X', d’) be two metric spaces. A mapping fof X into
X' is an isometry if

d(f(x),f(y) = d(x,y)

for all x,y € X. The mapping fis also called an isometric embedding of X into X'.
If, however, the mapping is onto, the spaces X and X’ themselves, between which
there exists an isometric mapping, are said to be isometric. It may be noted that an
isometry is always one-to-one.

Theorem 1.5.3. Every metric space has a completion and any two completions are
isometric to each other.

Proof. Let (X,d) be a metric space and let X denote the set of all Cauchy sequences
in X. We define two Cauchy sequences {x,} and {y,} in X to be equivalent if
lim,, o d(x,, y,) = 0 and write this in symbols as {x,} ~ {y,}. We shall now show
that this is an equivalence relation in X, i.e., the relation ~ is reflexive, symmetric
and transitive.

Reflexivity:  {x,} ~ {x,}, since d(x,,x,) =0 for every n and so
limy— o0 d(xn, %x,) = 0. Symmetry: If {x,} ~ {y,}, then lim, . d(x,, y,) = 0; but
d(xy, yn) = d(yu, x,) for every m, and, therefore, lim, . d(y,, x,) =0, so that
{yu} ~ {x,}. Transitivity: If {x,} ~ {y,} and {y,} ~ {z,}, then lim,, d(x,,y,) =0
and lim,, o d(yy, 2z,) = 0. We shall show that lim,_,, d(x;,, z,) = 0. Since

0= d(xm Zn) = d(xm yn) + d(}/m Zn)
for all n, it follows that

0= lim d(xn, z,) = lim d(xy, yn) + lim d(y,, z,) =0,
n—oo n—oo n—oo
ie., lim,_o d(x,, z,) = 0.

Thus, ~ is an equivalence relation and X splits into equivalence classes. Any two
members of the same equivalence class are equivalent, and no member of an
equivalence class is equivalent to a member of any other equivalence class. Let X
denote the set of all equivalence classes; the elements of X will be denoted by %, 7,
etc. Observe that if a Cauchy sequence {x,} has a limit x € X, and if {y,} is
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equivalent to {x,}, then lim,_, , = x. This follows immediately from the follow-
ing inequality:

Ay x) = d(yu, xu) + d(x,, x).
Moreover, if {x,} and {y,} are two nonequivalent sequences, then lim, . x, #

lim, o0 Y-
For, if lim, . X, = x = lim, . ¥, then the inequality

0= d(xp, yn) = d(xp, X) + d(x, yn)
leads to lim, o d(x,, y,) = 0, contradicting the fact that {x,} and {y,} are two
nonequivalent sequences. The constant sequence (x, x, ..., x,...) is evidently Cau-
chy and has limit x.
Define a mapping f: X — X as follows: f(x) = X, where % denotes the equiva-
lence class each of whose members converges to x. Thus the constant sequence

(x,%,...,x,...)is a representative of X. In view of the observations made above, the
mapping fis one-to-one. We next define a metric p in X. For X,y € X, set

p(x,y) = lim d(x,, y,), where {x,} € x and {y,} € y.

Observe that
|d(xm)/n) - d(xm:}/m)| = d(xm xm) + d(}’m»)’n):

where {x,} € X and {y,} € ¥ and so {d(x,, yu)},=1 is a Cauchy sequence of real
numbers. Hence, lim,,_,, d(x,, y,) exists, for R is a complete metric space. We first
show that p is well defined. Indeed, if {x/} ~ {x,} and {y/} ~ {y,}, then

lim d(x,,x]) =0 and lim d(y,,y,) = 0.
n—oQ n—0o0

From the relation
d(x,, y,) = d(x), %) + d(Xp y) + d(y» y;)
and the relation
d(xy yn) = d(x, %) + d(x), ) + d(¥y Yn)s
it follows that
lim d(x,, y,) = lim d(x,y).
n—oo n—oQ
We next show that p is a metric on X.

Since d(x,,y,)=0 for all n, it follows that lim, .. d(x,,y,) =0. Thus,
p(%,7)=0. If x =7, then p(%,7) = lim,_ d(x,, y,), where {x,} € X, {y,} €7
and {x,} ~ {y,}. But this means (by definition of ~) that lim,_ d(x,, y,) = 0.
Therefore p(%,7) = 0. Conversely, if p(x,7) =0, then lim,_ d(x,,y,) =0 (by

definition of p) and hence {x,} ~ {y,}, so that X = y. Since d(xy, ) = d(Yn, xn)
for all n, we have p(%,7) = p(¥, x). Finally,
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p(x,z) = lim d(x,,z,) = lim d(x,, y,) + lim d(y,, z,) = p(%,7) + p(}, 2),
n—oQ n—oo n—oQ

where {x,} € X, {y,} € y and {z,} € Z.

The metric p defined in X has the property that p(x, y) = p(f(x), f(y)) = d(x, y)
for all x,y € X, i.e., fis an isometric embedding of X into X. Next we prove that
every % € X is the limit of a sequence in f{X). For this purpose, suppose {x,} is a
Cauchy sequence in the equivalence class X. For any k € N, there exists a positive
integer m; such that d(x,, x,,) < 1/k for n=n;. Let 3 be the equivalence class
containing all Cauchy sequences converging to x,,, i.e., ¥ = f(xy,). Then

, 1
p(x, f(x4)) = p(% 1) = JLrgo A(xp, X,) = T

Thus, X = limy_, f(xy,).

Finally, we show that X is complete.

Let {"} be a Cauchy sequence in X. Since each " is the limit of a sequence in
fiX), we can find 7" € f(X) such that p(x", 7)) < % Then the sequence {#'"} in
X can be shown to be Cauchy by arguing as follows:

p(G, 7MY = p(7, %) + p(E, x™) 4 p(x, 7

1 1
= —+ p(x", 7)) 4 —.
n m

The right hand side can be made as small as desired by choosing m and nlarge enough,
for {x"} is Cauchy. Since 7" isin f{ X), there exists some y,, € X suchthat f(y,) = 7.
The sequence {y,} in Xmust be Cauchy because {7} isa Cauchy sequence in X and fis
an isometry. Therefore, {y,} belongs to some equivalence class X € X. We shall show
that lim,,_.. p(¥", %) = 0. To this end, we take any & > 0 and observe that

“(n) % ~(n) ) ay L () %
p(x", %) =p(x". 7)) + p(7", %) < — 4 p(7", %)

and

(", %) = p(f () X)) = lim d(y, yp) =

for sufficiently large n, since {y,} is a Cauchy sequence in X. This implies that
lim, ., p(", %) = 0, thereby completing the proof that X is complete.

Uniqueness: Let (X*,d*) and (X**,d**) be any two completions of (X,d). We shall
show that (X*,d*) and (X**,d**) are isometric.

Let x* € X* be arbitrary. By the definition of completion, there exists a sequence
{x4},=1 In X such that lim,_,, x, = x*. The sequence {x,},~; may be assumed to
belong to X**. Since X** is complete, {x,},=; converges in X** to x**, say, i.e.,
lim,— 00 X, = x**. Define @: X* — X** by setting @(x*) = x**. It is clear that the
mapping ¢ is one-to-one and does not depend on the choice of the sequence
{xn},=1 converging to x*. Moreover, by construction, ¢(x) = x for x € X and
A (@(x*), e(y*)) = d*(x¥, y¥) for all x¥, y* € X*.

This completes the proof. O
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Remarks. (i) The proof explicitly assumes the completeness of R. Hence, the above
method of completion cannot be employed for constructing the real number system
from the rational number system.

(ii) There exist other methods of completion of an incomplete space. One such
method will be provided in Example. 17 of Chapter 3 (Section 3.8).

1.6. Exercises

1. For a,b > 0and 0 < p < 1, show that (a + b)f = a? + bP.

. . . Pl xp—1 . .
Hint: The function g(x) = ({i—gl),x = 1, has derivative %, which is

positive when x > 1. So, g(x) is increasing for x = 1. Moreover, g(x) — 1 as
x — 00, and hence, g(x) =1 for x= 1. Put x = a/b or b/a, whichever is = 1.

2.Let X = C" and 0 < p < 1. Define d, by

" 1/p
dy(z, w) = (Z |zx — Wk|p> ,

k=1

where z = (z,2,...,2,) and w = (w, wy,..., w,) are in C". Does d, define a
metric on C"?

Hint: No. For z=(1,1,0,0,...,0),{=(0,1,0,0,...,0) and w=1(0,0,0,0,...,0),
dy(z,w) = 21/P,dp(z,§) =1=4d,(,w), so that d,(z,w) > d,(2,0) + dp(L, w).

3. Let X be the set of all sequences {z;};~; of numbers that are p-summable, i.e.,
> iy |zl? < oo, with d: X x X — R defined by

o0
d(z,w) :Z|Zk—wk|p, where 0 < p < 1
k=1
and z = {z};= 1, w = {W}r=; are in X. Then (X,d) is a metric space.
Hint: For z = {zi}y= 1, w = {wi}x=1 and { = {{he=1,

lze — wel” = (Jzk — Gl + 18 — weD? = |z — GIF + |8 — wils

using the monotonicity of the function x — x? for x > 0, 0 < p < 1 and Exer-
cise 1 above. So,

n n n [o.¢] o0
Sla—widl’ =D la— Gl + D 1= wd’ =D lae— Gl + > 16— wils
k=1 k=1 k=1 k=1 k=1

which implies d(z, w) = d(z, () + d(L, w).

4. Show that, in the definition of a metric space, the axiom (MS4) can be replaced
by the following ‘weaker’ axiom:
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(MS4*) If x, v,z € X are distinct, then d(x, z) = d(x, y) + d(y, z).
Hint: For x=y,d(x,z) = d(y,z) = d(y,y) + d(y,z) = d(x,y) + d(y,z). The
argment for y = z is similar. For x = z,d(x,z) = 0= d(x, y) + d(y, 2).

5. Show that d(x,y) = \/|x — y| defines a metric on the set of reals.
6. (a) Let X = R and for x, y € R, define d(x,y) by

d(x,y) = [x—y|+1 if exactly one among x and y is strictly positive,
V)= |x — y| otherwise.

Prove that (X,d) is a metric space.

(b) In any space X with metric d, let f be a self map that is one-to-one. Set
D(x,y) = d(f(x), f(y) ). Prove that D is a metric on X.

(c) In any space X with metric d, let U and V be disjoint nonempty subsets with
union X; define D(x,y) to be d(x, y) + 1 if exactly one among x and y belongs
to U, and to be d(x,y), otherwise. Prove that D is a metric on X.

Hint: (a) Ifx > 0and z=<0, thend(x,z) = |[x —z| + 1= |x — y| + |y — 2| + 1. If

y =0, this equals d(x,y) + d(y, z) because |x — y| +1 = d(x,y). If y > 0, this

again equals d(x,y) + d(y, z) because now |y — z| + 1 = d(y, 2).

(b) Each of properties (MS1),(MS3) and (MS4) for D is an immediate conse-
quence of the corresponding property for d. Property (MS2) follows for D
from the corresponding property for d in conjunction with the fact that fis
one-to-one. Note that for R with the usual metric and f defined as f(x) = x
for x < 0 and f(x) = x+ 1 for x=0, the metric D is precisely the one of
Exercise 6(a).

(c) Imitate the argument for (a).

7. (a) Let X = R?, and for x, y € R? define d(x,y) by

_ _ x1 = if =y,
d(x,)/) = d( (X1yx2)a ()’1,)/2)) = { |X1| + |X2 _ y2| + |)/1| if otherwise.

Show that (X, d) is a metric space.

(b) Let X =R, and for x,y € R define d(x,y) = |x| + |x — y| + |y| when x # y,

and d(x, y) = 0 when x = y. Show that d is a metric on R.

Hint: (a) Let x = (x1, %), ¥ = (31, 32) and z = (z1, 2) be in X. We note firstly that
|1 — y1|=d(x,9). If x, =y, then d(x,y) = |x1 —n|=|x1 — 21|+ |2 — n| =
d(x,z) + d(z,y). If x; # y,, then z, cannot be equal to both x; and y,; so assume
2 # x;. Then

d(x,y) = x|+ [x =yl + n = x| + % — 2| + |2 = | + ]
<{(|X1|+|X2—Zz|+|21|)+|21—)’1| itypw=2,
(x| + % — 2zl +[a]) + (al + ]z —pl+n) fn#z
=d(x,z) +d(z,y).

(b) Straightforward.
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1. Basic Concepts

~2

FiGUre 1.6

. Let X = C[0,1], and for x,y € X define d(x, y) = sup{|x(¢) — y(t)[:0=r=1}.

Calculate the distance between x(t) = t and y(t) = t%.

Hint: |x(t) —y(t)| =t — > = —(1/2 — t)* +1/4; so sup {|x(t) — y(1)]:
0=t=1}=1/4.

Alternate method: Consider the function f(¢) = t — t>. We have f'(¢) = 0 if and
only if + = 1/2, and f”(1/2) = —2 < 0. The function has a local maximum at
t =1/2, which is also an absolute maximum because f(0) =0 = f(1). The
absolute maximum value is f(1/2) = 1/4. (See Fig. 1.6.)

. Let X denote the set of all real sequences and let x = {xi};= 1, ¥ = {yi};= be

arbitrary elements in X. Define

dx,y) =
k=1

Prove that (X,d) is a metric space. Let {x"},~, = { {xl(”)}i2 1}u=1 be a sequence
in X. Show that x™ — x in (X,d) if and only if x,(c") — x; for all k.

Hint: min {|x, — z,|, 1} =1. If min{|x, — y»|, 1} =1 or min{|y, — z,|, 1} =1,
then min {|x, — z,|, 1} =< min{|x, — y,|, 1} + min{|y, — z,|, 1}. So,

| =

5 min {|xc — yif, 1}

=

n 1 ] n 1 . n 1 .
;ﬁmm{lxk—zkl, 1} = ;pmm{lxk—ykl, 1}+I;Pmm{\yk—a<l, 1}

= kz::l ﬁmm{|xk—}’k|a 1}+};ﬁm1n{\)’k—zk|, 1},

and hence, d(x,z)=d(x,y)+d(y,z). In the case min{|x,—y,|,1}<1 and
min{‘yn_zn|)l}<1) min{|xn_)/n‘)1}+min{|yn_zn|y1}:|xn_)/n|+|J/n_Zn|Z
|%, — 24| = min{|x, —z,]|, 1}.

Assume x]({") — xi for all k. For a fixed € > 0, choose an integer p such that

Z‘;‘;PH 1/q* < (1/2)e. There exists an integer 1y such that n= ny implies
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10.

3
|xé”)_xq| <¥s forq=1,2,...,p.

Consequently, for n = ny, we have

p (o)
Z 1 . Z r .
d(x(n))x) = 7 mln{|xén) — xq|’ 1} + 7 mln{|xén) - xq|) 1}

=11 9=p+1
p 1 &)
SORIEDED o
lq q:p+lq

The converse is left to the reader.

Let X = C(R), the set of real-valued continuous functions on R, and let
x,y € X. Define

dn(x, y) = supf|x(t) — y(t)|: t € [— n,n]}

and

&L dy(xy)
AN =D T itey)

n=1
Prove that d is a metric on X.
Hint: Clearly, d,,n=1,2,..., is a pseudometric on X. If d,(x,y) =0, then
x(t) = y(t) for t € [— n, n]. Therefore, if d,(x,y) = 0 for every n, then x = y.

By the argument of Proposition 1.2.3, p, = lf_’;i(x(’x{)y), n=12,...,1s also a
pseudometric on X. Since for all x,y € X,p, < 1,n=1,2,..., it follows by

the comparison test that d(x,y) is well defined. Now,

P,.(%2) =p,(%,¥) + p,(¥> 2), x, 9,z € C(R)

and so

Z 27, (x,2) = Z 27, (%, y) + Z 27"y, 2)
n=1 n=1 n=1

= le—npn(x, y) + Zl 27", (1, 2).

Consequently, d(x,z) =d(x,y) + d(y,z),x,y,z € C(R). The other properties
of a pseudometric are easy to establish. One can argue that d is actually a metric
because d(x, y) = 0 implies that p,(x, y) = 0 for every n, which further implies
that d,(x, y) = 0 for every n, and hence that x = y.
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11.

12.

13.

1. Basic Concepts

Let C'[0,1] be the class of all continuous functions x:[0,1] — R having
continuous derivatives x' on [0,1]. For any two such functions x and y, let

d(x,y) = sup{|x(t) — y(t)|: t € [0,1]} + sup{|x'(t) — y'(¢)|: t € [0, 1]}.

Show that C'[0, 1] is a complete metric space.

Hint: Let {x,},=, be a Cauchy sequence in C'[0, 1], so that by Proposition
1.4.13, x, — x uniformly and x/, — y uniformly, where x and y are continuous
functions on [0,1]. Then

x,(1) — x,(0) = Jt x) (s)ds.

0

Since x/, — y uniformly, we have fot xl(s)ds — fot y(s)ds. Also, x, — x uni-
formly and therefore

t
x(1) — x(0) = J y(s)ds,
0
i.e, x'(t) = y(t). Since each x/, is continuous and x], — y uniformly, therefore y
is continuous. Hence, x € C'[0, 1].

Show that the sequence {x,},=,, where x, = (1, 1/2,...,1/n,0,0,...) con-
verges to x = (1,1/2,1/3,...,1/n,...) in {,.

Hint: d(x,, x) = (310,01 (1/k2))l/2—> 0 as n — oo.

Let {x,},= be a sequence in a metric space (X,d) such that the three sub-
sequences {Xan},=1, {¥n+1},=1 and {x3,},>, are all convergent. Show that
{xn},= 1s convergent.

Hint: By hypothesis, there exists an integer ny such that d(x,, x,) < &/3 for n
and m even and =mng; d(x, x,) <€/3 for n and m odd and
= np; d(x,, xm) < €/3 for n and m multiples of 3 and = n,. For # even and
m odd, choose I; even and L, odd, each a multiple of 3 and I}, L, = ny. Then
A(Xp> X)) = d(x, x1,) + d (1,5, x1,) + d(x,, xm) < € Whenever n, m= nj.

14. Let {x,}, > be a sequence of real numbers defined by

1
X1 =a,x = band x,, :E(xnﬂ +x,) forn=1,2,...

Prove that {x,},~, is Cauchy.
Hint:

1 1
Xps2 — Xnp1 = E(xn — Xpi1)s SO|Xpi2 — Xpp1| = 3 [%ps1 — Xn| = =5 |Xn — X1

2
1
’ 2

1
|X2—JC1| :?\b—a|
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Hence, if n > m,

|xn - xml = |~xn —Xp1t+ X1 — Xp2+ X2+ ...+ Xm+1 — xml

= |~xn - xnfl‘ + |xn71 - xn72| + ...+ |xm+l - xm|

_ 1 1 1 b
- 2n72+2n73+"'+2m71 | _a|

1 <1>nm
1 2 1
b= al= b
2

Qm—2

15. Describe the convergent sequences in the metric spaces of Exercises 6 and 7.

16.

17.

Let (X,d) be a metric space and C,(X,R) denote the set of all continuous
bounded real-valued functions defined on X, equipped with the uniform metric

d(f,g) = sup{|f(x) — g(x)|: x € X}.
Show that Cp(X,R) is a complete metric space.

Let X be the set C of complex numbers and d: X x X — R be defined by
d(z1,2) = 0 when z; = z but |z| + |z| when z # z,. Show that (X,d) is a
metric space which is complete.

Hint: If z,z and 2z are distinct, then d(z,z)=|z|+ |z|= |a|+
|z2| + |z| + |zs| = d(z1,2) + d(z,23). If z; = z,, and z; is distinct from z
(and hence from z), then d(z,z)=|z|+]|zl= |z|+|zl=
d(z,z3) = d(z1,25) + d(z, z3), since d(z;,z) = 0. The other cases are trivial.
We note that |z| = d(z,0) whether z = 0 or not. Now let {z,} be a Cauchy
sequence. If there is some p such that z, = z, whenever m, n=p, then {z,}
converges to z,. If there is no such p, then there is some subsequence {z,}, all
points of which are distinct, so that d(zux)» zu(j)) = |2u(v| + |2n(j)| when j # k.
We argue that the subsequence converges to zero: Consider any € > 0; there
exists ny such that d(z,,z,) <& whenever m,n=mn, so that
|Zury | + |Zn(]-)| = d(zy(x)> zn(j)) < € Whenever k,j=ny and j # k. In particular,
|zu| < € whenever k=mn,. However, as noted earlier, |z,x)| = d(zyx),0).
Therefore the subsequence converges to zero. The rest follows by Proposition
1.4.7.



2 Topology of a Metric Space

The real number system has two types of properties. The first type are algebraic
properties, dealing with addition, multiplication and so on. The other type, called
topological properties, have to do with the notion of distance between numbers and
with the concept of limit. In this chapter, we study topological properties in the
framework of metric spaces. We begin by looking at the notions of open and closed
sets, limit points, closure and interior of a set and some elementary results involving
them. The concept of base of a metric topology and related ideas are also discussed.
In the final section, we deal with the important concept of category due to Baire and
its usefulness in existence proofs. Also included are some theorems due to Baire.

2.1. Open and Closed Sets

There are special types of sets that play a distinguished role in analysis; these are the
open and closed sets. To expedite the discussion, it is helpful to have the notion of a
neighbourhood in metric spaces.

Definition 2.1.1. Let (X, d) be a metric space. The set
S(xp, 1) = {x € X:d(x0,x) < 1}, where r > 0 and x € X,

is called the open ball of radius r and centre x;. The set
S(xg, 1) = {x € X: d(x0, %) =1}, where r > 0 and x € X,

is called the closed ball of radius r and centre x.
A few concrete examples are in order.

Examples 2.1.2. (i) The open ball S(x, ) on the real line is the bounded open
interval (xo — r, xp + r) with midpoint x, and total length 2r. Conversely, it is clear
that any bounded open interval on the real line is an open ball. So the open balls
on the real line are precisely the bounded open intervals. The closed balls S(xo, ) on
the real line are precisely the bounded closed intervals but containing more than
one point.

64
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FIGure 2.1

65

(ii) The open ball S(xp, r) in R* with metric d, (see Example 1.2.2(iii)) is the
inside of the circle with centre x; and radius r as in Fig. 2.1. Open balls of radius 1
and centre (0,0), when the metric is d; or dy, (see Example 1.2.2(iv) for the latter)

are illustrated in Figs. 2.2 and 2.3.

(iii) If (X, d) denotes the discrete metric space (see Example 1.2.2(v)), then
S(x,r) = {x} for all x € X and any positive r =1, whereas S(x,r) = X for all

x€ Xand any r > 1.

(iv) Consider the metric space Cr[a, b] of Example 1.2.2(ix). The open ball
S(xp, 1), where xy € Crla,b] and r > 0, consists of all continuous functions
x € Cr[a, b] whose graphs lie within a band of vertical width 2r and is centred

around the graph of x;. (See Fig. 2.4.)
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NV

FiGgure 2.4

Definition 2.1.3. Let (X, d) be a metric space. A neighbourhood of the point x, € X
is any open ball in (X, d) with centre xy.

Definition 2.1.4. A subset G of a metric space (X, d) is said to be open if given any
point x € G, there exists r > 0 such that S(x,7) C G, i.e., each point of G is the
centre of some open ball contained in G. Equivalently, every point of the set has a
neighbourhood contained in the set.

Theorem 2.1.5. In any metric space (X, d), each open ball is an open set.

Proof. First observe that S(x,7) is nonempty, since x € S(x,r). Let y € S(x, r), so
that d(y,x) < r, and let ' = r — d(y,x) > 0. We shall show that S(y, ") C S(x, r),
as illustrated in Fig. 2.5. Consider any z € S(y, t’). Then we have

d(z,x) =d(z,y) + d(y,x) <" +d(y,x) =1,
which means z € S(x,7). Thus, for each y € S(x,r), there is an open ball

S(y,1") C S(x, ). Therefore S(x, r) is an open subset of X. O

Examples 2.1.6. (i) In R, any bounded open interval is an open subset because it is
an open ball. It is easy to see that even an unbounded open interval is an open
subset.
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(i) In £y, let G = {x = {x;};=1: > |x,4|2 < 1}. Then G is an open subset of /5.
Indeed, G = S(0,1) is the open ball with centre 0 = (0,0, ...) and radius 1. It is
now a consequence of Theorem 2.1.5 that G is open.

(iii) In a discrete metric space X, any subset G is open, because any x € G is the
centre of the open ball S(x, 1/2) which is nothing but {x}.

The following are fundamental properties of open sets.

Theorem 2.1.7. Let (X, d) be a metric space. Then

(i) & and X are open sets in (X,d);
(ii) the union of any finite, countable or uncountable family of open sets is open;
(iii) the intersection of any finite family of open sets is open.

Proof. (i) As the empty set contains no points, the requirement that each point in (J is
the centre of an open ball contained in it is automatically satisfied. The whole space X
is open, since every open ball centred at any of its points is contained in X.

(ii) Let {G,: o € A} be an arbitrary family of open sets and H = Uycp G- If H is
empty, then it is open by part (i). So assume H to be nonempty and consider any
x € H. Then x € G, for some a € A. Since G, is open, there exists an r > 0 such
that S(x,r) C G, € H. Thus, for each x € H there exists an r > 0 such that
S(x,r) C H. Consequently, H is open.

(iii) Let {Gj: 1 =i=n} be a finite family of open sets in X and let G =N!_,G;.
If G is empty, then it is open by part (i). Suppose G is nonempty and let x € G.
Then x€ Gj,j=1,...,n Since G; is open, there exists r; >0 such that
S(x, 1) € Gj,j=1,...,n Let r =min{r,r,...,r,}. Then r >0 and S(x,r) C
S(x,17),j = 1,..., n. Therefore the ball S(x,r) centred at x satisfies

n
S(x, 1) C () SCx, 1) € G.
j=1

This completes the proof. O

Remark 2.1.8. The intersection of an infinite number of open sets need not be open.
To see why, let S, =S(0,1) CC, n=1, 2,.... Each S, is an open ball in the
complex plane and hence an open set in C. However,

m Sp = {0}:
n=1

which is not open, since there exists no open ball in the complex plane with centre 0
that is contained in {0}.
The following theorem characterises open subsets in a metric space.

Theorem 2.1.9. A subset G in a metric space (X, d) is open if and only if it is the
union of all open balls contained in G.
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Proof. Suppose that G is open. If G is empty, then there are no open balls contained
in it. Thus, the union of all open balls contained in G is a union of an empty class,
which is empty and therefore equal to G. If G is nonempty, then since G is open,
each of its points is the centre of an open ball contained entirely in G. So, G is the
union of all open balls contained in it. The converse follows immediately from
Theorem 2.1.5 and Theorem 2.1.7. O

Remark 2.1.10. The above Theorem 2.1.9 describes the structure of open sets in a
metric space. This information is the best possible in an arbitrary metric space. For
open subsets of R, Theorem 2.1.9 can be improved.

Theorem 2.1.11. Each nonempty open subset of R is the union of a countable
family of disjoint open intervals. Moreover, the endpoints of any open interval in
the family lie in the complement of the set and are no less than the infimum and no
greater than the supremum of the set.

Proof. Let G be a nonempty open subset of R and let x € G. Since G is open, there
exists a bounded open interval with centre x and contained in G. So there exists
some y > x such that (x, y) C G and some z < x such that (z, x) C G. Let

a=inf{z:(z, x) C G} and b =sup {y: (x, y) C G}. (1)

Then a < x < band I, = (a, b) is an open interval containing x. We shall show that
a¢ G, b¢ G and I, C G. This is obvious if a = —c0o or if b = co. So, assume
—00 < a and oo > b. If a were to be in G, we would have (a — ¢, a+¢) C G for
some € > 0, whence we would also have (a —¢,x) C G, contradicting (1). The
argument that b ¢ G is similar. Now suppose w € I, we shall show that w € G. If
w = x, then of course w € G. Let w # x, so that either a < w < xorx < w < b.
We need consider only the former case: a < w < x. Since a < w, it follows from (1)
that there exists some z < w such that (z,x) C G. Since w < x, this implies that
w e G.

Consider the collection of open intervals {I;}, x € G. Since each x € G is con-
tained in I, and each I, is contained in G, it follows that G = | J {L,: x € G}. We shall
next show that any two intervals in the collection {I: x € G} are disjoint. Let (a, b)
and (¢, d) be two intervals in this collection with a point in common. Then we must
have ¢ < b and a < d. Since ¢ does not belong to G, it does not belong to (a, b)
and so ¢ = a. Since a does not belong to G, and hence also does not belong to (¢, d),
we also have a = c. Therefore, ¢ = a. Similarly, b = d, which shows that (a,b) and
(¢, d) are actually the same interval. Thus, {I,: x € G} is a collection of disjoint
intervals.

Now we establish that the collection is countable. Each nonempty open interval
contains a rational number. Since disjoint intervals cannot contain the same
number and the rationals are countable, it follows that the collection {I,:x € G}
is countable.

Finally, we note that it follows from (1) that a = inf Gand b =< sup G. |
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Definition 2.1.12. Let A be a subset of a metric space (X,d). A point x € X
is called an interior point of A if there exists an open ball with centre x
contained in A, i.e.,

x € S(x,r) C A for some r > 0,

or equivalently, if x has a neighbourhood contained in A. The set of all interior
points of A is called the interior of A and is denoted either by Int(A) or A°. Thus

Int(A) = A° = {x € A: S(x,r) C A for some r > 0}.

Observe that Int(A) C A.

Example 2.1.13. The interior of the subset [0, 1] C R can be shown to be (0,1). Let
x € (0, 1). Since (0,1) is open, there exists r > 0 such that (x — r,x+ r) C [0, 1].
So, x is an interior point of [0,1]. Also, 0 is not an interior point of [0,1], because
there exists no r > 0 such that (— r, ) C [0, 1]. Similarly, 1 is also not an interior
point of [0, 1].

The next theorem relates interiors to open sets and provides a characterisation of
open subsets in terms of interiors.

Theorem 2.1.14. Let A be a subset of a metric space (X, d). Then

(i) A° is an open subset of A that contains every open subset of A;
(ii) A is open if and only if A = A°.

Proof. (i) Let x € A° be arbitrary. Then, by definition, there exists an open ball
S(x, r) C A. But S(x,r) being an open set (see Theorem 2.1.5), each point of it is the
centre of some open ball contained in S(x,7) and consequently also contained in A.
Therefore each point of S(x,7) is an interior point of A, i.e., S(x, r) C A°. Thus, xis
the centre of an open ball contained in A°. Since x € A° is arbitrary, it follows that
each x € A° has the property of being the centre of an open ball contained in A°.
Hence, A° is open.

It remains to show that A° contains every open subset G C A. Let x € G. Since G
is open, there exists an open ball S(x, r) C G C A. So x € A°. This shows that
x € G= x € A°. In other words, G C A°.

(ii) is immediate from (i). O

The following are basic properties of interiors.

Theorem 2.1.15. Let (X, d) be a metric space and A, B be subsets of X. Then

(i) AC B= A° C B
(ii) (AN B)° = A°N B%;
(iii) (AU B)° D A° U B"°.

Proof. (i) Let x € A°. Then there exists an r > 0 such that S(x, r) C A. Since A C B,
we have S(x,r) C B, i.e, x € B°.
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(i) AN B C Aaswellas AN B C B. It follows from (i) that (AN B)° C A° as well
as (AN B)° C B°, which implies that (AN B)° C A° N B°. On the other hand, let
x € A°N B°. Then x € A®° and x € B°. Therefore, there exist r; > 0 and r, > 0 such
that S(x,71) CA and S(x,7,) € B. Let r=min{r,n}. Clearly, r >0 and
S(x,r) CANB,ie, x € (AN B)°.

(iii) A € AU Bas well as BC AU B. Now apply (i). O

Remark 2.1.16. The following example shows that (A U B)° need not be the same as
A°UB°. Indeed, if A=1[0,1] and B=[1,2], then AUB=10,2]. Since
A°=(0,1),B°=(1,2) and (AU B)° = (0,2), we have (AU B)° £ A° U B".

Definition 2.1.17. Let X be a metric space and F a subset of X. A point x € X is
called a limit point of F if each open ball with centre x contains at least one point of
F different from x, i.e.,

(S(x,r) = {x})) NF # .

The set of all limit points of Fis denoted by F’ and is called the derived set of E

Examples 2.1.18. (i) The subset F = {1, 1/2, 1/3,...} of the real line has 0 as a
limit point; in fact, 0 is its only limit point. Thus the derived set of F is {0}, i.e.,
F = {0}

(ii) The subset Z of integers of the real line, consisting of all the integers, has no
limit point. Its derived set Z' is .

(iii) Each real number is a limit point of the subset of rationals: Q' = R.

(iv) If (X, d) is a discrete metric space (see Example 1.2.2(v)) and F C X, then F
has no limit points, since every open ball of radius 1 consists only of the centre.

(v) Consider the subset F = {(x,y) € C:x > 0,y > 0} of the complex plane.
Each point of the subset {(x,y) € C:x=0, y =0} is a limit point of E In fact,
the latter set is precisely F'.

(vi) For an interval I C R, the set I’ consists of not only all the points of I but also
any endpoints I may have, even if they do not belong to I Thus (0,1) =
(0,1 =[0,1)" = [0,1]" = [0,1].

Proposition 2.1.19. Let (X, d) be a metric space and F C X. If xg is a limit point of
E then every open ball S(xp, ), r > 0, contains an infinite number of points of E

Proof. Suppose that the ball S(xy, r) contains only a finite number of points of E Let
Y1> Y2 - - - » ¥n denote the points of S(xp, r) N F that are distinct from xo. Let
® = min {d(y1,X), d(y2, %), .. d(ym x0)}.

Then the ball S(xg,8) contains no point of F distinct from x, contradicting the
assumption that xp is a limit point of E O

The following characterisation of the limit points of a set in a metric space is
useful.
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Proposition 2.1.20. Let (X, d) be a metric space and F C X. Then a point x is a
limit point of F if and only if it is possible to select from the set F a sequence of
distinct points xj, X3, . .., Xy, . . . such that lim, d(x,, %) = 0.

Proof. If lim, d(x,,x) =0, where x;,%,...,%,, ... is a sequence of distinct
points of F then every ball S(xy,r) with centre xy and radius r contains each
of x,, where n=mny for some suitably chosen ny. As x1,%,...,%,,... in F are
distinct, it follows that S(xp, r) contains a point of F different from xy. So, xp is a
limit point of E

On the other hand, assume that xp is a limit point of E Choose a point x; € F in
the open ball S(xp, 1) such that x; is different from x,. Next, choose a point x, € F
in the open ball S(xy,1/2) different from x, as well as from x;; this is possible by
Proposition 2.1.19. Continuing this process in which, at the nth step of the process
we choose a point x, € F in S(x,1/n) different from x;, x;, . .., x,—1, we have a
sequence {x,} of distinct points of the set F such that lim, d(x,, xo) = 0. O

Definition 2.1.21. A subset F of the metric space (X, d) is said to be closed if it
contains each of its limit points, i.e., F' C F.

Examples 2.1.22. (i) The set Z of integers is a closed subset of the real line.

(ii) The set F = {1,1/2,1/3,...,1/n,...} is not closed in R. In fact, F' = {0},
which is not contained in E

(iii) The set F = {(x,y) € C:x =0, y =0} is a closed subset of the complex plane
C. In this case, the derived set is F' = F.

(iv) Each subset of a discrete metric space is closed.

Proposition 2.1.23. Let F be a subset of the metric space (X, d). The set of limit
points of F namely, F' is a closed subset of (X, d), i.e., (F') C F'.

Proof. If F' = ¢f or (F')' = (7, then there is nothing to prove. Let F' # ¢ and let
xp € (F')'. Choose an arbitrary open ball S(x, r) with centre xy and radius r. By the
definition of limit point, there exists a point y € F' such that y € S(xp, r). If
' =r—d(y,x), then S(y,r") contains infinitely many points of F by Proposition
2.1.19. But S(y, ") C S(xp, 1) as in the proof of Theorem 2.1.5. So, infinitely many
points of F lie in S(xo, r). Therefore, x, is a limit point of E i.e., xo € F'. Thus, F’
contains all its limit points and hence F' is closed. 0

Theorem 2.1.24. Let (X, d) be a metric space and let Fy, F, be subsets of X.

(1) If Fl g Fz, then F{ g Fé
(ii) (FUR) = F UF,.
(iii) (FENE) C F N E,.

Proof. The proofs of (i) and (iii) are obvious. For the proof of (ii), observe that
F{UF,C (F,UF), which follows from (i). It remains to show that
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(FLUR) C FyUF,. Let xy € (F; UF,)". Then there exists a sequence {x,},=, of
distinct points in F; U F, such that d(x,, x) — 0 as n — oo by Proposition 2.1.20.
If an infinite number of points x, lie in F;, then x € F{, and, consequently,
Xo € FfUF,. If only a finite number of points of {x,},=, lie in Fj, then
xp € F; C F] UF,. We therefore have xy € F; U F, in either case. This completes
the proof of (ii). O

Definition 2.1.25. Let F be a subset of a metric space (X, d). The set F U F' is called
the closure of F and is denoted by F.

Corollary 2.1.26. The closure F of F C X, where (X, d) is a metric space, is closed.

Proof. In fact, by Proposition 2.1.23 and Theorem 2.1.24(ii),
(F) =(FUF)=FU(F) CFUF =F CF.

Corollary 2.1.27. (i) Let F be a subset of a metric space(X, d). Then Fis closed if and
only if F = F.

(ii) If A C B, then A C B.

(iii) If A C F and Fis closed, then A C F.

Proof. (i) If F = F, then it follows from Corollary 2.1.26 that F is closed. On the
other hand, suppose that F is closed; then

F=FUF =FCF

It follows from the above relations that F = F.
(ii) This is an immediate consequence of Theorem 2.1.24(i).
(iii) This is an immediate consequence of (ii) above. O

Proposition 2.1.28. Let (X, d) be a metric space and F C X. Then the following
statements are equivalent:
(i) x € F;
(ii) S(x,€) N F # & for every open ball S(x, €) centred at x;
(iii) there exists an infinite sequence {x,} of points (not necessarily distinct) of F
such that x, — x.

Proof. (i)=(ii). Let x € F. If x € F, then obviously S(x,&) N F # . If x ¢ F, then
by the definition of closure, we have x € F'. By definition of a limit point,

(S(x, e\Mxp) NF # I

and, a fortiori,

S(x, &) NF £ &.

(ii)=-(iii). For each positive integer n, choose x, € S(x,1/n) N F. Then the
sequence {x,} of points in F converges to x. In fact, upon choosing ny > 1/,



2.1. Open and Closed Sets 73

where € > 0 is arbitrary, we have d(x,,x) < 1/n<1/ny <¢, ie., x, € S(x, €)
whenever n = nj,.

(iii)=-(i) If the sequence {x,},~ of points in F consists of finitely many distinct
points, then there exists a subsequence {x,,} such that x, = x for all k. So, x € F.
If however, {x,},=~; contains infinitely many distinct points, then there exists a
subsequence {x,} consisting of distinct points and limjd(x,, x) =0, for
lim, d(x,, x) = 0 by hypothesis. By Proposition 2.1.20, it follows that x € F' C F. ]

Condition (ii) of Definition 1.5.1 of a completion can be rephrased in view of
condition (i) and Proposition 2.1.28 (iii) as saying that the closure of metric space X
as a subset of its completion X* must be the whole of X*.

The following proposition is an easy consequence of Theorem 2.1.24.
Proposition 2.1.29. Let F;, F, be subsets of a metric space (X, d). Then
(i) (FUFR) =F UB;

(ii) (FFNF) CF NE,.

Proof. Using Theorem 2.1.24 (ii), we have

(FUR)=(RFUR)UFR UR) =(FUR)U(F UF)
=(RUF)U(KUE)=FRUP,

which establishes (i). The proof of (ii) is equally simple.
Remarks 2.1.30. (i) It is not necessarily the case that the closure of an arbitrary

union is the union of the closures of the subsets in the union. If {A,},cp 1Is an
infinite family of subsets of (X, d), it follows from Corollary 2.1.27 (ii) that

Equality need not hold, as the following example shows: If A, = {r,}, n=1,2,...

and ri,7,...,7y,... is an _enumeration of rationals, then A, = {r,} = {r,} and
U,_, A, = Q, whereas | J,_, A, = Q=R

(ii) In Proposition 2.1.29 (ii), equality need not hold. For example, if F; denotes
the set of rationals in R and F, the set of irrationals in R, then (F, N F,) = J =
but Pl = Pz =R

Proposition 2.1.31. Let (X, d) be a metric space. The empty set ¢ and the whole
space X are closed sets.

Proof. Since the empty set has no limit points, the requirement that a closed set
contain all its limit points is automatically satisfied by the empty set.

Since the whole space contains all points, it certainly contains all its limit points
(if any), and is thus closed. 0
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The following is a useful characterisation of closed sets in terms of open sets.

Theorem 2.1.32. Let (X, d) be a metric space and F be a subset of X. Then Fis closed
in X if and only if F is open in X.

Proof. Suppose F is closed in X. We show that F° is open in X. If
F = (respectively, X), then F¢ = X (respectively, (J) and it is open by Theorem
2.1.7(i); so we may suppose that F # (J # F°. Let x be a point in F¢. Since F is
closed and x ¢ F, x cannot be a limit point of E So there exists an r > 0 such that
S(x,r) C F¢. Thus, each point of F¢ is contained in an open ball contained in F*.
This means F° is open.

For the converse, suppose F° is open. We show that F is closed. Let
x € X be a limit point of E Suppose, if possible, that x ¢ F. Then x € F¢,
which is assumed to be open. Therefore, there exists r > 0 such that S(x,r) C F¢,
ie.,

S(x,r)NF = .

Thus, x cannot be a limit point of E which is a contradiction. Hence, xbelongs to E [

Theorem 2.1.33. Let (X, d) be a metric space and S(x, r) = {y € X:d(y,x) =r} bea
closed ball in X. Then S(x, r) is closed.

Proof. We show that (S(x, 7)) is open in X (see Theorem 2.1.32). Let y € (S(x, r))°".
Then d(y,x) > r. If r, = d(y,x) — r, then r; > 0. Moreover, S(y,r) C (S(x,r))".
Indeed, if z € S(y, 1), then

d(z,x) =d(y,x) —d(y,z) > d(y,x) —n =r.
Thus, z &€ S(x, 1), i.e, z € (S(x,1))°". O

The following fundamental properties of closed sets are analogues of the prop-
erties of open sets formulated in Theorem 2.1.7 and are easy consequences of it
along with de Morgan’s laws (see Chapter 0, p. 3) and Proposition 2.1.31.

Theorem 2.1.34. Let (X, d) be a metric space. Then

(i) & and X are closed;
(ii) any intersection of closed sets is closed;
(iii) a finite union of closed sets is closed.

Proof. (i) This is a restatement of Proposition 2.1.31.

(ii) Let {F,} be a family of closed sets in X and F = [, Fa. Then by Theorem
2.1.32, Fis closed if F¢ is open. Since F° = |, FS by de Morgan’s laws, and since
each F¢ is open (Theorem 2.1.32), | J,, FS is open by Theorem 2.1.7, i.e., F¢ is open.

(iii) This proof is similar to (ii). O
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Remark 2.1.35. An arbitrary union of closed sets need not be closed. Indeed,
S(0,1 —1/n), n=2, is a closed subset of the complex plane, but

D 3(0,1 —i) = 5(0,1)
n=2

is not closed (because each point z satisfying |z| = 1 is a limit point of S(0, 1) but is
not contained in S(0,1)).

An explicit characterisation of open sets on the real line is the content
of Theorem 2.1.11. We now turn to the study of closed sets on the real line.
Observe that closed intervals and finite unions of closed intervals are closed
sets in R. Since a set consisting of a single point is a closed interval with
identical endpoints, single point sets, and consequently finite sets, are closed sets
as well.

Theorem 2.1.36. Let F be a nonempty bounded closed subset of R and let & = inf F
and B = supF. Then o € F and B € F.

Proof. We need only show that if a € F, then « is a limit point of E By the
definition of infimum, for any € > 0, there exists at least one member x € F such
that « = x < a 4+ €. But a € F, whereas x € F. So,

a<x<a-+te.

Thus, every neighbourhood of a contains at least one member x € F which is
different from a. Hence, « is a limit point of E O

Definition 2.1.37. Let F be a nonempty bounded subset of R and let a = inf F
and B = supF. The closed interval [, B] is called the smallest closed interval
containing F

Theorem 2.1.38. If [a, B] is the smallest closed interval containing F, where F is a
nonempty bounded closed subset of R, then
[o, BI\F = (o, B) N F*
and so is open in R.
Proof. Let xy € [a, B]\F; this means that xy € (&, B], x0 € F.If xo &€ F, then xy # «

and xy # B, because a and B do belong to E by Theorem 2.1.36. It follows that
Xo € (a, B). Moreover, it is obvious that xy € F¢, so that

[o, BI\F C (a, B) N F-.
The reverse inclusion is obvious. O

The following characterisation of closed subsets of R is a direct consequence of
Theorems 2.1.11 and 2.1.38.
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Theorem 2.1.39. Let F be a nonempty bounded closed subset of R. Then F is either
a closed interval or is obtained from some closed interval by removing a countable
family of pairwise disjoint open intervals whose endpoints belong to E

Proof. Let [a, B] be the smallest closed interval containing F, where o = inf F and
B = supF. By Theorem 2.1.38,

[o, BI\F = (o, B) N F©

is open and hence is a countable union of disjoint open intervals by Theorem 2.1.11.
Moreover, the endpoints of the open intervals do not belong to [a, B]\F but do
belong to [a, B]. So they belong to E The set F thus has the desired property. [

This seemingly simple looking process of writing a nonempty bounded closed
subset of R leads to some very interesting and useful examples. The following
example, which is of particular importance, is due to Cantor.

Example 2.1.40. (Cantor) Divide the closed interval I = [0, 1] into three equal
parts by the points 1/3 and 2/3 and remove the open interval (1/3, 2/3) from I
Divide each of the remaining two closed intervals [0, 1/3] and [2/3, 1] into three equal
parts by the points 1/9, 2/9 and by 7/9, 8/9, respectively, and remove the open
intervals (1/9, 2/9) and (7/9, 8/9). Now divide each of the remaining four intervals
[0,1/9], [2/9,1/3], [2/3,7/9] and [8/9,1] into three equal parts and remove the
middle third open intervals. Continue this process indefinitely. The open set G
removed in this way from I = [0, 1] is the union of disjoint open intervals

12 12 7 8
G=|-z|)U|l== U< ) UL
53)v65)u6s)

The complement of G in [0,1], denoted by B is called the Cantor set. Important
properties of this set are listed in the Exercise 16 and Section 6.4.

The completeness of R can also be characterised in terms of nested sequences of
bounded closed intervals. An analogue of this result for metric spaces is proved in
Theorem 2.1.44. We begin with some relevant definitions.

2.1.41. Definition. Let (X, d) be a metric space and let A be a nonempty subset of X.
We say that A is bounded if there exists M > 0 such that
dx,y) =M X,y € A.
If A is bounded, we define the diameter of A as
diam(A) = d(A) = sup{d(x,y):x,y € A}

If A is not bounded, we write d(A) = oo.
We define the distance between the point x € X and the subset B of X by

d(x, B) = inf{d(x, y) :y € B},
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and, in an analogous manner, we define the distance between two nonempty subsets
Band Cof X by

d(B,C) = inf{d(x,y):x € B,y € C}.

2.1.42. Examples. (i) Recall that a subset A of R (respectively, R?) is bounded if and
only if A is contained in an interval (respectively, square) of finite length (respect-
ively, whose edge has finite length). Thus, our definition of bounded set in an
arbitrary metric space is consistent with the definition of bounded set of real
numbers (respectively, bounded set of pairs of real numbers).

(ii) The interval (0, 00) is not a bounded subset of R. However, if R is equipped
with the discrete metric, then every subset A of this discrete space (in particular, the
set (0, 00)) is bounded, since d(x, y) =1 for x, y € A. Indeed, d(A) = 1, provided A
contains more than one point. Moreover, any subset of any discrete metric space has
diameter 1 if it contains more than one point.

(iii) If R is equipped with the nondiscrete metric d(x,y) = |x — y|/[1 + |x — y|],
then every subset is bounded and d(R) = 1.

(iv) In the space ({5, d) (see Example 1.2.2(vii)), consider the set

Y:{elyeZ)-~~)em---})

where e, denotes the sequence all of whose terms are equal to 0 except the nth term,
which is equal to 1. If j # k, then d(ej, er) = V2. Hence, Y is bounded and
d(Y) = /2.

2.1.43. Proposition. If A is a subset of the metric space (X, d), then d(A) = d(A).

Proof. If x,y € A, then there exist sequences {x,},~, and {y,},=, in A such that
d(x, x,) < €/2 and d(y, y,) < €/2 for n= ny, say, where € > 0 is arbitrary. Now for
n= ny, we have

d(x,y) = d(x, x,) + d(%p, yu) + d(Yn> y)
< S Al p) 4=
Ty Ay
=d(A) +s,
and so d(A) = d(A), since & > 0 is arbitrary. Clearly, d(A) < d(A). O

Let{I,}, = beasequence of intervalsin R. The sequence {I,,}, = | is said to be nested
if ;1 CL, n=1,2,.... The sequence I, = (0,1/n), n € N, is nested. However
ﬂf‘o:l I, is empty. Similarly, the sequence J, = [n,00),n € N, is nested with
No_,Ju=. In the metric space of rationals, the nested sequence
K, = {x € Q: |x — /2| < 1/n} is such that N, K, = J, since /2 belongs to K,
for no n. The reader will note that the sequence {I,},,~ ; consists of intervals that are
not closed, the sequence {J,,},,=; consists of intervals that are not bounded, whereas
the sequence {K,}, = 1 is in Q, which is not complete. It is a very important property of
real numbers that every nested sequence of closed bounded intervals does have a
nonempty intersection. An analogue of this result holds in metric spaces.
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Theorem 2.1.44. (Cantor) Let (X, d) be a metric space. Then (X, d) is complete if and

only if, for every nested sequence {F,}, =, of nonempty closed subsets of X, that is,
(a) F OF D...2F,D...such that (b) d(F,) — 0 as n — oo,

the intersection (), F, contains one and only one point.

Proof. First suppose that (X, d) is complete. For each positive integer #, let x,, be any

point in F,. Then by (a),

Xin> Xnt-1> Xn42> - - -

allliein F,. Givene > 0, there exists by (b) some integer 1y such that d(F,,) < €. Now,
Xny»> Xng+1> Xng+2> - - - all lie in F,, . For m, n = ny, we then have d(x,,, x,) = d(F,,) < €.
This shows that the sequence {x,},=; is a Cauchy sequence in the complete metric
space X. So, it is convergent. Let x € X be such thatlim,_., x, = x. Now for any given
n, we have the sequence x,, x,,11, . . . C F,,. In view of this,

x = lim x, €F, = F,

n—oo

since F,, is closed. Hence,

If ye X and y # x, then d(y,x) = o > 0. There exists #n large enough so that
d(F,) < a = d(y, x), which ensures that y ¢ F,. Hence, y cannot be in (), F,.

To prove the converse, let {x,},~; be any Cauchy sequence in X. For each natural
number n, let

F, = {x, : m=n}.

Then {F,},~ is a nested sequence of closed sets and since {x,},~ is a Cauchy
sequence,

lim d(F,) =0,
n—0o0
using Proposition 2.1.43.
Let
o0
ﬂ F, = {x}.
n=1

If & > 0, then there exists a natural number #y such that d(F,) < €. But x € F,, and
thus n= ny implies d(x,, x) < €. O

2.2. Relativisation and Subspaces

Let (X,d) be a metric space and Y a nonempty subset of X. If dy denotes the
restriction of the function d to the set Y x Y, then dy is a metric for Yand (Y, dy) is
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a metric space (see Section 1.2). If Z C Y C X, we may speak of Z being open
(respectively, closed) relative to Yas well as open (respectively, closed) relative to X.
It may happen that Z is an open (respectively, closed) subset of Y but not of X. For
example, let X be R? with metric d, and Y = {(x,0): x € R} with the induced
metric. Then Y is a closed subset of X (for Y = {(x,y) € R*: y # 0} is open in
X). If Z={(x,0):0 < x < 1}, then Z considered as a subset of Y is open in Y.
However, Z considered as a subset of X is not open in X. In fact, no point (x,0) € Z
is an interior point of Z (Z considered as a subset of X) because any neighbourhood
of (x0) in X is the ball S((x,0),r),r > 0, which is not contained in Z. Thus,
Z={(x,0): 0 < x <1} is an open subset of Y = {(x,0):x € R} but not of
X =R d,).

The above examples illustrate that the property of a set being open (respectively
closed) depends on the metric space of which it is regarded a subset. The following
theorem characterises open (respectively closed) sets in a subspace Y in terms of
open (respectively closed) subsets in the space X. First we shall need a lemma.

Lemma 2.2.1. Let (X, d) be a metric space and Y a subspace of X. Let z € Y and
r > 0. Then

Sy(z, 1) = Sx(z,r)NY,

where Sy(z, r) (respectively Sx(z, r)) denotes the ball with centre z and radius rin Y
(respectively X).

Proof. We have

Sx(z,r)NY ={xe X:d(x,z) <r}NyY
={xeY:dxz) <r}
= Sy(z,r) since Y C X. O

Let X=R* and Y={(x,%0):0<x =1, 0=x <1, x) +x}=1}. Here, the
open ball in Y'with centre (1,0) and radius /2 is the entire space Y. (See Figure 2.6.)

FiGURre 2.6
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Theorem 2.2.2. Let (X, d) be a metric space and Ya subspace of X. Let Z be a subset
of Y. Then

(i) Z is open in Y if and only if there exists an open set G C X such that
Z=GNY;

(ii) Z is closed in Y if and only if there exists a closed set F C X such that
Z=FnNY.

Proof. (i) Let Z be open in Y. Then if z is any point of Z, there exists an open ball
Sy(z, r) contained in Z. Observe that the radius r of the ball Sy(z, r) depends on the
point z € Z. We then have

7 = U Sy(z, 1)

zeZ
U (Sx(z,r)NY) using Lemma 2.2.1

zeZ

(U Sx(z, r)) ny

zeZ

=GNY,

where G = |J,., Sx(2, 1) is open in X.

On the other hand, suppose that Z = GN Y, where Gis open in X. If z € Z, then
z is a point of G and so there exists an open ball Sx(z, r) such that Sx(z,r) C G.
Hence,

Sy(z,7r) = Sx(z,r) N'Y by Lemma 2.2.1
cGnNny =2,

so that z is an interior point of the subset Z of Y. As z is an arbitrary point of Z, it
follows that Z is open in Y.

(ii) Zis closed in Yif and only if (X\Z) N Y is open in Y. Hence, Zis closed in Y'if
and only if there exists an open set G in X such that

(X\Z)NY=GNY using (i) above.
On taking complements in X on both sides, we have
Z U (X\Y) = (X\G) U (X\Y).
Hence

Z=ZNY=(ZUX\Y))NY
= ((X\G)UEX\Y))NY.
=(X\G)NY

So, Z is the intersection of the closed set X\G and Y.
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Conversely, let Z = FNY, where F is closed in X. Then X\Z = (X\F) U (X\Y)
and so

(X\2)NY = (X\F) U (X\Y))NY = (X\F) N Y,

where X\F is open in X. Hence (X\Z) NY is open in Y, i.e., Zis closed in Y. O

Proposition 2.2.3. Let Y be a subspace of a metric space (X, d).

(i) Every subset of Ythat is open in Yis also open in X if and only if Yis open in X.
(ii) Every subset of Y that is closed in Yis also closed in X if and only if Yis closed
in X.

Proof. (i) Suppose every subset of Y open in Y is also open in X. We want to
show that Y is open in X. Since Y is an open subset of Y, it must be open in
X. Conversely, suppose Y is open in X. Let Z be an open subset of Y. By
Theorem 2.2.2(i), there exists an open subset G of X such that Z= GNY. Since
G and Yare both open subsets of X, their intersection must be open in X, i.e., Z
must be open in X.

(ii) The proof is equally easy and is, therefore, not included. O

Proposition 2.2.4. Let (X, d) be a metric space and Z C Y C X. If clxZ and clyZ
denote, respectively, the closures of Z in the metric spaces X and Y, then

ClyZ =YnN chZ.

Proof. Obviously, Z C Y NclxZ. Since YNclxZ is closed in Y (see Theorem
2.2.2(ii)), it follows that cly Z C Y N clxZ. On the other hand, by Theorem 2.2.2(ii),
clyZ = Y N F, where Fis a closed subset of X. But then

ZCdyZCF,
and hence, by Corollary 2.1.27(ii),
cxZ CF.
Therefore,
cdyZ=YNFDYnNcyxZ.
This completes the proof. O

In contrast to the relative properties discussed above, there are some properties
that are intrinsic. In fact, the property of x being a limit point of F holds in any
subspace containing x and F as soon as it holds in the whole space, and conversely.
Another such property is that of being complete. The following propositions
describe relations between closed sets and complete sets.

Proposition 2.2.5. If Yis a nonempty subset of a metric space (X, d), and (Y, dy) is
complete, then Yis closed in X.
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Proof. Let x be any limit point of Y. Then x is the limit of a sequence {y,},~, in Y. In
view of Proposition 1.4.3, the sequence {y,},= is Cauchy, and hence, by assump-
tion, converges to a point y of Y. But by Remark 3 following Definition 1.3.2, y = x.
Therefore, x € Y. This shows that Yis closed in X. 0

Proposition 2.2.6. Let (X, d) be a complete metric space and Ya closed subset of X.
Then (Y, dy) is a complete space.

Proof. Let {y,},~ be a Cauchy sequence in (Y, dy). Then {y,}, > is also a Cauchy
sequence in (X, d); so there exists an x € X such that lim,_., y, = x. If follows (see
Proposition 2.1.28) that x € Y, which is the same set as Y by Corollary 2.1.27(1). [

2.3. Countability Axioms and Separability

Definition 2.3.1. Let (X,d) be a metric space and x € X. Let {G\},cp be a
family of open sets, each containing x. The family { G, },c, is said to be a local base
at x if, for every nonempty open set G containing x, there exists a set G,, in the family

{G\}hen such that x € G, C G.

Examples 2.3.2. (i) In the metric space R? with the Euclidean metric, let G, =
S(x,N\), where x=(x;,5)€R*> and O0<A€R. The family {G:0<AER}=
{S(x, \):0<N€R} is a family of balls and is a local base at x. Note that S(x, \),
where x=(x;,x,), can also be described as {(y;,y,) ER*: (y; —x)2+ (7 —x)? <N}

(ii) Let x = (x;,x) € R? and G\ = {(y1, 1) ER*: (11 — x1)> +2(y» — x2)* < \},
where 0 < A € R. Then the family {G\:0 < N € R} is a local base at x. To see why,
consider any open set G C R? such that x € G. Since G is open, there exists r > 0
such that S(x,7) € G. Now S(x,7) = {(y1,32) € R (31 — x1)* + (1 — x2)* < 12}
Let A = r%. Then yeG = 0On— x1)? + 20y — xz)2 <AN=(n — x1)2 + (- xz)2
<A= (O —x)* + (n — ) <= y € S(x,7), so that Gy C S(x,7) C G. In this
example, the sets G, are ellipses.

(iii) Let x € R. Consider the family of all open intervals (7,s) containing x and
having rational endpoints r and s. This family is a local base at x. It consists of open
balls, not necessarily centred at x. Moreover, the family is countable and thus
constitutes what is called a countable base at x.

Proposition 2.3.3. In any metric space, there is a countable base at each point.

Proof. Let (X, d) be a metric space and x € X. The family of open balls centred at x
and having rational radii, i.e., {S(x, p): p rational and positive} is a countable base at
x. In fact, if Gis an open set and x € G, then by the definition of an open set, there
exists an € > 0 (¢ depending on x) such that x € S(x,&) C G. Let p be a positive
rational number less than €. Then

x € S(x,p) C S(x,¢) C G. O
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Definition 2.3.4. A family {G,},ca of nonempty open sets is called a base for the
open sets of (X, d) if every open subset of X is a union of a subfamily of the family
{G)\})\EA'

The condition of the above definition can be expressed in the following equiva-
lent form: If G is an arbitrary nonempty open set and x € G, then there exists a set
G, in the family such that x € G, C G.

Proposition 2.3.5. The collection {S(x,¢€): x € X, € > 0} of all open balls in X is a
base for the open sets of X.

Proof. Let G be a nonempty open subset of X and let x € G. By the definition of an
open subset, there exists a positive €(x) (depending upon x) such that

x € S(x,e(x)) C G.

This completes the proof. O

Generally speaking, an open base is useful if its sets are simple in form. A space
that has a countable base for the open sets has pleasant properties and goes by the
name of “second countable”.

Definition 2.3.6. A metric space is said to be second countable (or satisfy the
second axiom of countability) if it has a countable base for its open sets.

The reason for the name second countable is that the property of having
a countable base at each point, as in Proposition 2.3.3, is usually called first
countability.

Examples 2.3.7. (i) Let (R,d) be the real line with the usual metric. The collection
{(x, ) : x, y rational} of all open intervals with rational endpoints form a countable
base for the open sets of R.

(ii) The collection

{S(x,r):x = (x1,%,...,%,),x; rationals, 1=i=mn, and r positive rational}
of all r-balls with rational centres and rational radii is a countable base for the
open sets of the metric space (R”, d), where d may be any of the metrics on R”
described in Example 1.2.2(iii).

(iii) Let X have the discrete metric. Then any set {x} containing a single point x is
also the open ball S(x, 1/2) and therefore must be a union of nonempty sets of any
base. So any base has to contain each set {x} as one of the sets in it. If X is
nondenumerable, then the sets {x} are also nondenumerable, forcing every base to
be nondenumerable as well. Consequently, X does not satisfy the second axiom of
countability when it is nondenumerable.

It is easy to see that any subspace of a second countable space is also a second
countable space. In fact, the class of all intersections with the subspace of the sets of
a base form a base for the open sets of the subspace.
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Definition 2.3.8. Let (X, d) be a metric space and G be a collection of open sets in X.
If for each x € X there is a member G € G such that x € G, then G is called an open
cover (or open covering) of X. A subcollection of G which is itself an open cover of
X is called a subcover (or subcovering).

Examples 2.3.9. (i) The union of the family {...,(—3, — 1), (—2,0),(—1,1),
(0,2),...} of open intervals is R. The family is therefore an open covering of R.
However, the family of open intervals {...,(—2, —1),(—= 1,0),(0,1),(1,2),...} is
not an open covering, because the intervals’ union does not contain the integers.
The aforementioned cover contains no subcovering besides itself, because, if we
delete any interval from the family, the midpoint of the deleted interval will not
belong to the union of the remaining intervals.

(ii) Let X be the discrete metric space consisting of the five elements a, b, ¢, d, e.
The union of the family of subsets {{a}, {, }, {¢, d}, {a, d, e}} is X and all subsets are
open. Therefore the family is an open cover. The family {{b, ¢}, {¢, d}, {a, d, e}} is a
proper subcover.

(iii) Consider the set Z of all integers with the discrete metric. As in any discrete
metric space, all subsets are open. Consider the family consisting of the three subsets

{(3n:neZ},{3n+1:neZ}and 3n+2:n€Z}.

Since every integer must be of the form 3n, 3n+ 1 or 3n+ 2, the above three
subsets form an open cover of Z. There is no proper subcover.

(iv) The family of intervals {(— 1, n): n € N} is an open cover of R and the family
consisting of the open balls {z € C: |z + 17| < #n¥/%,n € N} is an open cover of C.
If we extract a subfamily by restricting n to be greater than some integer ny, the
subfamily is also an open cover. Indeed, if we delete a finite number of sets in the
family, the remaining subfamily is an open cover. Thus, there are infinitely many
open subcovers.

Definition 2.3.10. A metric space is said to be Lindelof if each open covering of X
contains a countable subcovering.

Proposition 2.3.11. Let (X, d) be a metric space. If X satisfies the second axiom of
countability, then every open covering { U, },cp of X contains a countable subcover-
ing. In other words, a second countable metric space is Lindelof.

Proof. Let {G;: i = 1,2,...} be a countable base of open sets for X. Since each U, is
a union of sets Gj, it follows that a subfamily {G,'j: j=12,...} of the base
{Gi:i=1,2,...} is a covering of X. Choose U; 2 G; for each j. Then
{Uj;:j=1,2,...} is the required countable subcovering. O

Definition 2.3.12. A subset X, of a metric space (X, d) is said to be everywhere
dense or simply dense if X; = X, i.e., if every point of X is either a point or a limit
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point of Xy. This means that, given any point x of X, there exists a sequence of
points of X, that converges to x.

It follows easily from this definition and the definition of interior (see Definition
2.1.12) that a subset of X, is dense if and only if X has empty interior.

It may be noted that X is always a dense subset of itself; interest centres around
what proper subsets of a metric space are dense.

Examples 2.3.13. (i) The set of rationals is a dense subset of R (usual metric) and so
is the set of irrationals. Note that the former is countable whereas the latter is not.

(ii) Consider the metric space (R",d) with any of the metrics described in
Example 1.2.2(iii). Within any neighbourhood of any point in R”, there is a point
with rational coordinates. Thus,

Q"=QxQx...xQ

is dense in R".
(iii) In the space C[0, 1] of Example 1.2.2(ix), we consider the set C; consisting of
all polynomials with rational coefficients. We shall check that Cj is dense in CI0, 1].
Let x(t) € CI0, 1]. By Weierstrass’ theorem (Theorem 0.8.4), there exists a polyno-

mial P(t) such that
sup{|x(t) — P(1): 0=t =1} <

>

o m

where € > 0 is given. Corresponding to P(f) there is a polynomial Py(¢) with
rational coefficients such that

sup{|P(1) — Py(]:0=t=1} < g

So,
sup{|x(t) — Py(1)[:0=t=1} < &.

It is easy to see that G is countable. In fact, if 2, denotes the set of all polynomials
of degree n and having rational coefficients, then the cardinality of 2,, is the same as
that of Q"' = Q x Q x ... x Q, which is countable. The assertion now follows
from the fact that a countable union of countable sets is countable.

(iv) Let (X, d) be a discrete metric space. Since every subset is closed, the only
dense subset is X itself.

(v) Let X =/, of Example 1.2.2(vii). Recall that the metric is given by

. 1/p
d(x,y) = (in —J’i|p> :
i=1

Let E denote the set of all elements of the form (r,7,...,7,0,0...), where r; are
rational numbers and 7 is an arbitrary natural number. We shall show that E is
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dense in /. Let x = (x1,%,...) be an element in £, and let € > 0 be given. There
exists a natural number 7y such that

o0
Z %" < 5
j=mny+1
Choose an element xy = (1,72, ...,5,,0,0,...) in E such that

o

P

p &

=t <—.
>l =l <3

=1

We then obtain

ny 00
(deox0)'= =l + D |xl" <e,
i=1 j=m+1

and this implies
d(x,x9) < e.

Thus, Eis dense in (£p, d). Also, Eis countable (in fact, if E, denotes the subset of all
those elements x = {r;};~, such that r; = 0 for j=n + 1, then E, is countable and
E=U, E.

(vi) By Definition 1.5.1, any metric space is dense in its completion.

Definition 2.3.14. The metric space X is said to be separable if there exists a
countable, everywhere dense set in X. In other words, X is said to be separable if
there exists in X a sequence

{xl)xZ)-“} (21)

such that for every x € X, some sequence in the range of (2.1) converges to x.

Examples 2.3.15. In Examples 2.3.13(i)—(iii) and (v), we saw dense sets that are
countable. Therefore, the spaces concerned are separable. In (iv) however, the space
is separable if and only if the set X is countable.

There are metric spaces other than the discrete metric space mentioned above
which fail to satisfy the separability criterion. The next example is one such case. Let
X denote the set of all bounded sequences of real numbers with metric

d(x,y) =sup{|x; —yi| :1=1,2,3,...},

as in Example 1.2.2(vi). We shall show that X is inseparable.

First we consider the set A of elements x = (x1, xo, ... ) of X for which each x; is
either 0 or 1 and show that it is uncountable. If E is any countable subset of A, then
the elements of E can be arranged in a sequence sy, 5, . . .. We construct a sequence s
as follows. If the m™ element of s,,, is 1, then the m™ element of sis 0, and vice versa.
Then the element s of X differs from each s, in the m™ place and is therefore equal
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to none of them. So, s ¢ E although s € A. This shows that any countable subset of
A must be a proper subset of A. It follows that A is uncountable, for if it were to be
countable, then it would have to be a proper subset of itself, which is absurd. We
proceed to use the uncountability of the subset A to argue that X must be
inseparable.

The distance between two distinct elements x = (x;,x,...) and y = (31, %2, .. .)
of Ais d(x,y) = sup{|x; — yi| :i=1,2,3,...} = 1. Suppose, if possible, that F, is a
countable, everywhere dense subset of X. Consider the balls of radii 1/3 whose
centres are the points of Ey. Their union is the entire space X, because E, is
everywhere dense, and in particular contains A. Since the balls are countable in
number while A is not, in at least one ball there must be two distinct elements x and
y of A. Let xy denote the centre of such a ball. Then

1 1
I=d(xy)=dxx) +dy) <3+ <1
which is, however, impossible. Consequently, (X, d) cannot be separable.

Proposition 2.3.16. Let (X, d) be a metric space and Y C X. If X is separable, then Y
with the induced metric is separable, too.

Proof. Let E = {x;:i = 1,2, ...} bea countable dense subset of X. If Eis contained in
Y, then there is nothing to prove. Otherwise, we construct a countable dense subset of
Y whose points are arbitrarily close to those of E. For positive integers # and m, let
Suym = S(xy, 1/m) and choose y,, ., € Sy, N'Y whenever this set is nonempty. We
show that the countable set {y,, ,,: n and m positive integers} of Yis dense in Y.

For this purpose, let y € Y and € > 0. Let m be so large that 1/m < g/2 and find
Xy € S(y,1/m). Then y € S, ,, N Y and

€ €

1 1
Ay, yp,m) = d(y, x,) + d(Xps Yy m) < E+E < 5+5 =E&.

Thus, y,, m € S(y,€).Since y € Y and € > 0 are arbitrary, the assertion is proved. [J

The main result of this section is the following.

Theorem 2.3.17. Let (X, d) be a metric space. The following statements are equiva-
lent:

(1) (X, d) is separable;
(ii) (X, d) satisfies the second axiom of countability;
(ii1) (X, d) is Lindelof.

Proof. (i)=-(ii). Let E = {x;:i = 1,2,...} be a countable, dense subset of X and let
{rji:j=1,2,...} be an enumeration of positive rationals. Consider the countable
collection of balls with centres at x;,i = 1,2, ... and radii r;,j = 1,2,...; ie,

{S(x;,1j):x; € E for i = 1,2,...and rj,is rational j = 1,2,...}.
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If G is any open set and x € G, we want to show that for some i and some
J» x € S(x;, ;) € G. Since G is open, there is a ball S(x,3) such that S(x,8) C G.
Let r; > 0 be a rational number such that 0 < r; < 8. Since x is a point of closure of
E, there is a point x; € E such that d(x, x;) < 1/2r. Hence,

1
x € S(x;, Erk) C S(x, 1) C G.

In fact, if y € S(x;,1/2r¢) then d(y, x) = d(y, x;) + d(x;,x) < 1/2rc + 121, = 1.
(ii)=-(iii). See Proposition 2.3.11.
(iii)=-(i). From each open covering {S(x,€):x € X}, we extract a countable
subcovering {S(x;,€):x; € X, i=1,2,...} and let A(e) = {x;,x,...}. Define
E=|J,_, A(L). Then E is a countable, dense subset of X. O

2.4, Baire’s Category Theorem

Definition 2.4.1. Let (X, d) be a metric space. A subset Y C X is said to be nowhere
dense if (Y)° is empty, i.e., (¥)° contains no interior point. A subset F C X is said
to be of category I if it is a countable union of nowhere dense subsets. Subsets that
are not of category I are said to be of category II.

Remarks 2.4.2. (i) A subset Yof X is nowhere dense if and only if the complement
(Y)“ is dense in X, or (X — Y) = X. This follows easily from the remark immedi-
ately after Definition 2.3.12.

(ii) If d denotes the discrete metric, the only nowhere dense set is the null set.

(iii) The notion of being nowhere dense is not the opposite of being everywhere
dense, i.e., not being nowhere dense does not imply that the set is everywhere dense.
For an example of a set which is neither, let R denote the real line with the usual
metric and consider the set Y = {x € R:1 < x < 2}. Then

(V)°=Y# Zand (V) ={xcR:x<1orx>2}=(-00,1)U(20c0),

which is not dense in R.

(iv) Every subset must be either of category I or of category I1.

(v) Tt is clear that the null set is of category I. Also, the subset Q of rationals in R
is a set of category I. Indeed, if x1, x,, . . . is an enumeration of the rationals, each {x;}
is closed and {x;}° = ; it follows that U{x;}, the set of all rationals in R, is of
category I.

(vi) Since a denumerable union of denumerable sets is again a denumerable set, it
follows that, if Y}, Y5, ... are each of category I, then so must be | J; Y;.

(vii) If X = Y; U'Y; and it is known that Y is of category I while X is of category
11, then Y, must be category II. For, if Y; is of category I, then it follows from (vi)
above that X, too, is of category I, which is a contradiction.
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(viii) A subset of a nowhere dense set is nowhere dense and, therefore, a subset of
a set of category I is again of category I.

Theorem 2.4.3. (Baire Category Theorem) Any complete metric space is of
category II.

Proof. We assume the contrary, i.e., we suppose that (X, d) is a complete metric
space and

where each of the E,, is nowhere dense. Since each E, is nowhere dense, each (E,)¢ is
everywhere dense. So we can assert the existence of points in each of these sets (E,)°
(i.e., none of them can be empty). In the case of (E;)¢, let x; € (E;)¢. Since (E;)¢ is
open, there exists r > 0 such that S(x;, ) C (E;)°. For €, < r, we have

S(x1,€1) C S(x1,1) C (E) C Ej.
This, in turn, implies
S(Xl, 81) n E1 = @

We make the following induction hypothesis: There exist balls S(xx,ex) for
k=1,2,...,n— 1 such that

S(xi> &k) N Ex = &, where x; € (E)°

and

1
SkSESk—l fork=2,...,n—1.

Using this information, we can construct the nth ball with the above properties. To
this end, choose
Xn € S(Xp-15€n-1) N (Ey)".
Such an element must exist, because otherwise
S(xu-1,€n-1) C E,

and this implies x, | € (E,)°, contradicting the fact that (E,)° is empty. Since the
intersection S(x,_1,€,-1) N (E,)¢ is open, there exists € > 0 such that

S(xm 8) g S(xnfl) 8,,,1) N (Fn)[
Now we choose a positive €, < min {g, (1/2)e,_;}. Then

S(xm 811) g S(xm S) g S(xnfla 8,171) N (E)c’
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which says

g(xn: €,) NE, = .

As we also have

en = ls
n— P n—1»
the nth ball with the requisite properties has been constructed.

As S(x,,€,) CS(x,_1,€4_1), the balls {S(x,,€,)},=, form a nested sequence of
nonempty closed balls in a complete metric space with diameters tending to zero.
By Theorem 2.1.44, there exists xo € [);"S(xu€,). Since S(x,,€,) NE, = & for
every n, we have xy € E, for any n, i.e., xy € E;, for all n. However, ﬂfo E=@.
This contradiction shows that X is not of category I. This completes the proof. [

Corollary 2.4.4. The irrationals in R are of category II.

Proof. Since R is a complete metric space, it follows from Remarks (v) and (vii)
prior to the Baire category theorem (Theorem 2.4.3) that the irrationals are of
category Il in R. O

Corollary 2.4.5. A nonempty open interval is of category II.

Proof. If a nonempty open interval is of category I, then so is each of its translates.
Since R is a countable union of such translates, it follows that R is of category I,
contradicting the Baire category theorem (Theorem 2.4.3). O

We next take up some applications of the Baire category theorem.

Theorem 2.4.6. (Osgood) Let ¥ be a collection of continuous real-valued functions
on Rsuch that for each x € R, there exists M, > 0 for which |f(x)| = M, forallf € 7.
Then there exists an M > 0 and a nonempty open subset Y C R such that

|f(x)] = M for each x € Y and for each f € 7.

Proof. For each integer n, let E, s = {x € X:|f(x)|=n} = f~'([ — n,n]). This set
E,, f is closed for the following reason: Let x; be a limit point of it. Then there exists
a sequence {Xy},=, in E, r such that lim, .. x,, = x. For each m, we have
—n=f(x,) =n, from which it follows that —n = f(xy) = n, using the continuity
of f. Therefore, xy € E,, 7, showing that the set is closed. It now follows that the
intersection E, = (e Ey, s is a closed subset of R. Observe that R = [, E,.
Indeed, if x € R, by hypothesis there exists M, > 0 such that |f(x)| = M, for each
f € ¥, which shows that x € E, for any integer ny > M,. Since R is complete, there
exists an integer M >0 such that Ej is not nowhere dense (Baire category
theorem). Since Ej is closed, it must contain some nonempty open set Y. Then,
for each x € Y, we have |f(x)|=M for all f € 7. O
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Another illuminating application of Baire’s category theorem is the following. To
begin with, we make an observation regarding a continuous real-valued function f
defined on [0,1]. Let f; be an integral of f, that is,

fl(x) =f(x) for all x € [0, 1].

Let f, be an integral of f; and so on. If fy = 0 for some k, then obviously the same is
true of f. The proof of the following generalisation of this observation uses the Baire
category theorem.

Theorem 2.4.7. Let f be a continuous real-valued function on [0, 1]. Let f; be an
integral of f, that is, f{(x) = f(x) for all x € [0, 1]. Let f, be an integral of f; and so
on. If for each x € [0, 1], there is an integer k depending on x such that fi(x) =0,
then fis identically 0 on [0,1].

Proof. Let Z, = {x € [0, 1]: f,(x) = 0}. Observe that Z, is closed. Indeed, if
x€[0,1] is the limit of a sequence {x,} in Z, then f,(x)=
fu(lim,, x,,) = limy, fu(x,,) = 0, so that x € Z,. Also, by hypothesis,

[j Z, = 1[0,1].

n=1

Since [0,1] is a complete metric space, there exists a positive integer # such that Z, is
not nowhere dense and so Z, # . Let xy € Z,,. Then there exists an € > 0 such
that [x) — ¢, x% +¢€] C Z;. Since f,(x) =0 on [x) — &, x9 + €], it follows that
f(x) =0on [x — &, x + €]; in particular, f(x) = 0, and, hence, f(x) = 0 for all
L ASAR

Let Y, = Z\Z, = Z,N ([0, 1\Z;). Now Y,, being the intersection of closed sets,
is itself closed. Moreover, (Y,)° = Y; = (. So, Y,, is nowhere dense. Thus, f(x) = 0
for all x € [0, 1] except possibly for a set of category I. Since fis continuous, we
shall argue that f(x) = 0 for all x € [0, 1]. Let xo € [0, 1] be such that f(x) # 0.
Since fis continuous, there exists a nonempty open interval I, containing x, such
that f(x) # 0 for x € L. By the argument above, I, is contained in a set of category
I and hence is itself a set of category I (see Remark (vii) after Definition 2.4.1),
which contradicts Corollary 2.4.5 of the Baire category theorem. O

That a continuous function may fail to have a derivative at any point of its
domain of definition, though surprising, is nevertheless true. It turns out that
“most” continuous functions have this property. More specifically, the set of
continuous functions that have a finite derivative even on one side constitute a
set of category I in the metric space C[0,1]. Thus, the functions that one deals with
in calculus form a subset of a set of category I. In what follows, we shall show that
functions in C[0,1] that are nowhere differentiable form a set of category II.

Consider the metric space C[0,1] equipped (as usual) with the metric

d(f,g) =sup{|f(x) —g(x)]:0=x=1}, f,g € C[0,1].
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It is a complete metric space. (See Proposition 1.4.13.)

Let A denote the subset of C[0,1] such that, for some x € [0, 1], f has a finite
right hand derivative, i.e., there exists £ € R such that, given any € > 0, there exists a
d > 0 for which

h) —
foth ot ),
h
for all h satisfying x + h € [0,1] and 0 < h < 8.

For each positive integer n, let E, denote the set of all f € C[0, 1] such that for
some x € [0,1 — 1/n],

f(x+h) — f(x)
h

=n

whenever 0 < h < 1/n. It is clear that E, C E,.;. Moreover, if f has a finite right
hand derivative at x, then f € E, for some n. So, A C ch;l E,.

We shall show that each E,, is nowhere dense; then the union of the E, is of
category I and, hence, so is A. The space C[0, 1] with metric d, being complete, is
of category II. Consequently, A°, which consists of those functions in C[0, 1] that do
not possess a right hand derivative at any point, is of category II. Since A is a subset
of those f € C[0, 1] that do not possess a derivative anywhere, it follows that there
exist continuous functions that are nowhere differentiable and that the collection of
these functions is a subset of category II.

In order to prove that each E, is nowhere dense, we proceed by showing:
(i) E, = E,, and (ii) E; is empty.

Let g€ E, and { fiti=1 be a sequence of functions in E, such that
lim;_., d(f}, g) = 0. Since each of the f; is in E,, there exists some point x; (de-
pending on f;) such that

h

=n for0 <h<1/n, x€[0,1—1/n].

The points {x;};=, constitute a bounded sequence of real numbers and so, by the
Bolzano-Weierstrass theorem (Theorem 0.4.2), there exists a subsequence {x; };=
such that x; — xp. Since any subsequence of a convergent sequence converges to the
same limit, it follows that lim;_, d(f;,, g) = 0. Now,
180 + 1) — g(x0)| = |g(x0 + 1) — g + W) + |g(xj, + h) — fi, (x5, + h)|
+ |fjk(xjk +h) _fik(xjk)| + |fjk(xjk) - g(xjk)| + |g(xjk) - g(x0)|
(2.2)

By continuity of g, there exists m; such that jx = m; implies

1 1
8(x) —g(x)[ <jehand |glo +h) = glxj, + W < eh,
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in view of the fact that x;, — x. Since lim_., d(f, g) = 0, there exists m, such that
jk = my implies
1
sup{|fj,(x) — g(x)|: x € [0,1]} < Zgh'

Choosing jx > max {m,, m,), we obtain from (2.2) that

fjk(x]'k +h) _ﬁk('xjk)
h

lg(xo + h) — g(x)
l h

=

+e=n+e.

Since xp € [0,1 — 1/n] and & > 0 is arbitrary, it follows that ¢ € E,,. This establishes ().

We next establish (ii), i.e., that E, is nowhere dense. Since E, is closed by (i), it
is enough to show that E¢ is everywhere dense (see Remark (i) after Definition 2.4.1).
Let f € CI0, 1]. Since fis uniformly continuous on [0,1], there exists 8 > 0 such that

1
If(x) — f(x)] < 78 whenever |x — x/| < 8.
Choose a positive integer n such that (1/n)e < 3. Let
O=x<x<...<x,=1

be the partition of [0, 1] that divides the interval into n equal parts. Consider the
rectangle with vertices

(i1 F (k1) = 38D, (3000 = 26D, (30 f 00+ 38 (1 f 1) + 3,

Join the points (xx—1, f(xk—1)), (% f(xx)) by a sawtooth function that remains
inside the rectangle and whose line segments have slopes greater than 7 in absolute

value. Carrying out this process for each subinterval (xx_1,xx), k= 1,2,...,n, we
obtain a function gin C[0,1] such that |f(x) — g(x)| < € for all x € [0,1]. Moreover,
g € E;. This completes the proof. O

The above proof of the existence of a continuous function that is nowhere
differentiable is nonconstructive in the sense that it does not provide a concrete
example of such a function. The first known example, namely, ZT:O “’5‘23"", is due to
Weierstrass. The following example, due to van der Waerden, of a continuous
nowhere differentiable function is the easiest to work with. Although the proof of
its continuity uses a result to be proved in the next chapter, we prefer to present it

here because of its immediate relevance to the foregoing discussion.

Example 2.4.8. Let h:R — R be defined as
0
hx) = o
2

extended to all of R by requiring that
h(x + 1) = h(x);
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in other words, h is periodic of period 1. (See Figure 2.7.) It is easily verified that h is
continuous on R. Define

> h(10"
flx) = Z (ionx).
n=0

Since this series is dominated by the convergent series (1/2) > 7/ 1/10", it follows
by the Weierstrass M-test (see Theorem 3.6.12) that the series converges uniformly.
Its sum is therefore a continuous function, as argued in Chapter 1. We shall show
that this function is nowhere differentiable. As the function is periodic, we may
restrict ourselves to the case when 0=x < 1. Let a € [0,1) have the decimal
representation a = .ajd; ... d,. ...

For n € N, let

Xp=.mdy...d, 1 bpay. ..,

where b, = a,+ 1 if a, # 4 or 9, while b, = a, — 1 ifa, =4 or 9. Thus x, — a =
+107" and so lim,_,, x, = a. To complete the proof, it will be suficient to show
that

i L) —f(a)
—a

n—00 Xy

does not exist.
Now,

0 if m=n,

h(10%x,) — h(10"a) = {ilO"‘” if m< n.

(1,0) 2,00 7

FIGURE 2.7
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Thus,
) —fla) <~ h(10™x,) — h(10™a)
e S22 i0hn—a)
- i p_ 0
AT 10m(£ 107
n—1
=> =+l (2.3)
m=0

Thus, for each n, the difference quotient on the left of (2.3) is the sum of n terms,
each of which is either 1 or —1, so that the sum is an odd integer when # is odd and
an even integer when # is even. It follows that

lim f(xy) — f(a)
—a

n—o00 X

does not exist.
Finally, we show that the set of points of discontinuity of an arbitrary real-valued
function defined on R is of a special kind. We begin with the following definition.

Definition 2.4.9. A subset S of R is said to be of type Fq if S = |, | Sy, where each
S, is a closed subset of R.

Examples 2.4.10. (i) If F is a closed subset of R, then F is of type F, since
F=U_,F,where F =Fand b =F =...= .

(ii) The set Q of rationals in R is of type F,. Indeed, if x;, x, ... is an
enumeration of Q, then each set {x;} is closed and we have Q = |37, {x;}.

(iii) Each open interval (a,b) is of type F,. This is because, if m is a positive
integer such that 2/m < b — a, then

o 1 1
(”’b):ngn {a+n,b—n}

The statement now follows, as [a+ 1/n, b — 1/n] is closed for each n.
Let fbe a real-valued function defined on R. We shall show that the set of points
of R at which fis discontinuous is always of type F.

Definition 2.4.11. Let f:R — R. If I is any bounded open interval of R, we define
o(f,I), called the oscillation over I of the function f, as

o(f,I) =supf(x) —inf f(x).
xcl xe€l
If a € R is arbitrary, the oscillation at a of the function f, ®(f, a), is defined as
o(f,a) = inf w(f,I),

where the inf is taken over all bounded open intervals containing a.
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Clearly, w( f,I) and w( f, a) are both nonnegative.
The following criterion of continuity is well known from real analysis:

Proposition 2.4.12. Let fbe a real-valued function defined on R. Then w(f, a) = 0 if
and only if fis continuous at a.

Proof. Suppose f is continuous at a. Let € > 0 be arbitrary. There exists a 3 > 0
such that |x—a|<d=|f(x)—f(a)|<e/2. If I=(a—38,a+3d), then for
x€l, f(a)—¢e/2<f(x)<f(a)+&/2. So, w(f,I)=sup,f(x)—inf. f(x)<e
and consequently,

o(f,a) =info(f,I) <e.

Since € > 0 is arbitrary, and w(f, a) =0, it follows that w(f,a) = 0.
On the other hand, suppose that w(f, a) = 0. If fis not continuous at a, there

exists € > 0 such that in every bounded open interval containing a, there exists an x
for which |f(x) — f(a)| =&, that is,

f(x)=f(a) +eor f(x)=f(a) —=¢.
So, for every bounded open interval I containing a,

o(f,I) = sup f(x) — inf f(x) = 2,
x€l xel

which, in turn, implies
o(f,a)=2e,

and this contradicts the supposition that w( f,a) = 0. O

Theorem 2.4.13. Let f:R — Rand S, = {x € R:w(f, x) = 1/n}. Denote by S the set
of points of R at which fis not continuous. Then, for each # the set S, is closed.
Moreover,

Thus, the points of R at which fis not continuous form a set of type F.

Proof. Let x be a limit point of S,,. We need to show that x € S,,. Let I be a bounded
open interval containing x. Then I contains a point y € S,. But then
o(f,I) = o(f,y) =1/n. As I is any bounded open interval containing x, we have
o(f,x) =1/n, that is, x € S,,.

It remains to show that S =J7, S,. Let x € S. Then by Proposition 2.4.12,
o(f,x) > 0. So, there exists a positive integer n such that w(f,x) = 1/n. Hence
x € S,. On the other hand, if x € S, then clearly, x € S. O
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The irrational numbers in R form a set A of category II (see Corollary 2.4.4). We
shall show that A is not of type F,. Suppose that, on the contrary,

where each F; is closed. Since each closed set F; contains only irrational numbers, it
cannot contain an interval. Thus, F; is nowhere dense and so A is of category I. This
contradicts the fact that A is of category II. We have thus proved the following
theorem:

Theorem 2.4.14. There is no real-valued function defined on R that is continuous at
each rational point and is discontinuous at each irrational point.

We give an example of a function that is continuous at every irrational number
and discontinuous at every rational number.

Example 2.4.15. The function f defined as

flx) = 1/n  where n is least in N such that x = m/n ,
0  if x is irrational

has the required property, as we shall argue.

Let ¢ € R be rational, so that f(c) = 1/n, where # is the least integer in N such
that ¢=m/n and m € Z. Choose &€ =1/2n. For any & >0, the interval
(c—98,¢c+9d) contains an irrational number x, so that |f(x)—f(c)| =
|0 — 1/n] = 1/n > €. Therefore, when € = 1/2n, no positive number & can have
the property that |x — ¢| < 8 = |f(x) — f(¢)| < &.

On the other hand, if ¢ € R is an irrational number and € any positive number
whatsoever, there exists (by the Archimedean property of R) some 7y € N such that
1/ny < €. Now consider the interval (¢ — 1/2m},c+ 1/2n%). For any p and q in
this interval, [p — g| < 1/n2. It follows that this interval can contain at most one
rational number of the form r = m/nwith n =< ny because, when m;n, — myn; # 0,
we have
me n

m 1y

:|m1n2—m2n1| - 1

n = ny, My =Hny =
mm nny

1
.
My

If there is any such r in the interval (c —1/2n%, ¢+ 1/2n3), let 8 = |[c —r|. If
there is no such 7, let 8 =1 /2n§. In both cases, no number x in the interval
(¢ —8,¢c+d) can be of the form x = m/n with n= ny. Thus, every number in
this interval is either irrational or is a rational number of the form m/n with n > n.
Therefore,
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|x — ¢| < & = either f(x) =0 or f(x) :% with n > ny
= either |f(x) — f(c)] =0 or |f(x) — f(¢)] :% with n > ng

S - )] <~ <.
Np

2.5. Exercises

. Let S(x, 8) be a ball with centre x and radius 8 in a metric space (X, d). Prove that

if 0 < € <d—d(x,z), then S(z,&) C S(x,9).
Hint: If y € S(z,¢), then d(x,y) =d(x,z) + d(z,y) < d(x,z) + € <3.

. Prove that S(x,e) C {y:d(x,y) <€} and give an example of a metric space

containing a ball for which the inclusion is proper.
Hint: {y: d(x, y) = €} is closed and contains S(x, €); use Corollary 2.1.27(iii). Let
(X,d) be discrete, X contain more than one point, and let € = 1. Then

S(x, 1) = {x} = {x}, whereas {y: d(x,y) =1} = X.

. Show that for any two points x and y of a metric space there exist disjoint open

balls such that one is centred at x and the other at y.
Hint: Let r = d(x, y). Then r > 0, and S(x,7/2) and S(y,7/2) are the desired balls.

. Let (X, d) be a metric space and let S(x, r;) and S(y, r,) be two intersecting balls

containing a common point z. Show that there exists an r; > 0 such that
S(z,13) C S(x, 1) NS(y, 12).

Hint: Since z € S(x, ) and S(x, ) is open, there exists an open ball S(z, r{)
centred at z and with radius r{ such that S(z, r) C S(x, r1). Similarly, there exists
an open ball S(z, r}) centred at z and with radius ; such that S(z,r}) C S(y,12).
Let r; = min {ry, 5}. Then S(z, r3) C S(x, ) N S(y, r2) since S(z, 13) C S(z, 17) as
well as S(z,13) C S(z,13).

. Let S(x, r) be an open ball in a metric space (X, d) and A be closed subset of X such

that d(A) =r and AN S(x,r) # &. Show that A C S(x, 2r).
Hint: Let y € AN S(x, 7). For z € A,

d(Z’x)Sd(Z’y) +d(}’;x) <r—+r=2r.

.Let AC [0,1] and F = {f € C[0,1]: f(¢) = 0 for every t € A}. Show that Fis a

closed subset of C[0, 1] equipped with the uniform metric.

Hint: Let t € A be fixed. The set {f € C[0,1]:f(t) = 0} can be shown to be a
closed subset of C[0, 1] as follows: If fis a limit point of the set, then there exists a
sequence {f,},= in the set such that lim,_., f, = f uniformly. Since uniform
convergence implies pointwise convergence, lim,_. f,(¢) = f(t). Since F is an
intersection of such sets, Theorem 2.1.34(i) applies.
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7. Let C[0, 1] be equipped with the metric defined by

1

d(f, ) :j F(1) — g(D)ldt, fog € ClO 1],

0

With notations as in Exercise 6, show that F is not necessarily closed.
Hint: Let A = {0}. Consider the sequence

1

n 0=t=-—

fult) = , "
1 t>—.
n

If f =1, then
1/n 1
d(fmf):J (1—nt)dt =— — 0 as n— oc.
0 2n
The functions of the sequence {f,},~, are in F, but f ¢ F.

8. Let X denote the space of all bounded sequences with

d(x,y) = sup;|x;i — yil,
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where x = {x;};~, and y = {y;};= are in X. Show that the subset Y of conver-

gent sequences is closed in X.

Hint: Let z € X be a limit point of Y. Then there exists a sequence {y"},~, in Y

satisfying the following condition: For every € > 0 there exists ng(€) such that

n=ny(e) implies

€
supk|y,(<") —zl < 3

The sequence { yj("“) jtj= 1> being convergent, is Cauchy. So there exists / such that

1,7 = I implies

€
5w < £

Now,

(119)

|z — zi| < |zi — y{™)| + |y} —)’}”°)| + \}’]-(HO) —z|l<e forij=I

The bounded sequence {z};~ is Cauchy and is, therefore, convergent and,

hence, belongs to Y.

9. Let A be a subset of a metric space (X, d). Show that

A:m{FQX:Fis closed and F D A}
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Hint: A is a closed set andA D A. Therefore, on the one hand, A is one of the sets
in the intersection, while on the other hand, by Corollary 2.1.27(iii), it is a
subset of every set in the intersection.

10. Let X = C with the usual metric and A = {(x,y):y =sin(1/x), 0 < x=1}.
Show that
A=AU{0,y): —1=y=1}

Hint: Each open ball centred at (0,y), —1 =y =1, has nonempty intersection
with A. It may be seen that every point outside AU {(0,y): —1 =y =1} is the
centre of a ball having an empty intersection with A.

11. Let X = {(x1,x) € R?:|x;| <2 and |x| < 1} be equipped with the metric
induced from R?. For any x = (x;,x,) € X and r = 2+/5, show that

Sx(x,r) = X.

Hint: Sx(x, r) = S(x, r) N X, where

SG ) = 10mg) € R 14/ 101 — x>+ (n — )] < 1.

It is enough to show that X C S(x,r). For x € X as well as y € X, we have
diy,x) =d(X) = 2V5=r.

12. Let A={z€ C:|z+1°<1} and B={z€ C:|z— 1]> < 1}, and let AU B be
equipped with the metric induced from C. Identify clsp(B).
Hint: cly 3(B) = (AUB) Ncle(B) = (AUB)N{z € C:|z— 1] =1} = BU{0}.

13. Let (X, d) be a metric space and A be a subset of X. Show that (i) X\A = (X\A)°;
(i) X\A° = (X\A).
Hint: (i) x € (X\A)° iff there exists a ball S(x,¢)) centred at x with suitable
radius € such that S(x,&) C X\A iff S(x,e) NA = ¥ iff x € A.
(ii) Replace A by X\A in (i) and take complements.

14. Give an example of a subset Yof a metric space (X, d) for which (Y)° # (Y°).
Hint: Let (R, d) be the usual real line and Ydenote the set of rationals in R. Then

(Y)° = (R)° = R whereas (Y°) = &J = (&¥.

15. For a subset Yof a metric space (X, d), (X\Y)° is called the exterior of Yand is
denoted by ext(Y). The boundary of Y is defined to be Y N (X\Y) and is
denoted by O(Y). Show that

(i) O(Y) = o(X\Y);
(ii) Y = YO U O(Y);
(iii) Y°Nno(Y) =
(iv) (X\Y)*Na(Y) = &;
(V) X =Y°UI(Y)U (X\Y)%
(vi) Y\O(Y) = Y°.
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16.

17.

18.

19.

Hint: (i) d(X\Y) = (X\Y) N (X\(X\Y)) = (X\Y)NY = O(Y).

(i) O(Y)CY, Y°CYCY.So Y°UIY)CY.Let ye Y. If y € Y°, then
yeYoualy) If ygY° then for all €>0, S(y, e) LY, ie,
S(y, €) N (X\Y) # . Hence, y € (X\Y). So y € YN (X\Y) = d(Y). Conse-
quently, y € YO U O(Y).

(iii) Y°NO(Y)=Y°N(YN(X\Y))= (Y°NY)N(Y°N(X\Y))= Y°N(Y°N(X\Y?))
=Y°NI=¢J, using Exercise 13(ii).

(iv) Replace Y by X\Y in (iii) and use (i).

(v) YOUO(Y) U (X\Y)° = YU (X\Y)° = YU (X\Y) = X, using (ii) and Ex-
ercise 13(i).

(vi) \O(Y)=YN(X\O(Y))=YN(Y°U(X\Y)%)= (YNY°)U(YN(X\Y)°)=Y"°,
using (iii), (iv) and (v) above.

Show that the Cantor set P is nowhere dense.
Hint: No segment of the form

3k+1 3k+2
( R ) (2.3)

3m 3m

where k and m are positive integers, has a point in common with P. Since every
interval («, ) contains an interval of the form (2.3) whenever

_ B—a
3T —
6

it follows that P contains no interval.

Consider the rationals Q as a subset of the complete metric space R. Prove that Q
cannot be expressed as the intersection of a countable collection of open sets.
Hint: Suppose Q = G; N G, N ..., where each G; is open in R. Then the set of
irrationals is |J;2 | G, where each Gf is closed. Since each Gf contains only
irrationals, no Gf contains a nonempty interval. Thus, Gf is closed and nowhere
dense foreach i =1,2....

Consider a real valued function fon [0, 1]. If f has an nth derivative that is
identically zero, it easily follows by using the mean value theorem that f
coincides on [0, 1] with a polynomial of degree at most n — 1. The following
generalisation is valid: If fhas derivatives of all orders on [0, 1], and if at each x
there is an integer n(x) such that f"*)(x) = 0, then f coincides on [0, 1] with
some polynomial.

Hint: See [3; p. 58].

Let A be either an open subset or a closed subset of (X, d). Then (9(A))° = &,
so that (A) is nowhere dense. Is this true if we drop the requirement that either
A is open or A is closed?

Hint: One need prove only the case of a closed set, because A is open iff A€ is
open and O(A) = 0(A°) by Exercise 15(i) above. If A is closed, then
0(A) = AN (X\A). Let G be an open subset of (X,d) such that G C 0(A).
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20.

21.

22.
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Then G C AN (X\A). This implies not only that G C A, so that G C A° (be-
cause A° is the largest open set contained in A), but also that (see Exercise
13(ii) ) G € (X\A) = X\A°. Hence, G = J. When A is neither open nor closed,
O(A) need not be nowhere dense: Consider the set A of rational numbers in the
metric space (R,d). For this set, 9(A) = AN (X\A) = RNR =R, and hence
(0(A))° =R # .

Let G;, G,,... be asequence of open subsets of R, each of which is dense. Prove
that (), G, is dense.

Hint: Suppose not. Then there exists x € R and an open interval I, containing x
such that I, N2, G, = &. Thus, x € I, C | J;~, G.. But each G is nowhere
dense, and, hence, Uff:l G, is of category I (see Definition 2.4.1). But I is of
category II by Corollary 2.4.4. Since a subset of a set of category I must be of
category I (see Remark (viii) just before Theorem 2.4.3), we arrive at a contra-
diction. (The reader may note that the argument is valid in any complete metric

space.)

Let E be a closed subset of a metric space (X, d). Prove that E is nowhere dense if
and only if for every open subset G there is a ball contained in G\E.

Hint: Suppose E is nowhere dense. Then G\E # ¢ because, otherwise, G C E,
and this contradicts the supposition that E is nowhere dense. Let
x € G\E = GN E“. Since G and E° are both open, there exists an r > 0 such
that S(x, r) C G\E. For the converse, the hypothesis implies that every open set
has nonempty intersection with E°. It follows that E° = (E)° is dense in X, so
that E is nowhere dense.

Let (R, d;) be the metric space where

_ =yl + 1y i xF oy,
dl(x>y)_{ 0 lfx:y

Show that the g-ball about 0 with the metric d; is the same as the (g/2)-ball
about 0 with the usual metric. Also, if 0 < & < |y|, then the e-ball about any
nonzero element y with the metric d; consists of y alone. Describe a base for the
open sets of (R, dy).



3 Continuity

One of the main aims in considering metric spaces is the study of continuous
functions in a context more general than that of classical analysis. This approach
does not distinguish between functions of one variable or several variables.

Early mathematicians considered defining a real-valued continuous function
with an interval domain as one that maps every subinterval in its domain onto an
interval or a point (intermediate value property). However, it was soon discovered
that this definition was flawed. In fact, the function f(x)=sin(1/x),x #0,
and f(0) = 0, possesses the intermediate value property but fails to be continuous
at zero.

We give below the definition of a continuous function, which was eventually
adopted in the form suitable to the present context, and provide several other
characterisations. The problem of extension of a continuous or uniformly continu-
ous function defined on a subspace to the whole space is discussed. Also discussed
in the chapter is the uniform convergence of sequences and series of continuous
functions. The contraction mapping principle and its applications to a system of
algebraic equations and Picard’s theorem on first order differential equations are
dealt with in the final section of this chapter.

3.1. Continuous Mappings

For a real-valued function f with domain A C R, a rough and rather inaccurate
description of continuity at a point a € A is the statement “f{x) is close to f{a) when
x is close to a”. The measure of “closeness” of two numbers, or distance between
them, is the absolute value of the difference of the numbers. In terms of the
standard metric d on R, continuity involves a relationship between d(x, a) and
d(f{x),f(a) ). This observation makes it possible to extend the concept of continuity
to functions with domain and range in metric spaces.

Definition 3.1.1. Let (X, dx) and (Y, dy) be metric spaces and A C X. A function

f:A— Y is said to be continuous at a € A, if for every € > 0, there exists some
d > 0 such that
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dy(f(x),f(a)) < € wheneverx € A and dx(x,a) < 9.

If fis continuous at every point of A, then it is said to be continuous on A.

Remarks 3.1.2. (i) If one positive number 3 satisfies this condition, then every
positive number 8; < 3 also satisfies it. This is obvious because whenever x € A and
dx(x,a) < 8y, it is also true that x € A and dx(x, a) < 8. Therefore, such a number
d is far from being unique.

(ii) In the definition of continuity, we have placed no restriction whatever on the
nature of the domain A of the function. It may happen that a is an isolated point of
A, i.e., there is a neighbourhood of a that contains no point of A other than a. In
this case, the function fis continuous at a irrespective of how it is defined at other
points of the set A. However, if a is a limit point of A and {x,} is a sequence of points
of A such that x,, — a, it follows from the continuity of fat a that f(x,) — f(a). In
fact, we have the following theorem:

Theorem 3.1.3. Let (X, dx) and (Y, dy) be metric spaces and A C X. A function
f:A— Y is continuous at a € A if and only if whenever a sequence {x,} in A
converges to a, the sequence {f(x,)} converges to fla).

Proof. First suppose the function f: A — Y is continuous at a € A and let {x,} be a
sequence in A converging to a. We shall show that {f(x,)} converges to f{a). Let € be
any positive real number. By continuity of fat 4, there exists some 8 > 0 such that
x € A and dx(x,a) <8 = dy(f(x),f(a)) < &. Since lim, .o X, = g, there exists
some 1y such that #n=ny= dx(x,,a) <8.  Therefore n=ny=
dy(f(x,), f(a)) < &. Thus, lim,_.« f(x,) = f(a).

Now suppose that every sequence {x,} in A converging to a has the property that
lim,,— o f () = f(a). We shall show that fis continuous at a. Suppose, if possible,
that fis not continuous at a. There must exist € > 0 for which no positive 8 can
satisfy the requirement that x € A and dx(x,a) < & = dy(f(x),f(a)) < &. This
means that for every & > 0, there exists x € A such that dx(x,a) <38 but
dy(f(x),f(a)) =¢€. For every n € N, the number 1/n is positive and therefore
there exists x,, € A such that dx(x,, a) < 1/nbut dy(f(x,), f(a)) = . The sequence
{x,} then converges to a but the sequence {f(x,)} does not converge to fla). This
contradicts the assumption that every sequence {x,} in A converging to a has the
property that lim,_, f(x,) = f(a). Therefore, the supposition that fis not con-
tinuous at a must be false. O

Definition 3.1.4. Let (X, dx) and (Y, dy) be metric spacesand A C X. Letf:A — Y
and a be a limit point of A. We write lim,_., f(x) = b, where b € Y, if for every
€ > 0 there exists 8 > 0 such that

dy(f(x), b) < € whenever x € A and 0 < dx(x,a) < 3.
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Remark. In the definition of limit, the point a in X need only be a limit point of A and
does not have to belong to A. In addition, if a € A, we may have lim,_,, f(x) # f(a).

Proposition 3.1.5. Let (X, dx), (Y,dy), A, fand a be as in the definition above.
Then

limf(x) = b

if and only if
lim f(x,) =b

for every sequence {x,} in A such that x, # a and lim,_,, x, = a.

Proof. The argument is similar to that of Theorem 3.1.3 and is therefore not
included. O

Lemma 3.1.6. Let f: X — Y be an arbitrary function and let AC X and BC Y.
Then f(A) C B if and only if A C f~1(B).

The next characterisation of continuity follows immediately from Definitions
3.1.1 and 3.1.4.

Proposition 3.1.7. Let (X,dx) and (Y,dy) be metric spaces and A C X. Let
ftA— Y and a be a limit point of A. Then fis continuous at a if and only if
lim,_,, f(x) = f(a). If a is an isolated point of A, the function fis continuous at a
irrespective of how it is defined at other points of A.

The following reformulation of the definition of continuity at a point a in terms
of neighbourhoods is useful.

Proposition 3.1.8. A mapping fof a metric space (X, dx) into a metric space (Y, dy)
is continuous at a point a € X if and only if for every € > 0, there exists 8 > 0 such
that

S(a,8) C f~'(S(f(a),e)),

where S(x, r) denotes the open ball of radius r with centre x.

Proof. The mapping f: X — Y is continuous at a € X if and only if for every € > 0
there exists 8 > 0 such that

dy(f(x),f(a)) < e for all x satisfying dx(x,a) < 8,
ie.,
x € S(a,8) = f(x) € S(f(a), )

or
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f(8(a,8)) € S(f(a),e).
This is equivalent to the condition
S(a,8) € f1(S(f(a), ).

(See Lemma 3.1.6.) O

Theorem 3.1.9. A mapping f: X — Y is continuous on X if and only if f~'(G) is
open in X for all open subsets G of Y.

Proof. Suppose fis continuous on X and let G be an open subset of Y. We have to
show f~!(G) is open in X. Since ¢ and X are open, we may suppose that
fU(G) # & and f1(G) # X. Let x € f '(G). Then f(x) € G. Since G is open,
there exists € > 0 such that S(f(x),e) C G. Since f is continuous at x, by Prop-
osition 3.1.8, for this € there exists 8 > 0 such that

S(x,8) C £ (S(f(x),8)) C fH(G).

Thus, every point x of f~'(G) is an interior point, and so f~!(G) is open in X.

Suppose, conversely, that f~}(G) is open in X for all open subsets G of Y. Let
x € X. For each € > 0, the set S(f(x),€) is open (see Theorem 2.1.5) and so
F71(S(f(x),¢)) is open in X. Since

x € fH(S(f(x),€)),
it follows that there exists & > 0 such that
S(x,8) € fH(S(f(x), 8)).

By Proposition 3.1.8, it follows that fis continuous at x. O

Theorem 3.1.10. A mapping f: X — Y is continuous on X if and only if f~'(F) is
closed in X for all closed subsets F of Y.

Proof. Let F be a closed subset of Y. Then Y\F is open in Y so that f ' (Y\F) is open
in X by Theorem 3.1.9. But

Y (Y\F) = X\f '(F).

So f~(F) is closed in X.
Suppose, conversely, that f ~!(F) is closed in X for all closed subsets F of Y. Then,
by Theorem 2.1.31, X\f"!(F) is open in X and so

fHNF) = X\f7(F)

is open in X. Since every open subset of Y is a set of the type Y\F, where F is a
suitable closed set, it follows by using Theorem 3.1.9 that fis continuous. O
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The characterisation of continuity in terms of open sets (Theorem 3.1.9) leads to
an elegant and brief proof of the fact that a composition of continuous maps is
continuous.

Theorem 3.1.11. Let (X, dx), (Y, dy) and (Z, d;) be metric spaces and let f : X — Y
and g:Y — Z be continuous. Then the composition go f is a continuous map of X
into Z.

Proof. Let G be an open subset of Z. By Theorem 3.1.9, ¢~ !(G) is an open subset of
Y, and another application of the same theorem shows that f!(g~!(G)) is an open
subset of X. Since (g of)_l(G) = (g 1(@G)), it follows from the same theorem
again that g o f is continuous. O

Theorem 3.1.12. Let (X, dx) and (Y, dy) be metric spaces and let f: X — Y. Then
the following statements are equivalent:

(i) fis continuous on X;
(ii) f~1(B) C f~'(B) for all subsets B of ¥;
(iii) f(A) C f(A) for all subsets A of X.

Proof. (i)=-(ii). Let B be a subset of Y. Since B is a closed subset of Y,f'(B) is
closed in X. Moreover, f~'(B) C f~'(B), and so f~1(B) C f~(B). (Recall that
f~1(B) is the smallest closed set containing f~'(B).)

(ii)=>(iii). Let A be a subset of X. Then, if B = f(A), we have A C f~'(B) and
AC f7(B) C f(B). Thus ) C f(f~'(B)) = B = [(A).

(iii)=>(i) Let F be a closed set in Yand set f "' (F) = F,. By Theorem 3.1.10, it is
sufficient to show that F, is closed in X, that is, F; = F;. Now,

f(FR) Cf(fY(F) CF=F,

so that
F gfil(f(ﬁl))gfil(F)ZFl- O

Examples 3.1.13. (i) Let (X,d) be a metric space and suppose f;: X — R and
f:X — R are continuous functions. Then the function f:X — R* defined by
f(x) = (fi(x), fo(x)) is continuous. In fact, given € > 0, there exist & > 0 and
8, > 0 such that d(x,a) < &, implies |f,(x) — fi(a)| < &/V/2 and d(x, a) < §, im-
plies [f2(x) — f(a)| < &/v/2. Take 8 = min {3;,5,}. Then d(x,a) < & implies

() = f@)] = {(hi(x) = fi(@))* + (hx) = h(@)*}' <e.

More generally, if fi: X — R are continuous functions, k = 1,2, ..., n, then the
function f: X — R" defined by f(x) = (fi(x), 2(x), ..., fu(x)) is continuous.

Any map f: X — R” can be written as f(x) = (fi(x), £(x),...,fu(x)),x € X. If f
is continuous, so is each f;. In fact,
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‘ﬁf(x) —fk()’)| = |f(X) _f()/)|’k = 1)2) oy N,
where [£(x) — f(y)] = (ZF_, [filx) = i)',

(ii) Since the functions x — cos x and x — sin x are continuous from R to R, it
follows from (i) above that the function x — (cosx, sinx) from R to R? is con-
tinuous.

(iii) Let X = C with the usual metric. The mappings

1 1
z—>£cos(1m z) and z—»Esin(Re z)+1
from C to R are continuous, and it follows from (i) above that the mapping

1 1 .
z— (2 cos (Im z), 3 sin (Re z) + 1)

from C to C is continuous.
(iv) Let X = C with the usual metric. The mappings

2Re z 2Im z lz|* — 1

z— 7>Z 7 7 4 12
1+ |z| 1+ |z| lz|” +1

from C to R are continuous. It follows from (i) above that the mapping
2Rez 2Imz |z°—1
- 2 2
L+ 2" 142" |2]"+1
from C to R? is continuous.
The mapping is the familiar representation of the complex plane by points of the
unit sphere in R®.

(v) Let X =Y = CI[0, 1] with the uniform metric d(x,y) = sup{|x(¢) — y(t)|:
€ [0, 1]}. The mapping ¢: X — Y defined by

(e(x)(1) = J ()ds .x € C[0, 1]

0

is continuous. In fact,

(@) (1) = (e((B)] =

Jt x(s)ds — Jt y(s)ds
0 0

= J |x(s) — y(s)|ds
0
=d(x,y).

Hence,
d(e(x), ¢(y)) = d(x, )

for x,y € C[0, 1]. On choosing 8 = ¢, the assertion follows.
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(vi) If (X, d) is a discrete metric space, then every function f: X — Y, where Yis
any metric space, is continuous. Let a € X and S( f(a), €) be an open ball centred at
f(a) with radius €. Choose & < 1. Then S(a,8) ={a} and so f(S(4,d)) =
{f(a)} C S(f(a),2).

3.2. Extension Theorems

Consider the function f: (0,00) — R defined by f(x) = 1/x. There is no continu-
ous function g defined on [0,00) that agrees with f. In other words, f has no
continuous “extension” to [0, 00). The term “extension” is formally defined below.

Definition 3.2.1. Let X and Y be abstract sets and let A be a proper subset of X.
If fis a mapping of A into Y, then a mapping g: X — Y is called an extension
of fif g(x) = f(x) for each x € A; the function fis then called the restriction of
gto A.

If Xand Yare metric spaces, A C X and f: A — Y is continous, then we might ask
whether there exists a continuous extension g of f. Extension problems abound in
analysis and have attracted the attention of many celebrated mathematicians. Below,
we deal with some simple extension techniques.

Theorem 3.2.2. Let (X, dx) and (Y, dy) be metric spaces and let f : X, g: X — Y be
continuous maps. Then the set {x € X: f(x) = g(x)} is a closed subset of X.

Proof. Let F = {x € X: f(x) = g(x)}. Then X\F = {x € X:f(x) # g(x)}. We shall
show that X\F is open. If X\F = ¢, then there is nothing to prove. So let X\F #
and let a € X\F. Then f(a) # g(a). Let r > 0 be the distance dy(f(a),g(a)). For
€ = r/3, there exists a & > 0 such that

dx(x, a) < & implies dy(f(x),f(a)) < r/3 and dy(g(x), g(a)) < r/3.
By the triangle inequality, we have
dy(f(a), g(a)) = dy(f(a), f(x)) + dy(f(x), g(x)) + dy(g(x), g(a)),
which implies
dy (f(x), g(x)) = dy(f(a), g(a)) — dy(f(a), f(x)) — dy(g(x),g(a)) > r/3

for all x satisfying dx(x, a) < 8. Thus, for each x € S(a,9d), dy(f(x), g(x)) > 0, i.e.,
f(x) # g(x). So,
S(a,d) C X\F.

Hence, X\F is open and thus F is closed. O

Corollary 3.2.3. Let (X,dy) and (Y,dy) be metric spaces and let f: X — Y,
g:X — Y be continuous maps. If F = {x € X:f(x) = g(x)} is dense in X, then

f=g
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Proof. By Theorem 3.2.2, F is closed. Since F is assumed dense in X, we have
X =F=F,ie, f(x) = g(x) forall x € X. O

Theorem 3.2.4. Let (X, dx) and (Y, dy) be metric spaces, A a dense subset of X and f
a map from A to Y. Then fhas a continuous extension g: X — Y if and only if for
every x € X that is a limit point of A, the limit lim,_., f(y) not only exists in Y but
also equals f{x) in case x € A. When the extension exists, it is unique. (Note that the
stipulation lim,_.. f(y) = f(x) when x € A says that fis continuous on A.)

Proof. Suppose that fhas a continuous extension g, and consider any x € X thatisa
limit point of X. Since A is dense, x must be a limit point of A as well, as we now
argue. Any ball S(x, €) contains a point y € X,y # x. There exists S(y,&') C S(x,€)
such that x & S(y,€’). Since A is dense, S(y,¢€) contains a point a € A. Thus, S(x, €)
contains the point a € A and a # x.

Now

g(x) =lim g(y) (g is continuous)
y—x
=limg(y) with y € A (x is a limit point of A)
y—x

= lim f(y) (g is an extension of f).

y—x

Thus, lim,_., f(y) exists and equals g(x).
Conversely, suppose that for every limit point x € X, lim, ., f(y) exists and that
it equals f(x) when x € A. Define g(x) by

f(x) if x €A,
§X) =41 limf(y) ifx ¢AbutxeA-
yﬂx

Since A is dense in X, the function g is defined on the whole of X. We need to show
that g is continuous. By the definition of a limit, for every positive number ¢, there
exists a positive number 8 > 0 such that

fly) € S(g(x), ;a) whenever y # x and y € S(x,8) N A.

Consider any z € S(x,8). In case z is an isolated point of X, then
g(z) € S(g(x),€/2), in view of the observation above. If z is not an isolated point
of X, then g(z) is the limit of f(y) as y — z in S(x,8) N A. Therefore,

8(2) € f(AN S(x,8)) C S(g(x),e/2) C S(g(x),2),

so that g is continuous at x. Hence, g is continuous on X. By Corollary 3.2.3, it
follows that g is the unique continuous extension of f. O

Examples 3.2.5. (i) Let f(x)=sin(1/x),x € R\{0}. We shall show that
lim,_ sin (1/x) does not exist. Hence, the function f cannot be extended to a
continuous function on R.
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Assume that there exists L € R such that lim,_,y sin (1/x) = L. Then, for e =1,
there would exist 8 > 0 such that 0 < |x| < & implies

At
sm<> — L‘ <1 (3.1)
x
Observe that sin (1/x) = 1 for x = m, n € N; since ﬁ — 0as n— 00, we
see that sin (1/x) = 1 for some x € (0, d). For this x, (3.1) implies
N-1L <1, ie,Le(0,2). (3.2)
Similarly, sin (1/x) = —1 for x = m,n € N; since m — 0 as 1 — 00, we

see that sin (1/x) = —1 for some x € (0, 3). For this x, (3.1) implies
—1-1L|<1, ie,L€(—20). (3.3)

As the intervals (0, 2) and (—2,0) are disjoint, they cannot have a point L in
common.

(ii) From elementary calculus, we know that lim,_,, % exists and equals 1.
Hence, the function f(x) = (*3%), x # 0, has a continuous extension g defined by

sin x
g(x){ X X#O)
1 x=0.

(iii) Let {r,},~,; be an enumeration of the rationals in [0,1]. Define a function
f:10,1] — R by putting f(x) =, _ 1/2" the infinite sum being extended
to only those n such that r, < x. If there are no points r, to the left of x, the sum is,
of course, empty and we define it to be zero. Since the series in the defining equation is
absolutely convergent, the order in which the terms are arranged is immaterial.

It is clear that f is a monotonically increasing function on [0,1]. For any
ce (0,1],

. . 1 1
fle) = hliI})l+f(C —h = hlir%)l+ Z 2" - Z on = flek

m<c—h < c

i.e., the function fis left continuous at each point ¢ € (0, 1]. For any ¢ € [0, 1), we
have

fle+)

1 1
li = 1i — =
Jm flethy = lim > —5=3 —
m<ct+h m=c
f(o) if ¢ is irrational,
> f(c) if ¢ is rational.

Thus, fis continuous at every irrational point of [0,1] and lim, ., f(y) does not
exist at rational points x of [0,1]. Let f denote the restriction of fto all irrationals
x € [0, 1]. The function f is continuous on its domain of definition, which is dense
in [0, 1]. However, it cannot be extended to a function continuous on [0, 1] since
limyéxf'(y) does not exist at rational points x € [0, 1].
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3.3. Real and Complex-valued Continuous Functions

Definition 3.3.1. Let X be a nonempty set. Given mappings fand g of X into C and
a € C, we define the mappings f + g, af, fg and |f| into C as follows:

(f +8)(1) = f(1) +¢(1)
(of )(1) = of (¥)
(f2)(1) = f()g(1)
fI(e) = If (D)
for all + € X. Further, if f(¢) # 0 for all t € X, we define the mapping 1/f of X into

C by
_

Cf

The proofs of the assertions in the following theorem are direct generalisations of
the familiar proofs in the case where X is the real line.

(1/)(1) for all t € X.

Theorem 3.3.2. Let fand g be continuous mappings of a metric space (X, dx) into C
and let a € C. Then the mappings f + g, af, fg and |f| are continuous on X, and so
is the mapping 1/f, if it is defined.

Examples 3.3.3. (i) Let f:R — C be defined by
flx)=x+ ix?

We shall argue that fis continuous at 2 € R. Consider any € > 0. Upon using the
fact that the functions g: R — R and h: R — R defined by g(x) = x and h(x) = x?
are continuous at 2, it follows that there exist 8; > 0 and &, > 0 such that

|[x —2] <8 = |g(x) —g(2)] < % and |x — 2| < 8, = |h(x) — h(2)| < %
The positive number 8 = min {1, 3,} then has the property that |x — 2| < 8 implies
g(x) — ¢(2)] < % as well as |h(x) — h(2)| < %

These two inequalities together imply
2 2

(30x) = g@)) + (h(x) — h(2))* < S+ = &
Consequently,
|(x +ix?) — (24 4i)|* = |x — 2" + |« — 4]
= [g(x) = g@)" + |h(x) = hQ)| < &

whenever |x — 2| < 3.
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(ii) Let (X,dx) = (Y,dy) = (R,d), where d denotes the usual metric on R.
Define fon R by
flx) = { | is .ratlo.nal,
0 x is irrational.

Then fis continuous at no point of R. It is enough to show that lim,_., f(x) does not
exist for any a. Assume the contrary, that lim,_,, f(x) = L for some L € R. Given
€ = 1/2, there must exist 8 > 0 such that |f(x) — L| < 1/2if 0 < |x — a| < &. But
the interval (a — 9, a) contains both a rational number and an irrational number. If
x € (a— 8, a) is rational we get |1 — L| < 1/2, whileif x € (a — 8, a) is irrational we
get |0 — L| < 1/2. This leads to the contradiction that [0 — 1| < 1.

(iii) Let X = C[0,1] with the uniform metric. Define f: X — C by f(x) = x(0)
whenever x € X. We shall show that fis continuous on X. Let {x,},~ ; be a sequence
in X, ie., in C[0,1] such that lim,x, = x. Since uniform convergence implies
pointwise convergence, we have

lim f (x,) = lim x,,(0) = x(0) = f(x).

Thus, fis continuous on X = C[0, 1].
(iv) Let X = C[0,1] with the uniform metric. Define f: X — C by
1

£(x) :J x(t)dt.

0

Let {x,},~ be a sequence in X, i.e., in C[0,1] such that lim, x, = x. So, for € > 0,
there exists 1y such that n= ny implies

sup {|x,(£) —x(1)]: 0=t =1} <e.

Now,

Jl x,(t)dt — Jl x(t)dt

0 0

If (xa) = f(x)| =

1
= J |x,(£) — x(¢)|dt
0

1
=< sup {|x, () —x(t)|:OStSI}~J dt

0
<&

for n= ny. Thus, fis continuous on X = C[0,1], in view of Theorem 3.1.3.
(v) Let (X, d) be a metric space. Define f: X — R by
flx) =d(x,x),xeX
where xg is fixed. We shall show that fis continuous on X. In fact,

If (x) = f)| = |d(x, x0) — d(y, x0)]
=d(x,y)

for x, y € X. The continuity of f now follows on choosing & = ¢.
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3.4. Uniform Continuity

Let (X, dx) and (Y, dy) be two metric spaces and let fbe a function continuous at
each point xy of X. In the definition of continuity, when x; and € are specified, we
make a definite choice of d so that

dy(f(x),f(x)) < & whenever dx(x, xy) < 8.

This describes 8 as dependent upon xy and €, say & = 8(xp, €). If 8(xy,€) can be
chosen in such a way that its values have a lower positive bound when ¢ is kept fixed
and xo is allowed to vary over X, and if this happens for each positive ¢, then we
have the notion of “uniform continuity”. More precisely, we have the following
definition:

Definition 3.4.1. Let (X,dx) and (Y,dy) be two metric spaces. A function
f: X — Y is said to be uniformly continuous on X if, for every € > 0, there exists
a d > 0 (depending on ¢ alone) such that

dy(f(x1),f(x2)) < € whenever dx(x,x) <9

for all x;,x, € X.

Every function f: X — Y which is uniformly continuous on X is necessarily
continuous on X. However, the converse may not be true. We shall see later (see
Theorem 5.4.10) that these two concepts agree on certain kinds of metric spaces
called “compact”

Examples 3.4.2. (i) Let (X,dx) = (Y,dy) = (R, d), where d denotes the usual
metric on R. Define f:R — R by

flx) = x*,x € R

It is well known from elementary analysis that fis continuous. We shall prove that it
is not uniformly continuous by exhibiting an ¢ for which no & works. Take € = 1
and let 3 > 0 be arbitrary. Choose x =8/2 + 1/8 and y = 1/8. Then

5 1 1‘ d

|X—}/|:'2+8_8 E<8

8+1 2 \?
2% 5
52 .
=1+, >1

but

f(x) = f(y)| =

Thus, whatever 8 > 0 may be, there exist points x and y such that [x — y| < & but
If(x) = f(y)] > 1. (The reader may attempt to prove the result starting with
e=1/2.)
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(ii) Let A be a subset of the metric space (X, d). Define
f(x) =d(x,A) =inf{d(x,y):y € A}, x€X.

We shall prove that fis uniformly continuous over X. For y € A and x, z € X, the
triangle inequality gives
d(x,y) =d(x,z) + d(z,y).

On taking the infimum as y varies over A, we get

inf d(x, y) = inf [d(x, z) + d(z, y)] = d(x,z) + inf d(z, y).
y€EA yEA yEA

Thus,

dx,A) —d(z,A)=d(x,2), x,z¢€X.
Interchanging x and z and observing that d(x, z) = d(z, x), we get

d(z,A) —d(x,A)=d(x,2), x,z¢€X.
Hence,

If (x) — f(2)| = |d(x, A) — d(z,A)| = d(x,2), x,z€X.
The uniform continuity of f results on choosing & = €.
(iii) The function f: (0,1) — R defined by f(x) = 1/x is not uniformly continu-

ous. We shall prove the assertion by exhibiting an € for which no 8 works. (See
Figure 3.1.)

Take € =1/2 and let 8 be any positive number. Choose x =1/n and
y =1/(n+ 1), where n is a positive integer such that n > 1/8. Then

>

|x —y| =

1 1 1 1
-— = <-<
n n—&—l‘ nin+1) n

but
fx)=fl=n—(+1)|=1>¢

™™

1[ fx)=1/x

~b2

Figure 3.1
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Thus, whatever 8 > 0 may be, there exist x and y such that |x — y| <& but
If(x) = fn[ > 1/2.

(iv) The function f: [0, 1] — R defined by f(x) = x? is uniformly continuous. Let
%,y € [0, 1]. Then

f(x) = fl = | =7
=[x+ ylx =yl
= (|xl + [yD]x = ¥
=2|x—y|.

For € >0, choose d =¢/2. Then |x—y| <38 implies |f(x) —f(y)|=2|x —y|
< 28 = 2(g/2) = &. This proves the assertion that f(x) = x% x € [0,1], is uni-
formly continuous.

Recall from Example 3.4.2(ii) that d(x, A) = inf {d(x, y): y € A}.

Proposition 3.4.3. Let (X, d) be a metric space and let x € X and A C X be non-
empty. Then x € A if and only if d(x, A) = 0.

Proof. Suppose d(x, A) = 0. There are two possibilities: x € A or x € A. If x € A,
then x € A. We shall next show that if x & A, then x is a limit point of A. Let € > 0
be given. By the definition of d(x, A), there exists a y € A such that d(x, y) < ¢, i.e.,
y € S(x,¢€). Thus, every ball with centre x and radius € contains a point of A distinct
from x; so x €A. Conversely, suppose x €A. If x € A, then obviously d(x, A) = 0.
We shall next show that if x is a limit point of A, then d(x, A) = 0. By the definition
of limit point, every ball S(x,¢) with centre x and radius € > 0 contains a point
y € A distinct from x. Consequenly, d(x, A) < &, i.e., d(x, A) = 0. O

A more general version of the following theorem is known as Urysohn’s lemma.

Theorem 3.4.4. Let A and B be disjoint closed subsets of a metric space (X, d). Then
there is a continuous real-valued function f on X such that f(x) =0 for all
x€Af(x)=1forallx € Band 0=f(x) =<1 forall x € X.

Proof. From Example (ii) above, it follows that the mappings x — d(x,A) and
x — d(x, B) are continuous on X. Since A and B are closed and ANB= {,
Proposition 3.4.3 shows that d(x,A)+ d(x,B) >0 for all x € X. Indeed, if
d(x, A) + d(x, B) = 0 for some x € X, then d(x,A) = d(x,B) =0; so xEA=A
and x € B = B, and hence x € AN B, a contradiction.

Now define a mapping f: X — R by

B d(x, A)
J&) = A T dx )

Then fis continuous on X. Moreover,

_Jo ifxeA,
f(x){l if x€B

x € X.

and 0= f(x) =1. O
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Corollary 3.4.5. Let (X, d) be a metric space and A, B be disjoint closed subsets of X.
Then there exist open sets G, H such that AC G,BC Hand GNH = (.

Proof. Let f: X — [0, 1] be any function guaranteed by Theorem 3.4.4, and let
1 1
G= {xEX:f(x) <2} and H = {xeX:f(x) >2}.

Then G = f~1([0,1/2)) and H = f~'((1/2,1]) are open subsets of X, being inverse
images of open subsets of [0,1]. Moreover, AC G,BC Hand GNH = . O

A composition of uniformly continuous mappings is again a uniformly continu-
ous mapping. More precisely, we have the following theorem:

Theorem 3.4.6. If fand g are two uniformly continuous mappings of metric spaces
(X, dx) to (Y,dy), and (Y, dy) to (Z, dz), respectively, then go f is a uniformly
continuous mapping of (X, dx) to (Z, dz).

Proof. Since gis uniformly continuous, for each € > 0, there exists a 8 > 0 such that

dy(f(x), f(y)) < d implies dz((g o f)(x), (g f)(y)) <&

for all f(x),f(y) €Y.
As fis uniformly continuous, corresponding to 8 > 0, there exists an m} > 0 such

that
dx(x,y) <m implies dy(f(x),f(y)) <?d

forall x,y € X.
Thus, for each € > 0, there exists an m > 0 such that

dx(x,y) < m implies dz((go f)(x),(gof)(y) <e

for all x,y € X and so g o f is uniformly continuous on X. O

A continuous function may not map a Cauchy sequence into a Cauchy sequence
as the following example shows:

Example 3.4.7. Let X = (0, co) with the induced usual metric of the reals and Y be
the reals with the usual metric. The function f: X — Y defined by

1
f(x) :;,x S X)

is continuous on X. Now {1/n},~, is a Cauchy sequence in X (because it is
convergent in R). But {f(1/n)},=, = {n}, =, is not a Cauchy sequence in Y. Indeed,
the absolute difference of any two distinct terms is at least as large as 1.

However, Cauchy sequences are mapped into Cauchy sequences by uniformly
continuous functions.
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Theorem 3.4.8. Let (X,dyx) and (Y, dy) be two metric spaces and f: X — Y be
uniformly continuous. If {x,},~, is a Cauchy sequence in X, then so is {f(x,)},=
in Y.

Proof. Since fis uniformly continuous, for every € > 0, there exists a 8 > 0 such
that

dy(f(x),f(y)) <& whenever dx(x,y) <38 (3.4)

for all x,y € X.
Because the sequence {x,},= is Cauchy, corresponding to & > 0, there exists
such that

n,m=mny implies dx(x,, x,) < 9. (3.5)
From (3.4) and (3.5), we conclude that

dY(f(xn))f(xm)) <E€ fOI‘ n, m= No,

and so {f(x,)},= is a Cauchy sequence in Y. O

Theorem 3.4.9. Let fbe a uniformly continuous mapping of a set A, dense in the
metric space (X, dy), into a complete metric space (Y, dy). Then there exists a
unique continuous mapping g¢: X — Y such that g(x) = f(x) when x € A; more-
over, ¢ is uniformly continuous.

Proof. Since fis uniformly continuous, a fortiori, continuous, therefore, for every
x € A that is a limit point of X, the limit lim,_,, f(y) not only exists in Y but also
equals f(x). Therefore, by Theorem 3.2.4, in order to prove the existence and
uniqueness of such a continuous mapping g: X — Y, it is sufficient to show for
every x € X\A that f(y) tends to a limit as y — x. (It is understood that y € A,
because the domain of fis A.)

Let x € X be arbitrary. Since A is dense in X, there exists a sequence {x,},~, in A
such that lim,,,, dx(x,, x) = 0. Since {x,}, > is convergent, it is a fortiori Cauchy;
so by Theorem 3.4.8, it follows that {f(x,)},~; is a Cauchy sequence in the
complete metric space (Y, dy) and hence converges to a limit, which we shall denote
by b. Now consider any sequence {x},~, in A with x], # x for each » and
lim,_. x/, = x. It follows from uniform continuity of f that, for &€ > 0, there exists
a ® > 0 such that

dy(f(2),f(y)) <e whenever dx(z,y) < 9. (3.6)

Since lim,_,o %, = x = lim, .o %], there exists an integer n; such that
dx(x,, x,) < & whenever n= n;. Therefore by (3.6)

dy(f(x,),f(x.)) <& whenever n=n,. (3.7)

Letting n — o0, we get from (3.7) that
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dy(lim f(x,), lim f(x))) <#,

ie.,

dy(b, lim f(x])) =e.

Since € > 0 is arbitrary, it follow that lim,_, f(x,) = b for every sequence {x},,=,
in Awith x/, # x for each n, and lim,,_., x), = x. It follows by Proposition 3.1.5 that
fly) tends to a limit, namely b, as y — x. As already pointed out earlier, this shows
that a unique continuous extension g of fto X exists.

[t remains to prove that gis uniformly continuous. Let x and x’ be two points of X
such that dx(x, x') < 8/3. Let {x,},,~ and {x},,~ | be sequences of points in A such
that lim,_ dx(x,, x) = 0 and that lim,_., dx(x/, x’) = 0. We can choose an inte-
ger n, such that dyx(x,, x) < 8/3 and dx(x,x') < 8/3 whenever n= n,. Since

dx (X, X)) = dx (%, x) + dx (2, x') + dx(x', %)) < 8
for m, n= ny, it follows from (3.6) that
dy (f (xm), f (%)) <e.
Letting m — oo and then n — oo in the above inequality, we get
dy(g(x), g(x)) =e

whenever dx(x, x') < 8/3. This proves that g is uniformly continuous. O

Remark 3.4.10. The condition that the metric space (Y, dy) is complete in Theorem
3.4.9 cannot be omitted. In fact, let X = R with the usual metric and Y = Q, the set
of rationals with the metric induced from R. Let A = Q. Observe that A is a dense
subset of X. The function f: A — Y defined by f(x) = x for every x € A is uni-
formly continuous but it possesses no continuous extension to X, as the only
continuous rational-valued functions on X = R are constant functions.

3.5. Homeomorphism, Equivalent Metrics and Isometry

Definition 3.5.1. Let (X, dx) and (Y, dy) be any two metric spaces. A function
f: X — Y which is both one-to-one and onto is said to be a homeomorphism
if and only if the mappings fand f ! are continuous on X and Y, respectively. Two
metric spaces X and Y are said to be homeomorphic if and only if there exists a
homeomorphism of X onto Y; and in this case, Yis called a homeomorphic image
of X.

If X and Yare homeomorphic, the homeomorphism puts their points in one-to-
one correspondence in such a way that their open sets also correspond to one another.

For metric spaces X and Y; let X ~ Y mean that X and Yare homeomorphic. It is
easily verified that the relation is reflexive, symmetric and transitive.
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Examples 3.5.2. (i) The metric spaces [0,1] and [0,2] with the usual absolute value
metric are homeomorphic. In fact, the mapping f(x) = 2x is a homeomorphism.

(ii) The function f(x) = In x is a homeomorphism between (0, c0) and R, where
R is equipped with the usual metric and (0,00) with the usual metric induced
from R.

(iii) The function w = =%,z € C and |a| < 1, maps the closed disc |z| =1 onto
the closed disc |w| = 1. It is, in fact, a homeomorphism of the discs involved.

Suppose that whenever a metric space (X, d) has the property “P”, every metric
space homeomorphic to (X, d) also has the property; then we say that the property
is “preserved under homeomorphism”. There are a large number of properties that
are not preserved under homeomorphism, as the following example shows:

Example 3.5.3. Let X = N and Y = {1/n: n € N}, each equipped with the usual
absolute value metric. The function f: X — Y defined by f(x) = 1/x is a home-
omorphism of X onto Y. Observe that X is a closed subset of R and since R is
complete, it follows that X is complete. On the other hand, {1/#n},~, is a Cauchy
sequence in Y that does not converge; so Yis not complete. Besides, the space X is
not bounded, whereas Y is bounded.

Recall from Definition 1.5.2 that a mapping f of X into Yis an isometry if

dy(f(x), f(y)) = dx(x,y)

for all x,y € X. It is obvious that an isometry is one-to-one and uniformly
continuous. Recall also that X and Y are said to be isometric if there exists an
isometry between them that is onto. An isometry is necessarily a homeomorphism,
but the converse is not true, as is evident from Examples 3.5.2 (i) and (ii) above.

By definition, it follows that isometric spaces possess the same metric properties.
For metric spaces X and Y, let X & Y mean that X and Y are isometric. It is
easily verified that this relation between metric spaces is reflexive, symmetric and
transitive.

Definition 3.5.4. Let d; and d, be metrics on a nonempty set X such that, for every
sequence {x,},=; in Xand x € X,

lim d;(x,,x) =0 if and only if lim d,(x,,x) =0,

n—00 n—00
i.e., a sequence converges to x in (X, d;) if and only if it converges to xin (X, d,). We

then say that d; and d, are equivalent metrics on X and that (X, d;) and (X, d,) are
equivalent metric spaces.

Remark 3.5.5. In view of Theorem 3.1.3, two metrics d; and d, on a nonempty set X
are equivalent if and only if the identity maps id: (X,d;) — (X,d,) and id:
(X, dy) — (X, d,) are both continuous, i.e., if and only if the identity mapping
from (X, d;) to (X, d,) is a homeomorphism (as Definition in 3.5.1 above). Note
that this amounts to saying that the families of open sets are the same in (X, d;) and
(X, dp).
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The following is a sufficient condition for two metrics on a set to be equivalent.

Theorem 3.5.6. Two metrics d; and d, on a nonempty set X are equivalent if there
exists a constant K such that

1
T d(x,y) =di(x,y) = Kdy(x, y)
for all x,y € X.

Proof. Let x, — x in (X, d;). Then we show that x, — x in (X, d,). This follows
from the inequality

%dz(x,y) =di(x,).

If x, — x in (X, dy), then x, — x in (X, d;) in view of the inequality
di(x,y) =K dy(x, ).

This completes the proof. O

Examples 3.5.7. (i) The metrics d;, d, and d,, defined on R" by

di(xy) = |xi -y

i=1

n 1/2
d(x,y) = (Z (xi — mz)

i=1

de(x,y) = max{|x; — yi|: 1 =i=n}

are equivalent. In fact, for any real numbers oy, oy, . . ., a,, we have (see Corollary
1.4.9)

i=1 i=1 i=1

n v ., 1/2
(Za?) SZ|Oti|5n-maX{|0‘i|:1SiSn}Sn<Za'z> '

(ii) The metric spaces (X, d) and (X, p), where

d(x,y)

p(x,y) :m

are equivalent.

Let d(x,, x) — 0 as n — oo. It is obvious that p(x,,x) — 0 as n — oco. On the
other hand, if p(x,, x) — 0 as n — o0, then for 1 > ¢ > 0, we have 2 — ¢ > 1, and
also, there exists 1y such that p(x,, x) < /2 for n=no. So

d(x,, x) 1
mzp(xn,x) <58 for n= ngp.
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Hence, d(x,, x) < 5% < & for n=ny.
(iii) Let C[0,1] be as in Example 1.2.2 (ix). Consider the metrics d and e defined
on C[0,1] by

d(f,g) = sup {|f(x) — g(x)|: x € [0,1]}

1
e(frg) = JO () — g(0)]dx.

These metrics are not equivalent.
The sequence {f,},=, with f,(x) =x",0=x=1, is such that e(f,,f) — 0 as
n — 00, where f(x) = 0 for all x € [0, 1]. In fact,

L 1
e(fn,f)—Lx dx—n+l—>0as n— 00.
However,  d(f,,f) = sup{|fu(x) — f(x)|:x € [0,1]} =1 for all n So,
lim,—00 d( fur f) # 0. Thus, the sequence {f,},=, converges to f in the metric e
but not in the metric d. Thus, the metrics d and e are not equivalent.
We note however that for any sequence {f,},=, in C[0,1] and any f € C[0,1],
when d(f,, f) — 0as n — o0, it does follow that e(f,, f) — 0 as n — oo. To see why,
observe that

1
e(fu f) = L Ifu(x) — f(x)]dx = sup,|fu(x) — f(x)| = d(fi, f).

(iv) Let m be the set of all bounded sequences with the following two metrics:

d(x,y) = sup{|x, — yul: 1=1n < o0}

— 1 %2 — ¥l
e(x,)/) = E o — Y
= 2" 1+ %1 — ¥l
where the sequences x = (x1,%;,...) and y = (y1,¥,, ...) are elements of m.

Consider the sequence {ex};~ in m whose respective terms are the sequences
e =(1,0,0,...),e, =(0,1,0,0,...),...,e = (0,0,...,0,1,0,...),...,

where 1 is in the kth place. Let ¢y = (0,0,0, ...). Then
1 1 1

?mzwﬂoaskﬂm

d(ex, e9) = 1 while e(ey, €)) =

Thus, the sequence {ex}, > converges in e but not in d. Hence, the metrics d and e
on the space of all bounded sequences are not equivalent.
(v) Let X = C be equipped with the metrics
d(z1,2) = |21 - Zz|

2|21 —Zz|

V14 a1+ 2l

e(z1,z) =




3.6. Uniform Convergence of Sequences of Functions 123

Then d and e are equivalent metrics on C. Let {z,},~, be a sequence of complex
numbers converging to z in the metric d, ie., lim, . d(z,,z) =0. Then
lim,, . e(z,, z) = 0, since e(z,, z) = 2d(z,, z).

Let (§,,m,, (,) and (& m, {) be the points on the Riemann sphere corresponding
to z, and 2z respectively, and let lim, .. §&,=§ lim,.cm,=m and
lim, . ¢, = €. It follows upon using Example 1.2.2(xiii) that

€, +m, &+m

lim 2, — 1i _ —
nLnolozn n1~>nolo 1_Cn 1_§

ie.,

lim d(z,,z) = 0.

n—o0

3.6. Uniform Convergence of Sequences of Functions

In this section, we discuss the convergence of sequences of functions defined on a
metric space (X, dx) taking values in another metric space (Y, dy). (In Definitions
3.6.1 and 3.6.3, the metric of X plays no role; the concepts make sense when X is any
nonempty set as long as Y has a metric. Similarly, in Definitions 3.6.7 and 3.6.9 to
come.)

Definition 3.6.1. Let f: X — Y and f,: X — Y,n=1,2,... be given. We say that
{fu},=1 converges pointwise to the function fif and only if

'}LITOIO dy(fu(x),f(x)) =0,x € X. (3.8)

The word “pointwise” is sometimes omitted when it is clear from the context.
According to the above definition, a sequence {f,,},,= | converges pointwise to fon
X if, for a given € > 0 and given x € X, there exists an integer ny such that

dy(fu(x),f(x)) < e for n=ny. (3.9)

In general, the integer 1y depends upon € as well as x. It is not always possible to
find an n, such that (3.9) holds for all x € X simultaneously.

Examples 3.6.2. (i) Let X = Y = R with the usual metric and let f, be defined by

0 ifoO)
B nx if0=x=1/n,
ﬂ(x)* —nx+2 if l/nSxSZ/T’l,
0 ifxEZ/ﬂ,

and f(x) = 0 for all x € R (see Figure 3.2). Then f, — f pointwise on R. In fact, if x
is close to 0 and positive, there exists a positive integer ny such that 2/ny < x; so
fa(x) = 0 for n= ny. However, there exists no 7, such that



124 3. Continuity

T~
0,1e
S 2z (1,0
N} S
FIGURE 3.2

1
Ifa(x) = f(x)] < 3
for all n= ny and all x € R. For, if such an n, were to exist, we would have
1
fu(x) < 3 for n=ny

and for all x € R. We would then have nyx < 1/2 for 0=x=1/ny; but for
x = 2/3ny, we obtain the contradiction 2/3 < 1/2.
(ii) Let X = Y = [0,1] with the metric induced from R and

fulx) =x", 0=x=1.

Then {f,},~ converges pointwise to fon X, where

f<x>={‘1’ PZxsh

x=1,

as illustrated in Figure 3.3. The statement is obviously true if x = 0. For
0 < x < 1,x" < ¢ provided n= ny, where ny is the smallest integer greater than
(Inge)/(Inx). However, there exists no #y such that

T

..................... (1.1)

T

FIGure 3.3
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i) £ <5
for all n=ny and all x € [0,1]. For, if such an n, were to exist, we would have
x" < % whenever n=
for all x € [0,1]. We would then have x™ < 1/2 for 0 =x < 1 and upon letting

x — 1, would get the contradiction that 1 =1/2.
(iii) Let X = [0, ), Y = [0,1) with the metric induced from R. Let

&(x) = , 0=x < oo.

x
1+ nx
If x>0 then 0 < g,(x)=x/nx=1/n— 0 as n — oo. Also, since g,(0) =0 for

each n, it is clear that {g,},= converges to the function identically zero on [0, c0).
Also 0= g,(x) =1/n for 0 =x < co. Hence, for € > 0, the statement

lgn(x) — 0] < ¢

is true for all x € [0, c0) simultaneously, provided ny > 1/¢, for, in this case,
1
lgn(x) —0]= - = —<¢ whenever n= n
n Ny

for all x € [0, c0). In this case, ny depends only on € and not on x.

Definition 3.6.3. Let {f,},,~ ; be a sequence of mappings of (X, dx) into (Y, dy). We
say that the sequence {f,},,~, converges uniformly on X to a mapping f: X — Y if,
for every € > 0, there exists an 1y (depending on € only) such that

dy(fa(x),f(x)) < e

for all n=ny and all x € X; i.e.,

lim (sug dy(fn(x),f(x))) =0.

n—oo

It is clear that uniform convergence implies pointwise convergence; the converse is
not true (see Examples 3.6.2(i) and (ii) above).

Example 3.6.4. The sequence {f,},~ defined by
fu(x) = tan! (nx),x =0,

is uniformly convergent on [a, 00) when a > 0, but is not uniformly convergent on
[0, 00). The pointwise limit function is

f(x) _ hm fn(x) — {2 i x> 0)
e 0 ifx=0.

We shall show that f, — f uniformly on [a, c0) when o > 0. For x > 0,
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Ifu(x) — f(x)| = [tan"" (nx) —; = cot™! (nx),

as we shall now prove. Since 0 < tan"' 6 < /2 for any 6 > 0, therefore when
x > 0, we have 0 < tan™! (nx) < /2 and hence

0 <E—tan’1 (nx) <E. (3.10)
2 2
Also,
w —1
COt(E — tan (nx)) = nx. (3.11)

Now, it follows from (3.10) and (3.11) that /2 — tan™! (nx) = cot™! (nx). It also
follows from the first inequality in (3.10) that |[tan™!(nx)—w/2|=
m/2 —tan"! (nx) for x > 0. Thus, |tan™! (nx) — w/2| = cot™! (nx).

Let € > 0 be arbitrary. When x = «, the inequality n > (cot €)/a implies that
n> (cot €)/x, so that nx > cote and hence cot™! nx < ¢ in view of the fact that
cot™! is a decreasing function. It follows that if 1y is an integer greater than or equal
to (cote)/a, then |f,(x) — f(x)] = |[tan~! (nx) — w/2| = cot ! nx < & whenever
n=ny and x = «. However, (cotg)/x — oo as x — 0, so that no integer n, exists
for which |f,,(x) — f(x)| < € for all n=ny and all x € [0, c0). Actually this proves
that the convergence fails to be uniform even on the smaller set (0, 00).

The following basic result about transmission of the property of being continu-
ous will be needed in the sequel.

Theorem 3.6.5. Let (X, dx) and (Y, dy) be metric spaces, {f,},=1 a sequence of
functions, each defined on X with values in Y, and let f: X — Y. Suppose that
fu — f uniformly over X and that each f, is continuous over X. Then fis continuous
over X. Briefly put, a uniform limit of continuous functions is continuous.

Proof. Let xy € X be arbitrary and let € > 0 be given. Since f, — f uniformly over
X, there exists 1y (depending on € only) such that for each x € X,

dy(fu(x), f(x)) < g for n= np. (3.12)

Since f,, is continuous at xp, we can choose & > 0 such that x € S(x,9) =
{x € X:dx(x,x) < 8} implies

dy(fo (X), i (30)) < § (13.13)

Using (3.12) and (3.13), x € S(xp, d) implies
dy(f(x), f(x0)) = dy(f(x), fu, (%)) + dy ( fu, (), fu, (x0)) + dy (fu,(x0), f (x0))
€ & ¢
S3t3TTe

and therefore, fis continuous at x. O
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Proposition 3.6.6. (Cauchy Criterion) Let {f,},~, a sequence of functions defined
on a metric space (X, dx) with values in a complete metric space (Y, dy). Then there
exists a function f: X — Y such that

fu — f uniformly on X

if and only if the following condition is satisfied: For every € > 0, there exists an
integer o such that

m,n=ng implies dy (f,(x), fu(x)) < &

for every x € X.

Proof. Suppose that f, — f uniformly on X. Then, given & > 0, there exists 1y such
that n = ny implies dy ( f,(x), f(x)) < €/2 for all x € X. Therefore, m, n= ny implies
dy (fn(x), f(x)) < €/2 as well as dy( f,(x), f(x)) < &/2 for all x € X, and hence

Ay (fin(x), fu(x)) = dy ( fu(x), f(x)) + dy(fu(x), f(x))
<§+§:s for all x € X.

Conversely, suppose that m, n= ny implies dy ( f,,(x), f,(x)) < € for all x € X. Then
for each x € X, the sequence {f,(x)},= is Cauchy in the complete space Y and
therefore converges. Let f(x) = lim,_. fu.(x) for each x € X. We must show that
fu — f uniformly over X. If € > 0 is given, we can choose 7y such that n=n,
implies

€
dy (fu(2), furi(x)) < 5
for every k = 1,2,... and every x € X. Letting k — oo, we get

dy (o0, () = lim dy () fyra6) = 2

Hence, n= ny implies dy( f,(x), f(x)) < € for every x € X, and so f,, — f uniformly
over X. O

We next consider convergence and uniform convergence of series of functions.
Definition 3.6.7. Let fi, f,, . .. be a sequence of real-valued functions defined on a
set X. We say that >, f, converges on X to a function f: X — R if the sequence

of functions {S,}, = converges to fon X, where S, = fi + £, + . .. + f,. In this case,
we write

or



128 3. Continuity

> fulx) = flx),x € X,

n=1

o0
Example 3.6.8. If f,(x) = x", —1 < x < 1, then ) f, converges to fon (—1,1),

where f(x) = x/(1 — x). This is because n=1
o0 o0 ; x
;fn(»o = ;x == =f@xe (=1L

Note that the series >~ | x" does not converge at x = +1.
For uniform convergence of a series, the sequence {S,},~, of partial sums is
required to converge uniformly. More precisely, we have the following.

Definition 3.6.9. Let fi, f5, ... be a sequence of real-valued functions defined on a
set X. We say that >, f, converges uniformly on X to a function f: X — R if

the sequence of functions {S,},~; converges uniformly to f on X, where
Si=f+h+...+ fu In this case, we write

Z fu = f uniformly

n=1

or

ifn(x) = f(x) uniformly, x € X.

n=1

Corollary 3.6.10. Let f;, f,, . .. be a sequence of real-valued functions defined on a
metric space (X, dy). If Y7 f, converges uniformly to fon X, and if each f, is
continuous on X, then so is f.

Proof. The sequence of functions {S,},~, converges uniformly to f on X, where
Sy =f+f+ ...+ fu Since each S, being a finite sum of continuous functions on
X, is continuous by Theorem 3.3.2, it follows, using Theorem 3.6.5, that f is
continuous on X. 0

Example 3.6.11. The series

o0

Zx(l —x)"

n=0

converges to the function f(x) = { (1) I£ :)C - 0’< )
In fact, if 0 < x < 1, Ho<x=L
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Since the function fis not continuous, the convergence is not uniform by Corollary
3.6.10.

The following theorem provides sufficient conditions for uniform convergence of
series of functions.

Theorem 3.6.12. (Weierstrass M-test) Let fi,f5,... be a sequence of real-valued
functions defined on a set X and suppose that

[fu(x)| =M,

forall x € Xand all n=1,2,.... If > 7 | M, converges, then Y ", f, converges
uniformly.

o0
Proof. If > M, converges, then for arbitrary € > 0,

n=1
ka(x = z:b(k(x)lS ZMk <eg
k=n k=n k=n

for all x provided that m and n are sufficiently large. Uniform convergence now
follows from Proposition 3.6.6. O

Examples 3.6.13. (i) The series ZOO S o < x < 00, p > 1, is such that

n=1 nr 2

1

=
nP

sin nx

nb

forall x € (— oo,00) and n=1,2,.... Since Zio:l # < 00 when p > 1, it follows
upon using the Weierstrass M-test (Theorem 3.6.12) that )~ ° | S js uniformly
convergent. Hence, by Corollary 3.6.10, > | %/ represents a continuous func-
tion on (—o00, 00).

(ii) For any integer 1, let g, be the continuous function defined on R by

0 if t=0,
B nt ifo=r=1,
&) = —nt+2 if l=r=2/n
0 if t=2/n.

We have already seen in Example 3.6.2 (i) that g, — 0 pointwise on R and that the
convergence is not uniform. Let {r,,},,~; be an enumeration of the rationals and let

fut) = 27"g(t— 1),  tER
m=1

Since |27"g,(t — r,,)] =27 and since Y -_ 27™ is convergent, it follows, using
the Weierstrass M-test, that the series converges uniformly. As each of the terms of
the series is a continuous function, so is f,(t), by Corollary 3.6.10. Observe that the
pointwise limit of the sequence {f,}, = is the function identically zero. In fact, for
fixed t € R,
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n— o0

lim fo(f) = lim >~ 27"g,(t — 1)
n—00 —

= Z 27" lim g, (t — ).
m=1 oo

However, the sequence { f,},~; does not converge uniformly in any interval of R.
Observe that 0=g,(¥) =<1 and for t =1, + 1/n,g,(t — rn) = gu(1/n) =1 for
m=1,2,....So,

i) = 3" 27 7g, (0 — 1)
m=1

. 1
=27"gi(t =) =3

for t =r +1/n,n=1,2,.... Hence, the convergence of f, to the identically zero
function is not uniform.

We encountered extension theorems in Section 3.2. Those were extension the-
orems from subsets to their closures. The Tietze-Urysohn extension theorem ex-
tends a continuous real-valued function defined on a proper closed subset of a
metric space to the whole space. First we establish the following proposition, which
is needed in the proof of the main theorem.

Proposition 3.6.14. Let (X, dx) be a metric space and Ya nonempty closed subset of
(X, dx); let f be a bounded, continuous real-valued function defined on Y, for
which there exists M > 0 such that

ig)f/f(x) =—-M, supf(x)=M.

x€Y

Then there exists a continuous real-valued function g defined on X satisfying the
following properties:

(i) |gx)|=(1/3)M,x € X,
(ii) |g(x)| < (1/3)M, x € X\Y,
(iii) [f(x) — g(x)|=(2/3)M,x € Y.
Proof. Let
A={xeY:f(x)= f%M} and B={xe€ Y:f(x)= %M}.
Observe that A and B are nonempty, disjoint and closed in Y. (If x € Y is a limit

point of A and {x,},= is a sequence in A that converges to x, it follows, using the
continuity of f, that

£ = f(lim x,) = lim f(x) = — 5 M,

i.e., x € A.) Since Yis itself a closed subset of X, it follows that A and B are closed in
X, by Proposition 2.2.3. Define g on X by
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() = lMd(x, A) — d(x, B)
37 d(x,A) +d(x,B)’
By Example 3.4.2(ii) and Theorem 3.3.2, g is continuous.

Moreover, |g(x)|=M/3,xe X. If x€ X\Y, then x¢ A and x¢ B; so |g(x)|<M/3.
Suppose x€Y. If x€A then g(x)=—M/3,—M=f(x)=—M/3 and so
If (x) —g(x)|=2M/3. Similarly, for x€ B. If x€ Y\(AUB), then |g(x)|<M/3 and
|f(x)| <M/3 and so |f(x)—g(x)|<2M/3. O

Theorem 3.6.15. (Tietze’s Extension Theorem) If fis a bounded, continuous real-
valued function defined on a closed subset Yof a metric space (X, dx), there exists a
continuous real-valued function ¢ defined on X which extends f (as in Definition
3.2.1). Moreover, if

m=inf{f(y):y € Y} <sup{f(y):y € Y} =M,
then g satisfies m < g(x) < M for all x € X\Y.

Proof. We assume without loss of generality that m = —M, for otherwise we may
replace fby f — M Then [f(x)| =M on Y. By Proposition 3.6.14, we can find a
continuous real-valued function g on X such that

1
Igl(x)\ng, xeX

1
Igl(x)\<§M, x € X\Y

2
|f(x)—g1(x)\S§M, xeyY.

Let f, be defined in Y by f,(x) = f(x) — g1(x). By Proposition 3.6.14, we next find a
continuous real-valued function g defined on X such that

1/2
@ (x)| = 3 <3M), xeX

1/2
gz(x)|<3(3M), xe X\Y

2 2
0 — ()] = <3) M, xeY.

This can be continued indefinitely. An easy induction argument shows that this
leads to a sequence of functions {g,}, =, each continuous on X, such that

1/2 n—1
|gn(x)|53<3) M, xeX

2

1 n—1
()] <3 (3> M, x€X|Y

£.() — g()] = @ M, xeY
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where f,=fi1— g1 =fia— (@2t g-1)=...=f—(@+o+. ... +%1);
it follows that
n 2 n
(x) — (%)= (> M, xe€Y. (3.15)
If kz::lgk | 3

Define g by

g =Y &lx), xeX
k=1

Since |g,(x)| = (1/3)(2/3)""'M and since Yoo (1/3)(2/3)""'M is convergent, it
follows from the Weierstrass M-test (see Theorem 3.6.12) that the series » ;| g(x)
is uniformly convergent. As each term of the series is continuous, g represents a
continuous function on X.

Letting n — oo in (3.15), it follows that f (x) = g(x),x € Y. For x € X\Y, we have

0 o0 n—1
HOIEDIAOIEDY % (;) M= M.

k=1 n=1

This completes the proof. O

Remark 3.6.16. The restriction that fis bounded on Y can be dispensed with by
considering the continuous bounded function tan~! of in place of f. An application
of the Theorem 3.6.15 with M = /2 yields a continuous extension H of tan™! of,
where H is defined on all of X. Observe that, in view of the last part of the above
theorem, H does not assume the values +7/2. Define g on X by

g =tano H;

then g is continuous on X and g(x) = f(x),x € Y.

3.7. Contraction Mappings and Applications

The concept of completeness of metric spaces has interesting and important applica-
tions in classical analysis. In this section, we show how various existence and unique-
ness theorems in the theory of differential and integral equations follow from very
simple facts about mappings in a complete metric space. The simple fact alluded to
above is called the contraction mapping principle, which we now consider.

Definition 3.7.1. Let (X, d) be a metric space. A mapping Tof X into itself is said to
be a contraction (or contraction mapping) if there exists a real number
a,0 < o < 1, such that

d(Tx, Ty) < ad(x, y)

for all x,y € X.
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It is obvious that a contraction mapping is uniformly continuous (see Definition
3.4.1).

Examples 3.7.2. (i) Let f: [a, b] — [a, b] be differentiable. Assume that there exists a
number K < 1 such that \f’(x)| =K for all x € (a,b). Then f is a contraction
mapping. Indeed, if x, y € [a, b], x # y, then

f (x) —f(y)

—y =f,

where ¢ lies between x and y. Since |f'(¢)| = K, we have
f (%) = fF()I=Klx —yl.

(ii) If x = {x,} € £, then Tx = {%} is a contraction mapping of ¢, into itself. For,
if y = {y,} € £, and x # y, then

~ 1/2 1/2
d(Tx, Ty) = (Z (%ff") ) <Z (X0 = yn) > :%d(x,y)-
n=1

(iii) If Tx = x",0=x=1/(n+ 1), where n > 1, then T'is a contraction mapping
of [0,1/(n+ 1)] with the usual metric d. This is because

n
d(Tx, Ty) = |x" = y"| = |x —y|x" ' + 5"y + ..+ = ——=x—y
(n+1)

for all x,y € [0,1/(n+ 1)]. This is actually a contraction mapping of [0,a], where
0<a<n /o1

Definition 3.7.3. A point x € X is called a fixed point of the mapping T: X — X if
Tx = x.
The key result of this section is the following theorem, due to S. Banach.

Theorem 3.7.4. (Contraction Mapping Principle) Let T: X — X be a contraction of
the complete metric space (X, d). Then T has a unique fixed point.

Proof. Let xy € X and let {x,},~; be the sequence defined iteratively by x,.; = Tx,

for n=0,1,2,.... We shall prove that {x,},~,; is a Cauchy sequence. For
p=1,2,..., we have
d(prrl’ xp) =d( Txp> Txpfl) = 0Ld(xp) xpfl)’ (3.16)

where 0 < a < 1 is such that
d(Tx, Ty) = ad(x, )

forall x,y € X.
Repeated application of the inequality (3.16) gives
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d(xp+1’ xp) = OLd(XP, xpfl)

= oczd(xp,l, Xp2) = ... =ofd(x, x).
Now, let m, n be positive integers with m > n. By the triangle inequality,

d(xm) xn) = d(xm’ xmfl) + d(xmfla xm72) +...+ d(xn+1) xn)
=@ a4+ ad(x, X))
=" (@™ " Q™ Dd(x, %)

n

=% d(x,x).
1—o

But lim, . a" =0. It follows that {x,} is a Cauchy sequence in (X, d), which is
complete. Let y =lim,,_,» x,,. Since T'is a contraction, it is continuous. It follows that
Ty = T(lim,— o0 x,) = lim,, oo Tx, =lim,—,oc x,4+1 = y. Thus, y is a fixed point of T.
Moreover, it can be shown to be unique: If y # z are such that Ty = y and Tz = z, then
d(y,z) =d(Ty, Tz) = ad(y,z) < d(y,z). This implies d(y,z) =0, i.e., y = z. O

Remark 3.7.5. Let T: X — X, where (X, d) is a complete metric space, satisfy the
inequality

d(Tx, Ty) < d(x,y)

for all x,y € X. Then T need not have a fixed point. The map T:[1,00) — [1,00)
such that Tx = x + 1/x has no fixed point, although

1
Tx — Ty| = — 1—— ) < _
|Tx — Ty| =[x yl( xy) Ix =yl
and [1, c0) is complete.

Proposition 3.7.6. Suppose {x,},= is a sequence in any metric space (X, d) and k
a positive integer such that each of the k subsequences

{xkarj}mgl,j = 0, 1, 2, ey k—1

converges to the same limit x. Then {x,},~, converges to x.

Proof. Given € > 0, there exist positive integers my, 1y, . .., m_; such that
m=m; implies d(xu4j,x) <& j=0,1,2,...,k—1.
Take N =max{myq,my,...,mi_1}. Consider any n= Nk. By the division algorithm,

n=mk+j, where 0=<j=k—1. Since m=N-1 would imply that
n=(N—-1)k+j=(N—-1)k+(k—1)=Nk—1, we must have m> N —1, so that
m=N=m; for j=0,1,2,...,k— 1. It follows that d(x,,x) <e, i.e., d(x,,x) <e.
This has been proved for any n= Nk. Therefore, {x,},~, converges to x. O

The following extension of the contraction mapping principle is often useful.
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Corollary 3.7.7. Let T be a continuous mapping of a complete metric space into
itself. Define T" inductively by T' = T and T"*! = T o T". If T* is a contraction
for some positive integer k, then the equation

Tx = x

has one and only one solution. Moreover, for any x € X, the sequence {T"x}, =,
converges to that solution.

Proof. Let x € X be arbitrary and consider the sequence T%x,n=0,1,2,.... A

repetition of the argument in the contraction mapping principle yields the conver-

gence of the sequence { T x},,~ ;. Let xo = lim,,_., T"*x. We shall show that Tx, = xq.
Since the mapping T* is a contraction,

A(T™Tx, T"™x) < ad(T" V¥ Tx, T" VEx) < ... = o"d(Tx, x),

where 0 < a < 1, is such that d(T*x, Tky) =ad(x,y) for all x,y € X. Using the
continuity of T, we have,

d(Txo, %) = lim d(TT"x, T"™x) = lim d(T"*Tx, T"*x) < limsup a”d(Tx,x) =0

n—o0o

since 0 < a < 1. This completes the proof of the existence of a solution of the
equation Tx = x. The proof of uniqueness is no different from the one given in
Theorem 3.7.4 and is, therefore, not repeated here.

Since T* is a contraction, the sequence { T ¢},,~ | converges to x, for any choice
of & By successively choosing & to be x, Tx, .. ., T 1x, we get the k sequences

(T X} =1y §=0,1,2,...,k—1.

Since each one of these converges to the same limit X, it follows that the sequence
{T"x}, =, converges to Xxp. O

I. Linear Equations

Consider the mapping y = Tx of the space C" into itself given by the system of
equations

n
yi=> apgtb, i=12..,n
j=1

(a) If do(x,y) =max{|x;—y|:1=i=n} is the metric on C", then
Z;’Zl laj| =a < 1,i=1,2,...,n, implies that the system of equations
n
xi:Zaijxj—l—b,-, i=1,2,...,n
=1

has exactly one solution.
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To prove (a) we only need to show that T'is a contraction mapping. To this end,
consider

x' = (%, %, ...,x) and & = (], %), ..., %)),

We have
n
doo(TX', TX") = max | Z aij(x]'- - xJ{')|
=1
n
= max; Y _ |ajll} — /|
=1
n
= max ;( max;|x; — x/'[) Z |aij|
=1
= ady (X, x").
This completes the proof of (a). O

(b) If di(x,9) => ", |xi—y| is the metric on C", then > ! ||aj|=
a<1,j=1,2,...,n implies that the system of equations

n
X = E aijachrbi,i:l,Z,...,n,
j=1

has exactly one solution.
Here again, we need only show that the mapping T described above is a
contraction in order to prove (b). As before, consider

x = (x,%,...,x,) and X" = (x,x,...,x]).

We have

n n
di(Tx, ") = D | ayi(x] — x|

i—1 j=1
n n

=2 D lasllx -l
i=1j=1
n n

=22 lasllx =]
j=1i=1
n n

=2 =1 2 il
i=1 i=1

n
= max; Z ‘a,-]-|d1(x')x//)
i=1
=ad (¥, x").

This completes the proof of (b). O
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(o If dxy)=[>"|x— y,‘|2]1/2 is the metric on C", then
Dot i la;|* = o < 1 implies that the system of equations

n
X; = E al-]-x]-+bi,i: 1,2,...,n,
=1
has exactly one solution.
Once again, we need only show that T is a contraction. For x’ = (x},x},...,x])
and x” = (x],%),...,x)), we have

2
n

[do(Tx, TP =)

i=1

n
S - )

j=1

n n 2
=2 | 2 lailly — 1

i=1 \j=1

n n
2 2
(Zlaai Dl =] )
1

j=1 j=1

n
=

1

using the Schwarz inequality. So,
[T, TP =) Y Jag dy(x,x") = P dy (2.
i=1j=1
The proof of (¢) is complete. O
II. Differential Equations (Picard’s Theorem)

The contraction mapping principle will now be used to obtain a general result about
the existence of a unique solution to a differential equation of the form

dy
a*f(x’}’)

satistying certain conditions. First we show that, under some milder conditions, the
equation is equivalent to an integral equation.

Definition 3.7.8. Let fbe a continuous real-valued function on some rectangle
R={(x):|x —x|=a,|y — yo| = b},

where a > 0 and b > 0 in the (x, y)-plane. A real-valued function ¢ defined on an
interval I is said to be a solution of the initial value problem

Yy =f(xy),y(x0) =% (3.17)

if and only if, firstly, (x, ¢(x)) is in R with ¢’(x) = f(x, ¢(x)) whenever x € I, and
secondly, ¢(xp) = 0.
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Our preliminary step will be to show that the initial value problem is equivalent
to the integral equation

Y2 = 30 + j £t y(0)dt (3.18)

Xo

on I

Definition 3.7.9. By a solution of (3.18) on I'is meant a real-valued function ¢ such
that (x, @(x)) is in R for all x € I and

o) =+ | ity
X
for all x € I. (We note that this equality implies that ¢ must be continuous.)

Proposition 3.7.10. A function ¢ is a solution of the initial value problem (3.17) on
an interval I if and only if it is a solution of the integral equation (3.18) on I

Proof. Suppose ¢ is a solution of the initial value problem (3.17) on I. Then
¢'(t) = f(t, (1)) (3.19)

on I Since ¢ is continuous on I and fis continuous on R, the function F defined on
Iby F(t) = f(t,¢(1)) is continuous on I Integrating (3.19) from x, to x, we get

o(x) = o(x) +J £t 0()dt.

Since @(x9) = yy, it follows that ¢ is a solution of (3.18).
Conversely, suppose that ¢ is a solution of (3.18) on L Differentiating with
respect to x and using the fundamental theorem of integral calculus, we see that

¢'(x) = f(x, ¢(x))
for all x € I. Moreover, it is clear from (3.18) that
@(x0) = yo-
So ¢ is a solution of the initial value problem (3.17). O
We shall also need the following proposition for the proof of Picard’s theorem.
Proposition 3.7.11. Let X consist of continuous mappings from [a, b] into [/, m], so
that X is a subspace of the space C[a, b] of all continuous real-valued functions

defined on [4, b]. Then X is a complete metric space.

Proof. Since X C C[a, b] and the latter is complete, it is enough to show that Xis a
closed subset of it. Accordingly, we assume that f € C[a, b] is a limit point of X and
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proceed to show that f € X. There exists a sequence {f,},~ in X that converges to f
with respect to the metric of C[a, b]. For each x € [a, b], we have

[fu(x) = f(0)] = d(fu f)

and hence r}ingofn(x) = f(x). But for each x € [a, b], we have

1= f(x)=m
and so,

I=f(x)=m.
This shows that f € X. This completes the proof. O
Theorem 3.7.12. (Picard’s Theorem) Let fbe continuous on

R={(xy):]x— x| =a|y — yo| = b}

where a > 0 and b > 0. Let

K = sup{|f(x, »)|: (x,¥) € R}. (3.19)
If there exists M > 0 such that
| f(x 1) — f(x%,02)| = M|y — 2 (3.20)

for (x, 1), (x,2) € R, then the positive number & = min {a, b/K} has the property
that there exists a unique function ¢ on [xy — 8, xy + 8] such that

¢'(x) = f(x,¢(x)) whenever x € [xp — 8,x + 8] and @(x) = yo. (3.21)

The function ¢ is the uniform limit of any sequence {¢,} of continuous functions
on [xg — 8, xy + 8] such that

cpn<x>=yo+J Ftou (D), n=1,2,...

Xo

and ¢, is any continuous function on [xp—8,x + 8] with values in
[yo — byyo + bl

Proof. Let X = {¢ € Clx) — 8,xp + 8]: |@(x) — yo| = b for x € [x) — d, x0 + 8]}.
Then X is a complete metric space by Proposition 3.7.11. In view of the choice of
d, it is clear that (x, ¢(x)) € Rif |x — xp| =8 and ¢ € X. Therefore, we can define T
on X as follows:

(To)(x) =yo+J f(te(®)dt, |x—x|=3.

Observe that, in view of Proposition 3.7.10, ¢ satisfies (3.21) if and only if Te = ¢,
i.e., if and only if ¢ is a fixed point of T. Thus, in order to prove the existence of the
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requisite function ¢, it is sufficient to show that Tmaps X into itself and that it has a
unique fixed point.
If |x — xp| =39, then by (3.19) and the definition of §,

[(Te)(x) — | =

J F(t () dt

= J If (£, (£)|dt = K|x — x| = K8 =< b

Xo

and so T¢ € X. Hence, T is a mapping of X into itself.
We next show that T* is a contraction for some positive integer k. For this
purpose, consider any ¢, and ¢, in X. Then

(Te)(x) — (Te,y)(x) = J [f(t,1(2)) — f(t, 9,(1))]dt
X0
and so, when xy =< x, we have
(To)(0) ~ (T3] = | If(te1(6) ~ f(tea(e)ldr
X0

SMJ |y (1) — @, (1)]dt by (3.20)

X
=M(x— Xo)d(@la (Pz)-

Since this argument is valid for any ¢; and ¢, in X, we can repeat it with T¢; and
T, in place of ¢, and ¢,. This leads to

X

(T2)(x) — (T2g,)(x)| SMJ ITe,() — Tey()]dr

Xo

= MJ M(t — x)d(gy, @3)dt

Xo
M?(x — x)°
= ————dle,¢)
2
After n — 1 repetitions, we get
M"(x — xp)"
[(T"e)(x) — (T"@,)(x)| = Td(cppcpz)
M"x — x|"
=M% g, )
n!
(Ma)"
= | d(‘Pl> “PZ ) .
n!
It is easy to verify that a similar argument when x = x leiads to the same inequality.
Since lim,_ WL’?) =0, there exists k such that % < 1, which makes T* a
contraction. The result now follows from Corollary 3.7.7. O

In the above theorem, it is essential that R be bounded, so that the finite
supremum K exists. For the important case of linear equations, it is vitally import-
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ant to replace R by an infinite vertical strip and to show that a unique solution exists

on the entire interval covered by the strip.

Theorem 3.7.13. (Picard’s Theorem in a Vertical Strip) Let fbe continuous on
R={(x,y):x €I},

where I is a closed bounded interval. If there exists M > 0 such that

If () = f(x, 12)| = M|y =y, (3.22)

for (x, 1), (x,y2) € R, then for any (xp, yy) € R, there exists a unique function ¢ on
I such that

¢'(x) = f(x,0(x)) whenever x € I and ¢(x)) = (3.23)

The function ¢ is the uniform limit of any sequence {¢,} of continuous functions
on I such that

‘Pn(x):y0+J f(t)ﬁpnfl(t))dta n=12,...

Xo

and ¢, is any continuous function on I

Proof. Let X = C(I). Then X is a complete metric space and we can define Ton X as
follows:

(Te)(x) = yo + J ft,e(t))dt, xel
Xo

As before, ¢ satisfies (3.23) if and only if T¢ = ¢, i.e., if and only if ¢ is a fixed
point of T. Thus, in order to prove the existence of the requisite function ¢, it is
sufficient to show that T'maps X into itself and that it has a unique fixed point.

It is clear that T¢ is a continuous function on I, so that Tmaps X = C(I) into
itself. It follows that T* is a contraction for some k by exactly the same argument as
in the preceding theorem. O

Example 3.7.14. Consider the initial value problem

dy
== . y(0) = 0.
I x+y,  y(0)

By Proposition 3.7.10, ¢ is a solution of this initial value problem if and only if

o(x) = J [t + ()] dr.

0

We construct the solution using the iteration process. Set ¢q(x) = 0. If ¢; = T,
then
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X 2

@ (x) :J tdtz%.

0

If ¢, = Te,, then

X ﬂ x2 x3
‘Pz(x):JO <t+2!>dt:2!+3!-

Ife,= Te,_,, then

W= 5 4
L TR TR PRI TR
Therefore,
2 X3 s
lggfpﬂx)zzkﬂi §T4—§T+-n.4—ZZ:?Tﬁ
X2 ¥ puan
= —x—1.

It may be easily verified by substitution that ¢* — x — 1 is a solution of the initial
value problem on the whole of R and not merely on a bounded interval as permitted
by Theorem 3.7.13. (The reader may note that the hypotheses of Theorem 3.7.13 are
satisfied with M = 1 on any bounded interval.) For an independent verification
that it is the only one, the equation may be reinterpreted as % = u, where
u=x+y+1 and u(0) = 1; it is well known that the only such function u is
u(x) = é*.
We give below an example of a mapping T that is not a contraction, but T? is.

Example 3.7.15. Consider the metric space C[0,7/2] with the uniform metric.
Define T: C[0,w/2] — C[0,/2] by
t

(Tx)(t) = J x(u) sin u du.

0
If x(f) = —t and y(¢) = 1 — ¢, then
dix,y)= sup |—t—(1—-1t)|=1

o
0=t=7%

and

d(Tx, Ty) = sup

o
0=t=7%

Jt(x(u)y(u))sinudu = sup (I —cost)=1.
0

OStS%

So there exists no K such that 0=K <1 and d(Tx, Ty) < Kd(x,y) for all
x,y € C[0,1/2] and hence T is not a contraction. We shall next show that T2 is a
contraction. Consider any x, y € C[0,7/2]. We have
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t t

(x(u) — y(u)) sin udu| = d(x,)/)J sin u du
0

[(Tx) (1) = (Ty)(1)] = \J

0
= d(x,y)(1 — cost)

and, therefore,

(T20(8) — (T29)(8)] = J [(T) () — (Ty)()] sin udu

0

t

1
= d(x,)/)J (1 —cosu)sinu du= Ed(x,y)7

0

so that

1
d(T*x, T?y) =< Ed(x,y).

3.8. Exercises

1. The real function f: R? — R defined by

(x,y) # (0,0),

v
flxy) = q x>+ y?
0 x=y=0

is not continuous at (0, 0).
Hint: The sequence x, = (1/n,1/n) — (0,0) as n — oo but f(x,) = 1/2 for all
n=1, so that f(x,) — 1/2 # £(0,0).

2. The real function f: R? — R defined by

-y
fay) =4 212 (x,y) # (0,0),
0 x:y:()

is continuous at (0,0).
Hint: In fact,

=y =Nyt .
> o = 5 ) - (X*}’) + 2 2
x4ty xX2+y Xty
=yl
2
3,3
. | X =y 3
=_.H == = .
since Ty ence PR 2(\x|+|}’|)




144 3. Continuity

3. Let fbe a mapping of (X, d;) into (X3, d;). Prove that fis continuous on Xj if and
only if for every subset Y C X5, (f~1(Y2))? 2 f1(Yy).
Hint: Suppose (f'(Y2))° 2 f'(Y5) whenever Y, C X, and consider an open
subset Y; of X,. Then (f1(Y2)°Df NYy)=f"'Yy). Since
(f7Y(Y2))° Cf(Y,) by the definition of interior, it follows that
f~U(Y,)° = f~1(Y,). Therefore, f~1(Y;) is open. Conversely, suppose f is con-
tinuous and Y> C X;. Then f~!(Yy) C f'(Y>) and is open in X;. By Theorem
2.1.14 (), (f71(Y2))? 2 fH(Y5).

4. Let X and Z be metric spaces and let Y} and Y, be subsets of X such that
Y, UY, = X. Let the functions fi: Yy, — Z and f,: Y, — Z be continuous and
fi(x) = fo(x) for all x € Y1 N Y,. Define h: X — Z by h(x) = fi(x) if x € Y} and
h(x) = f,(x) if x € Y. Give an example to show that h is not necessarily
continuous. If, however, Y; and Y, are assumed to be both open or both closed,
then h is continuous.

Hint: Let Y; denote the set of rationals and f;(x) = 1 for x € Y;; let Y, denote the
set of all irrationals and f,(x) = 0 for x € Y,. The function

h(x) = { 1 x .ratlo-nal,
0  x irrational

is not continuous (see Example 3.3.3(ii) ). If Y; and Y, are both open in X and U
is an open subset of Z then A '(U)NY, =f'(U) is open in Y; and
' (U)NY,=f'(U) is open in Y. So ' (U)NY, and "' (U)N Y, are
open in X (see Proposition 2.2.3(i)) and hence, h~'(U) is open in X.

5. Suppose f is a continuous real-valued function defined on R such that
lim, o f(x) = lim,_,_ f(x) = 0. Prove that fis uniformly continuous.
Hint: Let € >0 be given. By hypothesis, there exists M > 0 such that
|f(x)| < €/2 whenever x ¢ [ — M, M]. The function fis uniformly continuous
on [ — M, M]. Therefore, there exists 8, > 0 such that |f(x) — f(y)| < &/2
whenever x,y € [ — M, M] and |x — y| < 3,. By continuity of fat =M, there
exist 8, and 8; such that |f(x) — f(M)| < &/2 whenever |x — M| < &,, and
[f(x) — f( — M)| < €/2 whenever |x — ( — M)| < 8;. Let 8 = min {31, 8,, 83}.
If x and y are such that x < M and y > M while |x — y| < 8, then

[fG) = fWI=fx) = fFM)| + [f(M) — f(»)] <e.

6. Let (X, d) be a separable metric space and f a continuous mapping of X into a
metric space Y. Then f{X) is separable.
Hint: Let X, be a countable dense subset of X. By continuity,
f(X) = f(Xo) C f(Xp). Moreover, f(Xp) is countable.

7. Show that the function f:R — (— 1, 1) defined by

X

S0 =1
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is a homeomorphism. Also, show that fis uniformly continuous on R.
Hint:
X

flay = T
(1 —x)

x < 0.

The inverse function g: (— 1,1) — R is given by

Y
y=0,
1_
gly) = ( yy) .
(1+y) y
In fact, for x =0, we have x/(1 4+ x) =0 and hence,

B X o ox/(04+x)
gof(x)—g(“rx)—l_x/(ler)—x,

whereas, for x < 0, we have x/(1 — x) < 0 and hence,

B x N x/(1—x)
gof(x)fg(l_)) 71—|—x/(1—x)7x

Similar computations for f o g are left to the reader. Since the function fand its
inverse g are both continuous, fis a homeomorphism.
We next check the uniform continuity of f. For x,y > 0,

X y o __ lx—yl B
|f(x)_f(y)|_|1+x_1+y‘_(l+x)(l+y)<|x -

Similarly, for x < 0 y < 0, we have |f(x) — f(y)| < |x — y|. Forx > 0 and y < 0,

_ _x _|x—y—2xy| <x_)’—23€y+x2+y2
=y +x—y) _

= Taaaa—y koA

The case when x or y is 0 is left to the reader.

8. (a) Show that the image of a complete metric space under homeomorphism need
not be complete.
(b) Show that the image of a complete metric space under a one-to-one
uniformly continuous mapping need not be complete.
Hint: The function f in Exercise 7 is both a homeomorphism and uniformly
continuous. R is complete but f(R) = (— 1, 1) is not.

9. Let X =[0,2m] CR and Y = {z € C:|z| = 1}, the unit circle in the complex
plane. Consider the map f: X — Y defined by f(t) = e,0 =t < 2. Show that f
is both one-to-one and onto. It is continuous but not a homeomorphism (see
Example 3.1.13(ii)).
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10.

11.

12.

3. Continuity

Hint: The inverse mapping h: Y — X is defined by
h(z) = h(e") = —ilog(e") = —i{log|e"| + iarg(e")} = t.

The function % is not continuous at z=1. In fact, if z,= e ®™ /" lim,_., z,=1,
then

lim h(z,) = lim 2w —1/n) =2w#0=h(1) = h(lim z,).
n—00 n—00 n—00
Let S = {x = (x1,%,%3) € R’:x} + x3 + x = 1} and a = (0,0, 1). Show that

S>\{a} and R? are homeomorphic.
Hint: The mapping II: S;\{a} — R?* defined by

H(xl,xz,xg:(x‘ ’“2)

1—X3)1—X3

and its inverse

2 2 —14+x2+x2
T (xy, 3) = ( X1 X + x +xz>

T+ +x3 1+x2 +x3 1+ +x3

are continuous since each of the component mappings defining IT and IT"" is
continuous. (See Example 3.1.13(i).)

A mapping f: X; — X,, where (Xj, d;) and (X, d,) are metric spaces is said to
be an open mapping if f{G) is open in X, for every open set G in X;. It is said
to be a closed mapping if f(F) is closed in X; for every closed set Fin X;. Prove
that a one-to-one function from X, to X; is a homeomorphism if and only if fis
continuous and either open or closed.

Hint: A homeomorphism maps open (respectively closed) subsets of X; onto
open (respectively closed) subsets of X,. To see why, consider an open subset G
of X; and a homeomorphism f. Then f~! is a continuous map from X, onto X;
and hence, f(G) = (f “H7H(G) is open in X,. Conversely, assume that fis both
continuous and open from Xj to X;. (The argument for closed sets is left to the
reader.) Let G be an open subset of X;. Now (f’l)fl(G) = f(G), which is open
because f has been assumed open. Hence, f~': X, — Xj is a continuous map.

(a) Give an example of a function f that is continuous and open, but is not a
homeomorphism.

(b) Give an example of a function fthat is continuous and closed, but is not a
homeomorphism.

(c) Give an example of a function f that is continuous and closed, but is not
open.

(d) Give an example of a function f that is continuous and open, but is not
closed.

Hint: (a) The map f:R—S={(x,y):x*+y*=1} defined by
f(t) = (cos(2t), sin (27t)) has continuous components and is, therefore,
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13.

14.

15.

16.

continuous. We shall show that it is also open. Let (a,b) =1 and write
{I)=b—a.If {(I) > 1, then f(I) = S, which is open in S. If {(I) < 1, then
f(I) is an arc without endpoints and so is open in S, being the intersection of S
with an open disc with the missing endpoints on its edge. The function is not
one-to-one and thus, cannot be a homeomorphism.

(b) The function f:R?* — R defined by f(x;,x,) = 0 for all (x;,x,) € R? is
continuous and closed, but is not a homeomorphism, as it is not one-to-one.

(c) See Example (b) above.

(d) The function f:R? — R defined by f( (x;,x,)) = x; for all (x;,x,) € R*is
continuous and open but not closed, as it maps the hyperbola x;x, = 1 onto the
set R\{0}, which is not closed.

Let X =R" and for any x,y € R, dy(x,y) = (31 |xi —y|")V/P,1=p < oc. Show
that  lim,_. dp(x,y) = dso(x,y), where d,(x,y)=max{|x;—y[:1=i=n}.
Hence, or otherwise, prove that d, and d, are equivalent metrics on R".
Hint: max {|x; — yi[: 1 =i=n} =d,(x,y) = n'/P max {|x; — y;|: 1= i=n}.

Let d and d* be metrics on C![0, 1] defined by

d(x,y) = sup{|x(t) — y(t)|: t € [0, 1]} + sup{|x'(¢) — ¥/ (t)|: t € [0,1]}
and
d*(x,y) = sup{|x(t) — y(1)|: t € [0,1]}.

Then d and d* are not equivalent metrics in C'[0, 1].
Hint: The sequence {% },=5 is such that

n

t" t
d*(—,0) = —

<n > sup, "
t" t
d{—,0) =
(%.0) = s,

=—-——0asn— oo,
n
while

1
+sup,|t"!|==-+1—1asn— oo
n

n ‘

Let fbe a mapping of a complete metric space (Xi, d;) onto (X5, d,). If fis an
isometry, show that (X;, d,) is complete.

Hint: Let {y,}, > ; be a Cauchy sequence in (X5, d,) and let € > 0 be given. There
exists 1y such that

A ) f T ) = (Vs ym) < € for n, m= ny.

So, {f ()} n=1 is a Cauhy sequence in (Xi, d;), and since (X3, d;) is complete,
we have lim, ., f~!(y,) = x for some x € X; and hence lim, ., y, = f(x).

Let X =/, and let d(x,y) = (33, |xi — yi/)/P, p=1, where x = {x;};=1,
y=1{yitiz1 are in [, Define ¢:4, — £, by o¢(x)=0¢(x,x,...)=
(0,x1, %2, ... ). Show that ¢ is an isometry.
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17.

18.

3. Continuity

Hint: d(¢(x),¢(y)) = d((0,x1,%,...),(0,y1,2,-..)) = > iy [xi = yilf = d(x,).

Let X be a metric space and x a point in X. The space of all real-valued,
continuous bounded functions on X with the wuniform metric
d.(f,g) = sup{|f(x) — f(y)|: x € X} is denoted by C,(X,R). Show that

f:y) = d(y,x) — d(y, x) for x,y € X

defines an isometry of X into C,(X, R). Hence, give an alternate proof that every
metric space has a unique completion.
Hint: The function f;: X — C,(X,R) is bounded and uniformly continuous:

)| = ld(y, x) — d(y, %)| = d(x, %)
and

() — ()| = |dn, x) — d(n, %) — d(y2, x) + d(ya, %) |
=|d(y1,x) — d(y,, x)| + |d(y1, %) — d(y2, x0)| = 2d(y1, y2).

The mapping F: X — Cu(X,R) defined by F(x) = f, is an isometry because

) = fo )| = 1y, x1) — (3, %0) — d(p, %) + d(y, x0)]
= |d(y1 xl) - d(}” xZ)‘ = d(xl, Xz).

Moreover,
fu(2) = fr, () = d(x1, %)
Hence,
du( fa» fro) = d(x1, %3).

Define X* as F(X) in Cy(X, R). Being a closed subset of a complete metric space,
X* is complete; besides, it contains an isometric image of X. Thus, X* is a
completion of X.

If (Y1,d1) and (Y>2,d,) are two completions of (X, d), then there exist two
isometries

F:X—Y and E:X—Y,.

Then h = F, o F;'! is an isometry from F;(X) onto F,(X). Since F,(X) is dense
in Y}, h is uniformly continuous and Y; is complete, it follows, using Theorem
3.4.9, that there exists a uniformly continuous extension h* of h to all of Y;. The
mapping h* is indeed an isometry. By Exercise 15, #*(Y;) is complete; since it
contains the dense subset F,(X), it can be easily shown that #*(Y;) = Y;.

Let f be an isometry between metric spaces (Xi, d;) and (X;, d>). Show that f
isahomeomorphism between X; and X,. Is the converse true? Justify your answer.
Hint: For xj,y; € X3, f(x;) = f(y») implies di(x;,y;) =0, which, in turn,
implies x; =y. So, f is one-to-one. Also, di(f '(x),f (1)) =



3.8. Exercises 149

19.

20.

A ), f(f1(n)) = dy(xy, 32). Thus, f~! is also an isometry. The

homeomorphism of Exercise 7 above is not an isometry.

Let {f,},,= be a sequence of continuous functions on a metric space X that
converges uniformly to a function f. Prove that

;}Lrgcﬁ(xn) = f(X)

for every sequence {x,},~, of points in X such that x, — x € X. Give an
example of a sequence {f,},~, of continuous functions on [0,1] converging
pointwise to a continuous function fand a sequence {x,},~ of points in [0,1]
converging to a limit x such that f,(x,) does not converge to f(x).

Hint: By hypothesis, for every € > 0, there exists #; € N such that n= »; implies

Ifu(x) — f(x)] < g for all x € X.

Observe that f is continuous by Theorem 3.6.5. Since lim, ., x, = x, there
exists 1, such that

If (x) — ()] < % forn=n,.
Let ny = max {ny, n,}. For n=ny and x € X, we have
) = FOI= fulx) = fx)| + 1f Gen) = ()] < §+§

For the example, let

n’x Ostl,
n
1 2
fulx) = —m’x+2n —=x=Z=,
n n
2
0 —=x=1
n

Then f, — f pointwise, where f(x) =0 Vx € [0,1]. Note that 1/n— 0 as
n— oo but f,(1/n) =n— 0o as n — oo.

Prove that the series >~ , (Hix sin x)* is uniformly convergent on [0,1].
Hint: The function f(x) = {35 sinx vanishes at x = 0 and is monotonically
increasing. In fact,

x(1 +x)cosx2+ sin x =0, xel01].
(14 x)

fl(x) =
So,

If ()] = f(x)=f(1) Z%sinl.
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21.

22.

23.

3. Continuity

Let

0 x =0,
I(x){l x > 0,

and let {x,},~ be a sequence of distinct points of (a, b). If >~ ° | |c,| converges,
prove that the series

flx) = icnl(x—xn) a=x=b

n=1

converges uniformly and that fis continuous for every x # x,,n=1,2,....
Hint: |c,I(x — x,)| = |c,| and 2|c,| is convergent; it follows by the Weierstrass
M-test that the series defining f{x) is uniformly and absolutely convergent. If
X # xy,n=1,2,..., then every term ¢,I(x — x,) is continuous at x and hence,
so is the sum of the series at x, using the argument in the proof of Theorem
3.6.5.

If fis a continuous function on a closed set F in R, then show that there exists
a continuous extension f* of fto R. Moreover, if |[f(x)| = M for all x € F, then
If*(x)| =M for all x € R.

Hint: R\F, being open, is a union of disjoint open intervals (a,, b,). Define

f(bn) _f(an)

(x - an)a x € (anr bn)
b, — a,

frx) = flan) +
n=1,2,.... The function g which equals fon F and f* on R\F, is continuous
on R. Clearly, gis continuous on F° and R\F. A neighbourhood of a boundary
point contains points from F as well as R\F. Since the values of fat the points of
F in this neighbourhood are close to the values at the boundary point and the
values of f* at points of R\F in this neighbourhood are interpolated values, the
latter are also close to the value at the boundary point.

Let
1
0 x < >
n+1
1 1
x) = 'Z(E) =x=—,
Jul) - n+1 n
1
0 —-<x
n

Show that f, — 0 pointwise, but not uniformly.

Hint: For positive x € R, choose ny so large that 1/my < x. Then for
n= np, fy(x) = 0. Therefore, lim,_., f,(x) = 0 if x > 0; the same is true when
x =0, because f,(x) =0 in this case. Since f,(2/2n+1))=1, n=1,2,...,
fa(x) cannot be less than 1 for all large n and all x € R.
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24,

25.

26.

Prove that there exists no sequence {f,},~, of functions continuous on R such
that

lim f,(x) = f(x),

where f(x) = 1 if x is rational, and 0, otherwise.

Hint: Suppose there does exist a sequence {f,}, = of continuous functions such
that lim, . fa(x) = f(x), —00 < x < oo. For each n, the set E,=
{x ER: fu(x) =1/2} = £ 1((— o0,1/2]) is closed, being the inverse image of
the closed set (—o0, 1/2] under the continuous function f,. Let Fy = (), En.
It is closed, being the intersection of closed sets. Let x be an irrational number;
then lim, ., f,(x) = f(x) = 0. So, for 0 < & < 1/2, there exists k such that
n= k implies |f,(x)| < &; thus, x € Fy. On the other hand, if x € Fy for some
k, then x is irrational. In fact, f,(x) =< 1/2 for n= k and hence, f(x) = 1/2. Thus,
Ur— Fx is precisely the set of irrationals. Thus, the set of irrationals constitute
an F, set. Moreover, each F; is nowhere dense. This contradicts Corollary
2.4.4. (However, f can be represented as the double limit of continuous func-
tions thus: f(x) = limg_« {lim, . cos®*" (k!mx)}.)

Let K be defined and continuous on the closed square [a,b] X [a, b],g be
continuous on [a, b] and let X be a real number. Prove that the integral equation

b
ﬂ@zAJmeﬂw@+ﬁ@,x€MJ]

has a unique solution in Cl[a, b] for sufficiently small A.
Hint: Define a mapping T: C[a, b] — Cla, b] by

b
<nwm:xJmeﬂww+ﬂm

a

and show that T has a unique fixed point. In fact,

b
ﬂT@pT@ﬁ:=ﬂm{MJ Ko 9)[@1(y) — @1 ()] dyl:x € [a,b])

a

= |NM(b— a)sup {[e,(y) — @:(»)|: ¥ € [a, b]}
= ‘MM(b —a)d(e, 9,),

where M = sup {|K(x, y)|: x,y € [a, b]}. For |\| < 1/M(b — a), the mapping T
is a contraction.

Theorem. Let S denote the strip [a, b] x R in the (x, y)-plane. Let f be a real-
valued continuous function defined on S, satisfying

- Fa ) = f(x ) <M
Y2— N

0<m (3.24)
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27.

3. Continuity

for all distinct y;,y, in R. Then there exists a unique, real-valued continuous
function g defined on [a, b] satisfying the relation

flx,g(x)) =0
for all x € [a, b].
Proof. Recall that C[a, b] is a complete metric space with the uniform metric d;
i.e., for f,g € Cla, b],
d(f,g) = sup |f(x) — g(x)].

Define a mapping T: C[a, b] — Cla, b] by setting, for any ¢ € Cla, b],

2

(Tg)(x) = g(x) — Mrm

f(x, g(x)).
For g, h € Cla, b],

2 (fxg(x) — fx h(0))

(Tg)(x) — (Th)(x) = g(x) — h(x) — M m

Elementary calculations using (3.24) show that

Mo-m_ 2 flep)—flop)  M—m
M+m — M+m »—n S M+m

Thus,
d(Tg, Th) = sup |(Tg)(x) — (Th)(x)|

M_
= sup{lg(x) - h(X)|}M+ -
M—-—m
= md(g,h)~

This shows that T is a contraction on Cl[a, b]. Hence, there exists a unique
element g € C[a,b] such that Tg =g, that is, f(x,g(x))=0 for all
x € [a, b]. O

Let {f,},= be a sequence of real valued continuous functions defined on a
metric space (X, d). Assume that for every x € X, f,(x) — f(x). The pointwise
convergence of the sequence {f,},~; does not guarantee the continuity of f.
(Recall that f,(x) =x",n=1,2,...,x € [0,1], converges pointwise to f(x),
which is 0 on [0,1) and 1 when x = 1.) The limit function f, however, cannot
be extremely discontinuous as the following theorem due to Baire shows.

Theorem. (Baire) Let {f,}, > be a sequence of real-valued continuous functions
defined on a metric space (X, d). Let
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lim £,(x) = f(x)

for each x € X. Then the set of points of discontinuity of f constitute a set of
category I.

Proof. Let € > 0 be given. Put
Un(e) = {x € X:[f(x) — fu(x)| =&}

and

Ue) = [j U, (), (3.25)
m=1

where U,,°(¢) denotes the interior of U,,(¢). If Ydenotes the set of all points of
continuity of f, we shall show that

A 1
Y = Ul-).
()
n=1
Let xp € X be such that fis continuous at x;. We claim that x, € ﬂzole(i).
Since lim f,(x) = f(x), there exists an integer m > 0 such that
n—0o0

F30) ~ ful)] < 3.

Since fand f,, are continuous at Xy, there exists S(xp,d) such that

F) —fl <56 and £~ ) < 56
for x € S(xy, d). So, for x € S(xy, d), we have
If (%) = fin(0)| = |f () — f(x0)| + |f (x0) — fin(x0)| + |fin(x0) — fin(20)| < &,

which proves that x & U,(e). Thus, S(x%,8) C Uy(e). In particular,
X € (Uy(e))® and so xp € U(g). Since € > 0 is arbitrary, it follows that
X € N, U(L).

Conversely, suppose that xo € N>, U(1/n). Let € > 0 be given. There exists
an integer n > 0 such that 1/n < (1/3)e. Since xy € U(1/n), it follows that
xp € Uy ((1/3)e) for some integer m. So there exists S(xp, 81) such that for every
x € S(x9,9;), we have

)~ )] < 3

Since f,, is continuous, it follows that there exists 8, > 0 such that
Ifin(x0) — fu(x)| < (1/3)e for all x € S(xp,8,). Let 8 = min {8;,8,). Now for
x € S(x0, ),

[f(x) = f(xo)| = |f(x) = fu(2)| + [fin(x0) — fn(2)| + [f (%) — fin(x0) |

<18+18+18*8
3737 377
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28.

29.

3. Continuity

using the continuity of f,,. Thus, x, is a point of continuity of f. This establishes
(3.25).
It remains to show that X\Y is of category L. Put

Fm(g) = {X: |fm(x) _ferk(x)' =g (k = O) 1)2) v )}

Since the functions f,, are continuous, F,(€) is a closed set, being the intersec-
tion of the inverse images of [ — €,€] under the continuous map f, — fui-
Since lim,,_, fu(x) = f(x), it follows not only that

X= | Fule)
m=1
but also that
Fn(e) C Unle).

Thus, F; () C U, (¢) and so
U Eae) € | Unte) = UGe).
m=1 m=1
For any closed set E the difference F\F° is a nowhere dense closed set. Thus,

X0 @ € U (BulenFe)
m=1 m=1

is a set of category L. So the set X\U(g) = U(g)‘ is also a subset of category L.
Consequently, the set X\Y of points of discontinuity of f, which is expressible in

the form (see 3.25)
xue=J [U@] ,

n=1 n=1

is a set of category L.

Remark. The result of Exercise 24 also follows from the above theorem.

Let X be any set (no metric required) and T: X — X a map such that T" has a
unique fixed point xy € X. Then T has x; as its unique fixed point.

Hint. Tx, satisfies T"(Txy) = T(T"xy) = Txy and is therefore a fixed point of
T". Hence, by the uniqueness of the fixed point of T", we have Txy = xp, i.e., Xo
is a fixed point of T. Trivially, any fixed point of T is also a fixed point of T".
Since the latter has only one fixed point, so does T.

Let (X, dx) and (Y, dy) be metric spaces and B be a base for the open sets of Y
(see Definition 2.3.4). Show that f: X — Y is continuous if and only if f ~!(B) is
open for every B € B.

In Example 3.7.15, the map Tof a metric space into itself is not a contraction, but
its square is. Exercise 30 shows that for any positive integer #, there exists a map T
of some metric space into itself such that T"*! is a contraction, but T" is not.
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30. For any A > 0 and the map T: C[0, A] — C[0, A] given by

t

(1)(6) = | w(ods
0
show that T" is a contraction with reference to the uniform metric on C[0,A] if
and only if A"/n! < 1. Hence, show that for a given positive integer n, it is
possible to choose A so that T"! is a contraction, but T" is not.
Hint: Let d denote the uniform metric on C[0,A]. It is easy to prove by
induction that

[(T"x)(¥) — (T"y)(0)| = %d(x,y) for all t € [0, A].
It follows that
n n An
d(T"x, T"y) < ﬁd(x,y).

In order to show that equality can hold in the preceding inequality, consider the
particular elements x and y of C[0,A], such that x is 1 everywhere and y is 0
everywhere. We have (T"x)(t) = t"/n! and (T"y)(t) = 0 everywhere. There-
fore,
t" AT AT
d(T"x, T"y) = sup |——0|=—=—d(x,y),

o=tr=a nl n! n!

because d(x,y) = 1. Thus, T" is a contraction if and only if A"/n! < 1.

Now for any positive integer 1, we can show by induction that (n!)l/ "<
((n+ YYD o equivalently, that (n!)"™ < ((n+ 1)!)". The case n =1 is
trivial. Assuming it true for n = k, we have

((k+ 2D = (k+ 2" ((k+ DD = (k+ 2 ((k+ DH¥(k + 1)!
> (k+ 2 (KD (k+ D! > (k+ DM RS (k1)
= ((k+ DD (k+ D! = ((k+ DY,
completing the induction.
The inequality just established shows that for a given positive integer , there

exists A such that (n)/" < A< ((n+ DNV 5o that A"/nl > 1 but
A (n+ 1! < 1.



4 Connected Spaces

In this chapter, we discuss connectedness, local connectedness and arcwise connect-
edness. Geometrically, it is evident that an interval cannot be written as a disjoint
union of two nonempty relatively open subintervals. That it cannot even be written
as a disjoint union of two nonempty relatively open subsets will be proved in this
chapter. An attempt to generalise the above property leads to the concept of
connected metric spaces. An interval also has the property that any two points in
it can be joined by an “arc” without exiting the interval. The generalised version of
this property in metric spaces is called “arcwise connectedness” and it plays a vital
role in analytic function theory. The two concepts are, in general, not equivalent;
however, they coincide in open subsets of the complex plane (more generally, in
open subsets of a Euclidean space). The local version of connectedness is also
discussed in this chapter and shown not to be equivalent to connectedness.

4.1. Connectedness

The intuitive notion of a connected set is that the entire set is in one piece, that is, it
should not consist of two or more parts that are “separated” from each other. For
example, the intervals on the real line are connected subsets and, in fact, they are the
only connected subsets of R, as we shall soon see. It will then follow that the set

(a,b)U(c,d)={x€eR:a<x<borc<x<d}, where b < ¢,

is not connected. This is in perfect agreement with our general understanding of
connectedness. It is this idea which we make precise below. We shall then establish
the fundamental facts of the theory of connectedness.

We begin with the definition of a disconnected space.

Definition 4.1.1. A metric space (X, d) is said to be disconnected if there exist two
nonempty subsets A and B of X such that

(i) X =AUB;
(ii) ANB= g and ANB= (.

156
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That is, the subsets must be nonempty, together they must constitute the whole
space and neither may contain a point of the closure of the other. If no such subsets
exist, then (X, d) is said to be connected; this means that if we do split X into two
nonempty parts A and B having no points in common, then at least one of the
subsets contains a limit point of the other.

A nonempty subset Y of a metric space (X, d) is said to be connected if the
subspace (Y, d|,) with the metric induced from X is connected.

Examples 4.1.2. (i) Let X ={x e Ri—1=x<0or 0 < x=1} with the metric
induced from the real line. Then X is disconnected, as can be seen by taking
A=[-1,0) and B=(0,1]. (See Figure 4.1.) So is the space X = {z € C:|z| =1}
U{z € C: |z — 3| = 1} with the metric induced from C, as illustrated in Figure 4.2.
(ii) The rationals Q C R with the metric induced from R are not connected. In
fact, if

A={xeQ:x<V2}and B={x€ Q:x > V2},

then A and B are disjoint subsets and ANB= &, ANB=J,AUB=Q.
(iii) A singleton set {x} in any metric space is always connected.
We now establish some equivalent versions of disconnectedness.

Theorem 4.1.3. Let (X,d) be a metric space. Then the following statements are
equivalent:

(i) (X,d) is disconnected;
(ii) there exist two nonempty disjoint subsets A and B, both open in X, such that
X =AUB;
(iii) there exist two nonempty disjoint subsets A and B, both closed in X, such that
X=AUB;
(iv) there exists a proper subset of X that is both open and closed in X.

Proof. (i)=>(ii). Let X=AUB, where A and B are nonempty and
ANB= @, ANB= . Then A= X\B. In fact, ACX\BC X\B=A. So A is

-1 0 1
o O >
FIGURE 4.1
," 0 ““‘._ ,""' 3 \
T e/

FIGURE 4.2
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open in X. Similarly, B is open in X. Since A and B are disjoint, a fortiori, A and B
are disjoint, which proves (ii).

That (ii) and (iii) are equivalent is trivial.

(iii)=-(iv) Since A = X\B, A is open. Thus A is both a closed and open proper
subset of X, and so (iv) is proved.

(iv)=(i) Let A be a proper subset of X that is both open and closed in X and let
B=X\A. Then X = AUB,ANB = (. Since A= A (A being closed), it follows
that AN B = (. Similarly, AN B = . This completes the proof. O

The following theorem characterises connected subsets of real numbers.

Theorem 4.1.4. Let (R,d) be the space of real numbers with the usual metric. A
subset I C R is connected if and only if I is an interval, i.e., I is of one of the
following forms:

(a, b), [a,b), (a,b], [a,b], (—o0,b), (—o0,b], (a,0), [a,00), (— 00,00).

Proof. Let I be a connected subset of real numbers and suppose, if possible, that I'is
not an interval. Then there exist real numbers x, , zwith x < z < y and x, ¥ € I but
z ¢ 1. Then I may expressed as I = AU B, where

A= (—o00,z)NI and B=(z,00)NI.

Since x € A and y € B, therefore, A and B are nonempty; also, they are clearly
disjoint and open in I Thus, I is disconnected.

To prove the converse, suppose I is an interval but is not connected. Then there
are nonempty subsets A and B such that

I=AUB, ANB=, ANB=.

Pick x € A and y € B and assume (without loss of generality) that x < y. Observe
that [x, y] C I, for I is an interval. Define

z=sup (AN [x,y]).

The supremum exists since A N [x, y] is bounded above by y and it is nonempty, as x
is in it. Then z € A. (We shall show that if z € A, then z is a limit point of A. Let
€ > 0 be arbitrary. By the definition of supremum, there exists some element a € A
such that z — € < a < z, i.e., every neighbourhood of z contains a point of A.)
Hence, z ¢ B, for AN B = (; in particular, x < z < y.

If z¢ A, then x < z < y and z ¢ I. This contradicts the fact that [x, y] C I.

If z€ A, then z¢ B, for ANB= . So there exists a & >0 such that
(z —98,z+48) N B= (J. This implies that there exists z; ¢ B satistying the inequal-
ity z<z <y Then x <z<z <y and z ¢ I, for z being greater than sup
(AN [x,y]) is not in A. This contradicts the fact that [x, y] C I. O
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Remark 4.1.5. It follows as a special case of Theorem 4.1.4 that the entire real line R
is a connected set. It now follows from Theorem 4.1.3(iv) that the only subsets of R
that are both open and closed are the empty set and R itself.

Let Xy = {0, 1} and let dy denote the discrete metric on X,. We shall call (Xy, dy)
the discrete two point space. Definition 4.1.1 can be reformulated in the following
handier fashion:

Theorem 4.1.6. Let (X, d) be a metric space. Then the following statements are
equivalent:

(i) (X, d) is disconnected;
(ii) there exists a continuous mapping of (X, d) onto the discrete two element space
(Xo, do)-

Proof. (i)=-(ii). Let X = A U B, where A and B are disjoint nonempty open subsets
(see Theorem 4.1.3(ii)). Define a mapping f: X — X, by

_Jo ifxeA,
ro={0 Fieh

the mapping fis clearly onto. It remains to show that fis continuous from (X, d) to
(Xo, dp). The open subsets of the discrete metric space are precisely 5, {0}, {1} and
{0,1}. Observe that f () = &, f71({0,1}) = X and the subsets (f, X are open in
(X, d). Moreover, f~1({0}) = A, f~'({1}) = B, which are open subsets of (X, d).
Hence, fis continuous and thus (ii) is proved.

(ii))=-(i) Let f: (X, d) — (Xo, do) be continuous and onto. Let A = f~'({0}) and
B=f"!({1}). Then A and B are nonempty disjoint subsets of X, both open
and such that X = AU B. It follows upon using Theorem 4.1.3(ii) that X is
disconnected. O

A reformulation of Theorem 4.1.6 is the following:

Corollary 4.1.7. Let (X, d) be a metric space. Then the following statements are
equivalent:

(1) (X, d) is connected;
(ii) the only continuous mappings of (X, d) into (Xo, dy) are the constant mappings,
namely, the mappings f(x) = 1 for every x € X, g(x) = 0 for every x € X.
The continuous image of a connected space is connected. More precisely, we have
the following theorem.

Theorem 4.1.8. Let (X, dx) be a connected metric space and f: (X, dx) — (Y, dy)
be a continuous mapping. Then the space f(X) with the metric induced from Yis
connected.

Proof. The map f: X — f(X) is continuous. If f(X) were not connected, then there
would be, by Theorem 4.1.6, a continuous mapping, g say, of f(X) onto the discrete
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two element space (Xp, dy). Then go f: X — X, would also be a continuous map-
ping of X onto X, contradicting the connectedness of X. O

The intermediate value theorem of real analysis (see Proposition 0.5.3) is a special
case of Theorem 4.1.8.

Theorem 4.1.9. (Intermediate Value Theorem) If f: [a, b] — R is continuous over
[a, b], then for every y such that f(a) <y < f(b) or f(b) <y < f(a) there exists
x € [a, b] for which f(x) = y.

Proof. We need consider only the case when f(a) # y # f(b). Let y be any real
number such that f(a) < y < f(b). By Theorem 4.1.4, [a, b] is a connected subset of
R. Hence, f([a, b]) is an interval by Theorems 4.1.8 and 4.1.4. Therefore, there exists
an x € [a, b] such that f(x) = y. The case where f(b) < y < f(a) is dealt with in a
similar way. O

The following converse of the intermediate value theorem also holds.

Theorem 4.1.10. Let (X, dx) be a metric space. If every continuous function
f:(X, dx) — (R, d) has the intermediate value property (i.e., if 1,y € f(X) and y
is a real number between y; and y,, then there exists an x € X such that f(x) = y),
then (X, dx) is a connected metric space.

Proof. Suppose, if possible, (X, dx) is not connected. Then, by Theorem 4.1.6, there
exists a continuous map g:(X,dx)— (Xo,dp) that is onto. Define a map
h:(Xo,dp) — (R,d) by h(0)=0 and h(1)=1. Then h is continuous. Consider the map
hog:(X,dx)— (R,d). Clearly, ho g is continuous, being the composition of continuous
maps h and g Besides, {0,1} Chog(X). However, there exists no x€ X such that
hog(x)=1/2. Infact, (hog)~"({1/2}) =g "ok 1({1/2}) = g () =B 0

An interesting application of the Weierstrass intermediate value theorem is the
following “fixed point theorem”:

Theorem 4.1.11. Let I = [— 1, 1] and let f: I — I be continuous. Then there exists
a point ¢ € I such that f(¢) = c.

Proof. If f(— 1) = —1 or f(1) = 1, the required conclusion follows; hence, we can
assume that f(— 1) > —1 and f(1) < 1. Define

gx) =f(x) —x, xel.

Note that g is continuous, being the difference of continuous functions, and that it
satisfies the inequalities g(— 1) = f(— 1) +1 > 0 and g(1) = f(1) — 1 < 0. Hence,
by the Weierstrass intermediate value theorem, there exists ¢ € (— 1,1) such that
g(c) =0, that is, f(¢) = c. O

Remarks 4.1.12. (i) The interval [—1,1] cannot be replaced by [—1,1) or [— 1, c0).
In the former case, the function f(¢t) = (¢t+1)/2, —1=t < 1 is continuous,
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maps [—1,1) into itself and yet has no fixed point. Indeed, f(¢) = t implies t = 1. In
the latter case, f(t) =t+1, — 1=t < o0, is continuous, maps [— 1, co) into
itself and yet has no fixed point, for f(t) = ¢ implies 1 = 0.

(ii) The foregoing theorem is possibly the simplest case of the famous fixed point
theorem of L.E.J. Brouwer, according to which every continuous mapping of the
closed unit ball in the Euclidean space R" into itself has a fixed point. The proofs for
the cases n=2 are not easy and are beyond the scope of the present text.

Theorem 4.1.13. If Yis a connected set in a metric space (X, d) then any set Z such
that Y C Z CY is connected.

Proof. Suppose A and B are two nonempty open sets in Z such that AUB=Z and
ANB=(J;as Yis dense in Z, YN A and Y N B are nonempty open sets in Yand we
have

Y=(YNAUYNB), (YNAN(YNB)=YN(ANB) =,

a contradiction. O

Remark 4.1.14. Since Y C Y C, it follows that Y is connected if Yis connected in
(X d).

Example 4.1.15. Since Y = {(x, y): y = sin (1/x), 0 < x=1} C R? is a continuous
image of (0,1], it follows that Y = Y U {(0,y): —1 =y =1} is connected. Observe
that with the omission of any subset of {(0, y): —1 = y = 1}, the resulting set is still
connected.

Theorem 4.1.16. Let (X, d) be a metric space and let {Yy:\ € A} be a family of
connected sets in (X, d) having a nonempty intersection. Then Y = [J ., Y is
connected.

Proof. Suppose that Yis disconnected, i.e., Y = AU B, where A and B are nonempty
open sets in Y such that AN B = (. Let y € (),o, Ya. Without loss of generality,
assume that y € A. By assumption, there is at least one A such that BN Y, # F; then,
as AN Y\ # J, thesets AN Yy and BN Y, are open in Y) and satisfy

(ANYVHUBNY) =Y, AnY)NBNYK) =T,
a contradiction. O

Corollary 4.1.17. Let {Yi};<;<, be a sequence of connected sets such that
YiNYiy # & for 1=i=n—1; then |JI_, V; is connected.

Proof. This follows at once from Theorem 4.1.16 by induction. O

A disconnected metric space can be decomposed uniquely into connected “com-
ponents”; the number of components gives a rough estimate of the disconnected-
ness of the space.
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Let (X, d) be a metric space and x € X. The union C(x) of all connected subsets
of (X, d) that contain x is a connected subset of (X, d) by Theorem 4.1.16.

Definition 4.1.18. The union C(x) of all connected subsets containing the point x is
called the connected component of x in (X, d).
Clearly, C(x) is a maximal connected subset of X.

Examples 4.1.19. (i) Let Q be the set of rationals in (R, d). The component of each
x € Q is the set consisting of x alone. In other words, any subset A of Q containing
more than one point is disconnected. Indeed, if x, y € A, x <y, then
(—o0, @) NA and (o, 00) N A provide a disconnection of A, when x < a < y and
o is irrational.

(ii) Let Y C R? be the subspace consisting of the segments joining the origin to
the points {(1,1/n): n € N} together with the segment (1/2, 1]. The line joining
(0,0) and (1, 1/#) is the image of the connected set [0,1] under the continuous map
y = x/n and, therefore, connected. If Z denotes the union of these lines, then Z is
connected since the origin is common to all the line segments. Finally, Yis such that

ZCcYcZz,

where Z = Z U (0,1], and so Y is connected, by Theorem 4.1.13 and Theorem
4.1.16. (See Figure 4.3.) However, Y\{(0,0)} is not connected. In Y\{(0,0)}, the
component of each point is the segment containing it.

Theorem 4.1.20. Let (X,d) be a metric space. Then

(i) each connected subset of (X,d) is contained in exactly one component;
(ii) each nonempty connected subset of (X,d) that is both open and closed in (X, d)
is a component of (X,d);
(iii) each component of (X,d) is closed.

T~

(1,1/2)
(1,1/3)

(1,1/5)

N\ %

FIGURE 4.3
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Proof. (i) Observe that if C(x) N C(x') # ¢, then C(x) U C(x') is connected (see
Theorem 4.1.16). This contradicts the maximality of C(x) unless C(x) = C(x').
Thus, any two distinct connected components are disjoint. Now, let A be a
connected subset of X containing x. By the maximality of C(x), it follows
that A C C(x). Since any two distinct components are disjoint, the statement
(1) follows.

(ii) Let A be a connected subset of (X, d) that is both open and closed in (X, d).
Let x € A, so that A C C(x). Then A is both open and closed in (C(x), d|c(x)) by
Theorem 2.2.2 and consequently, A = C(x) (see Theorem 4.1.3(d)).

(iii) Since C(x) is connected, so also is C(x) (see Theorem 4.1.13); but the
maximality of C(x) implies C(x) 2 C(x). Hence, C(x) is closed. O

Remark 4.1.21. Components need not be open sets in (X, d). Let

1
X:{O}U{n:nEN}
with the induced metric from (R,d); then {0} is a component of (X, d) but is not
open in (X, d). In fact, if C(0), the component of 0 in X, contains another point of
X, say, 1/m, then there exists an irrational number « such that 0 < o < 1/m. The
sets (—oo,a) N C(0), (o, 00) N C(0) are nonempty, disjoint and open in C(0),
whose union is C(0), a contradiction.

4.2. Local Connectedness

Many of the important spaces occurring in analysis are not connected but enjoy a
property that is a local version of connectedness. In this section, we briefly discuss
this local property.

Definition 4.2.1. A metric space (X, d) is said to be locally connected if, for x € X,
there is a base of connected neighbourhoods of x. Thus, X is locally connected if
and only if the family of all open connected sets is a base for the open subsets of X.

Examples 4.2.2. (i) Let X ={x € Ria< x < b or ¢ < x < d}, where b < ¢, with
the induced metric from (R, d). Then X is locally connected but not connected.

(ii) Consider the discrete two-point space (Xy, dp) defined after Remark 4.1.5.
Here X, = {0, 1} and d, is the discrete metric on Xj. It is not connected since {0}
and {1} are both open in X, and Xy, = {0} U {1}. But (Xo, dp) is locally connected,
for { {0}, {1} } is a base of connected subsets for the open subsets of Xj.

(iii) An example of a connected subset Yof the plane that is not locally connected
may be constructed as follows (see Example 4.1.19(ii)):

Y = B,l} Uf{(xy):y=—,0=x=1}.

X
n
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It follows from Theorems 4.1.13 and 4.1.16 that Y'is connected. But this space is not
locally connected since an open set containing « = (3/4,0) will not contain a
connected open set containing «. In fact, S(a, 7) N Y must intersect a ray joining
(0,0) to some (1,1/n) and this intersection is both open and closed in S(a, 7) N Y,
because this intersection is a union of disjoint open segments.

It was observed in Remark 4.1.21 that components need not be open sets in the
space. However, if the space is locally connected, then the following holds.

Theorem 4.2.3. Let (X, d) be a metric space. X is locally connected if and only if the
connected components of the open sets in X are open in X. (For any subset A of X,
the connected components of the points of the subspace A are called the connected
components of A).

Proof. Let G be an open subset of X, and C be a component of G, and {Uy: N € A}
be a basis consisting of open connected sets for the open sets of X. Let x € C. Since
x € G, there is a Uy such that x € Uy C G; but since C is the component of x and
Uy is connected, x € Uy C C. We have thus shown that Cis a union of open subsets
of X and is, therefore, open.

On the other hand, if O is any open set containing a point x € X, the connected
component of x in the subspace O is a connected neighbourhood of x contained in
O; hence, X is locally connected. O

We close this section with the following characterisation of open subsets of R,
based on Theorems 4.1.4 and 4.2.3 (see Theorem 2.1.11 of Chapter 2):

Theorem 4.2.4. Let O be a nonempty open subset of (R, d). Then O is a union of an
at most countable family of open intervals, no two of which have common points.

Proof. It follows from Theorems 4.1.4 and 4.2.3 that the connected components of
O are intervals and that they are open subsets of O and, therefore, of R as well. Thus,
they are open intervals. Note that O N Q, where Q denotes the set of rationals in R,
is countable and each component of O contains a point of O N Q. The mapping
r— C(r) of ONQ into the set of connected components of O is onto and,
therefore, the set of connected components of O is countable. O

Remark 4.2.5. The property of being locally connected is not preserved by continu-
ous maps.

Let X; ={0,1,...} and X; = {0} U {1/n: n € N}, equipped with metrics induced
from (R, d). The mapping f: X; — X, defined by

0 if x =0,
f(x):{l/x if x=n.

Then X; is locally connected and fis a continuous map of X; onto Xj; but X; is not
locally connected (see Remark 4.1.21 and Theorem 4.2.3).
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4.3. Arcwise Connectedness

A metric space (X, d) is regarded as “arcwise connected” if any two of its points can be
joined by what is called a “path” (see definition below). Arcwise connectedness is
particularly important in the study of functions of a complex variable. Although a
“region” is defined to be an open connected subset of the plane, most of the proofs use
the arcwise connectedness of a region rather than its connectedness. That these two
properties are equivalent for an open subset of the plane will be proved in this section.

Definition 4.3.1. Let (X, d) be a metric space, Y C X and I = [0, 1]. A path (or arc)
in Yis a continuous mapping f:I — Y. If f:] — Y isa pathin ¥, we call f(0) € Y
its initial point, f(1) € Y its final point and say that fjoins f(0) and f(1) or that
f runs from f(0) to f(1). A subset Y of X is said to be arcwise (or pathwise)
connected if, for any two points in Y, there exists a path running from one to the
other, i.e. the points can be “joined by” a path in Y.

It should be noted that if f:I —Y 1is a path, then the mapping
t — f(1 —1t),t €I, is a path that runs from f(1) to f(0).

Examples 4.3.2. (i) The subset Y = A U B of R?, where

A={0,y) :—1=y=1}
B={(xy):y=sinl/x,0 < x=1}

is a connected subset of R* (see Example 4.1.15). However, Y is not arcwise
connected; in fact, there exists no path from a point in A to a point in B.
(ii) The set S(0,1) = {z € C:|z| < 1} is arcwise connected. In fact,

f()=tn+(1—-1t)z,0=t=1

is a continuous path joining z; and z in S(0,1).
A useful reformulation of arcwise connectedness is given in the following pro-
position.

Proposition 4.3.3. Let (X, d) be a metric space and xy € X be any element. X is
arcwise connected if and only if each x € X can be joined to x, by a path.

Proof. If X is arcwise connected, the condition trivially holds. Conversely, assume
that the condition is satisfied and let x, x, be any two points in X. Let f: I — X run
from x; to xp and g: I — X run from Xy to x,; then

f(21) fo=st=
h(t) = 1
g2r—1) if

is continuous (because at + = 1/2, we have f(1) = xy = g(0)) and is a path running
from x; to x;. O
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The general relation between connectedness and arcwise connectedness is given
in the following theorem.

Theorem 4.3.4. Let (X, d) be an metric space. If X is arcwise connected, then it is
connected.

Proof. Let x € X; then for each y € X, there exists a continuous function
¢,:[0,1] — X such that ¢,(0) = x and ¢,(1) = y. Since [0,1] is connected and
®, is continuous, cpy([O, 1]) is connected by Theorem 4.1.8; moreover,

x€ (o, 0,1])

yeX
and, hence,
U ¢, (10,1])
yeX
is connected in X by Theorem 4.1.16 and therefore X is connected. O

Alternative proof. If X were not connected, then there would exist nonempty
disjoint subsets A and B such that X = AUB and ANB= & = AN B. Choose
a€ A,be B and a path p:I — X joining a and b. Since p~1(A) C p~'(A) by
Theorem 3.1.12 (ii)), I = p~'(A) U p~}(B) would constitute a disconnection of I,
contradicting the fact that I is connected (see Theorem 4.1.4). The converse of the
above theorem is false, that is, a connected metric space need not be arcwise
connected (see Example 4.3.2(i)).

We next show that arcwise connectedness is invariant under a continuous map.

Theorem 4.3.5. Let (X, d) be a metric space and Y C X. If Y is arcwise connected
and fis a continuous map from the metric space (X, dx) to the metric space (Z, dz),
then f(Y) is arcwise connected.

Proof. Let z,z € f(Y). Then there exist z,z; € Y such that f(z]) = z;,i = 1,2.
But Y is arcwise connected and so there exists a path ¢g:I — Y such that
g(0) = z{, g(1) = z;. Now the composition of continuous functions is continuous
(see Theorem 3.1.11) and so f o g: I — Z is continuous. Moreover,

fog(0)=f(z) =z, fog(l) =f(Z) =2,
fog(D) =flg(D] C f(Y).

Thus, f(Y) is arcwise connected. O

Theorem 4.3.6. Let A be a class of arcwise connected subsets of a metric space (X, d)
with nonempty intersection. Then

B:U{A;AEA}

is arcwise connected.
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Proof. Let a,b € B. Then there exist A, and A, € A such that a € A, and b € A,;,.
Now A has a nonempty intersection; so there exists p € [|{A: A € A}. Thenp € A,
and, since A, is arcwise connected, there is a path f:I — A, C B from a to p.
Similarly, there is a path g: I — A, C B from p to b. Then h: I — B defined by

fQH ifo=t=-

h(r) = L2
g2t —1) ifEStSI

>

is continuous (because at t = 1/2, we have f(1) = p = g(0)), and it is a path
running from a to b contained in B. Hence, B is arcwise connected. O

Our final result in this section says that, for open subsets of the complex plane,
the properties of being connected and arcwise connected are equivalent.

Theorem 4.3.7. Let () be a nonempty open connected subset of the complex plane.
Then () is arcwise connected.

Proof. Let z € () and let G consist of those points in {2 which can be joined to zby a
path in (). By Proposition 4.3.3, it is sufficient to show that G = (.

First of all, we claim that Gis open. Let w € G C (). Now () is open and so there
exists an open ball S(w, r) such thatw € S(w, r) C Q. But S(w, r) is arcwise connected
(see Example4.3.2(ii)); hence, each point & € S(w, r) can be joined to w, which in turn,
can be joined to z. Hence each point & € S(w,7) can be joined to z and so
w € S(w, ) C G. Accordingly, Gisopen. Let H = O\G; i.e., H consists of those points
in () which cannot be joined to z by a path in ). We claim that H is open. Let
w* € HC Q. Since ) is open, there exists an open disc S(w*,r*) such that
o* € S(w*, r*) C . Since S(w*, r*) is arcwise connected, no £ € S(w*, r*) can be
joined to zbya path in (), and so £* € S(w*, r*) C H. Hence, His open.

But () is connected and therefore cannot be the union of two nonempty disjoint
open subsets. Thus, H is empty and so {) = G. As already noted, this completes the
proof that () is arcwise connected. O

Remark 4.3.8. The requirement that () be open cannot be dropped (see Example
4.3.2(1)).

4.4. Exercises

1. Show that the subset A C R?, where

A= {(x,y):x2 —y224}

is disconnected.
Hint: If G = {(x, y):x < —1} and H = {(x,y): x > 1}, then GN Aand H N A are
nonempty open disjoint sets in A whose union is A.
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2. If Cis a connected subset of a disconnected metric space X = AU B, where A, B
are nonempty and AN B = @ = AN B, then either CC Aor C C B.
Hint: Clearly, C=CNX=CN(AUB) =(CNA)U(CnN B). Also,

[(CNANCNBIU(CNAN(CNB]C(ANBU(ANB) = ¢.

If both (CN A) and (C N B) are nonempty, then they form a disconnection of C.
So, either CN A = (&, in which case C C B, or CN B = ¢, in which case
CCA.

3. If every two points in a metric space X are contained in some connected subset of
X, then X is connected.
Hint: If not, X = AU B, where A, B are nonempty disjoint and AN B = @ =
ANB. Since A and B are nonempty, choose a € A and b € B. By hypothesis,
a and b are contained in some connected subset C C X. In view of Exercise 2
above, C C A or C C B. Since AN B = (J, this leads to a contradiction.

4. A metric space X is said to be totally disconnected if for each pair of points
x,y € X there exist A and B, A# @J,B# &, X=AUB,ANB= g =ANB
such that x € A and y € B. Show that the set Q of rationals with the usual metric
is totally disconnected.

Hint: Let x, y € Q. Without loss of generality, assume that x < y. There exists an
irrational number z such that x < z < y. Set

G={ueQ:u<zland H={ue Q:u> z}.

Then G and H constitute a disconnection of Q and x € G,y € H.

5. The components of a totally disconnected space X are singleton subsets of X. (In
view of Exercises 4 and 5, it follows that the connected components of Q are
singletons (see Example 4.1.19(i)).)

Hint: Let C be a component of X and suppose x,y € C with x # y. Since X is
totally disconnected, there exists a disconnection G U H of X such that x € G and
y € H. Since CN G and CN H are nonempty,

(CNGON(CNH)C(CNGON(CNH) =CN(GNH)=CNg =g
and
(CNG)N(CNH) =g,

therefore, C =(CNG)U(CNH) is a disconnection of C. But C, being a
component, must be connected.

6. Let X = C[0,1] with the metric d(x,y) = sup {|x(¢) — y(¢)|: 0=t =1}. Show
that (CI[0, 1], d) is a connected metric space.
Hint: Any two elements x, y € X can be joined by an arc tx + (1 — t)y. Therefore,
the space is arcwise connected and, hence, connected.
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7. Show that the connected components of any metric space X form a partition of X.
Hint: Certainly, U{C(x): x € X} = X. Distinct components are disjoint, as ob-
served in the proof of Theorem 4.1.20(i).

8. Prove the following:

(a) R?\{0} is arcwise connected and, hence, connected.

(b) The set S' = {z € C:|z| = 1} is connected.

(c) Let Y = {( C950 Smg):e € R} with the metric induced from R*.

—sinf cosf
Then Yis connected.

Hint: (a) Indeed any two points can be joined to a third point (infinitely many
possibilities) by line segments not passing through zero.

(b) The mapping z — z/|z| from R?\{(0,0)} to S! is both continuous and onto.
( cos@ sin6

(c) The mapping that carries _sinf® cosO

)to cos0 + i sin® is a homeo-
morphism.



5 Compact Spaces

One of the distinguishing properties of a bounded closed interval [a, b] is that every
sequence in it has a subsequence converging to a limit in the interval. This need not
happen with an unbounded interval such as [0, c0) or a bounded nonclosed interval
such as (0,1]; the former contains the sequence {n},~;, which has no convergent
subsequence, and the latter contains the sequence {1/#n},~, which has no subse-
quence converging to a limit belonging to the interval. In fact, it is true of any
bounded closed subset of R that any sequence in it has a subsequence converging to
a limit belonging to the subset. To see why, we first note that any sequence in a
bounded subset must, by the Bolzano-Weierstrass theorem (Proposition 0.4.2), have
a convergent subsequence with limit in R; this limit must then be in the closed
subset by the definition of a closed subset.

Another characterisation of bounded closed subsets of R, closely related to the
Bolzano-Weierstrass theorem, is the Heine-Borel theorem (Proposition 0.7.1.). This
asserts that any open cover of a bounded closed subset F of R contains a finite
subcover. That is, if {Gy\: N € A} is a class of open subsets of R such that

Ua2F
A

then there exists a finite number of open subsets Gy,,i = 1,2,..., 1, say, such that

G\, UG,U...UG,, 2 F.

In fact, this is true of any bounded closed subset of R" (see Section 5.5(d) below).
How these results translate to arbitrary metric spaces will be investigated.

We shall also introduce the related concepts of local compactness and countable
compactness. It will be shown that countable compactness of a metric space is
equivalent to its compactness. However, local compactness is not equivalent to
compactness but only a consequence of the latter. Certain important spaces in
analysis are locally compact but not compact, notably R". The chapter ends with a
description of compact subsets of some special metric spaces.

170
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5.1. Bounded sets and Compactness

Let (X, d) be a metric space and Y C X. Let G be a collection of open sets in X with
the property that Y C U{G: G € G}; equivalently, for each x € Y, thereisa G€ G
such that x € G. Then G is called an “open cover” or an “open covering” of Y. A
finite subcollection of G which is itself a cover is called a finite subcover or a finite
subcovering of Y (see Definition 2.2.8).

Definition 5.1.1. A metric space (X, d) is said to be compact if every open covering
G of X has a finite subcovering, that is, there is a finite subcollection
{G1, Gy, ..., G} C G such that

e

i=1

A nonempty subset Yof X is said to be compact if it is a compact metric space
with the metric induced on it by d. In view of the definition of relatively open
subsets of a metric space (see Definition 2.1.4), this is equivalent to saying that a
nonempty subset Y is compact if every covering G of Y by relatively open sets of Y
has a finite subcovering.

Observe that if G is an open covering of X, then the collection F of complements
of sets in G is a collection of closed sets whose intersection is empty, and, conversely.
Thus, a metric space (X,d) is compact if and only if every collection of closed sets
with empty intersection has a finite subcollection with empty intersection.

Examples 5.1.2. (i) The interval (0,1) in the metric space (R,d), where d denotes
the usual metric, is not compact. In order to prove the assertion, it suffices to
exhibit an open covering from which no finite subcovering can be selected. The
open covering {(1/n,1):n=2,3,...} is one such covering of (0,1) from which no
finite subcovering can be selected. More generally, the open ball S(0,1) in (R", d)
(see Example 1.2.2(iii)) is not compact. Indeed,

U S(0, 1 —1/n) 2 S(0,1).
n=2

However, no finite subcollection of {S(0, 1 —1/n):n =2 3,...} covers the open
ball S(0,1).

(ii) Let Z denote the set of integers in the metric space (R, d), where d denotes the
usual metric. Observe that {n} =Z N (n—1/2,n+ 1/2), and is, therefore, a rela-
tively open subset of Z. Now, the collection {{n}: n € Z} is an open cover of Z that
admits no finite subcover. Thus, Z is not compact.

(iii) Let Y be a finite subset of a metric space (X, d). Then Y is compact.

Definition 5.1.3. A collection F of sets in X is said to have the finite intersection
property if every finite subcollection of F has a nonempty intersection.
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The following proposition now holds.

Proposition 5.1.4. Let (X,d) be a metric space. The following statements are
equivalent:

(i) (X, d) is compact;
(ii) every collection of closed sets in (X, d) with empty intersection has a finite
subcollection with empty intersection;
(iii) every collection of closed sets in (X, d) with the finite intersection property has
nonempty intersection.

Proof. That (i) is equivalent to (ii) has been proved in the paragraph preceding
Example 5.1.2. The statements (ii) and (iii) are equivalent; in fact, each is the
contrapositive of the other. O

The reader will have noticed that the set considered in Example 5.1.2 (i) was not
closed and the one consideredin (ii) wasnot bounded. Thisis nota coincidence. In fact,
if a subset Yof a metric space (X, d) is compact, then it is both closed and bounded.

Theorem 5.1.5. Let (X, d) be a metric space and Ya subset of X. If Yis a compact
subset of (X, d), then Yis closed and bounded.

Proof. Let Ybe a compact subset of (X, d) and y € Y, x € Y°. For some real number
e(y) (choose €(y) < (1/2)d(x,y)), there exist open balls S(y,&(y)) and S(x,&(y))
with centres at y and x, respectively, such that

S(y,e(y)) N S(x, e(y) = .

Clearly,
Y < | Stnek).

yey

Since Y is compact, there exist y1, 2, . . ., ¥, such that

Y C U S(yi» e(yi)-

i=1
For each of the y;,i = 1,2,...,n, the open balls S(x,&(y;)) satisty
S(yie(yi)) N S(x,e(yi) = .

Let Z =(/_, S(x,&(y:)). Then Zis an open subset of X containing x € Y. We next
show that YNZ = @&. If t € YN Z, then t € S(yj,&(y;)) for some j in the set
{1,2,...,n} and t € S(x,&(y;)). Therefore, S(y;,&(y;)) N S(x,e(y;)) # & and this
contradicts the way £(y;) were chosen. So, no point of Y can be a limit point of Y.
Hence, all the limit points of Y belong to Y, that is, Yis closed.
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We next show that Yis bounded. If Y were not bounded, there would exist x and y
in Y such that for any preassigned positive M, d(x, y) > M. Consider the open balls
centred at the points of Y, each of radius 1. Clearly,

Y < s,

yeY

In view of the compactness of Y, there exist y1, 2, . . ., ¥, such that

i=1
Now, let k = max {d(y;, y;):i,j = 1,2, ..., n}. There exist x and y in Y such that
d(x,y) > k+ 2.
Since x and y are in Y, there exist y; and y; such that
x € S(yi, 1) and y € S(y;, 1).
So
d(x,y) = d(x,y;) + d(yi, y;) + d(yj, y) < k+ 2.

This contradicts the way x and y were chosen. Consequently, Y'is bounded. O

Remark 5.1.6. The converse of the above, Theorem 5.1.5, is, however, false. In fact,
let X be an infinite set with the discrete metric (see Example 1.2.2 (v)). Each subset
of X is both closed and bounded, because the open ball S(x,1/2) is the set {x}
consisting of x alone and d(x, y) = 1,x,y € X. The open cover {{x}: x € X} has no
finite subcover.

Another example that illustrates the same phenomenon is the following: Con-
sider the metric space (¢,,d) (see Example 1.2.2(vii)). Let Y = {ej, e2,.. ., €p, ...},
where e, denotes the sequence all of whose terms are 0 except the nth term, which is 1.
Also, let ¢y = (0,0,0,...); then e, € S(e,2) for all n; so Yis bounded. Moreover,
d(epn, ) = /2 for all n, m(n # m). So, Y has no limit points and, hence, is closed.
Thus, Yis both a closed and bounded subset of (¢,, d); it is, however, not compact.
In fact, the open cover {S(e,, 1): n = 1,2,...} of Y contains no finite subcover of Y.

The above argument without substantial change will yield that Y C (¢, d),p=1,
1s not compact.

We now proceed to describe other ways of characterising compactness.

Definition 5.1.7. Let (X, d) be a metric space and € be an arbitrary positive number.
Then a subset A C X is said to be an €-net for X if, given any x € X, there exists a
point y € A such that d(x, y) < €. In other words, A is an g-net for X if

X = U{S(y,s):y € Al

A finite subset of X that is an e-net for X is called a finite €-net for X.
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Thus, for example, the set A = {(m, n) : m,n € Z} isa (2712 + 8)-net (5 > 0) for
(R%, d).

Definition 5.1.8. The metric space (X, d) is said to be totally bounded if, for any
€ > 0, there exists a finite g-net for (X, d). A nonempty subset Yof X is said to be
totally bounded if the subspace Y is totally bounded.

Examples 5.1.9. (i) A bounded interval in R is a totally bounded metric space. Let
the endpoints of the interval be a and b (a < b) and € be an arbitrary positive
number. Take an integer n > (b — a)/¢ and divide the interval into n equal sub-
intervals each of length (b — a)/n. The points

. b—a .
{a+(]—1)7:]:2,...,n}

constitute the required &-net for the interval with endpoints a and b. In fact,
consider any x in the interval. Then a=x=b. There exists an integer
ke {1,2,...,n} such that

b—a

a+(k—1)b;n” =x=a+k

Consequently, the distance of x from each of the endpoints of the interval

b—a b—a

a+(k—1) ,a+k

n

is less than or equal to (b — a)/n, which is strictly less than ¢ in view of the way in
which # has been selected. It follows that any set containing at least one endpoint of
each of the aforementioned subintervals, k = 1,2, ..., n, forms an g-net; the points
in question constitute such a set.

(ii) Let (X,d) denote a discrete metric space with infinitely many points (see
Example 1.2.2 (v)). Since

S(x, ;) = {x}, x € X,

it follows that X contains no finite 1/2-net. So X is not totally bounded.
(iii) In the space (¢,, d) (see Example 1.2.2(vii)), consider the set

Y=A{e,ey...,ep...}

where e, denotes the sequence all of whose terms are zero except the nth, which is
equal to 1. It was observed in Remark 5.1.6 that Y'is bounded. We now show that Y
is not totally bounded. In fact, Y has no finite 1/ V/2-net; for if it has one, say A, then
for each positive integer n, there exists some a, € A such that d(e,, a,) < 1/ V2.
Clearly, m # n implies a, # a,,, because, otherwise,

V2 = (e em) = d(em an) + d(an aw) + d(am en) < % +o+ % — V3,
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a contradiction. But this implies that the set {a,: n = 1,2,...} is infinite, which is
impossible because it is a subset of the finite set A.

It is clear that every nonempty subset of a totally bounded metric space is totally
bounded. (Let Y be a nonempty subset of a totally bounded metric space X and let
{x1,%, ..., x,} be a finite (1/2)e-net in X. Since Y # &, Y N S(x;, (1/2)e) # & for
at least one j,1=j=n. Assume for j=1,2,...,m, YN S(x;, (1/2)e) # & (x;
reindexed, if necessary) and m is the largest such positive integer. Choose
Y€ YNS(x,(1/2)e), j=1,2,...,m If y € Y, then y € S(xj, (1/2)¢) for some j,
1 =j=m and hence d(y, y;) = d(y, x;) + d(x;, y;) < €.) Since it was shown in Ex-
ample 5.1.9 (iii) that (¢,,d) contains a nonempty subset Y that is not totally
bounded, it now follows that (¢, d) is not totally bounded.

“Totally bounded” is a stronger restriction than “bounded” on a metric space.

Proposition 5.1.10. A totally bounded metric space is bounded.

Proof. Let (X, d) be totally bounded and suppose € > 0 has been given. Then there
exists a finite e-net for X, say A. Since A is a finite set of points, d(A) = sup{d(y, z):
¥,z € A} < 0o. Now, let x; and x, be any two points of X. There exist points y and z
in A such that

d(x,y) < € and d(x,z) < €.
It follows, using the triangle inequality, that

d(x, %) = d(x1,y) + d(y, 2) + d(z, %)
=d(A) + 2e.

So,
d(X) = sup{d(x, %) : x1, % € X} =d(A) + 2¢

and, hence, X is bounded. O

Remark 5.1.11. In the case of (R",d) (see Example 1.2.2 (ii)), where d is the
Euclidean metric, it can be shown that a subset Y C R" is bounded if and only if
it is totally bounded. In fact, a bounded subset in R” can be enclosed in the interior
of some sufficiently large n-rectangle. Divide the large n-rectangle into smaller
rectangles, each with diagonal of length less than &/n'/2. Then the vertices of
these smaller n-rectangles will form a finite €-net in the large n-rectangle. So, the
large n-rectangle is totally bounded. In view of the observation preceding Propos-
ition 5.1.10, it follows that Y'is totally bounded.

The following important criterion of total boundedness helps in determining
when a set is totally bounded.

Theorem 5.1.12. Let Y be a subset of the metric space (X, d). Then Y is totally
bounded if and only if every sequence in Y contains a Cauchy subsequence.
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Proof. Suppose Y is totally bounded. Let {y,},~, be a sequence in Y whose range
may be assumed to be infinite. Choose a finite 1/2-net in Y. Then one of the balls of
radius 1/2 with centre in the net contains infinitely many elements of the range of
the sequence. We shall denote the subsequence formed by these elements by
{y{V},= . Choose a finite 1/4-net in Y. Then one of the balls of radius 1/4 with
centre in the finite 1/4-net contains infinitely many elements of the range of
{yff)}nZl. We shall denote the subsequence formed as {y,(f) }n=1. Proceeding in
this way, we obtain a sequence of sequences, each a subsequence of the preceding
one, so that at the kth stage, the terms {y{°},- | lie in the ball of radius 1/2* with
centre in the 1/2F-net. Now {y{"},_, is a subsequence of {y,},= . Let € > 0 be
given. Choose g so large that 1/2™2 < ¢. Then, for m > n > ny, we have

) = () e d ()

2 2 2 1 1

< ?Jr ontl st om—1 < on—2 < QMo—2 <%

so that the sequence {y\"}, - | is a Cauchy sequence.

Conversely, suppose that every sequence in Y has a Cauchy subsequence. We shall
show that Y is totally bounded. Let € be a positive real number and let y; € Y. If
Y\S(y1,€) = &, we have found an &-net, namely, the set {y;}. Otherwise choose
¥, € Y\S(y1,¢€). If Y\[S(y1,€) U S(12,€)] = &, we have found an g-net, namely, the
set {y1, y2}. It is enough to show that this process terminates after a finite number of
steps. If it does not terminate, we shall obtain an infinite sequence {y,},~, with the
property that d(y,, y.») =€, n # m. Consequently, the sequence {y,}, -, would have
no Cauchy subsequence, contrary to hypothesis. O

We give below a characterisation of compact metric spaces.

Proposition 5.1.13. Let (X, d) be a compact metric space. Then (X, d) is totally
bounded.

Proof. For any given € > 0, the collection of all balls S(x, ¢) for x € X is an open
cover of X. The compactness of X implies that this open cover contains a finite
subcover. Hence, for € > 0, X is covered by a finite number of open balls of radius &,
i.e., the centres of the balls in the finite subcover form a finite g-net for X. So, X is
totally bounded. O

Corollary 5.1.14. Every compact metric space X is separable.
Proof. For each positive integer #, X has a finite 1/n-net, say A,. Then A, is a finite
set and
1
X = S{a —).
acA,

Let A = U2 | A,. Then Ais a countable subset of X, being a countable union of finite
sets. We show that A is dense in X. For this, let S(x, €) be an open ball centred at x.
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Choose a positive integer #n such that 1/n < €. Since A, is a finite 1/n-net,
therefore x € (J,., S(a,1/n). So there exists an a € A, such that d(x,a) < 1/n.
Consequently, a € S(x, €). This completes the proof. O

Proposition 5.1.15. Let (X, d) be a compact metric space. Then (X, d) is complete.

Proof. Suppose, if possible, that (X, d) is a compact metric space that is not complete.
Then there exists a Cauchy sequence {x,},~ in (X, d) not having a limit in X. Let
y € X; since {x,},=; does not converge to y, there exists an g > 0 such that

d(xn, y) = 28 (5.1)
for infinitely many values of n. Since {x,},=, is Cauchy, there exists an integer
such that n, m = ny implies

d(xp, xm) < €.

Choose k > ny for which d(xy, y) = 2¢g, (this is possible since the inequality (5.1) is
satisfied for infinitely many values of 7). Then

d(x, y) = d(xi, Xm) + d(xp> ),
which implies
d(xm, y) = d(xi, y) — d(xx, Xim)
>280 — &) =&
for all m = ny. So, the open ball S(y,€y) contains x, for only finitely many values
of n. In this manner, we can associate with each y € X a ball S(y, gy(y)), where gy(y)

is a positive number that depends on y, and the ball S(y, €y(y)) contains x, for only
finitely many values of n. Observe that

X = J1S(reo(n):y € X},

which means that {S(y,&0(y)): y € X} is a covering of X. Since X is compact, there
exists a finite subcovering S(y;, €0(yi)), i = 1,2,...,n, of X. So

X = St eo(3)-

i=1

Since each ball contains x,, for only a finite number of values of #, therefore the balls in
the finite subcovering, and hence, also X, must contain x, for only a finite number of
values of n. This, however, is impossible. Hence, (X, d) must be complete. O

We have so far proved that if a metric space is compact, then it is totally bounded
and complete. The converse, namely that a totally bounded and complete metric
space is compact, is true as well.

Theorem 5.1.16. Let (X, d) be a totally bounded and complete metric space. Then
(X, d) is compact.
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Proof. Suppose, if possible, that (X, d) is totally bounded and complete but is not
compact. Then there exists an open covering {Gy},cp of X that does not admit a
finite subcovering.

Since (X, d) is totally bounded, it is bounded; hence, for some real number r > 0
and some x) € X, we have X C S(xg,7). Observe that X C S(xp,r) implies
X = S(xp, 7). Let g, = r/2".

We know that X, being totally bounded, can be covered by finitely many balls of
radius €;. By our hypothesis, at least one of these balls, say S(xi,€;), cannot be
covered by a finite number of sets G\ (for if each had a finite subcovering, the same
would be true for X). Because S(xi,¢€;) is itself totally bounded (any nonempty
subset of a totally bounded set is totally bounded, as shown above), we can find an
X € S(x1,€1) such that S(x,,€;) cannot be covered by a finite number of sets G).

In this way, a sequence {x,},=, may be defined with the property that

for each n, S(x,,€,) cannot be covered by a finite number of sets G, (5.2)
and x,.1 € S(xu, €,).

We next show that the sequence {x,},~; is convergent. Since x,11 € S(xy, €,), it
follows that d(x,, x,11) < €, and hence,

d(xp, xn+p) = d(xy, Xpp1) + d(Xpy15 Xpy2) + .+ d(anrpfl) xn+p)
< €&+ €pt1 +...F 8nerfl
r
< on—1 ’

So {x,},= is a Cauchy sequence in X, and since X is complete, it converges to
y € X, say. Since y € X, there exists A\g € A such that y € G,,. Because G,, is open,
it contains S(y,d) for some & > 0. Choose n so large that d(x,,y) < &/2 and
€y < 8/2. Then, for any x € X such that d(x, x,) < &, it follows that

d(x, y) = d(x, x,) + d(xy, y)
1 1
-d+-8=3,

<3847

so that S(x,,€,) C S(y,9). Therefore, S(x,,€,) admits a finite subcovering, namely
by the set G,,. Since this contradicts (5.2), the proof is complete. O

We sum up the results of this section with the following theorem:
Theorem 5.1.17. A metric space is compact if and only if it is complete and totally
bounded.
5.2. Other Characterisations of Compactness
The Bolzano-Weierstrass property of real numbers states that every bounded point

set in R has at least one limit point. An equivalent formulation of the Bolzano-
Weierstrass property is “every bounded sequence in R contains a convergent
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subsequence”. In this section, we seek a reformulation of compactness that
generalises the above property of real numbers. We begin by establishing an
analogue of this property for arbitrary metric spaces.

Proposition 5.2.1. Let (X, d) be a metric space. Then the following statements are
equivalent:

(1) every infinite set in (X, d) has at least one limit point in X;
(ii) every infinite sequence in (X, d) contains a convergent subsequence.

Proof. (i)= (ii). Let {x,}, =, be asequence in X. If the set {x;, x;, x3, . . . } is finite, then
oneof the points, say x;,, satisfies x;, = x; forinfinitely many j € N. Hence, the constant
sequence {x; } is a subsequence of {x,},= ;, which converges to the point x;,.

Suppose that the set {x;,%;,x3,...} is infinite. In view of (i), the infinite set
{x1,%,%3,...} has at least one limit point x € X. A subsequence of {x,},~, that
converges to x may be obtained as follows: Let n; be any integer such
that d(x,,,x) < 1. Having defined #y, let n;; be the smallest integer such that
fip1 > ng and d(x,,,,x) < 1/(k+ 1). Then the sequence {x,,};~ converges to x.

(ii))=(i). Let Y be an infinite subset of X. Then there exists a sequence {y,},~, in
X of distinct terms. In view of (ii), {y,},=; contains a subsequence {y,};=; of
distinct terms that converges to y € X. Hence every open ball with centre y contains
an infinite number of terms of the convergent subsequence {y,,};= ;. But the terms
are distinct; hence, every open ball centred at y contains an infinite number of
points of Y. Accordingly, y € X is a limit point of Y. O

Theorem 5.2.2. The metric space (X, d) is compact if and only if every sequence of
points in X has a subsequence converging to a point in X.

Proof. Suppose first that X is compact (equivalently, totally bounded and complete;
see Theorem 5.1.17) and that {x,},~, is any sequence of points in X. Since X is
totally bounded, it follows, using Theorem 5.1.12, that {x,},~ contains a Cauchy
subsequence {x,,};=1. But {x,};~, converges to a point x € X because X is com-
plete. Thus, if X is compact, then every sequence in X contains a convergent
subsequence.

Conversely, suppose every sequence in X has a convergent subsequence. It follows
in view of the fact that every convergent sequence is Cauchy and Theorem 5.1.12
that X is totally bounded. It remains to show that X is complete. To this end,
let {x,},~, be a Cauchy sequence in X. By assumption, {x,},~, has subsequence
{x,};=1 that converges to a point x € X. We shall show that lim, x, = x. Let € be an
arbitrary positive number. Since lim; x,,, = x, there exists 7, such that i = i, implies

1
d(x,;, x) < Es. (5.3)
Since the sequence {x,}, = is Cauchy, there exists ny such that n, m = ny implies

d(xps %) < %8. (5.4)
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If i is such that i =4, and n; = ny, then using (5.3) and (5.4), we have
1 1
A (%, x) = d(x, x,) + d(%xn5 x) < 7€ + JE=8

whenever n= ny. This completes the proof. |

The results of Sections 5.1 and 5.2 may be summed up as follows:

Theorem 5.2.3. Let (X, d) be a metric space. The following statements are equiva-
lent:

(i) (X, d) is compact;
(ii) (X, d) is complete and totally bounded;
(iii) every infinite set in X has at least one limit point;
(iv) every sequence in X contains a convergent subsequence.

Here is a useful corollary.

Corollary 5.2.4. Let Y be a closed subset of the compact metric space (X, d). Then
(Y, dy) is compact.

Proof. Let {y,},~ beasequence of pointsin Y. Then {y,}, = | considered as a sequence
of pointsin (X, d) has a subsequence converging to a point x € X (see Theorem 5.2.3).
But then x € Y since Yis closed, by Proposition 2.1.28. Thus, any sequence in Y has a
subsequence converging to a point in Y. By Theorem 5.2.3, Yis compact. O

In the other direction, we have the following.

Theorem 5.2.5. Let Y be a subset of the metric space (X, d). If (Y, dy) is compact,
then Yis a closed subset of (X, d).

Proof. Let x € X be a limit point of Y. Then there is a sequence {y,},=; in Y
converging to x (see Proposition 2.1.20). But then {y,},~, is a Cauchy sequence
in Y. Since Yis complete, {y,},=; converges to a point yin Y C X. This point y must
be x and so x € Y. Thus, Y contains all its limit points and is therefore closed.  [J

Remark 5.2.6. The reader will note that the proof employs only the completeness of
Y. However, the result will be useful in the context of compactness rather than
completeness.

Another characterisation of compactness is considered below.

Definition 5.2.7. A metric space (X, d) is said to be countably compact if every
countable open covering of X has a finite subcovering.

Since every space satisfying the second axiom of countability (see Definition
2.3.6) has the property that every open covering of it contains a countable sub-
covering (see Proposition 2.3.11), it follows that countable compactness is equiva-
lent to compactness in the presence of the second axiom of countability. That the
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concepts of countable compactness and compactness for metric spaces are equiva-
lent without the second axiom of countability will be proved below.

Theorem 5.2.8. A metric space (X, d) is compact if and only if it is countably
compact.

Proof. It is enough to prove that countable compactness implies compactness, for if
(X, d) is compact then it is trivial that it is also countably compact.

Assume that X is countably compact. Suppose, if possible, that there is an infinite
subset A of X having no limit point. Choose a countable set F of distinct points of A,
i.e., let F = {x,x,x3,...}, where m # n implies x,, # x,. Clearly, F has no limit
point since A has no limit point, and hence F is closed. In particular, no
x,(n=1,2,3,...) is a limit point of E So, for each x, € F, there exists r(x,) > 0
such that S(x,, r(x,)) contains no other point of E The collection

G = (X\F}HJ{SCew r(x)) in=1,2,...}

consisting of open sets is a countable open covering of X, which clearly has no finite
subcovering. In fact, if we remove even a single ball S(x,,r(x,)), say, from the
collection, it will fail to cover x, at least. This contradicts the hypothesis that X is
countably compact. Therefore, there cannot be an infinite subset of X having no
limit point. In view of Theorem 5.2.3, (X, d) must be compact. O

We shall use the next theorem in proving an analogue in metric spaces of the
property that continuous real-valued functions defined on closed bounded intervals
are uniformly continuous.

Definition 5.2.9. Let {G\: N € A} be an open covering of a metric space (X, d). Any
number 3 > 0 such that, for each x € X there exists A € A (dependent on x) for
which

5(x,8) C Gy,

is called a Lebesgue number of the covering {G) : N € A}.
Open coverings of compact metric spaces possess Lebesgue numbers.

Theorem 5.2.10. Let (X, d) be a compact metric space and {G\: N\ € A} be an open
covering of X. Then there exists a positive number 8 such that each ball S(x, d) is
contained in at least one Gy.

Proof. Each x € X belongs to an open set G, in the cover {G, : N € A}. Hence, there
exists an open ball S(x, r(x)) with centre x and radius 7(x) such that
x € S(x, 7(x)) C Gy. Clearly,

X:U{S(x,“?) :x € X).

Since X is compact, there exist xi, X, . . ., x, such that
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r- Us( ).

Let

S — min r(x) r(x) (%) |
o 27 2777 2 [

then 8 > 0 is a Lebesgue number. For, given any S(x, ), we have x € S(x;, r(x;)/2)
for some i and so for any z € S(x,d),

d(z,x;) = d(z,x) + d(x, x;) < d + % =r(x);
that is,
S(x,8) C S(xi, r(x;))-
Since the latter set lies is some G), the results follows. O

5.3. Continuous Functions on Compact Spaces

Some fundamental theorems concerning real-valued functions on closed bounded
intervals of R possess natural generalisations when the domain of the function is
replaced by a compact metric space. We begin with a theorem that is of tremendous
importance in analysis.

Theorem 5.3.1. Let f be a continuous function from a compact metric space (X, dx)
into a metric space (Y, dy). Then the range f(X) of fis also compact.

Proof. Let {Gy:\ € A} be an open covering of f(X). Since fis continuous, f~'(Gy)
is open in X (see Theorem 3.1.9). Moreover,

{F7(G): e A}

is an open covering of X. Since X is compact, there exist N1, Az, . .., A, in A such that

n

Ur ') =x

i=1
Now
f(X) =f<Uf1(GM)> =Jfr'@ao <Gy
i=1 i=1 i=1

so, {Gy,:i=1,...,n} is a finite subcovering of f(X). Consequently, f(X) is
compact. O



5.3. Continuous Functions on Compact Spaces 183

Corollary 5.3.2. Let fbe a homeomorphism of a metric space (X, dy) onto a metric
space (Y, dy). Then X is compact if and only if Yis compact.

Corollary 5.3.3. Let f be a continuous function from a compact metric space
(X, dx) onto a metric space (Y, dy). Then the range f(X) of fis a bounded and
closed subset of Y (see Theorem 5.1.5).

When Y =R and X = [4, b], both having their usual metrics, Corollary 5.3.3
implies the result that “a real-valued continuous function f defined on a closed
bounded interval in R is bounded”.

Proposition 5.3.4. Let K C R be both closed and bounded and let M = sup K,
m = inf K. Then M and m are in K.

Proof. Suppose M ¢ K. For any € > 0, there exists k € K such that M —¢ <
k < M. Thus, M is a limit point of K but M ¢ K. Since K is closed, we have a
contradiction.

Similarly, m € K. O

Theorem 5.3.5. If fis a continuous real-valued function on a compact metric space
(X,dx), then f is bounded and attains its bounds, i.e., if M = supf(X),
m = inf f(X), there exist x and y in X such that f(x) = M and f(y) = m.

Proof. By Corollary 5.3.3, the range of the function fmust be a bounded and closed
subset of R. Hence, f(X) possesses a supremum M and an infimum m. By Propos-
ition 5.3.4, M, m € f(X). So, there exist x and y in X such that f(x) = M and
fly) =m. O

Remark 5.3.6. The theorem is not true if X is not compact, as is shown by the
following examples:

(i) The function f: (0,1) — R defined by f(x) = 1/x is continuous but not bounded
on (0,1).

(ii) The function f(x) = (x — 1)/x, 1 < x < 00, is continuous and bounded. How-
ever, it does not attain its bounds, which are 0 and 1.

The domains of functions in both the above examples fail to be compact.

Corollary 5.3.7. If the real-valued function f is continuous on the closed and
bounded interval [g, b], then fis bounded and takes a maximum and a minimum
value at points of [a, b].

Theorem 5.3.8. If fis a one-to-one continuous mapping of a compact metric space
(X, dy) onto a metric space (Y, dy), then f~! is continuous on Yand, hence, fis a
homeomorphism of (X, dx) onto (Y, dy).
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Proof. Suppose f: X — Y is one-to-one and onto. Its inverse f~1: Y — X is well
defined. Let F be a closed subset of X. By Corollary 5.2.4, F is a compact metric
space. By Theorem 5.3.1, f(F) is compact and, hence, a closed subset of Y by
Theorem 5.2.5. But f(F) = (f~')"'(F) and so (f~!)"'(F) is closed in Y. Hence,
by Theorem 3.1.10, f ! is continuous. O

Remark 5.3.9. The assumption “X is compact” is essential for the validity of
theorem 5.3.8. In fact, if X = [0,1) with the usual metric of R and Y = {z € C:
|z| = 1} with the metric induced from C, the function f:[0,1) — Y defined by

f(x) = exp (2mix), x € [0,1),

is continuous. However, f ~! is not continuous at the point f(0), i.e., at 1: Consider
the sequence {x,},=1, x, = 1 — 1/n. Then f(x,) = exp (— 2mwi/n). So f(x,) — 1 as
n — oo. Since f(0) = 1, it follows that f(x,) — f(0). However, the corresponding
preimage sequence {1 — 1/n},~, does not converge in X.

We end this Section with an application of Theorem 5.2.10.

Theorem 5.3.10. Let (X, dyx) be a compact metric space, (Y, dy) be an arbitrary
metric space and f: X — Y be continuous. Then for each € > 0, there exists a
8 > 0 (8 depending on € only) such that f(S(x,8)) C S(f(x),¢) for every x € X.
That is, fis uniformly continuous on X.

Proof. The collection of balls {S(y,£/2): y € Y} constitute an open cover of Y. The
sets {f1S(y,€/2)): y € Y} therefore form an open cover of the compact metric
space X. Let & be a Lebesgue number of this open cover of X. Since each open ball
S(x, d) lies in one of these sets,

75 o) € 5(1 %)

for some y € Y. Because f(x) € S(y,¢&/2), we find for any z € S(x,8) that
d(f(2), f(x)) = d(f(2),y) + d(y, f(x))

<Eriog,
2 2
1.e.,
f(8(x,8)) C S(f(x),¢).
This completes the proof. O

Corollary 5.3.11. If the real-valued function fis continuous on the closed bounded
interval [a, b], then fis uniformly continuous on [a, b].



5.4. Locally Compact Spaces 185

5.4. Locally Compact Spaces

Many of the important spaces occurring in analysis are not compact but enjoy a
property that is a local version of compactness.

Definition 5.4.1. A metric space (X, d) is said to be locally compact if each point
x € X has a neighbourhood S(x, r) such that the closure S(x, r) is compact.

Examples 5.4.2. (i) Consider the real line R with the usual metric. Observe that each
point x € R is in the interval (x — €, x + €) whose closure [x — &, x + €], being a
closed bounded subset of R, is compact. On the other hand, R is not compact, since
the collection

{....(=3 —1),(—2,0),(—1,1),(0,2),(1,3),...}

is an open cover of R but contains no finite subcover.

(ii) An infinite discrete metric space X is locally compact but not compact. The
reader may recall that the open cover consisting of singleton subsets contains no
finite subcover. On the other hand, S(x,1/2), where x € X, is a neighbourhood
such that its closure S(x,1/2) = S(x,1/2) = {x} is compact, being a finite subset
of X.

Thus we see from the above examples that a locally compact space need not be
compact. However, any compact space is locally compact, since the full space is a
neighbourhood of each of its points.

For the next theorem we shall need the following.

Proposition 5.4.3. Let (X, d) be a metric space and A C X be nonempty. For r > 0,
let V.(A) = {x € X:d(x,A) < r}. Then V,(A) is an open set in X containing A,
called an open neighbourhood of A.

Proof. Clearly, A C V,(A). We need only show that V,(A) is open. Let x € V,(A) be
arbitrary. Then d(x,A) < r. If y € S(x, r — d(x, A)), then by the definition of
d(y, A), we get
d(y,A) = inf {d(y, u): u € A}
=d(y, z), z€A
=d(y,x) + d(x, 2)
<r—d(x,A) +d(x,A) =r.

Hence, V,(A) contains an open ball around each of its points and is, therefore, open
in X. (]

Theorem 5.4.4. Let K be a compact subset of a locally compact metric space (X, d).
Then there exists an r > 0 such that V,(K) has compact closure, i.e., V,(K) is
compact in X.
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Proof. For each x € K, there exists r(x) > 0 (r depending on x) such that S(x, r(x))
has compact closure. The collection

{S(x, r(x)) : x € K}

is an open covering of K. Since K is compact, there exists a finite subset {x;, x2, . . ., x,}
of K such that

K C O S(xi, r(x;)).

i=1

The set

U= 0 S(xi, (%))

i=1
is open, being a finite union of open sets. Also,

n

U = Stxis r(x)) = | G 1),

i=1 i=1

being a finite union of compact sets, is itself compact. Observe that the function
x — d(x, X\U)
defined on K is a strictly positive continuous function (see Example 3.4.2 (ii) and
Proposition 3.4.3). By Theorem 5.3.5, there exists xy in K such that
d(xp, X\U) = inf {d(x, X\U): x € K}.

But d(xy, X\U) = r > 0; hence, V,(K) C U. In fact, if z¢ U, then d(z,K) =
inf {d(x,z):x € K} = inf {d(x, X\U): x € K} = d(x0, X\U) =1; so z¢& V.(K).

Moreover, V,(K), being a closed subset of the compact set U, is compact (see
Corollary 5.2.4). O

Theorem 5.4.5. Let (X, d) be a locally compact metric space. The following prop-
erties are equivalent:

(i) There exists an increasing sequence {G,},~, of open sets with compact
closures in X such that G, C G, for n=1,2,..., and X = U, Gu
(ii) X is a countable union of compact sets;
(iii) X is separable.

Proof. (i)=-(ii). If {G,},~ is an increasing sequence of open sets satisfying the
hypothesis in (i), then

x=JaclUa clJGmcx

So, X = |J, G,» where each G, is compact in X.
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(ii)=>(iii). If X is the union of a sequence {K,}, = ; of compact sets, each subspace
K, is separable (see Corollary 5.1.14). If D, is an at most denumerable subset in K,,,
dense with respect to Kj,, then D = Un D,, is at most denumerable. Moreover, D is
dense in X.

In fact,

x={k. cUp. D
n n

(iii)=>(i). Assume that X is separable and let {V,},,~ be an at most denumerable
basis for the open subsets of X (see Theorem 2.3.16 and Definition 2.3.6). For every
x € X, there exists a ball S(x, r) such that S(x, r) is compact. Since {V,},,~; is a basis
for the open sets of X, there is an index n(x) such that

x € Vyy C S(x, 1);

in particular, V,,) C S(x, r) is compact (see Corollary 5.2.4). It follows that those of
the V), having compact closures constitute a basis for the open sets of X. We may
therefore assume that all the V,, have compact closures. Define G, inductively as
follows:

G =V, Gu1 = V1 UV, (Gy), n=1,2,...,

where r, has been chosen so that V, (G,) has compact closure (see Theorem 5.4.4).
The G, so constructed satisfy (i). This completes the proof. O

Theorem 5.4.6. An open or closed subset of a locally compact metric space is locally
compact.

Proof. Suppose A is open and let a € A. Then a € X and by local compactness of X,
there exists an r > 0 such that S(a,r) is compact. Let ' = r be positive and such
that S(a, r') C A. This is possible since A is open. Moreover,

S(a, ") C S(a, ).

Hence, S(a, '), being a closed subset of a compact subset, is itself compact (see
Corollary 5.2.4). We have thus shown that, for each a € A, there is an open ball
centred at a with compact closure. So A is locally compact.

Now suppose A is closed in X, and let a € A. Then a € X and by local compact-
ness of X, there exists an r > 0 such that S(a, r) is compact. Now,

S(a,r)NA

is a neighbourhood of a € A. Note that the A-closure of a subset of A is the same as
its X-closure because A is closed. Moreover,

S(a,r)NAC S(a,r)NA

is compact since the right hand side of the above inclusion relation is compact and
the left hand side is closed (see Corollary 5.2.4). O
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5.5. Compact Sets in Special Metric Spaces

The application of compactness criteria in Section 5.3 to individual special metric
spaces is not always simple. For such instances, special criteria can be given that are
more suitable for verification. We examine these criteria for several different metric
spaces in (a) through (d) below.

(a) In analysis, one important metric space is the space C[0,1] with the uniform
metric. For subsets of this space, a frequently used criterion of compactness is given
by the Arzela-Ascoli theorem. In order to formulate this theorem, we introduce the
following:

Definition 5.5.1. A nonempty subset K of C[0,1] is said to be equicontinuous if for
each € > 0 there exists 8 > 0 such that, for every f € K,

|x—yl <8  implies |[f(x) — f(y)| <e.

Clearly, each f € K is uniformly continuous. The & in the definition of uniform
continuity depends upon € and the function funder consideration. The condition
that K'is equicontinuous requires that a single 8 > 0 can be chosen independently of
f ek

Examples 5.5.2. (i) Each finite subset of C[0,1] is equicontinuous on [0,1].
(ii) Let S denote the closed unit ball in C[0,1], i.e.,

S=1f € Clo,1zsup /()] =11,
For each f € S, define

g(x) :J:f(t)dt, 0=x=1,
and denote the set of all such g by S;. Then for every g € Sy,

lg(x) — gn)| =

y
f()dt — J f(r)dr
0

f(t)dt

|
|

= sup (O] |x—yl =[xyl

The right hand side of the above inequality is independent of g. Thus, for € > 0, if
we choose 8 = g, then

|lx—y] <8 implies |g(x) — g(y)| < e.

The set S; is, therefore, equicontinuous.
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(iii) Let f,(x) = %z,0=x=1. The set {f,},~, is not equicontinuous. The
function f, assumes its maximum value 1/2 at x =n"L,n=1,2,.... If {fu},=;
were to be equicontinuous, then for € = 1/2, there would exist a positive 8,
independent of n, such that |f,(x) — f,(0)] = |fu(x)] < € whenever 0=x < 3d.
Since this 8 would be independent of n, we could choose n> 1/3 so that
x=1/n would satisfy 0=x <& and hence, [f,(x)| <g, e, [fu(1/n)|<1/2.
But f,(1/n) = 1/2; the contradiction shows that 8 cannot be chosen independently
of n.

Definition 5.5.3. A nonempty subset K of C[0, 1] is said to be uniformly bounded
if there exists an M > 0 such that
If (x)|=M for all x € [0,1] and all f € K.

Examples 5.5.4 (i) Each finite subset of C[0, 1] is uniformly bounded.

(ii) The set $; = {g € C[0, 1]: g(x) = foxf(t)dt,f € C[0, 1], sup |[f(x)| =1} is
uniformly bounded. To see why, note that |g(x)|= sup,|f(#)|-|x|=1 for all
x€[0,1] and g € S;.

Theorem 5.5.5. (Arzela-Ascoli) Let K be a closed subset of C[0,1]. Then the
following are equivalent:
(i) K is compact;

(ii) K is uniformly bounded and equicontinuous.

Proof. Suppose K is compact and hence a bounded (see Theorem 5.1.5) subset of
C[0,1]. Thus, K is uniformly bounded as a set of functions. It remains to show that
K is equicontinuous.

Lete > O be given and let fi, f5, . . ., f, be an (¢/3)-net in K (such a net exists since
K is compact; see Proposition 5.1.13). Now, let f € K. For each i = 1,2,...,n,

f @) = fI = 1f () = fi)| + [fix) — ity + [(fily) = F().

Choose j so that
sup {[f(x) — fi(x)]: x € [0,1]} < 2
Then
2e
[f(x) = fI =) = [ t3-

Since the interval [0,1] is compact, the functions fi, f5,. .., f, are uniformly con-
tinuous (see Theorem 5.3.10). Therefore, there exists a & > 0 such that

. . € .
|x—y] <d implies |fj(x) — fi(y)] <3 i=12,...,n



190 5. Compact Spaces

Consequently,
%y €[0,1],|x—y| <3 implies |f(x) — f(y)| < &

for each f € K. Thus, K is equicontinuous.

Conversely, suppose that K is uniformly bounded and equicontinuous. Since
[0,1] with the induced metric is a compact metric space, it is separable (see
Corollary 5.1.14). Let {x;,x,,...} be a countable dense subset of [0,1]. Now, let
{fi}n=1 be an arbitrary sequence in K. We shall show that it has a convergent
subsequence. By hypothesis, K is a bounded subset of C[0,1]. So, there exists an
M > 0 such that |[f(x)| = M for all x € [0,1] and all f € K. Consider the sequence
{fa(x1)},=1. Since this sequence is bounded, by the Bolzano-Weierstrass theorem
(see Proposition 0.4.2), we may choose a subsequence {f,,1},= of {f,},,=1 such that
{fa,1(x1)},,=1 converges. We next consider the sequence {f,,;(x2)}, . Again by the
Bolzano-Weierstrass theorem, we may select a subsequence {f,2},=1 of {fy,1},=1
such that {f,,»(x,)}, = converges. Continuing this process indefinitely, we obtain
sequences {fym},=1, one for each m, such that {f, ,i1},= is a subsequence of
{fomyn=1 and {fi,m+1(xmi1)},=1 converges. Finally, we consider the diagonal se-
quence {fy.},=,. For fixed k, {f, (xx)},= is a subsequence of {f, r(xx)},=x and
hence converges. Therefore, {f,, ,},= converges at every point of the dense subset
{x1, %, ...}. It remains to show that {f, ,}, >, as a sequence of functions in C[0,1],
is a Cauchy sequence. The completeness of C[0,1] (see Proposition 1.4.13) will then
ensure that the diagonal sequence converges.

Let € > 0 be given. Since K is equicontinuous, there exists a 8 > 0 such that

. €
lx —y] <8 implies |f,,,(x) — fu,n(¥)| < 3 (5.5)
for all members of the sequence {f,, ,},= ;. Consider the collection of open intervals
{(x; —8,x; +8):i= 1,2,...},
Since {x1, X, ...} is a dense subset of [0, 1],
(o)
U = 8,x-8) 2 [0,1].
i=1

The compactness of [0,1] then ensures the existence of finitely many points
{€1,&,. .., &} in {x1,x,.. .} such that

j
U@ -3¢&+3 210011
n=1

The sequence {f,,},= converges at each of the points {§;,&,, . . ., §;} and, a fortiori,
satisfies the Cauchy criterion at these points. So there exists a positive integer
such that

. . e
m=ny and n=ny implies [fyn,m(Ex) — fun(€r)| < 3 (5.6)
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for k=1,2,...,j. Let x € [0,1]. There exists a k € {1,2,...,j} such that |x — &|
< 8, and therefore, for m = ny and n= ny,

|fm,m(x) _fn,n(x)| = |fm,m(x) _fm,m(gk)l + |fm,m(§k) _ﬂ,n(gk)‘ + |fn,n(§k) _fn,n(x)‘

<8+8+8

—_ —_ —=§,

3 3 3

using (5.5) and (5.6) above. We have thus shown that every sequence in K has a
convergent subsequence; so K is compact (see Theorem 5.2.2). O

(b) Let X = £, with metric d defined by

o 1/p
d(xa }’) - (Z |xi - }’i|p> 5 PZ l:

i=1

where x = {x;};~; and y = {y;},=, are in £, (see Example 1.2.2(vii)). The space
(¢y,d) is complete (see Proposition 1.4.10) but not compact. If fact, if
Y ={ee,...,e,...}, where e, denotes the sequence all of whose terms are equal
to zero except the nth term, which is equal to 1 then Yis both closed and bounded but
is not compact (see Remark 5.1.6). It therefore follows that (¢,, d) is not compact.
That the space ¢, is not compact also follows from the fact that it is not even bounded.
Indeed, if M > 0, choose n larger than M?; then the element y with 1 in each of the
first n places and zero elsewhere is such that d(y, ¢y) = n'/P > M.
The following criterion describes totally bounded subsets of (£, d).

Theorem 5.5.6. Let Y be a nonempty subset of £,. Then Yis a totally bounded subset
of £, if and only if Y satisfies the following conditions:

(i) Yis bounded, that is, there exists an M > 0 such that

forall y ={yi};=, in Y

(ii) given € > 0, there exists an integer N such that

o 1/p
(z w) o
i=N

forall y ={y;};=1in ¥

Proof. Let Y be totally bounded. Then Y is bounded (see Proposition 5.1.10), and,
therefore, there exists an M; > 0 such that d(Y) = M. Let y° € Y be fixed. It
then follows that d(y, y°) =M, for all y € Y. By Minkowski’s inequality (see
Theorem 1.1.5),
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0 1/p = 1/p
(ZI%I‘”) =<Z|yi—y?+yi°lp>

i=1 i=1

s 1/p o 1/p
= (Z Iyi—yflp> +<Z Iy?I")

i=1 i=1

0 1/p
<+ (S0er)

i=1

forye Y. IfM=M + (32, |ylp|P)1/P, then

00 1/p
(Z |)'i|P> =M

i=1

for y € Y. This proves (i) and we proceed to prove (ii).
Using the total boundedness of Yagain, we get a finite (g/2)-net {y(l),y(z), e

yUM}, say. Since
o 1/p
(Svr) <

i=1

for n=1,2,...,m, there exist integers i, such that

00 1/p .
(Z|)’in)|1)> <5 forn=1,2,...,m.

i=i,

Let N = max {7, #,...,i,}. Then

o 1/p c
<Z |y1(n)17> <E for n= 1,2,...,1’7’1. (57)
i=N

Now, let y € Y. Using the (g/2)-net {y'V), ¥, ..., y"} choose y'" such that

0 1/p .
oy z

i=1
and, in particular,

i=N

= 1/p c
(Z%—y}”ﬁ) <3 (58)

Using Minkowski’s inequality (see Theorem 1.1.5) with (5.7) and (5.8), we have

0 1/p = 1/p = 1/p e &
P = _mp (n)|p E_E_
(Seor) =(pper) o(Sper) <5ese

for y € Y. Thus, (ii) holds.
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For the converse, suppose that Y is a subset of £, which satisfies (i) and (ii).
Let € > 0 be arbitrary. By hypothesis (ii), there exists a positive integer N such that
(o)
1
Z yil? < ESP

i=N+1

for all y € Y. Associate with each y € Y tl~1e element (y1, »2,..., ¥n,0,0,...) and
call the set of all such elements as Y;. Let Y; be the subset of RY defined by

Y, = {25 5 yN) iy €YY
equipped with the metric
N 1/p
dp(u,v) = (Z |u; — vi|p> .
i=1
(RN, d,) is a metric space (see Example 1.2.2 (iii)). Moreover,
N 1/p
(o) =
i=1

for all elements (y1, y5,...,¥N) € Y., using (i) of the hypothesis. So Y, is a bounded
subset of RY and, hence, a totally bounded subset (see Remark 5.1.11). Let

(D, 4@, ,u™} be an (g/2'/)-net for Y, where ul) = (u(]) (]),...,u;],)),
j= 1, 2,...,m. Then
{y (ul,u(]),...,uN,OO Dij=12,...,m}

is an e-net for Y. In fact, for y € Y,y = (y1, 2, - ),

Zb’t_“ P <

i=1

for some j. So, for this j,

Z’yl_uj)‘ + |)/1

i=1 i=1
g,
2 2
which implies
00 1/p
(S ) =
i=1

We have thus proved that Y'is totally bounded. O



194 5. Compact Spaces

(c) Let (X, d) be a discrete metric space (see Example 1.2.2 (v)) A subset Y C X is
compact if and only if it is finite.

Let Y = {y1, y2,..., y»} and let {G, : x € A} be an open cover of Y. Then there
exist Gy, i =1, 2,..., n,such that y; € G,,. Hence, {G),:i =1, 2,..., n} is a finite
subcovering of (Y, dy), where dy denotes the induced metric. So, (Y, dy) is compact.

On the other hand, suppose that Y is a compact subset of (X, d). Since every
subset of X is open in (X, d), the collection {{y}:y € Y} is an open covering of Y.
This open covering of Y contains a finite subcovering {{y1}, {2}, ..., {yu} }. So,

tuiptu... Uiyl =17,

that is, Yis a finite subset of X.

(d) Let X = R" with the Euclidean metric d,. It follows from Proposition 2.2.6,
Remark 5.1.11 and Theorem 5.2.3 that a closed bounded subset of R” is compact. The
converse follows from Proposition 5.1.10 and Theorem 5.2.5. Thus, a subset of R" is
compact if and only ifit is both closed and bounded. Recall that the metrics d, d, and
dy are equivalent (see Example 3.5.7(i)). Also, the identity map i: (X, d) — (X, d'),
where dand d’ are equivalent metrics on the underlying set, is a homeomorphism. By
Remark 3.5.5, a subset Y C X is compact in (X, d) if and only if it is compact in
(X, d'). So, a subset of R” is compact in one of the three metrics d;, i = 1, 2, 0o, ifand
only if it is both closed and bounded with respect to any one of the three.

5.6 Exercises

1. Let (X, d) be a compact metric space and {f,},~ be a sequence of real-valued

continuous functions on X that converges pointwise to a continuous function fon
X. If the sequence {f,}, = is monotonic, then show that f, — f uniformly on X.
Give an example to show that none of the conditions—namely, X is compact, the
sequence {f,}, = is monotonic, fis continuous—can be dropped in the hypotheses
of the above result (known as Dini’s theorem).
Hint: Assume that f,(x) =f,.1(x) for every x€ X and n=1,2,.... Set
Zu(x) = fu(x) — f(x). Then g, — 0 pointwise and g,(x) = g,+1(x) on X. We
shall show that g, — 0 uniformly on X. Let € > 0 be given. For each x € X
there exists an integer n, such that 0 =g, (x) < €. By continuity of g, and by
monotonicity of the sequence {g,}, = |, there exists an open ball S(x, r,,) such that
for every y € S(x, 1) and n=n,, 0= g,(y) < . Using compactness of X, we
obtain x;, X2, . . ., X, such that

X g U S(xbrx,‘)'
i=1

If ny = max{ny,,...,ny,}, we obtain

0=g/(x)<e

for all x € X and n= ny.
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(i) For x € (0,1), f,(x) = 1/(1 + nx) — 0 monotonically on the noncompact
space (0,1). However, the convergence fails to be uniform, as f,,(1/n) = 1/2.
(ii) For x € [0,1],f,(x) = sin (nm - min (x,1/n)) — 0 on the compact space
[0,1] but not monotonically. However, the convergence fails to be uniform,
as f,(1/2n) = 1.

(iii) For x € [0,1], f4(x) = 1/(1 4+ nx) — f monotonically, where f(0) = 1 and
f(x) = 0 when 0 < x = 1. The limit fis not continuous and the convergence

fails to be uniform.

2. Show that S(0,1) ={z € C:|z| < 1} and the closed ball S[0,1] ={z¢€ C:
|z| = 1} are not homeomorphic.
Hint: The open ball S(0, 1) is not compact (see Example 5.2.2 (i)). The closed ball
S[0,1], being a closed bounded subset of the complex plane, is compact (see [19],
Theorem 2.41). It is also a consequence of the last paragraph of Section 5.6.

3. Let A be a compact subset of a metric space (X, d). Show that for any B C X,

there is a point p € A such that d(p, B) = d(A, B).
Hint: Let o = d(A, B) = inf {d(a, b): a € A, b € B}. For every positive integer #,
there exists a, € A and b, € B such that a = d(a,, b,) < o + 1/n.

Now A is compact. So the sequence {a,},= has a subsequence converging to a
point p € A. We claim that d(p, B) = a = d(A, B).

Suppose d(p,B) > a, say d(p,B) =a +98,8 > 0. Since a subsequence of
{an},=, converges to p, there exists ny € N such that d(p,a,) < /2 and
d(an,, by,) < a+1/ny < a+ /2. Thus,

1 1
d(p, ary) + d(ay, b)) <55+ ot 58 = o+ = d(p, B) = d(p,by,).

But this contradicts the triangle inequality. Hence, d(p, B) = d(A, B).

4. Let A be a compact subset of a metric space (X, d) and B be a closed subset of X
such that AN B = (. Show that d(A, B) > 0.
Hint: Suppose d(A, B) = 0. Then by Exercise 3 above, there exists p € A such that
d(p, B) = d(A, B) = 0. Since B is closed and d(p, B) = 0, it follows that p € B
and so AN B # . This contradicts the hypothesis; so d(A, B) > 0.

5. Show that the Hilbert cube, namely, the subset of ¢, of points x = {x,},~, such
that

1

x| = —, n=12,...,
n
is compact.
Hint: Let {x® }p=1, where x? = {x P)}ﬂ> 1, bea sequence of points in the Hilbert
cube The sequence of first coordinates, namely, {x1 v xi ), xP, ...} are such that

|x |<1 and so the original sequence has a subsequence {x"V}, the first
coordinates of which converge to a number x; satisfying |x1| = 1. In the same
way, this subsequence must itself have a subsequence {x”®} whose second
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10.

11.
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coordinates converge to a number x, satisfying |x| =1/2, while the first
coordinates still converge to x;. We may continue this process by induction.
Finally, the diagonal sequence {x”?} of these subsequences will converge
coordinatewise to (xi,X,,...), which also belongs to the Hilbert cube.

. The closed unit ball in C[0,1], i.e.,

S(0,1) = {x € C[0, 1]:sup |x(t)| = 1}

is not compact.
Hint: The sequence

—1 .

— fo=st= ,

2 n+1

1 1

(1) =< =[2 1t — (2 1 if =t -,
fit) = 4 SRa(nt DE =@t D] if o =t=—

1 1
- if - =r=1
2 n

is in S (0,1) and d(f,, f,,) = 1 whenever n # m. Thus, we have a sequence of
points in §(0,1) that has no convergent subsequence.

. Show that the metric space C[0, 1] is not locally compact.

Hint: Modify the Example in Exercise 6.

. Show by using the finite intersection property that (R, d) is not compact.

Hint: The sets F, = {x:x = n} are closed and each finite family has a nonempty
intersection; yet ()~ , F, = .

. Let F be the family of all continuous maps [0, 1] — [0, 1] such that

If(s)—f()|=|s—t|, stelo1].
Define
d(f,g) = sup{|f(s) — f()|:0=t=1}.

Prove that F is compact.
Hint: Arzela-Ascoli theorem (see Theorem 5.6.5).

Let f be a continuous mapping of a compact metric space (X, d) into itself
such that f(X) is everywhere dense in X. Prove that f(X) = X.

Hint: The subset f(X), being a continuous image of the compact space X, must
be compact and, hence, a closed subset of X. Being dense, it must be equal to X.

Let {x,},=; be a sequence in a compact metric space. If every convergent
subsequence of it has the same limit x, show that lim, x,, = x. Give an example
to show that this may not happen in a noncompact metric space.
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12.

13.

14.

If E is a nonempty compact subset of a metric space (X, d), then there exist
points x and y in E such that diam(E) = d(x, y).

Hint: Suppose, if possible, that there are no such points. Then
d(u,v) < diam(E) whenever u, v € E. By definition of diameter, there exist x;
and y; in E such that diam(E) — 1 < d(x;, ). If x, and y, are in E and
diam(E) — 1/n < d(xy,, y), then since diam(E) — d(x,,, y,) > 0 by supposition,
min {1/n, diam(E) — d(x,, y,)} is a positive number. Again by the definition of
diameter, there exist x,,.; and y,41 in E such that diam(E) — min {1/(n + 1),
diam(E) — d(xp, yn)} < d(X411, Yut1). Consequently,

. 1
dlam(E) — m < d(xn+1,}’n+1 ))

as well as
diam(E) — (diam(E) — d(x, yu)) < d(Xpp15 Yuy1)-

The first one of these inequalities ensures that diam(E) — 1/n < d(x,, y,)
for all n and the second one ensures that {d(x,,y,)},=1 IS an increasing
sequence. Since E is compact, the sequences {x,},=, and {y,},=, possess
convergent subsequences {x,, };=; and {y,, }; > with limits x and j, say, belong-
ing to E. Then d(x,y)=d(x,,,ys) > diam(E) — 1/n; for all k. Hence,
d(x,y) = diam(E). On the other hand, d(x,y)=diam(E) because x and y
belong to E.

Let (X, d) be a metric space. A mapping T: X — X is said to be contractive if
d(Tx, Ty) < d(x,y) for every x,y € X, x # y. Show that a contractive map T
from a compact metric space X into itself has a unique fixed point.

Hint: The function f: X — R defined by f(x) = d(x, Tx) is uniformly continu-
ous. Since X is compact, there exists x € X such that f(x) =f(y)Vy € X. We
claim that x is a fixed point of T. Suppose Tx # x. Then f(x) =f(Tx), ie.,
d(x, Tx) = d(Tx, T(Tx)) < d(x, Tx), which is a contradiction.

Let T be a contractive map of a compact metric space X into itself and x, € X.
Then show that Txy, T%xo, T3, . . . converge to the unique fixed point of T (see
Exercise 13).

Hint: Let x denote the unique fixed point of T. Then

d(T" 50, %) = d(T(T"x0), Tx) < d(T"xp,%),  m=1,2,....

Thus, {d(T"xy,x)},=1 is a decreasing sequence of nonnegative numbers and,
hence, converges to A, say, lim, d(T"xy, x) = N\. The sequence {T"xy}, being in
the compact metric space, has a convergent subsequence {T"xp};=;. Let
limy T™xy = y. Then

d(y,x) = likm d(T™xy, x) = \.
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If N # 0, then y # x and so

N=d(y,x) > d(Tx, Ty)
= liin d(Tx, T(T™xy))

= limsup d(T?x, T*(T"x)) = ... =
k

= limsup d((T"' ") x, T" ' xy)
k

= limsup d(x, T™"xy) = \.
k

This is a contradiction. So A = 0 and hence, y = x. Thus, x is the only sub-
sequential limit of {T"x}. The result now follows from Exercise 11.

Let A be a compact subset of a metric space (X, d). Then show that the derived
set A’ of A is compact.

Hint: A’ is a closed subset of X (see Proposition 2.1.23). Moreover, A’ C A since
Ais closed. So A’ is a closed subset of A (see Theorem 2.2.2(ii)) and is, therefore,
compact because A is compact.

A sequence {x,},=>; in a metric space X is convergent and x = lim, x,,. Prove
that the union {x} U {x,:n=1,2,...} is a compact subset of X.

Hint: Let {Uy}4ca be an open cover of {x} U {x,:n=1,2,...} and let x € U,,.
There exists ng such that n=rny = x, € U,,. If x; € Uy, fori=1,2,...,15 — 1,
then Uffol U,, contains {x} U{x,:n=1,2,...}.

Let f be a mapping of a metric space X into a metric space Y. Prove that if f|, is
continuous on A for all compact subsets A of X, then fis continuous on X.
Hint: Let {x,},~,; be a sequence in X and let x = lim, x,. Then {x} U {x,:
n=1,2,...} is compact by Exercise 16. Since f restricted to this compact set
is continuous, it follows that f(x) = lim, f(x,). Thus, fis continuous.

Let f be a continuous mapping of a compact metric space X into a metric space.
Prove that

f@) =f£(A.
Hint: A is a compact subset of X. So f(A) is compact (and hence, closed), fbeing
continuous. Now, f(A) C f(A) and hence, f(A) C f(A). The opposite inclusion
is a consequence of the fact that fis continuous.
Let K be a subset of C[0,1], the space of continuous real-valued functions on
[0, 1]. Suppose that each f € K is differentiable and that there exists an M > 0
such that sup, |f'(¢t)| = M for all f € K. Prove that K is equicontinuous.
Hint: For x,y € [0,1], y # x and f € K, we have

‘f(x) —f(y)
x—y

=f®l=M,  x<&<y.

So, [f(x) — f(y)]| = M|x — y| for x,y € [0,1] and f € K.
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20. If {f,} .= is a uniformly convergent sequence of continuous functions on [0,1],

21.

22.

23.

then show that {f,},,~ is an equicontinuous family on [0, 1].

Hint: Let € > 0 be given. By hypothesis, there exists 1y such that n, m=ny
implies |f,(x) — fiu(x)| < €/3 for all x € [0, 1]. Since continuous functions are
uniformly continuous on compact sets, there exists 8 > 0 such that

lfi(x) — ()| <§ for 1=k=mny and |x — y| < 3. (5.9)

Thus, if x,y € [0,1], |x — y| < & and n = ny, we have

Ifa(x) = L] = fa(%) = fuo (O] + [fr, (%) = fie D] + [fro ) = fu(¥)]
£ & &
< 3 + 3 + 37 €.
This, together with (5.9), proves the result. It is also a consequence of Exercise
16 in light of the Arzela-Ascoli theorem.

Let {f,},=1 be a sequence of real-valued functions defined on a set E of real
numbers. We say that {f,},~, is pointwise bounded on E if, for all x € E, there
exists an M, > 0 such that

[fa(x)] = M, n=12,...

If {f,},= is pointwise bounded and equicontinuous on [0,1], then {f,}, = is
uniformly bounded on [0,1].

Hint: Set g(x) = sup {|fu(x)|:n=1,2,...}. Let € > 0 be given. By hypothesis,
there exists 8 > 0 such that x, y € [0,1], |x — y| < & implies |f,(x) — fu(y)| < &
for n=1,2,.... Fix x and y. Then

11| < ()] + € and |f,(3)] < [fu(x)] + € for n=1,2,...
so that
g(x)=g(y) +eand g(y) =g(x) +&.

It follows that |g(y) — g(x)| =& whenever |x — y| < 8. So, g is continuous on
[0, 1] and hence, bounded.

Prove that the family { sin nx},~ | is uniformly bounded but not equicontinuous
on [—, .

Hint: In fact, for any & > 0, there exists n large enough so that w/n < 8. If
x = —m/2n and y = w/2n, then |x — y| = w/n < d but |sin (nx) — sin (ny)|

=|-1-1=2
Let f,(x) = ﬁimz, 0=x=1,n=12,.... Prove that {f,},~ is uniformly

bounded on [0,1] but is not equicontinuous.
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24.

25.

5. Compact Spaces

Hint: Clearly, |f,(x)| =1, so that {f,},,~ is uniformly bounded on [0,1]. Also
f:(1/n) =1, n=1,2,.... For any & > 0, choose n so large that 1/n < 8. If
x=1/n,y=0, then |x — y| = 1/n < & but |f,(x) — £,(0)| = f,(1/n) = 1.

Let {f,},= be a sequence of twice differentiable functions on [0,1] such that
1,(0) :fr:(O) =0 for all n. Suppose also that |fr:/(x)| =1 for all n and all
x € [0, 1]. Prove that there is a subsequence of {f, },,~ ; that converges uniformly
on [0,1]. B ,

Hint: f,(x) = £,(0) +f,;(0) - X Jrf”z(g) X = ’@xz for some & € (0, 1).

So,

for all x € [0,1].

N | —

Ifa(x)] =

Also, |f,(x)| = |f,(x) — £,(0)| <|f, (§) - (x — 0)| =1 for all x € [0, 1]. Therefore,
Ifu(x) = fu(y)| = |x — y| for all x, y € [0, 1]. Apply the Arzela-Ascoli theorem.

Let f: X — Y be a continuous open mapping of a locally compact metric space
X into Y. Then f(X) is locally compact.

Hint: Let y € f(X). Then there exists an x € X such that y = f(x). Let S(x, 7) be
an open ball centred at x such that S(x, r) is compact. Since fis an open map,
f(S(x, 1)) is open and contains y. Also, f(S(x,r)) is compact and hence, closed.
Now

f(8(x, 1) € f(S(x, 7)) = f(S(x,7))s

so f(S(x,r)) is compact, being a closed subset of the compact set f(S(x,7)).



6 Product Spaces

There are two main techniques for constructing new metric spaces out of given
ones. The first of these, and the simplest, is to form a subspace from a given space.
The second is to “multiply together” a number of given spaces. The genesis of this
study lies in the study of functions of several variables. Our purpose here is to
describe the way in which this is carried out. Infinite metric products are discussed
in Section 6.3, which also contains the famous Tichonov Theorem, namely, that an
infinite product of compact metric spaces is compact and conversely. A represen-
tation of Cantor’s set as an infinite product, together with some of its properties, are
discussed in the last section.

6.1. Finite and Infinite Products of Sets

We begin by recalling the definition of the Cartesian product of a finite collection of
sets.

Definition 6.1.1. The Cartesian product of a finite collection of sets X;, X, . .., X,
denoted by X; x X; X ... x X,, or also by [['_, X;, is the collection of all ordered
n-tuples (x1, %2, ..., X,), where x; € X; for each i = 1,2,..., n. Note that an n-tuple
may be considered as a mapping from the indexing set {1,2, ..., n} into U;X; such
that the value of the mapping at i, written x;, is in the set X;.

Generalising the notion of a product of a finite number of sets to a countable
number of sets, we shall let the product [~ | X; of a countable number of sets
{Xi};= be the family of all sequences x = {x;},~,, where each x; € X;. It is the
collection of all the mappings of the set N of natural numbers into |J;2, X; such
that the value of the mapping at i € N is in the set X;. The set X,, is called the nth
factor of Hf‘il X;; for each n € N, the map

o0
pn:HX,-—>Xn

i=1

given by p,({xi};=1) = x, is the projection onto the nth factor.

201
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Examples 6.1.2. (i) R” = [['_, X;, where each X; = R. The projection p; maps
(x1,%2,...,x,) € R"into its kth coordinate x;.

(ii) If each X; has exactly one element, then [ [~ | X; consists of a single element.
If one X; is empty, then [[;7, X; is empty.

(iii) Let X; = {0, 2} for i € N; then [];7 ; X; is the set of all sequences of Os and 2s:

{xi}:xi=00r2, i=1,2,...}.

The map f:[[;2, X; — [0,1] defined by
o0

flxli=0) =2 5

i=1

is easily seen to be one-to-one; the image is called the Cantor set.
The following property of the Cartesian product may be verified easily: If A, and
B, are subsets of X,,, then

HAnﬂHBn = H(A,,an) andHAnUHBn C H(AnUBn).

For a given n € N and A, C X,, we denote p,'(A,) by <A,>; i.e., this is the
Cartesian product ITY; in which Y,, = A,, while Y; = X; for i # n. In symbols,

p N (Ay) = <A, >=A, xII{X;:i €N, i # n}.

It is, of course, understood that the factor A, appears at the nth place in the product
on the right hand side. Similarly, for finitely many indices i, i, . . ., i, and sets

A € Xi,.. A, C X,
the subset
<Ai>N..N<A>=p (A)N..0p (A
n
=T x [T X:ieNyid iy, yind)

i=1
is denoted by

<Ai,Ai, .. AL>.
If A, C X, for n=1,2,...,then the following may also be easily verified:
(i) A, = ), <Ay>

(i) <A,>‘=<A;>and (IIA,) =, <A >.
6.2. Finite Metric Products

Let (X1, dy), (Xs, db), ..., (X,, d,) be metric spaces and let x = (x1, x,...,%,) and
¥ = (1,2 ..., yn) be arbitrary points in the product X = []’_, X;. Define
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d(x,y) = max {di(x;, y;): 1 =i = n}.
Proposition 6.2.1. (X, d) is a metric space.

Proof. Clearly, d(x, y) =0 and d(x,y) = 0 if and only if di(x;, ;) =0for 1 =i=n,

which is the case if and only if x; = y; for | =i=mn, i.e,, if and only if x = y. It is

equally clear that d(x, y) = d(y, x). It remains to verify the triangle inequality.
Observe that

di(xi, zi) = di(xi, yi) + di(yi> zi),

where x = (x1,%,...»%1), ¥ = (Y1,¥2-..»¥n) and z = (21, 23, . . ., 24), are points in
X. This implies

di(xp, z1) = max{di(x;, ;) : 1 =i=n} + max {di(y;,z)) : 1 =i =n}

fork=1,2,...,n So
d(x,z) = max {di(xi, z): 1 = k= n} = d(x,y) + d(y, 2).

Thus, the function d satisfies (MS1)—(MS4) in Definition 1.2.1 and hence, (X,d) is a
metric space. O

Definition 6.2.2. The metric space obtained by taking
d(x,y) = max {di(x, 7)1 1 =i =n}

as the distance on X =[]/_, X; is called the product of the metric spaces
(Xl> dl)r (X2> d2): ] (Xm dﬂ)

Remark 6.2.3. (i) The functions

d(x,y) = Z di(xi, yi),

i=1

" 1/2
d'(x,y) = lz (di(xi,y»f] :

i=1
where x = (x1,%2,...,%,) and y = (1, 2, ..., ¥») belong to X, are also metrics on
X. The proof of the statement that d’ is a metric is almost trivial. In fact, if
x=(x,%..>%)> ¥= Y5> yn) and z = (21, 2, . . ., 2,) are in X, then
d(x2) = di(x;z)
i=1
=) (dilxiy) + dilyi 2)
i=1

= i d,‘(.x,‘,)/i) + i di(yi’ Zi)
i=1 i=1

=d(x,y) +d(yz2).
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The proof of the statement that d” is a metric is no different from the one given in
Example 1.2.2(ii) and is, therefore, not included.
(i) The metrics d’ and d” are equivalent to d. Indeed,

dx,y)=d"(x,y) =d'(x,y) = nd(x,y).

(See Corollary 1.4.9 and Definition 3.5.4.)

(iii) For all questions dealing with metric properties or Cauchy sequences or
uniformly continuous functions, we may consider on X any one of the metrics d, d’,
d". In what follows, we shall consider on X the metric d. Open (respectively, closed)
balls for the distances will be written S, S, S” (respectively, S, S, S”").

Proposition 6.2.4. The open ball S(x, ), x = (x1,%,...,%,) and r > 0, in X is the
product of the open balls S;(x1,7), S2(%x2,7),...,S,(x,, 7). That is,

S(x,1) = ﬁ Si(xi 1),

i=1

where S;(x;, r) is the open ball centred at x; € X; and radius r > 0 in X;.

Proof. We have y € S(x, r) if and only if max {d;(y;,x;) : 1 =i=n} < rifand only if
di(yi,x;) <1, 1=i=mn.So, y € S(x,r) if and only if y; € S;(x;,r), 1 =i=n, that
is, if and only if y € S;(x1, 1) X S3(x2,7) X ... X Sy(xy, 7). O

Corollary 6.2.5. The collection {[]/_, Si(x;,r):x € X;, 1=i=mnand r > 0} is a
base for the open subsets of the metric space (X, d).

Proof. See Proposition 2.3.5. O

Proposition 6.2.6. If G; C X;, 1 =<i=n are open subsets in X;, then H?:l G; is
open in X.

Proof. (See Figure 6.1.) If (xi,%,...,%,) € [[/_, G;, then there exist positive
1,12y ...> 1, such that Si(x;,r;) C G;, 1=i=mn. Let r = min{r,r,...,r,}. Then
by Proposition 6.2.4, we have S(x,r) = [[/_, Si(x;,r) C [\, Gi. O

Definition 6.2.7. A function f: (X, dx) — (Y, dy) is said to be an open map if f(G)
is open in Y for every open set G in X, that is, fis an open map if the image of every
open set in X is an open set in Y. Similarly, a function f : (X, dx) — (Y, dy) is said to
be a closed map if f(F) is closed in Y for every closed set Fin X, that is, f is a closed
map if the image of every closed set in X is a closed set in Y. [See Exercise 11 of
Chapter 3.]

Proposition 6.2.8. The projection map p;: H;Zl X; — X;, 1=i=mn, is both con-
tinuous and open.
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X2
AN
P 2r—
T | A
\
X, Y X1
G, at
FiGURE 6.1

Proof. Observe that

P (Silxin 1)) = Sixi, 1) X HX]
i

Let G;C X; be open. Then G;=J{Si(x;,1i):x; € G; and r; (depending on x;) > 0},
where the union is taken over all x; € G; and one suitable r; for each x; (see Proposition
2.3.5). So

R OE S (JRIEND)

= Jp " (SiCxin )

= (si(xi> ri) X HXJ>
i
= USi(xi: ri) X HX;
i
=G; x HXJ
j#i

Since G;j x [[;,; X; is open in X by Proposition 6.2.6, it follows that p; is a
continuous function (see Theorem 3.1.9).
Let G C X be open. Then

G= U {S(x,7):x € G and r (depending on x) > 0},

where (by Proposition 6.2.4)

S r) = [ SiCenr),  x=Ca,x ).

i=1
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Now,
pi(G) = pi(| J1S(x,7):x € G and r (depending on x) > 0})
= Upi({S(x, r):x € G and r (depending on x) > 0})
= U {S;i(x;, r): x; € X; for which x € G and r > 0}
by Proposition 6.2.4. Since an arbitrary union of open sets is open (see Theorem

2.1.7(ii)), it follows that p;(G) is open. So p; carries open subsets of X to open
subsets of X; and hence, is an open map. O

Remark 6.2.9. The projection map is not a closed map. Consider the projection
mapping p;: R? — R of the plane into the x-axis, i.e., p;((x, ¥)) = x. The map p; is
not a closed map, for the set F = {(x,y):xy=1, x > 0} is a closed set, but its
projection p;(F) = (0,00) is not closed, as illustrated in Figure 6.2.

Example 3.1.13(i) is a special case of the following result.

Proposition 6.2.10. A function f:(Z,d;) — (H;’ZlXj, d) from the metric space
(Z,dz) into the product space is continuous if and only if for every projection
pit H;:I X; — X, the composition mapping

piof:Z—X;
is continuous.
Proof. By Proposition 6.2.8, the projections p; are continuous. So, if fis continuous,
then p;of, being the composition of continuous maps, is continuous for

i=1,2,...,n (see Theorem 3.1.11). On the other hand, let p; o f be continuous
for i=1,2,...,nand let G; be an open subset of X;. Then

Gi = U {Si(xi, r): % € Gj, r (depending on x;) > 0}.

(See Proposition 2.3.5). Since p; o f is continuous for i = 1,2,...,n, and

FIGURE 6.2
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(Pio )G = (pio ) (U Si(x;, r(depending on xi)))
= Uf_l(P,-_l(Si(xi, r(depending on x;))))
= Uffl(S,'(xl-, r(depending on x;)) x HX])

i#i
_ (U Si(x;, r(depending on x;)) x HX’)
i#i
=G %),
i#i

it follows that f~'(G; x [];,; X;) is open in [[_, X.
Let G C []/_, X; be an open subset of the form [[i_, G;, which is equal to
(| < G;j> (see end of Section 6.1). Now,
FYG) :f*l(ﬂ < Gj>)
= '(<G>)
=N <Gj X HXi>,
i#]j
which is open, being a finite intersection of sets that are open in view of the

preceding paragraph. The proof is now complete because such open sets constitute
a base by Corollary 6.2.5. O

Proposition 6.2.11. Let F; C X;, where (X;,d;), i=1,2,...,n, are metric spaces.
Let X = [[/_, X; be the product space with the metric d given by

d(x,y) = max{di(x;, y;): 1 = i = n}.
Then

Fi xF, X ... x F,=F, xF, x ... xF,.

Proof. If x=(x;,%x,...,%,) € H?:IE for any €>0, there is, by assumption,
yi€F,i=12,...,n, such that di(y;,x;))<se, i=1,2,...,n. Hence, if
y=0192--yn), then ye[[/_|F; and d(y,x)<e. On the other hand, if
x=(x1,%,...,%,) ¢ [[\_, F; then there is a j such that xj¢ F;. Observe that
Hi# Xi % (X;— Fj) is an open set in X containing x (by Proposition 6.2.6). Moreover,

n
(X; — F) x HXiﬂHFi = .
ij i=1
Hence,

xgé ﬁFl [

i=1
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Proposition 6.2.12. The mapping f: (Z,dz) — ( H;zl Xj, d) from the metric space
(Z,dz) into the product space is uniformly continuous if and only if for every
projection p;: H]": 1 X; — Xi, the composition mapping

p,‘OfZZ—>X,'

is uniformly continuous.

Proof. Observe that,
d;i(pi(x), pi(y)) = d(x, y)

where x = (x1,%,...,%,) and y = (31,2, ..., ¥s) are in X. On choosing € = 3, it
follows that each p; is uniformly continuous. Since the composition of uniformly
continuous maps is uniformly continuous (see Theorem 3.4.6), it follows that so is

piof, i=1,2,...,n
On the other hand, assume that p; o f is uniformly continuous, i = 1,2,...,#,
and let € be any positive number. There exist 3;, i =1,2,..., n, such that

dz(z, w) <d; implies di(pio f(2), piof(w)) <e.
Let 8 = min {8;,8;,...,9,}. Then
dy(z, w) <& implies di(p; o f(2), piof(w)) <&
fori=1,2,...,n. Consequently,
dz(z, w) <8  implies d(f(2),f(w)) <&,

and so fis uniformly continuous. O

6.3. Infinite Metric Products

Let (X, d,), n=1,2,..., be metric spaces with d,(X,) =1 for each n. For
%y € [ Xy define
dx, y) =Y 27" dy(xn 1), (6.1)
n=1

where x = {x,},~, and y = {y,}, = 1.
Observe that the series on the right in (6.1) converges. In fact,

27" dy (s y) =27

since d,(X,) = 1. The series >~ | 27" converges, and so, by the Weierstrass M-test
(see Theorem 3.6.12), > °7_ | 27"d,(x,, y,) converges.

n=1

Proposition 6.3.1. (X, d) is a metric space.
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Proof. It is immediate that d(x,y) =0 and that d(x,y) = 0 if and only if x = y.
Also, d(x,y) = d(y, x). For x = {x4},= 1, ¥y = {yuln=1 and z = {z,},,= ),

dn(xna Zn) = dn(xm )’n) + dn(}’na Zn)

since d, is a metric on X,,. Therefore, for every k=1,

k k k
D 2 Ay z) = 27 duCns y) + > 2 s 22)
n=1

n=1 n=1

= zoo: 2_”d,,(xn, yn) + zoc: Z_ndn(yn) Zﬂ)'

n=1 n=1

Since the left hand side of the above inequality is monotonically increasing and
bounded above, we obtain on letting k — oo,

d(x,z) =d(x,y) + d(y, z).

Thus d satisfies all the requirements (MS1)—(MS4) of Definition 1.2.1 and so is a
metric on X. This completes the proof. O

The ball S(x,r) of radius r > 0 centred at x € X = H X,, is the set

n=1
7= 1nbuz1 € X2 ) 27", y) < 1}
n=1
Then for 2r=1,
(1) €[] Sulxew2'r) x T X

n=1 n> ny

where 1y is a suitably chosen positive integer. Let y € S(x, r). Then d,(x,, y,) < r2"
forn =1,2,.... Let ny be the largest positive integer such that 2™ r = 1. The integer
ny exists because 2r=1. For n > ny and any y, € X, 27"d,(xy, yu) < r since
du(X,) =1, whereas for n=ny, the admissible y, € X,, are those which satisfy
the inequality 27"d,(x,,y,) <r, that is, the y, lie in S,(xs,2"r). Thus,
y € HZO:I S"(x"’znr) X Hn>no X"‘

For x = {x,},=1 € X =[[,_, X, any integer m =1 and any r > 0, let
Sm(%,7) =y = ubn=1 € X: dulyn x) <1 for n=mj,
that is,

Su(x, 1) = 1_’”[ S(Xus 1) X ﬁ X,

n=1 n=m+1

Let
B = {Su(x,r) : m is any positive integer, r > 0 and x € X}.

Proposition 6.3.2. B is a base for the open subsets of the metric space X.
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Proof. Clearly, the union of all members of B is X. Let S,, (x, ) and S,,,, (x®), 1)
be any two members of B and let

% € Sy (XN, 1) N S,y (x2, 7).
Then S,,(x, r), where

m=max (mj,m,) and r =min(r; — max dn(xn,x,gl)),rz— max dn(xn,xff))),
l=n=m l=n=m,

is a member of the collection B and is contained in the intersection
Smy MmN sz(x(z), ). In fact, if y € S,,(x, ), then d,(y,, x,) < r for n=m.
Since

dn()’na XE,U) = dn(yn: Xn) + dp(xy, xg,l))
< r+ d,(x,, xil)) <n

for n=m;, we have ye€S§,, (xY, 7). Similarly, it can be shown that
y € sz(x(z), 1). As y € S,(x, ) is arbitrary, we have

S(,7) C Sy (xV, 1) N S,y (P, 1)

and hence B is a base for the open subsets of (X, d). 0

Remark 6.3.3. Let x € X be arbitrary. The class {S,,(x,7):m=1, r > 0} is a local
base at x.

Proposition 6.3.4. Let {x®},_, be a sequence of points x¥ = {x,&k)}nzl of
X =112, X, Then {x¥},_ | converges to a point x € X (respectively is Cauchy
in X) if and only if for each n, the sequence {xflk)};cz | converges to x, (respectively is
a Cauchy sequence in X,,).

Proof. Suppose {x},~ | is such that x¥ — x. Let p, denote the projection of X
onto X,. It may be checked using the argument of Proposition 6.2.8 that p, is
continuous. Therefore, p,(x¥) — p,(x).

Conversely, suppose that p,(x*) — p,(x) for every projection p,. In order to
prove that x® — x, it is sufficient to show that, if x € B, where B is a member of
the defining local base at x € X = [[,_, X,, then there exists ky € N such that
k = ky implies x®¥ € B.

By definition of the defining local base at x,

B=S(x, r) = HS(x,,,r)x H X,

n=1 n=j+1

n=1

j
=) £ (Sulxn 7).

n=1
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By hypothesis, p,(x¥) — p,(x) and since x € B, p,(x) € S,(x,, r), n=j. There
exists k, € N such that k=k, implies pn(x(k)) € Su(x,, 1), ie, k=k, implies
X0 € p1(Su(xy 7). Let

ky = max (ki, ky, . . ., kj).

For k= ky, we have

j
e () b (Sulxus 7).

n=1

So, x¥ — x in the product space.
The proof of the statement that {x¥},_, is Cauchy if and only if p,(x) is
Cauchy in X,,, n=1,2,..., is left as Exercise 10. 0

Proposition 6.3.5. Let (X, d,), n=1,2,..., be metric spaces. Then X = [[", X,
with the metric d defined by

d(x,y) = Z 27" (%> Vi)»
n=1

where x = {x,},>; and y = {y,},= are in X, is a complete metric space if and only
if each (X, d,), n=1,2,..., is complete.

Proof. Let {x¥};~, be a Cauchy sequence of points x¥ = {x(®} _, in X. Then
{xfj‘)} r=1 1s a Cauchy sequence in X, (see Proposition 6.3.4). Since X}, is complete,
there exists x, € X,, such that limy xﬁlk) = x,. Let x = {x,},=,. Then x € X. It
follows from Proposition 6.3.4 that lim; x¥ = x.

On the other hand, assume that (X,d) is a complete metric space. First observe
that if a, € X,, then < {a,} > is a closed subset of the product space. In fact, {a,} is
closed in X, because a single point always forms a closed subset in a metric space,
and therefore, the inverse image < {a,} > by the continuous map p, must be closed.
Hence, ), 2i < {a,} > is closed, being the intersection of closed subsets.

Consequently, X; x []{a,:n# j}, being a closed subset of a complete metric
space, is complete (see Proposition 2.2.6). The mapping ¢: X; — X; x [[{a,:n # j}
defined by

‘P(x]) - (aly Ay ooy ajfl)x]) aj+l’aj+2)‘ . )

is clearly one-to-one and onto. Moreover,

d(e(x), o(y;)) = ZZ‘"dn(@(xj)(n),cP(yj)(n)) =277di(x;, ),

n=1

since @(x;)(n) = @(y;)(n), n# j. Let {x;”)}nzl be a Cauchy sequence in X;. Since

d(cp(xf")),cp(x}m)ﬂ _ z—jdj<x]gn>,x]§m>),
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it follows that {@(x;"))}nzl is a Cauchy sequence in the complete space
Xj x [[{a,:n # j} and hence, converges. As convergence in the product space is
coordinatewise (see Proposition 6.3.4), it follows that {x;")}nZI converges. Hence,
Xj is a complete metric space. This completes the proof. O

Proposition 6.3.6. Let (X,,d,), n=1,2,... be metric spaces and (X,d) be the
product space, where X = [[°_, X, and d(x, y) = > 7, 27 "d,(xs, y.), whenever

x = {xy},=1 and y = {y,},,= are elements in X. The product space (X, d) is totally
bounded if and only if each X; is totally bounded.

Proof. Suppose (X,d) is totally bounded. Let € > 0 be arbitrary. Fix n € N and let ¢,

be such that 0 < 2"¢; < €. Consider a finite g,-net {xV, x@, ..., x®} in X. We
shall show that {x,gl), xff), A x,gk)} is an e-net in X,,. In fact, d(y, x) < &, where
ye€ X and je{l,2,...,k}}, since {xM) x(z),...,x(k)} is an g;-net in X. It now

follows from the definition of the metric on X that
27"y xP) = d(y, xV)) < &y,

that is, d,(y, xfj)) < 2% <e. As y varies over X, y, varies over X, So,

{x), @, x0} is an e-net in X,

Conversely, assume that X, is totally bounded for each n. Let ¢ be a sequence in
X. We shall show that ¢ has a Cauchy subsequence. Now p; o ¢ is a sequence in X,
and X; is totally bounded. Therefore, we can extract subsequence ¢, such that
p1 © ¢, is Cauchy in X;. Now consider p; o ¢,; for the same reason as before, we can
extract a subsequence ¢, of ¢, such that p, o ¢, is Cauchy in X;. Proceeding by
induction, we can obtain a sequence {¢,}, = of subsequences of ¢ such that ¢, ; is
a subsequence of ¢, for each n € N and each sequence p, o ¢, is Cauchy in X,,. Now

let ¢ be the subsequence n — ¢,,(n) of ¢; then for each fixed k, we have
{e(m) :m=k} C {@(m): m= k}.

Since py o ¢, is a Cauchy sequence in Xj, it follows that py o ¢ is Cauchy in X;. By
Proposition 6.3.4, ¢ is Cauchy in X. O

Theorem 6.3.7. (Tichonov) Let (X, d,), n=1,2,..., be metric spaces and (X, d)
be the product space, where X =[[,_, X, and d(x, y) = > o, 27 "du(x4, ¥u)>
whenever x = {x,},,=; and y = {y,},=, are elements in X. The product metric

space (X, d) is compact if and only if each (X, d,,) is compact.

Proof. This is a consequence of Propositions 6.3.5, 6.3.6 and Theorem 5.1.16. []

6.4. Cantor Set

Recall that the Cantor set P is the part of the closed interval [0, 1] that is left after
the removal of a certain specified countable collection of open intervals described in
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Example 2.1.40. If P; denotes the remainder of points in [0,1] on deleting the open

interval (1/3, 2/3), then
1 2
P =10, - —1].

If P, denotes the remainder of the points in P; on deleting the open intervals (1/9,
2/9) and (7/9, 8/9), then

1 21 2 7 8
P - 0) N P 50 A ) 1|.
= o Ul U Ul
Continuing in this manner, we obtain a descending sequence of sets

PPOPDOPD...

and P, consists of the points in P,_; excluding the “middle thirds”. Observe that P,
consists of 2" disjoint closed intervals. The Cantor set P is the intersection of all
these sets, that is,
o0
P= ﬂ Py

n=1

and hence, P is closed, being the intersection of closed sets P,. Moreover, P is
compact. In fact, P is a closed bounded subset of R with the usual metric.

Proposition 6.4.1. Let X = H,-OC:IXi, where each X; = {0,2} with the discrete
metric. Then X is compact.

Proof. Observe that X; is compact, being a finite discrete space (see Example
5.1.2(iii) ). So, by the Tichonov Theorem 6.3.7, X is also compact. 0

The set P, consists of 2" disjoint closed intervals and if we number them
sequentially from left to right, we can speak of odd or even intervals in P,.
We define a function fon the Cantor set P as follows:

f(x) = {an}nzl)

where

o — 0 if x belongs to an odd interval of P,,
" 12 if x belongs to an even interval of P,.

The above sequence corresponds exactly to the decimal expansion of x to the base 3,
that is, where
o0
=3

n=1

S

Proposition 6.4.2. Let X = H,-OC:IX,-, where each X; = {0,2} with the discrete
metric. The function
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f:X—P

defined by f({a,},=,) = >, a/3" is continuous. Moreover, fis a homeomorph-
ism of X onto P,

Proof. Let x = {a,},=, be in X and & > 0. We need to show that there is an open
subset U of X containing x such that

y € U implies | f(y) — f(x)| < &.

Since the series Y | (2/3)" converges, there exists ny such that n > n, implies
> w1 (2/3)" < &. Consider the subset

U={m}x{a}x...x{a,tx [ X

of X. Observe that x € U and Uis a member of the defining base for the open sets in
X and is, therefore, open. Furthermore,

V= {al)a2;~--san0>bn0+l>bn0+2>--~} evU

implies

f) = fo] = = > @/3)<e

n=mny+1

i (bn - an)~%

n=ny+1

Thus, fis continuous.
The function f: X — P is a one-to-one continuous function from the compact
metric space X onto the space P. By Theorem 5.3.8, fis a homeomorphism. O

Proposition 6.4.3. The Cantor set P has the cardinality of the continuum.
Proof. See Examples 2.3.14 (vi). O

Definition 6.4.4. A subset A of a metric space (X, d) is said to be perfect if A is
closed and every point of A is a limit point of A.

Proposition 6.4.5. The Cantor set P is perfect.
Proof. Hint. Let xy be a point of the Cantor set. In ternary representation,
X0 =0 -amas,...,a,...,
where a, = 0 or 2. Let {x,},,~, be a sequence of points where
X =0 aa0s...a, 10,51 ...,

where @/, =0 if a, =2, and a/, =2 if a, = 0,n=1,2,.... The sequence {x,},=,
consists of distinct points all belonging to the Cantor set such that x, differs from x
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in the nth place in the ternary expansion. But x,, — xy as n — o0, and so x is a
limit point of P O

6.5. Exercises

1. Let X and Y be metric spaces and A C X and B C Y. Then show that

(a) (A x B)® = A° x B,
(b) (Ax B) = (A xB)U(A x B).

Hint: (a) S((x1,x2),7) CAX B& S(x1,1) X S(x,7) CAX B& S(x,r) CA and
S(x,7) CB.

(b)(S(x1,7) X S(x25 1)\ {x1,20}) NAX B#£ < [(S(oe1, 1)\ }) X S(o,1) JU[S(1,7)
X (S(x2, 1 )\{x2})]N(AX B)
# D [(S(x, )\ }NA) X (S(x,7)NB)]
U[(S(x1,7)NA) X (S(x2,7)\{x2}) NB] £ .

2. Let X be a compact metric space, Y be a metric space and p: X X Y — Y be the
projection. Show that p is a closed map.
Hint: Suppose F C X x Y is closed. Let yy € Y\p(F); then (X x {y}) N F = &,
so that each point (x,y,) is contained in S(x,r(x)) x S(yo,r(x)), where
(S(x, r(x)) x S(y0,r(x))) N F = . From this open covering of X x {y,}, extract
a finite subcovering S(x;, 7(x3)) X S(yo, (), i =1,2,...,n. Then
N7, S(yo, r(x;)) is an open ball with centre y, that does not intersect p(F).

3. (a) Let fbe a continuous mapping from a metric space X into a metric space Y.
Show that {(x, f(x)): x € X} is a closed subset of X x Y.
(b) If {(x, f(x)): x € X} is a closed subset of X x Y and Yis compact, then show
that fis continuous.
Hint: (a) Let (x,y) € {(x f(x)):x € X}. Then there exists a sequence
{(%s y)lp=1 In {(x,f(x)):x € X} such that lim, (x, y,) = (x,¥). Now
y = lim, y, = lim, f(x,) = f(lim, x,,) = f(x), using continuity of f.
(b) Let Fbe a closed subset of Y. Then py,' (F) N {(x, f(x)): x € X} is closed in
X x Y. Now px: X x Y — X is a closed map (see Exercise 2) and

px(py (F) N {(x, f(x):x € X}) = f(F)

is closed in X.

4. If d is a metric on X, then show that d is a continuous mapping of X x X
into R.
Hint: d: X x X — R is defined by (x, y) — d(x, y). Now,
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|d(x, y) — d(x0, yo)| = |d(x,y) — d(x, y0) + d(x, y0) — d(x0, y0)]
= |d(x,y) — d(x, y0)| + |d(x, %) — d(x0, y0)|
=d(y, yo) + d(x, x0) = 2dxx((x, ), (%0, %0))-

5. Show that for metric spaces, the following properties are invariant under finite
products: (a) boundedness; (b) total boundedness; (c) completeness.
Hint: (a) If dy, d>, . . ., d,, are metrics on X;, X5, . .., X,,, which are bounded, then

A((x1, %25 -+ 5 %0)s (V15925 - -5 yn)) = max{di(x;, y;):i = 1,2,...,n}
= max {diam(X;):i =1,2,...,n}.

(b) Let € >0 be given and let {xl(l),xfz),...,xgm‘)} be a finite &-net in
X;,i=1,2,...,n Then

{(xﬁi‘),xgm,...,...,x’(j”)):1Si]~S mj, j=1,2,...,n}
is a finite e-net in X3 X X, X ... X X,,.

(c) See Proposition 6.3.5.

6. Let X and Y be metric spaces. Show that X x Y is connected if and only if
X and Yare connected.
Hint: Since the projection mappings are continuous and onto, if X X Y is
connected, so are X and Y. Now suppose that X and Yare connected. Let (x, y)
and (x*, y*) be any two points of X x Y. Then {x} x Y and X x {y*} are home-
omorphic to Yand X, respectively, and hence, are connected. They intersect in
(x, ¥*) and so their union, which contains the two points (x,y) and (x*, y*), is
connected. Thus, X X Y is connected.
Remark: If (X;,d;),i=1,2,..., is a family of connected spaces, then their
product (IIX;,d) is also connected, where d(x,y) = 2 2 "dy(xy, yn), x =
(x1,%,...)and y = (¥, ¥25 - - - )-

7. Prove: 114; is dense in I1X; if and only if each A; C X; is dense.

8. Let X and Y be metric spaces. X x Y is locally compact if and only if X and Yare
locally compact.
Hint: Projections on coordinate spaces are continuous open maps. Let
(x,y) € X x Y. There exist S(x,r) and S(yr) such that S(x,r) (respectively,
S(y, 1)) is compact in X (respectively, Y). Then

S((x,9), 1) = S(x,7) X S(y, 7).

9. Let p; be the projection of II7? | X; onto X;. Prove that each p; is uniformly
continuous and open.
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10. Show that {x®},_ is a Cauchy sequence in the product space [13* X; if and
only if each {pi(x(k))}k21 is Cauchy in X;, where p; is the projection of II7° | X;

onto X;.
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