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We study the distribution of ages in the mean field forest fire model in-
troduced by Réth and Téth. This model is an evolving random graph whose
dynamics combine Erd6s—Rényi edge-addition with a Poisson rain of light-
ning strikes. All edges in a connected component are deleted when any of its
vertices is struck by lightning. We consider the asymptotic regime of light-
ning rates for which the model displays self-organized criticality. The age of
a vertex increases at unit rate, but it is reset to zero at each burning time.
‘We show that the empirical age distribution converges as a process to a deter-
ministic solution of an autonomous measure-valued differential equation. The
main technique is to observe that, conditioned on the vertex ages, the graph is
an inhomogeneous random graph in the sense of Bollobds, Janson and Rior-
dan. We then study the evolution of the ages via the multitype Galton—Watson
trees that arise as the limit in law of the component of an identified vertex at
any fixed time. These trees are critical from the gelation time onwards.

1. Introduction. We study a stochastic model where a network grows steadily, but is
subject to occasional destructive events. These can spread widely, but by damaging the con-
nectivity, each destructive event makes it harder for future destruction to propagate through
the network. As motivation, consider the effect of fires on a dense forest. Given the right
conditions, a fire can destroy all the trees in a region, but afterwards, future fires cannot pass
through this area until some trees have regrown.

A probabilistic model of a complex interacting system is considered to be particularly
interesting if the effect sizes or the correlations between regions follow a power-law de-
cay. These so-called critical phenomena are observed in many complex real-world networks.
Seminal work of Bak, Tang and Wiesenfeld [3] considers models where from a broad range
of initial conditions, the dynamics move the system into a class of states where critical phe-
nomena are observed, and then maintain it there. These authors describe this property as
self-organized criticality (SOC), and in recent years a wide range of mathematical models
across many contexts have been shown to exhibit such behaviour; see, for example, [20],
Section 3, on the SOC of the Abelian sandpile model and [8] for the Curie—Weiss model of
SOC.

The forest fire model that we study in this paper is a random process taking values in
subgraphs of the complete graph K,,. The lattice setting, introduced by Drossel and Schwabl
[12], where geometry plays a more central role has also been studied: the subcritical forest
fire model on Z¢ is constructed by Diirre [13—15] and the critical model on the half-plane
is constructed by Graf [19]. However, the rigorous construction of a self-organized critical
forest fire model on Z¢ poses a real mathematical challenge: in fact Kiss, Manolescu and
Sidoravicius show in [21] (using the earlier results of van den Berg and Brouwer [31]) that it
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is impossible to construct such a model on Z? by starting with standard dynamical percolation
and requiring edges to be burned as soon as they belong to an infinite cluster.

Our focus is the mean field setting where edges may appear between any pair of vertices.
Without the destructive dynamics of fires, adding edges uniformly at random defines the
famous random graph process of Erdés and Rényi [16]. This process experiences a phase
transition between a subcritical regime, where the largest components have logarithmic size
relative to the size of the graph, and a supercritical regime, where for large graphs an asymp-
totically strictly positive proportion of the vertices form a unique giant component. During
the asymptotically instantaneous transition, the graphs display various critical properties, no-
tably a power-law decay in component sizes, which matches behaviour that is observed in
many real-world networks not just at phase transition times but at all times.

The mean field forest fire (MFFF) process was introduced in [27]. It can be viewed as
an adjustment to the Erd6s—Rényi dynamics, which destroys the edges of potential giant
components as they are forming, and thus maintains the system in a critical state forever. The
following informal definition will be made precise in Section 2.1:

e The model has n vertices, with some (possibly random) initial set of undirected edges at
time O.

e Each possible edge joining two vertices appears at rate 1/n, independently.

e Atrate A = A(n), each vertex is struck by lightning, independently. When a vertex is struck
by lightning, the vertex survives but all of the edges in its connected component (or cluster)
are instantaneously deleted. Those edges may subsequently reappear.

If a lightning hits a vertex v at time ¢, we say that ¢ is a burning time of all the vertices in the
connected cluster of v.

The most interesting asymptotic regime for the lightning rate is 1/n < A(n) < 1. In this
regime, clusters of any fixed finite size are destroyed at a negligible rate when » is large. How-
ever, the total rate of lightning strikes in the model diverges, so if a cluster of size comparable
to n were able to form then it would only survive for time o(1). In [27], it is shown that in this
regime the model displays SOC. Subject to some assumptions on the initial conditions, the
limiting cluster size distribution in the n — oo limit is deterministic and satisfies a coupled
system of differential equations called the critical forest fire equations; see Propositions 2.16
and 2.18 below. The limiting cluster size distribution stays subcritical until a certain gelation
time. At the gelation time and afterwards, the limiting cluster size distribution is critical in
the sense that it has a polynomially decaying tail. No giant component forms; in fact, the
model is conservative, meaning very roughly that at any time ¢, nearly all of the vertices are
contained in small connected components.

The goal of this paper is to describe the local graph structure of the MFFF at time ¢ as
n — oo in terms of a multitype branching process, and also to give a simple description of
the time evolution of the parameters that govern this multitype branching processes.

The simplest initial condition for the MFFF is the monodisperse state, where at time 0
there are no edges, so the graph consists of n isolated vertices. In this paper, we will consider
some more general initial conditions, but to state our results informally in this Introduction
we will discuss only the monodisperse initial condition. At any time ¢ > 0, each vertex v has
an age a;' (v), which is defined to be the time since it was last burned, or ¢ if it has not yet
been burned. Let 7' = % >_v8ay (v) be the empirical measure of these ages.

Our central observation, stated formally as Theorem 2.6, is that conditional on the ages
ay(v) and a}' (w) of two vertices v and w, the probability that they are joined by an edge at
time ¢ is exactly 1 —exp(—a;j' (v) A a}(w)/n). Furthermore, these events are independent for
distinct pairs of vertices. So conditional on 7', the graph seen at time 7 is an inhomogeneous
random graph (IRG) in the sense of Bollobds, Janson and Riordan [5].
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Our first main result, Theorem 2.19, shows that the empirical age distributions 7' converge
as n — oo to a deterministic limit distribution 7;. In the course of the proof, we identify m;
explicitly as the marginal distribution of a; in a Markov process (C;, a;)>0 that takes values
in E x [0, 00), where E is the set {1, 2,3, ...} equipped with the one-point compactification
topology, with 1 identified with the point at co. This topology makes the process almost
surely continuous from the left at the random times when C; explodes. The age a; is simply
the time that has elapsed since the last explosion at time ¢, or a; = ¢ if there is no explosion
in [0, ¢]. (See Section 6 for the definitions in the case of general initial conditions.)

(Cy, ay) is a McKean—Vlasov process with jumps, meaning that it is a Markovian Feller
process whose infinitesimal generator at time ¢ is defined in terms of the distribution of
(Ct, ar). We show that (C;, a;) is the distributional limit of the process (C}'(p"), aj' (p")),
where p" is a uniformly chosen vertex of the graph and C/'(p") is the size of the cluster of
p"t at time ¢. The marginal (C;);>0 is the cluster growth process (C;);>¢ introduced in [11],
which is a McKean—Vlasov process on its own; it is an explosive pure jump process with
explosion times 7¢, £ € N which returns to C;, = 1 at each explosion time 7,. The jump rate
of C; is k when C; = k and the jump distribution for jumps at time ¢ is the law of C; itself.

Remarkably, (a;);>0 on its own is also a McKean—Vlasov process. It increases at rate 1
except at a random discrete set of jump times when it jumps down to 0. We show that the
jump rate of a; at each time ¢ is a function of a; and the distribution 7; of a;. This leads
to our second main result, Theorem 2.21, which is that (r;, t > 0) satisfies an autonomous
differential equation that we call the age differential equation; see (2), (3) and (4) below. The
well-posedness of this differential equation is proved in the companion paper [10], so in fact
7 is uniquely determined from g by the differential equation. However, we stress that in
this paper we determine 7; from g using the cluster growth process.

Recall from [27] that there exists a so-called gelation time tge) > 0, at which the model
makes a phase transition from subcritical to critical behaviour. For 0 <7 < g, the age of each
vertex simply increases at rate 1 unless it burns before 7. However, only an asymptotically
negligible proportion of the vertices burn before 7y, so the limiting age distribution satisfies
the simple transport equation

6]

— = —§( * ;.

dr 0=

Here, &, is the derivative of the Dirac delta at 0, so this statement is an equality of Schwarz
distributions. In other words, for O < ¢ < fg¢ and for any Borel set A C [0, 00),

7 (A) =mo(fx — 1 :x € A}).

The situation is more interesting for 7 > #ge], when the model is critical. Then, for each such
t, there exists a unique nonnegative, continuous and nondecreasing function s > 6;(s) satis-
fying [ 6;(s)dm;(s) =1 and

2) 0;(s) :/0 O;(u)(u As)dm(u), s e€l0,o0].

For a fixed 7 > g1, we denote by 6,7, the probability measure absolutely continuous with
respect to r; with Radon—Nikodym derivative 8;. We denote by ¢(¢) the limiting total rate of
mass of burnt vertices at time ¢ (see Proposition 2.16 for details). In fact, ¢(¢) is also equal
to the explosion rate of C;. Then for ¢ > fge|, 7; satisfies the following distribution-valued
differential equation:

drm;

3) i —80 * 1 — ()07 + @(1)do.
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We prove (3) by identifying it with the Kolmogorov forward equation of the McKean—Vlasov
process (a;);>o. Let us give interpretations of the individual terms. As in (1), the transport
term —§& * 77; describes the constant, deterministic growth of the ages of all vertices not
instantaneously involved in fires. The term —¢(#)0;; describes the change due to the removal
of burning vertices. The final term ¢(¢)§y corresponds to the fact that all vertices burned
at time ¢ reappear with age zero. We will show that criticality of the forest fire equations
corresponds to criticality of the IRG which describes the system conditional on the ages.
The local structure of the IRG seen at time ¢ is well approximated by a multitype Poisson
branching process (see Definition 2.8 and Theorem 2.20(i)), and 6, is the right eigenfunction
corresponding to the principal eigenvalue A, = 1 of the branching operator. The heuristic idea
is that 6,7, approximates the distribution of ages in very large components of the IRG, which
account for nearly all of the burning vertices (see Section 2.6.3 for details). In fact, we do
not prove this global statement but instead obtain (3) by considering the local limit, showing
that the rate at which a; jumps down to O when a; = s is ¢(¢)0; (s). By careful analysis of the
multitype branching process, we show

-1
@) o(1) = ( / «9r(S)3dm(S)) .

Combining (2), (3) and (4), we have an autonomous differential equation, describing the
evolution of 7; in terms of 7, without reference to .

2. Statements of results. We precisely introduce the mean field forest fire model in
Section 2.1, age-driven inhomogeneous random graphs in Section 2.2, age-driven multitype
branching processes in Section 2.3, and the critical forest fire equations in Section 2.4. These
provide the necessary background to understand the statements of our main results, stated
in Section 2.5. In Section 2.6, we set our results in the context of related literature. In Sec-
tion 2.7, we pose some open questions. In Section 2.8, we give an overview of the contents
of the rest of the paper.

2.1. The mean field forest fire. We will always use the following definition of a mean
field forest fire process on vertex set [n] := {1, ..., n}, with lightning rate A, following [27].
We refer to this model as MFFF(n, 1).

DEFINITION 2.1 (Graphical construction of MFFF(n, 1)). Let £ be a Poisson point
process (PPP) of rate 1/n on ([’;]) x [0, 00), and A be an independent PPP of rate A on
[1] x [0, 00). These PPPs will determine edge arrivals and lightning strikes, respectively, at
times given by their second coordinates. Given some (possibly random) initial graph G;j with
vertex set [n], we construct the random graph-valued process (G;');2, started from Gj as
follows, working through the points of £ U A in increasing order of their time coordinates:

(i) add the edge {i, j} to obtain G} from G;'_ if {i, j} x t is a point of £, and edge {i, j}
is not already present in G;' (and otherwise do nothing),

(ii) erase the edges of the connected component C;' (i) of vertex i in G to obtain G/
from G} if {i} x ¢ is a point of A.

In the latter case, we say that the vertices of C;' (i) are burned at time 7.
REMARK 2.2. We will always view MFFF(n, A) as a graph-valued process coupled with

its lightning process A. This will simplify the choice of probability space in subsequent
arguments.
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In [27], the asymptotic behaviour of MFFF processes is studied as n — oo, where the
lightning rate A(n) satisfies the critical relation

(5) 1/n < An) < 1.

We will assume throughout that this critical relation holds. Informally, this has the effect that
small components are negligibly affected by lightning, whereas components of size ® (n) are
burned into singletons instantly. Roughly speaking, this means that such giant components
never appear.

Let us stress that the earlier results of [27] and [11] concerning the MFFF (which will be
recalled in Section 2.4 and Section 6.1, resp.) are about the sizes of connected clusters in the
process (G;'), but the main results of this paper are about the graph structure itself for (G;').

2.2. Age-driven inhomogeneous random graphs. We will make a connection between
the MFFF(n, A) and the theory of inhomogeneous random graphs. In order to do so, we need
to study the MFFF augmented with extra information about the ages of vertices.

DEFINITION 2.3 (Ages in the mean field forest fire model). For ag (i) € [0, 00), i € [n],
we define a mean field forest fire with ages MFFFA(n, ag, 1) as follows. We take MFFF(n, 1)
as in Definition 2.1, with some initial graph G, along with its lightning process A, and we
call ag (i) the initial age of vertex i.

For t > 0, denote by a} (i) the age of vertex i at time ¢, that is, a;' (i) is ag (i) + ¢ if i did
not burn during the time interval [0, ¢], otherwise a;' (i) is t — s, where s is the last burning
time of i on the time interval [0, ¢]. We write a := (a}'(i))ic[x] for the vector of ages, and

1 n
(6) n) = - > 8ari)
i=1
for the empirical measure of ages.

So the age of a vertex in MFFFA (n, g’é, M) increases deterministically at unit rate, but is
reset to zero at each burning time.

We introduce a special case of the class of inhomogeneous random graphs introduced by
Bollobas, Janson and Riordan [5].

DEFINITION 2.4 (Age-driven IRG). Given a (possibly random) sequence

a"=(a"(l),...,a"(n)) €[0, 00)",

we define the age-driven inhomogeneous random graph (IRG) G*¢(n, a™) on the vertex set
[n] as follows. Conditional on a”:

e " (i) is said to be the age of vertex i € [n];
o independently for different edges, the edge {i, j} € ([’;]) is present with probability

1 ( a”(i)/\a”(j))
—exp|l ———|.

n

Our main results concern the evolution of the process of ages in the MFFF model started
from an age-driven IRG. So, although Definition 2.3 makes sense in the generality stated,
from now on, we will usually make the following assumption.

ASSUMPTION 2.5 (MFFFA started from age-driven IRG). The MFFFA(n, ag, 2) is
started from the initial graph G; 4 Guee (n,agp).
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The central idea underpinning our results is that the dynamics of the MFFFA preserve the
class of age-driven IRGs.

THEOREM 2.6 ((G}') and (a}) are intertwined). If (G}') is a MFFFA process with initial
condition distributed as G*°(n, ag) then, for any t > 0,

(7) conditional on (a%, s € [0, t]), we have G;' 4 G*%(n, al).

A version of this result with weaker conditioning and with monodisperse initial condition
appears in [33] as Lemma 5.8. We will give a shorter proof here in Section 3.1.

REMARK 2.7. It follows from (7) that (a});>0 is a time-homogeneous Markov pro-
cess, and by the vertex exchangeability of the MFFF dynamics (7/');>0 is also a time-
homogeneous Markov process. Using the notation of [29], Section 3.2, the Markov process
(/") is intertwined on top of (a}}) (cf. [29], Proposition 3.4).

In order to state some of our main results, we need to define the notion of local weak limits
of age-driven IRGs: this is what we will do in the next section.

2.3. Age-driven multitype branching processes. We introduce a family of branching pro-
cess trees, also augmented with ages, which appear as local weak limits of age-driven IRGs.

DEFINITION 2.8 (Age-driven multitype branching process (MBP)).
Given a Borel probability measure 7 on [0, 00), we define 77, a multitype Galton—Watson
tree with vertex set V(T7™) and with ages a : V(T™) — [0, 00), as follows. The root p has

age a(p) 4 7, and then any vertex of age s has an independent set of offspring vertices with
ages given by a Poisson random measure with intensity (s A u) dm (u).

We denote by |T7| the cardinality of V(T7).

We write 7,* for the random tree 77" constructed in the same way but starting with a
root vertex of deterministic age s. We also define 77 to be the random tree whose root has
infinite age, meaning that its offspring have ages described by a Poisson random measure
with intensity u dm (u). If [udm(u) < oo, then this is a finite intensity measure so the root
almost surely has only finitely many offspring.

We write £, for the branching operator, that is the Perron—Frobenius operator defined for
feLl(r) by

(8) Lo f )= [ Fa(s A drw).
When £, maps L?(r) into itself, denote by || L || the L?(xr)-operator norm of L.

L has a probabilistic interpretation. The root of 7,* has a random number K of offspring
with ages a <--- <ag, and Ly f(s) =E(f(a1) + -+ + f(ax)).

LEMMA 2.9 (Normalized principal eigenfunction). Suppose w is a Borel probability
measure on [0,00) such that 0 < [xdm(x) < co. Then the Perron—Frobenius operator
Ly is a compact self-adjoint operator on L*(r) whose principal eigenvalue )\ satisfies
0 < X = |Lx|l. Moreover there exists a unique nonnegative eigenfunction 6 € L%(7) for
which L6 = A0 and [0 (x)dm(x) = 1.
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We will prove a more detailed result in Section 4.1 that includes the statements of
Lemma 2.9.

In Section 4.2, we combine [5], Lemma 6.1, (characterizing supercriticality) and some
further arguments to prove the following result.

PROPOSITION 2.10 (Trichotomy of |T™|). Let m be a Borel probability measure on
(0, 00) with [ x dm(x) < co. Then the following trichotomy holds:

o |Lx|l < lifand only if E[|T7™|] < o0;
o |L:l=1ifand only if P(|T"| < o00) =1 and E[|T™|] = o0;
o | Ll > 1ifand only if P(|T™| = 00) > 0.

We will say that w is age-subcritical, age-critical and age-supercritical when ||L;] < 1,
Lzl =1and ||[L;] > 1, respectively.

In fact, the results of Proposition 2.10 hold under slightly weaker conditions on 7. Further
details are deferred to Section 4.2.

To make sense of approximating age-driven IRGs by age-driven multitype Galton—Watson
trees, we briefly introduce one version of local weak convergence of random graphs, as stud-
ied by Aldous, Benjamini and Schramm. See [32] for a comprehensive account of this.

DEFINITION 2.11 (Local weak convergence). Let (G",n > 1) be a sequence of random
graphs where G" has vertex set [n], and let B}/ (w) be the k-neighborhood in G" of a vertex
w € [n], viewed as a graph rooted at w. Then we say G" converges in probability in the local
weak sense to the random rooted graph (G, p) if for every rooted graph (H, v), and every
k>1,

1
©) =3 1Bl ) = (H.v)] = B(Be(p) = (H.v), n— oo,

weln]
where By (p) is the k-neighborhood of p in G and the relation ~ denotes the root-preserving

isomorphism of rooted graphs. Let us denote by p” a vertex which is independent of G" and
uniformly distributed in [n]. As a consequence of (9), we obtain the weaker condition

(10) P(BE(p") ~ (H,v)) — P(Bk(p) ~ (H,v)), n— oo,

for every rooted graph (H, v), which is called convergence in distribution in the local weak
sense. (See [32], Definition 2.7.)

DEFINITION 2.12 (Convergence in probability of age distributions). If 7 is a probability

measure on R and 7!, 72, ... is a sequence of (possibly random) probability measures on

R, then we say that 7" g masn— oo if [ f(s)dn"(s) E [ f(s)dm(s) as n — oo for any
bounded continuous function f : R — R.

PROPOSITION 2.13 (IRG locally converges to MBP). Let G" 4 G*°(n,a") be a se-

quence of age-driven IRGs, for which the empirical age distributions satisfy 7" g 7, where
[xdm(x) < oco. Then G" converges in probability in the local weak sense to the age-driven
multitype branching process tree T™ .

We deduce the proof of Proposition 2.13 from [32] by a truncation argument in Section 3.2,
Theorem 3.11.
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2.4. Critical forest fire equations. In this section, we recall the main results of [27],
which concern the hydrodynamic limit of the component size vector of the MFFF. The as-
sumptions of this paper on the initial state of the MFFF are different from those of [27], so
the adaptation of the results of [27] to our setting will require extra work.

DEFINITION 2.14 (Component size vector in MFFF(n, 1)). For any ¢ > 0 and for each
k=1,2,...,let us define

1

(11) i (1) := —#{vertices in size k components at time }.
n

We write v (¢) for the vector (vy/(¢))p2 ;.

The central observation of [27] is that limits of v"(¢) in a sequence of forest fires in the
self-organized critical regime (5) satisfy a family of coupled differential equations. Our as-
sumptions on the initial state will be different from those of [27], Theorem 1, but the conclu-
sions will be the same.

ASSUMPTION 2.15 (v(0) is the law of |T7|). Suppose that 7 is a Borel probability
measure on [0, co) satisfying [ u dmo(u) < co, moreover 7 is either age-critical or age-
subcritical. Let us define v (0) =P(|T™| =k) fork=1,2, ... and let v(0) = (vx (0))72 .

PROPOSITION 2.16 (Critical forest fire equations). If the initial condition v(0) satisfies
Assumption 2.15, then the critical forest fire equations

k—1

d k
(12) —vp(1) = = D ve(Ovp—e (1) — kv (1), k=2,
dt Pt
o0
(13) Yow) =1,
k=1
have a unique solution v(-), which also has the following properties:
1.
d B .
(14) S o) = vy (1) l.fofl<tge1,
dr —01() + (1) ift > g,
where the gelation time fge is defined by
w _1
(15) lgel = (Z Lvyg (O)) (using the convention ool = 0),
=1
and
(16) @ : [tgel, +00) — (0, +00) is locally Lipschitz-continuous.

2. vk (1) decays exponentially as k — o0 if 0 <1t < tge1, but

> [20(t
(17) ng(t)% %k‘l/z as k — o0 for any t > tge|

=k

(Where ay =~ by, is a shorthand for lim_, « Z_Z =1).
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We will prove Proposition 2.16 in Section 5.4. In [27], Theorem 1, the same conclusions
are made under the assumption that ;2 23v(0) < +0o (which neither implies nor is im-
plied by Assumption 2.15).

REMARK 2.17.

(i) As soon as one picks any control function ¢(-), one can construct v(-) by solving
(14), and then v () for k =2, 3, ... inductively using (12). Proposition 2.16 states that there
is a unique @(-) such that the resulting family (v (7));2; of functions satisfies (13) for all
t>0.

(ii) Currently there is no known explicit solution of ((12) + (13)) except for the unique
stationary solution v (t) = vg(0) = %(2,(]‘__12)4_", k > 1. Note that this v(0) satisfies Assump-
tion 2.15; see Remark 2.23(ii).

The connection of the critical forest fire equations to the MFFF is given by the following
result.

PROPOSITION 2.18 (Convergence of component size vector). Suppose that v(0) satisfies
Assumption 2.15. Let v(-) denote the unique solution to the critical forest fire equations ((12)
+ (13)) with initial state v(0). Let (G",n > 1) be a sequence of MFFF(n, L(n)) processes

as defined in Definition 2.1, for which (5) holds, and |vi (0) — v (0)| E) 0 for all k e N as
n — 00. Let v"*(+) be defined by (11). Then for any tmax € [0, 00), we have

(18) sup sup |vi(2) — v (?)] £ 0, n— oo.
k>10<t<tmax

The above result for fixed ¢ and fixed & is proved in [27], Theorem 2, while the stronger
(18) is proved in [11], Theorem 1.5. Note that the assumptions under which we prove the
uniqueness of the solution of the critical forest fire equations (cf. Proposition 2.16) are dif-
ferent from those of the analogous uniqueness result in [27] (cf. Theorem 1 therein), but the
proofs of [27], Theorem 2, and [11], Theorem 1.5, only take the uniqueness result as an input,
so the same proof also gives our Proposition 2.18.

Proposition 2.18 describes the hydrodynamic limit of the component size vector v" (¢) of
the MFFF in terms of the critical forest fire equations. We want to give a similar description of
the hydrodynamic limit of the empirical age measure 7;', which will also allow us to identify
the local weak limit of the graph G}'.

2.5. Main results. Throughout Section 2.5, we enforce Assumption 2.5, that the MFFFA
is started from an age-driven IRG.

Our first main result is a limit theorem for the empirical measure of ages in a family of
MFFFA processes whose initial empirical age distributions converge in probability.

THEOREM 2.19 (Convergence in probability of empirical age distribution). Let (G}, t >
0) be a family of MFFFA(n, agj, A(n)) processes that satisfy Assumption 2.5. Suppose the
initial empirical age measures satisfy 1 i’; 7o, where [ x dmy(x) < 0o and m is either age-

critical or age-subcritical. Assume that A(n) satisfies (5). Then for all t > 0 we have m|! g b7
as n — 0o, where (17;);>0 is a family of probability measures determined by mq that satisfies
[ xdm(x) < oo forallt>0.
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The proof of Theorem 2.19 is carried out in Section 6 and is completed in Section 6.5. As
we have already mentioned in Section 1, we will identify m; as the distribution of the age a;
of the watched vertex at time ¢ of the cluster growth process with ages (C;, a;);>0, the law of
which is determined uniquely by 7. We refer the reader interested in the rigorous definition
of (Cy, as);>0 to the introduction of Section 6 for details.

Our next main result concerns the local weak limit of the graph of the MFFFA process at
time 7.

THEOREM 2.20 (The local weak limit of MFFFA at time t). Let (G/',t > 0) and m
satisfy the conditions of Theorem 2.19. Then the following hold:

(i) For any t >0, G converges in probability in the local weak sense to T™ as n — oo,
where 1 is defined in Theorem 2.19.
(i1) The family of functions t — v (t), k = 1,2, ... defined by

(19) v (t) =P(|T™|=k), t>0

coincides with the unique solution of the critical forest fire equations ((12) 4+ (13)) guaran-
teed by Proposition 2.16.

(iii) 7, is age-subcritical for t < tge and m; is age-critical for t > tee| (Where tge| was
introduced in Proposition 2.16).

We will prove Theorem 2.20 in Section 6.6.
Our final main result is the precise statement of equations (3) and (4), which describe the
driving forces behind the time evolution of ;.

THEOREM 2.21 (Age differential equations). Assume [udmy(u) < co. Consider the
family () from Theorem 2.19, and for any t > tee| denote by 6, the eigenfunction of Ly,
corresponding to the eigenvalue A =1, as in Theorem 2.20(iii) and Lemma 2.9. For every
compactly supported and continuously differentiable test function f : [0, c0) — R,

0
. / £(s) dry (5)

(20) / () dry(s) <t
| r @ - [ F60006)dn6) + 0@ Ot 1,

where @(-) denotes the control function appearing in equation (14) that corresponds to the
solution of (12) + (13)) arising from Theorem 2.20(ii). For t > tge|, we have

00 -1
@1) ‘/’“):(/o et(s>3dm<s>) .

We prove Theorem 2.21 in Section 6.9. Our proof crucially relies on the precise asymp-
totics of the generating function of the total number of vertices in the multitype branching
process tree T that we derive in Section 5.

We emphasise that the age differential equation ((20) + (21)) describing the dynamics of
7 1s autonomous and time-homogeneous, which is why we have chosen to formulate it in
terms of ages rather than “birth-times” of vertices.

In the companion paper [10] it is shown that the system ((20) 4 (21)) has a unique solution
over any time interval [0, T'], for each age-critical Borel probability measure mg satisfying
[ xdmo(x) < oo. It is also shown there that 7r; is locally Lipschitz in o with respect to the



AGES IN MEAN FIELD FOREST FIRES 2041

Wasserstein 1-metric Wy, uniformly over [0, T]. Wy is the L' distance between cumulative
distribution functions, and it metrizes simultaneous weak convergence and convergence of
first moment. It is also shown in [10] that for any solution of ((20) + (21)), 6; is a con-
tinuous function of ¢ € [#ge], 00), with respect to L>°([0, 00)), therefore in (20) we see that
[ f(s)dm(s) is continuously differentiable for ¢t > lgel.

COROLLARY 2.22. Under the assumptions of Theorem 2.21, the total burning rate is
bounded by one: for all t > tge), (t) < 1.

PROOF. Apply Jensen’s inequality to the integral in (21), using the convexity of x > x>

on [0, 00), noting that [ 6;(s)dm;(s) =1 and 6,(s) > 0. O

Solving the critical forest fire equations starting from the m-disperse state, where v (0) =
1[k = m] (for some m > 2), at the gelation time fge = 1/m the value of ¢ is m. So Corol-
lary 2.22 genuinely relies on Assumption 2.15.

REMARK 2.23.

(1) If v(0) satisfies Assumption 2.15 and (v(¢));>0 denotes the unique solution of ((12)
+ (13)) guaranteed by Proposition 2.16, then ¥(0) := v(¢) also satisfies Assumption 2.15 for
any ¢ > 0 by Theorems 2.19, 2.20.
(i) One can check that the unique fixed point of the age differential equation described
in Theorem 2.21 is the age-critical measure 7 which has density dm (x) = %sechz(%) dx.
The principal eigenfunction of the operator L is 8(x) = 2tanh(%), p=1/2and P(|T7"| =
k)= %(2kk_—12 )4_" for any k > 1; cf. Remark 2.17(ii). Many questions related to the stationary
MFFF process are discussed in [9].

REMARK 2.24. Our proof of (21) involves the asymptotics of the generating function
E(z!T™!) as z — 1 (see Section 5), and thus it is analytic in nature. Let us therefore provide
a nonrigorous probabilistic explanation of (21). Given an age-critical distribution 7; and & €
R, let us define the distribution 7; , by [ f (x)dm; 4(x) = [ f(t + h) dm;(x). One can show
that

o0 —1
(22) P(|T7"| = 400) = 2(f0 6 (s)> dm(s)) h+o(h), h— 0.

Note that a similar expression characterising the infinitesimal rate of emergence of the giant
component in a family of IRGs near criticality appears in equation (3.12) in Theorem 3.17
of [5]. The fires in the MFFF burn the incipient giant clusters as they try to appear, so it is
natural to expect that ¢(¢), the limiting total rate of mass of burnt vertices at time ¢, is propor-
tional to the speed at which the giant cluster wants to grow, that is, 2( f0°° 0;(s)3 dms(s)) " . In
Section 2.6.2, we further comment on the reason why we have to multiply this speed by 1/2
to obtain the value of ¢(¢) given in (21).

2.6. Relation to other work.

2.6.1. Erddés—Rényi graphs and the Flory equations. If we consider the MFFF(n, A)
model of Definition 2.1 without lightning (i.e., A = 0) and start it from the empty graph on n
vertices, we get back the classical Erd6s—Rényi graph process. It is well known [6, 7] that if
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we consider the component sizes (v} (¢)) (cf. Definition 2.14) then the limits v} (¢) LP) v (1)
exist as n — oo and the limiting (v (¢)) satisfy the Flory equations:

k—1 [ele)

d k
(23) (1) =5 D veOve—e () —kue(1) Y ve(0), k=1,
d 2Z:l =1

where Y72, v,(0) = 1 follows from our normalization (11). Note that (12) agrees with (23)
for any k > 2, but we obtain the r.h.s. of (14) by adding ¢(¢) to the right-hand side of (23)
when k =1 and 7 > #g1. Also note that (13) fails for the solution of (23) when 7 > fg.

The local weak limit of the Erd6s—Rényi graph at time ¢ is the Galton—Watson tree with
Poi(t) offspring distribution; see, for example, [32], Theorem 2.11. In the notation of Def-
inition 2.8, this tree is 7%, where 8, is the Dirac measure concentrated on 7. The explicit
solution of (23) is given by

kk*l
w(t) =P(|T%| =k) = Te_kztk_l, 1 €0, +00),
that is, the Borel distribution with parameter ¢. Note that in the supercritical regime ¢ > 1 we
have Y 22 vk (1) =1 — P(|T%| = 00) < 1, so the Borel distribution is a defective distribution
when 1 > 1.

2.6.2. Stochastic models of Smoluchowski’s coagulation equations. The family of equa-
tions (23) is related to Smoluchowski’s coagulation equations, for which the final sum in (23)
is replaced by Y2 ve():

d k k—1 00
(24) — (1) = = Y ve(O)vk—e (1) —kve (1) Y ve(r), k=1
dr 2 =1 =1

The solutions to the Flory and Smoluchowski equations coincide until the gelation time
toel i= (X fey kvr(0))~!, moreover Yoo ve(t) =232, ve(0) = 1 holds for all 1 € [0, f4e1].
Beyond 7| the evolution depends, informally, on whether small blocks are allowed to in-
teract with the so-called gel, which has mass > 72, v¢(0) — Y52, ve(¢) at time 7. In both
cases, however, the total mass Y 7> vk(f) of small components is strictly decreasing for
te [tgel» 00).

The mean field frozen percolation model [26] is defined exactly like the MFFF (cf. Def-
inition 2.1), only differing in that when a connected component is struck by lightning, the
vertices of the component get deleted forever. Vertices that have not yet been deleted are
called alive vertices. The number of alive vertices in the frozen percolation model decreases
over time. The analogue of Proposition 2.18 holds in the frozen percolation model by [26],
Theorem 1.2, (see also [33], Chapter 4, for a shorter proof with weaker assumptions on the
initial state), where the limiting component size densities (v (#));2; solve Smoluchowski’s
coagulation equations (24).

The solution of (24) is known to be unique and explicit for general initial conditions;
see [25] and also [26], Section 2. The frozen percolation model shares the feature of SOC
with the MFFF, that is, (17) holds for the solution of (24) with ¢(t) = —% Yoo ve(t); see
[26], Theorem 1.5. One way to approximate SOC is to allow tiny giant clusters to grow
and then destroy them successively (see [26], Theorems 1.4, 1.9), and the multiplying factor
1/2 mentioned at the end of Remark 2.24 is explained in [26], Section 7, for an equivalent
approximation of SOC in thc context of mean field frozen percolation. Roughly speaking, the
model spends half of its time in a slightly subcritical state (recovering from the destructions),
while the other half is spent in a slightly supercritical state (growing tiny giants).
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Another closely related random graph model where (24) describes the limiting compo-
nent size densities was proposed by Aldous in [1], Section 5.5, and studied by Merle and
Normand in [22]. Two connected components of size k and / merge at rate % (just as in
Definition 2.1) and connected components disappear if their size exceeds a threshold w(n)
satisfying 1 << w(n) < n. [22], Theorem 1.1, states that v"(¢) converge to the solution v(¢)
of (24). Note that this result is a special case of the main result of [ 18], where discrete models
of Smoluchowski’s coagulation equations with more general coagulation kernels are stud-
ied.

Similar to our Theorem 2.20(i), it is shown in [22], Theorem 1.3, that the local weak limit
of the “w (n)-threshold deletion” graph model, started from the empty graph on n vertices, is
a Galton—Watson branching process tree with Poisson(1 A t) offspring distribution at time ¢.
Also note that in this case the fraction of alive vertices at time ¢ converges in probability to
1 A1/t asn — oo by [22], Theorem 1.2.

2.6.3. Frozen percolation on inhomogeneous random graphs. The mean field frozen per-
colation model of [26] started from an IRG is studied by the third author in [34]. Initially,
each of the n vertices has one of k types, and the fraction of vertices with type i is 7/ (0). At
time zero, conditional on these types, a pair of vertices with types i and j is connected with
probability 1 — exp(—«;, j/n) independently of other pairs, where (k;, j)f." j=1 (the kernel of
the IRG) is some symmetric matrix with strictly positive entries. Analogously to our Theo-
rem 2.6, if we condition on the set of alive vertices at any time ¢ and their types, the graph is
also an IRG with kernel (x; ; + t)f." j=15 see [34], Proposition 7.

By [34], Theorem 3, the vector (n]' (t))f.‘:1 of proportions of vertices of each type that
remain alive at time ¢ has a limit (s7; (t))f:l as n — o00. Moreover, if > fg¢| then the vector
(7 (t))f-‘:1 obeys the differential equation

(25) d%m (1) = —()6; ()7 (1),

where ¢(t) is the total destruction rate at time ¢ and (6; (t))f.‘:1 is the right eigenvector
corresponding to the principal eigenvalue A = 1 of the critical Perron—Frobenius matrix
((ki,j +1)mj (t))f{jzl, normalized so that Zle 0; ()m; (t) = 1. (Note that the results in [34]
are formulated using the left eigenvector (u; (t))f.‘:l , where w;(t) = 6; (t)m;(¢t).) This result is
similar to our Theorem 2.21, but the method of proof is quite different, as we now explain.
A key ingredient of the approach of [34] is that the empirical distribution of the vertex types
in a very large component of the IRG seen at time ¢ is close to (6; ()7; (t))f?:1 with high prob-
ability (see [34], Section 4, for the precise statement and proof). Instead of proving a similar
result for age-driven IRGs, for which the continuous type space presents considerable tech-
nical challenges, we derive Theorem 2.21 by directly studying the fine properties of the local
limit objects (such as the cluster growth process of [11] and age-driven multitype branching
process trees) that arise from the MFFF as n — oo (see the introduction of Section 6 for
further details about our methods).

2.6.4. A model with limited aggregations. In [23], a dynamical variant of the configu-
ration model is discussed where edges matching remaining stubs are added one by one in
a uniform fashion. Connected clusters get deleted as soon as their size exceeds a threshold
a(n), where n denotes the initial number of vertices and 1 < a(n) < n. Similar to our The-
orem 2.20, the local weak limit of this random graph model at any time ¢ after gelation turns
out to be a critical Galton—Watson tree.
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2.7. Open questions.

1. For each n, the evolution of the cluster size densities v" (¢) of the MFFF can be viewed
as a coagulation-fragmentation process (see [27], Section 2.2), which converges in distribu-
tion as t — 00 to v"(00), which is distributed according to the unique stationary law of the
MFFF. The critical forest fire equations ((12) 4+ (13)) themselves have a unique fixed-point
v(00); see Remark 2.17(ii). However, it has not yet been proved that the limit as n — oo of
" (00) is deterministic and equal to v(00); see [9], Conjecture 1.

2. A related question is whether there exist nonconstant periodic or chaotic solutions
to the critical forest fire equations ((12) + (13)). Indeed, it is not yet known whether we
have v(t) — v(00) as t — 00, even in the monodisperse case where v(0) = (1,0, 0, ...). The
analogous question for solutions to the age differential equations ((20) + (21)), for which
the expected limit 7 is discussed in Remark 2.23(ii), is also unknown. In both settings, the
conjecture that ¢(¢) — % as t — oo is of central importance.

3. Is it possible to write down any explicit nonconstant age-critical solutions of the age
differential equations ((20) + (21))? No explicit solutions of the critical forest fire equations
((12) + (13)) are currently known beyond tg|, apart from the stationary solution v(c0).

4. An age-critical or age-subcritical distribution 7 determines a cluster size distribution
v =P(T"|=k), k=1,2,.... Not every such probability measure arises from an age dis-
tribution 7. For example, the support of (v)72; must be all of N if 7 # §¢. In the other
direction, does (vx)g2 | uniquely determine 7 ?

2.8. Overview of the contents of the rest of this paper. In Section 3, we connect the
MFFFA and the notion of age-driven IRG to the literature of IRGs and their local weak
limits. In Section 4, we discuss fundamental properties of the branching operator and age-
driven MBPs. In Section 5, we state and prove some results about the fine asymptotics of the
probability generating functions of the size of age-driven MBP trees. In Section 6, we prove
the main results of this paper. We strongly encourage the reader interested in our methods to
read the introduction of Section 6 now: in Section 6.1, we recall and introduce some auxiliary
Markov processes (e.g., the cluster growth process with age) which allow us to describe the
asymptotics of the time evolution of the empirical age distribution in the MFFFA. Some
properties of these auxiliary Markov processes stated in Section 6.1 (e.g., the intertwining
relation between them) are interesting in their own right.

3. Age-driven IRGs and their limits. In Section 3.1, we prove Theorem 2.6, that the
dynamics of the MFFFA preserve the class of age-driven IRGs.

In Section 3.2, we recall some elements of the theory of IRGs from [5] and [32] and prove
Proposition 2.13.

In Section 3.3, we extend this to understand the limiting joint distribution of the ages and
component sizes of two i.i.d. uniformly chosen vertices in a large age-driven IRG, for the
purpose of running a second moment argument.

3.1. Forest fire dynamics preserve age-driven IRGs. PROOF OF THEOREM 2.6. With-
out loss of generality, we assume that aj) is deterministic, by conditioning on its value.

In order to prove (7), we will prove an even stronger statement: we will prove that (7) holds
even if we further condition on the lightning PPP A. In practice, this means that we assume
that A consists of the deterministic points (ix, tx), k =1,2,...,where 0=ty <t; <tr < ---,
that is, vertex i;’s component is burned at time #.

We will prove that (7) holds for all r <#, k=0, 1,2, ... by induction on k. By construc-
tion of (G, ap) (as an age-driven IRG), (7) holds for k = 0.
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Now let us assume that (7) holds for all ¢ < #;_. In particular, the conditional distribution
of (g,"k_l,c_z’;k_l) given ay,0 < s < ;1 is an age-driven IRG. Since no point of A lies in
[n] x (tx_1, tx), we have

(26) aj (i) :aZH @)+ @ —ti—1), th—1 =<t <t,i€[n].

Edge {i, j} is present in G’ either if it is present in G _ , or if it appears during time interval
(tx—1, t]. Using the induction hypothesis and the fact that edges appear independently at rate
1/n on this interval, we conclude that conditional on (a§,0 <s <¢) and A, each edge {i, j}
is present in G}' independently with probability

1 1
1 —exp| ——(ay_ () nay_ ())))exp| —=(t — tx—1)
27 < n* k ) < n >

1
@ | _ exp(_;(ag(z’) A a,"(j)))-

So (7) holds for any #—; < < #, and if we denote by Gf _ and a;, _ the graph and the
age configuration that we see right before the lightning strike at time #, then

(28) conditional on (ay, s € [0, #;)), we have G _ 4 Gaze (n,ay ).

At time f, a lightning strikes vertex iy and the vertices of the connected component C of
vertex ix in the graph Gy _ burn, thus we have

(29) a;’ko‘):{on o fied,
a,_ () =ay, () + @ —tx—1) ifi €[n] \C.

Note that C is determined by a’f, 0 < s < t; because a;}{ (1) =0 if and only if i € C. Also note
that there are no edges between C and [n] \ C in Qt’]’(_, since C is a connected component of

Z_. Also note that it follows from (28) and (29) that if we condition on (af, s € [0, #])
then the subgraph of G _ spanned by the vertices [r] \ C is an age-driven inhomogeneous
random graph with ages (ay, (i), 7 € [n] \ C), that is, independently for different edges, the
edge {i, j} € ([”]2\6) is present with probability 1 — exp(—%(at’,‘( (i) Aayp (j))). Also note that
the subgraphs of G; _ and G spanned by the vertices [n] \ C are the same, but if either i
or j belongs to C, the edge {i, j} is not present in Gy . Putting these observations together
with Definition 2.4 and (29), we obtain that (7) holds for ¢ = ;. This completes the proof of
Theorem 2.6. [

3.2. Local weak convergence of age-driven IRGs. The goal of Section 3.2 is to prove
Proposition 2.13.

In order to apply the theory of IRGs established in [5], we recall the notion of graphical
and irreducible kernels from [5], Definitions 2.7, 2.10, (or, alternatively, from [32], Defini-
tion 3.3). In our case the ground space (S, 1) is ([0, 00), ), where 7 is a Borel probability
measure on [0, c0), and the kernel is k (x, y) = x A y. Our vertex space (cf. [5], Section 2)
is ([0, 00), 7, (@")n>1), where a" = (a" (1), ...,a" (n)) € [0, 00)" is a sequence of (possibly
random) ages in G" = G*°(n, a”*), which determines the (possibly random) empirical mea-
sure 7", Our definition of 77" = (cf. Definition 2.12) is one of the equivalent characteriza-
tions given in [5], Lemma A.2. Our particular definition of the conditional edge probabilities
given the types (i.e., ages) of the vertices in an age-driven IRG (cf. Definition 2.4) is in line
with [5], (2.6).

Consider G" @ G*°(n,a") and for any B > 0 define a3 (i) :=a" (i) ABfori=1,...,n.

We may use these truncated ages to define an age-driven IRG G?B) @ G*°(n, a'y), coupled
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such that GE‘B) is a subgraph of G”. We also define the bounded continuous kernel kg (x, y) =
X Ay A B and note that G’ZB) can be viewed as an IRG with types a” and kernel k. Let us
also introduce the multitype Galton—Watson tree T{I’g), which is defined in the same way as
T7 (cf. Definition 2.8) but using the kernel « 5, so that the offspring of a vertex of type s are
given by a PPP with intensity (s A u A B)dm(u).

We first show that the “truncated” analogue of Proposition 2.13 holds.

LEMMA 3.1 (Truncated IRG locally converges to MBP). GZ’B) converges in probability
in the local weak sense as n — oo to T(’%).

PROOF. First, we check that xp is a graphical kernel in our vertex space: see conditions
(i), (i1) and (iii) of [5], Definition 2.7.

(i) «p is continuous.
(ii) kp is bounded, which implies [ [ kp(x, y)dm(x)dn(y) < oo.
(iii) The expected number of edges in G?°(n,q") dividled by n tends to
% [ [kp(x,y)dm(x)dn(y) as n — oo, and this holds for bounded continuous kernels by
[5], Lemma 8.1 and Remark 8.4.

Thus our kernel kg is graphical. kg is also irreducible (cf. [5], Definition 2.10), therefore the
proof of Lemma 3.1 follows from [32], Theorem 3.11. [J

REMARK 3.2. To ensure that « itself is a graphical kernel, we would have to assume
some extra condition on 7" in addition to its convergence in probability to 7, for exam-
ple, E(fxdn"(x)) — [xdmn(x) would suffice. Our truncation argument allows us to avoid
making such an extra assumption.

Let us denote by S?él; the set of vertices v of G” such that there is a vertex of age B within
n

distance k of v in G’ZB). Note that for any v € [n]\ S 1§I§ the ball of radius k about v in G”"
agrees with that in G{p,.

LEMMA 3.3 (G’EB) and G" locally look similar). Let € > 0 and k € N. Then there exists
a constant B = B(e, k) such that for any sufficiently large n we have

k
(30) IP’(|SFB)| > ne) <e.

PROOF. Consider the set Path(¢, B) that consists of directed simple paths in G’ZB) of
length £, beginning in the set S = {v € [n] : a3 (v) = B}. Conditional on the ages, the prob-
ability that any particular directed path (vg, vy, ..., v¢) € Path(¢, B) is present in G?B) is
bounded as follows:

P[{vi-1,vi} € E(G{p)) : 1 <i < €|a]

£ 4 L
= [](1 — e~ @h-nrdheniny < T al(vi—1) A ap(vi) 11 ap (Vi)
i=1 i=1 n i=1 "
Summing over all choices of vg € S and (vy, ..., V) € [n]¢, we obtain

E[|Path(¢, B)||a’}] < |S|( Z @)e _ |S|</(x A B)dnn(x))@.

ve[n]
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Note that S( B) is the set of vertices whose k-ball in G( ) meets S, thus

G31) E[|SIt|/nlay] < ( [enByan (x))

If #({B}) =0, then Z, converges to 7 ([B, c0)) lezo(f(x A B)dn(x)t in probability, and
the latter quantity is at most €2 /4 if we choose B big enough since [xdm (x) < 00. Then for

large enough n we have P(Z, > 2) < £, moreover IP’(|S(B)|/n >€lZn <5 ) < % holds by
(31), thus (30) follows. [

Next, we observe that T(%) converges to 77 in the local weak sense as B — oo this follows
from the fact that xp " k, therefore one can couple T(’%) simultaneously for all B > 0to T™
so that Té’g) converges monotonically (with respect to the partial ordering of graph inclusion)
to T7 almost surely (for the details of this coupling; see the proof of [32], Theorem 3.10).

Now we can conclude the proof of Proposition 2.13. Let us fix some finite rooted
graph (H,v) and k € N. Recalling Definition 2.11, let B}(w) be the k-neighborhood in
G" of a vertex w € [n], and similarly let B;; ( B)(w) be the k-neighborhood in G’(ZB) of w.
Let X, := 1 e LB (w) = (H, v)] and X, (8) = 5 Xepn LIBL (5 (w) = (H, v)]. Let
g :=P(Be(p) ~ (H.v)) and q() := P(By.(5)(p) ~ (H,v)), where B¢ (p) and By (5)(p) de-
note the k-neighborhoods of the root in 77" and T(’fg), respectively.

Given some € > 0, we want to show that for all large enough n we have P(|X,, — g| >
€) < €. Recall that for any v € [n] \ Sflé]; we have B} (v) = BZ’(B)(U), thus by Lemma 3.3
we can choose B* = B*(e, k) such that if B > B* then we have P(|1X, — X, ()| > §) <5
for large enough values of n. There exists B** such that |¢ — g(p)| < § for any B > B**,
since Ty converges to T in the local weak sense as B — oo. Let B = B* v B™. By
Lemma 3.1, we have P(|X,, (3) — q(B)| > %) < % for large enough n. We obtain the desired
P(|X, — gq| = €) < € for large enough n by the triangle inequality and the union bound. The
proof of Proposition 2.13 is complete.

3.3. Joint weak limit of component sizes and ages. In order to prove that 7z;' is concen-
trated around 77; in Theorem 2.19 using a second moment argument, we will show in Proposi-
tion 6.7 that the age processes a;' (o) and a; (p3) of two i.i.d. uniformly distributed vertices
P}, p5 in an MFFFA evolve asymptotically independently as n — oo. The following result
implies that the ages of p and pj in the initial graph G are asymptotically independent.

DEFINITION 3.4 (Components and cardinalities). Given an age-driven IRG G*%°(n, a")
(cf. Definition 2.4) and a vertex i € [n], let C" (i) denote the connected component of vertex
i in the graph G*2°(n, a"), moreover let C" (i) denote the number of vertices in C" (i), that is,

C'(i) =1C" ().

PROPOSITION 3.5 (Weak limits for two i.i.d. vertices). Let G?®(n,a™) be a sequence

of age-driven IRGs, for which the empirical age distributions satisfy w" i’; , where
[xdmo(x) < o0 and 7 is an age-subcritical or age-critical probability measure. Let p},
p5 be i.i.d. with uniform distribution on [n). Then as n — o0,

(32) ((a" (o). C"(p1)).i € {1,2}) = ((a(p®),

where (a(p®), |TD)),i = 1,2 are i.i.d. copies of (a(p),|T™|), where p is the root of T™
and a(p) is the age of the root.

TW)),ie{1,2)),
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Note that when 7 is age-supercritical, then P(|7” | = oo) > 0 (cf. Proposition 2.10) and,
therefore, (C" (p}'))nen is not tight.

Let us now explain why we omit the proof of Proposition 3.5. The statement of Propo-
sition 2.13 concerns only distributions of rooted graphs, not graphs augmented with ages.
However, the proof of [32], Theorem 3.11, (which we used in the proof of Lemma 3.1) at its
core uses a coupling argument in which an exploration of G” from a uniformly chosen vertex
is coupled to an exploration of 77 from its root. In this coupling, the ages of correspond-
ing vertices are in fact close with high probability. In the discussion in [32], Section 3.5.1,
immediately following the statement of the relevant Theorem 3.11, van der Hofstad remarks
that the convergence in probability in the local weak sense can be extended to apply to the
topology where two local subgraphs are close only if they are isomorphic as rooted graphs
by an isomorphism under which the corresponding vertices’ types are uniformly close. This
is similar to Benjamini et al. [4], who study a setting with marked edges. We actually do not
require the full power of this extension, only the fact that the initial step of the coupling argu-
ment is to couple a uniformly chosen random vertex p" of G" with the root p of T7 in such
a way that with high probability the age of p" is close to the age of p. This observation can
be used to show that in fact for any continuity set A of the measure 7 and any finite rooted
graph (H, v) and any k > 1 we have as n — oo that

1 P
(33) = > 1[Bi(w)~(H,v),d"(w) € A] — P(Br(p) =~ (H,v), a(p) € A).
wen]
In order to prove (32), we only need to show that for any pair of continuity sets Aj, Ay of &
and finite rooted graphs (Hi, v1), (Ha2, v2), we have

2
(34) P(Bi(p!) ~ (H;,vi),a"(p!') € Ai,i €{1,2}) —> nIF’(Bk(,o) ~ (H;, vi),a(p) € A;)
i=1

as n goes to infinity. Taking the product of two instances of (33) with A; and (H;, v;) in place
of A and (H, v) (with i =1, 2, resp.), we obtain that

1 n
= > A[BE(wi) = (Hi,vp),a" (wi) € Ay i €{1,2}]

wi,wr=1

(35)

converges in probability to the r.h.s. of (34). Taking the expectation, we obtain (34).

4. The operator £, and criticality of 7". In Section 4.1, we prove (a strengthening
of) Lemma 2.9. In Section 4.2, we prove Proposition 2.10.

4.1. Basic properties of L. The main goal of Section 4.1 is to prove Lemma 2.9. In fact,
we will prove a more detailed result.

Let (X, u) be a measure space, let k be a measurable real kernel on X and define an
integral operator 7 by (Tf)(x) = [« (x,y) f(y)du(y). Then the Hilbert—Schmidt norm of
T is

(36) 1T llus = ( [ [« y)zdu(mdu(y))l/z.

When || T ||gs is finite, T is a Hilbert—Schmidt operator on L?(w). It is compact (see [28],
Theorem VI1.22) with operator norm bounded by

(37) ITI <7 lns-
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LEMMA 4.1. If [sdn(s) <400 then Ly is Hilbert—Schmidt, and

(38) 1l < 1o llts < / xd(x) < 0.

PROOF. Ifweletm := [ xdn(x) < oo, then we have

(36)

39 1Calhs / / (x Ay dr () dr(y) < / / xydr(x)dr(y) = m?.
Thus (38) holds by (37) and (39). U

REMARK 4.2. In fact, [2], Theorem 4.6, shows (after a change of variables) that £, is
a bounded operator on L2(r) if and only if 7 ([x, 00)) = O(1/x) as x — oo, it is compact
if and only if 7 ([x, 00)) = 0(1/x) as x — oo, and it belongs to the trace class if and only if
[ xdm(x) < oo. In the latter case, one can show that the sum of the eigenvalues converges
(absolutely) to [ x dm(x). See also [5], Example 17.6.

LEMMA 4.3 (Properties of L;). If ||[Lx|lus < 0o and 7 # &9, then:

() Ly is a positive semidefinite and compact self-adjoint operator on L*(rr).
(ii) Elements of the image of Ly are represented by Lipschitz functions and L; maps
nonnegative functions to nondecreasing nonnegative functions.
(iii) Ly has a simple principal eigenvalue ) satisfying 0 < A = || L ||
(iv) There is a unique -eigenfunction 6 € L?(7) for which L;0 = A0 and
[ 0(x)dm(x) = 1. We identify 6 with its Lipschitz-continuous representative, which is a non-
decreasing function on [0, oo) with 6(0) = 0.

PROOF. We begin with the proof of (i). £ is self-adjoint because the kernel x A y is real
and symmetric. To see that £ is a positive semidefinite operator, note that for f, g € L2(xr)
we have

(Lx f.8)n = / f FOZ)(x A y)dr(x)d(y)

= //‘/0 FMg)lx >u,y>uldudn(x)dn(y)

L[ rorane)( [ s dneo )au

The application of Fubini in the equation marked by (x) is justified by the absolute integrabil-
ity which follows from (L. | f1, gD}z < 1Lz Il fllllg]l < oo, see (37). In particular, we have
(Lafo la=Jo (7 fx) dr(x))*du > 0.

Next, we prove (ii). For any f € L?(r), L f is represented by a Lipschitz function. In-
deed, since & is a finite measure, the constant function 1 belongs to Lz(rr), and because
[(uns)—(uAns)| <|s—s|, we have

[Lx f(s) = L f(s)] < /}f(u)H(u As) = (uns)dr(u) <l|s =5 f],1),.
Moreover, if f is a nonnegative function and 0 < s < s’ then
0= Lef®) = [ f@@ADdT@ < [ f@luns)dnw =Laf(s)

Next, we prove (iii). Because L, is positive semidefinite and self-adjoint, and because
Hilbert—Schmidt operators are compact, the spectrum of £ is contained in the real interval



2050 E. CRANE, B. RATH AND D. YEO

[0, £ ]I], with O being the only possible accumulation point and every positive eigenvalue
having finite multiplicity. Except in the trivial case £, = 0, which only occurs when 7 = dy,
the Perron—Frobenius theorem for Hilbert—Schmidt integral operators (see [24], Section 6.5,
or [5], Lemma 5.15) guarantees that the leading eigenvalue is A = || L ||, and it is simple, that
is, has a one-dimensional eigenspace.

Next we prove (iv). [5], Lemma 5.15, shows that there is an eigenfunction 6 € L?(0) with
eigenvalue A such that 6 is positive w-a.e. and since [6dm = (f,1); < oo it is valid to
normalize 6 by multiplying it by a nonzero scalar so that [0 dm = 1. We have

(40) 0(s)=A""L,0(s) =17 /OOQ(M)(M As)dr(u), s e€[0,+00)
0

and we now choose the representative for 6 defined by the right-hand side of (40), which is
nondecreasing and Lipschitz in s by (ii), and satisfies (0) =0 and 6(s) > O for s > 0. O

The proof of Lemma 2.9 immediately follows from Lemmas 4.1 and 4.3.

4.2. Subcriticality, criticality and supercriticality of T™. Section 4.2 is devoted to the
proof of Proposition 2.10. Note that we will only use the properties of £, derived in
Lemma 4.3, so our proof works if we only assume | L |us < oo and 7 # &g instead of
[sdm(s) < 4o0.

Denote by A = || L || the principal eigenvalue of £, see Lemma 4.3(iii). It follows from
[5], Theorem 6.1, that || £ ||lus < oo implies that A > 1 if and only if P(|T7| = c0) > 0.
Therefore, it suffices to prove

r<1 = E[T7]] <

oo,
“D r=1 = E[|T7[]=c.

Note that the expected number of vertices at distance k from the root of the tree T is
given by (1, £k 1), thus

o0

42) E[|T™[]=3"(1, £51),..

k=0

Using this, we can prove that A < 1 implies E[|T7|] < oco:

1

@ Er) lelll ||£"1||<Z||1|| FEIE 3 Dadk = ——.
k=0

We now treat the critical case A = 1. Recall from Lemma 4.3(iv) that in the A = 1 case 6
satisfies (1,0), =1 and 6 = L,60. Let us write 1 = a6 + f, where a = (1,0),/(6,0), >0,
so that f € 6. Using that £X is self-adjoint for any k > 0 (cf. Lemma 4.3(i)), we obtain

(44) E[|77(] 2 a® Y "(0, £6), + S (f. £ £,

k=0 k=0

where the first sum on the right-hand side is infinite since £X6 = 6, while the second sum
1S nonnegative, since Eft is positive semidefinite; cf. Lemma 4.3(i). It then follows that
E[|T7|] = co. The proof of Proposition 2.10 is complete.
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5. Multitype Galton—Watson trees and generating functions. In this section, we de-
rive further properties of the multitype Galton—Watson trees 77 and 7 defined using a
probability measure 7 on [0, 0o) that satisfies [udm(u) < oo, see Definition 2.8. Recall
from (8) that we define the Perron—Frobenius operator £ acting on L2(;r) by

45) Lo f(x) = fo FE@ As)dr(s).

Recall from Definition 4.3(iv) the notion of the eigenfunction 6 corresponding to the principal
eigenvalue A of L. In the age-critical case (see Proposition 2.10), let us define

(46) ¢ = ([(9(u)3 drr(u))_l.

One of the main results of Section 5 is the next lemma.

LEMMA 5.1 (Critical generating function asymptotics). Let w be an age-critical measure
satisfying [udm(u) < 0o. Then on the intersection of the complex open unit disc D with a
neighborhood of 1 the generating function E(Z/ T agrees with an analytic function of a
branch of /1 — z that depends continuously on s € [0, oo]. In particular, as z /' 1 through
the reals, we have

(47) E(Z'T ) =1—-2¢0()v1T—z+ 01 —2),
where the implied constant in the error term is uniform as a function of s, and also

(48) E@ZT)=1—-2¢/T—24 0(1 —2).

Lemma 5.1 is an ingredient of the proof of Theorem 2.21; see Section 6.9.

In Section 5.1, we set up the notation required for the study of age-driven multitype branch-
ing processes using generating functions and write down a system of nonlinear equations sat-
isfied by these generating functions. This leads to the study of a nonlinear Volterra equation
of the second kind.

In Section 5.2, we prove that this nonlinear Volterra equation is well-posed.

In Section 5.3, we prove Lemma 5.1.

In Section 5.4, we prove Proposition 2.16.

The details of the proofs presented in Section 5 are independent of the rest of this paper,
so the rest of Section 5 can be skipped at first reading.

5.1. The generating function of the total progeny. Recall the notion of 77 and 7]* from
Definition 2.8. In Section 5.1, we assume [ u dm(u) < oo and that 7 is either age-subcritical
or age-critical (cf. Proposition 2.10).

Let us denote by D the closed complex unit disc.

DEFINITION 5.2 (Generating function of |7]"| and |77|). We write [0, co] for the one-
point compactification [0, co) U {oo}. For s € [0, oo] and z € D, we define the probability
generating functions

(49) f(s,2):= E(zm‘ﬂl), (@)= E(z'Tﬂl) = / f(s,z)dm(s).

LEMMA 5.3 (Basic properties of f(s, z)).

(1) f(s,2) satisfies f(s,1)=1forall s €[0,00],
(i) f(s,z)€[0,1]ifz€[0,1]and f(s,z) eDifzeD,
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(iii) f (s, z) is strictly increasing in z € [0, 1] for all s € [0, <],
(iv) for each fixed s € [0, 0o], f (s, z) is analytic over z € D,
(v) f(s,z) is nonincreasing in s for all z € [0, 1],

(vi) f(s, z) is uniformly continuous in (s, z) € [0, o0] x D.

PROOF. In order to prove (i), we only need to show P(|7'| = +o00) =0 for all s €
[0, oc]. It is enough to show this just for s = oo, since | T | stochastically dominates |7;" | for
each s € [0, co]. Note that it follows from [ u dm(u) < oo that the function s — P(|7]| =
+00) is nondecreasing and continuous on [0, co]. Also note that P(|T” | = 4+-00) = 0 follows
from Proposition 2.10 and our assumption that 7 is either age-subcritical or age-critical. It
remains to observe that [ P(|7 | = +o00)dn(s) =P(|T™| = +00) = 0 and (i) follows

(ii), (iii) and (iv) are standard facts about generating functions.

(v) follows from the fact that |7, | is stochastically increasing in s.

(vi) follows as soon as we observe that [ u dm (1) < oo implies that the law of 7" depends
continuously on s € [0, oo] (uniform continuity of f follows from continuity and the Heine-
Cantor theorem, since [0, co] x D is compact). [

LEMMA 5.4 (A system of nonlinear equations for f (s, z)). Foreachs € [0, o], f(s, 2)
satisfies the recursive equation

(50) f(s,z):zexp/(f(u,z)—1)(u/\s)d7r(u), z e D.

PROOF. Denote by A, the measure dis(a) = (s A a)dm(a). The root of T; has offspring
of ages ay, ..., ax which are the points of a Poisson point process on [0, 00) of intensity Ag.
Thus K is a Poisson random variable of mean |A;| := [ dAs(a) < oo and conditional on K,
the ages ay, ..., ag are independent with law A /|As],

f(s.0)=E@) ( Hzl jﬂ)
IMIM K k —lAsl, k
Z Eg~ng /a1 (2 =z Z
k=0 i=1 !
=zexp(es — |Ag]), where e; = / f(a,z)drs(a). O

In the case when 7 is age-subcritical, we will show that for each s, the generating function
f (s, z) has an analytic continuation on a small neighborhood of z = 1. On the other hand, in
the case when 7 is age-critical, we will show that f (s, z) agrees with an analytic function of
+/1 — z in the intersection of D and a neighborhood of 1.

Let us denote by Bs(z0) = {z € C: |z — zo| < 8} the disc of radius § centered at zg in the
complex plane.

LEMMA 5.5 (A system of nonlinear equations for log f (s, z)). There exists § > 0 such
that for any s € [0, oo] and z € DN Bs(1) we have |log f (s, 2)| <1 and

(51) log f (s, z) = log f (00, 2) — /Oo(el"gf("@ —1)(u —s)dn(u).

PROOF. In order to achieve |log f (s, z)| < 1, we want to choose é > 0 such that f(s, z)
falls in an appropriate small neighborhood of 1 for all s € [0, o] and z € DN Bgs(1). Such a
choice is possible by statements (i) and (vi) of Lemma 5.3.
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We can thus rewrite (50) in terms of the function log f (s, z) as
log f(s,z) =logz + /(el"gfw — 1) (u A s)dm(u).
In particular, substituting s = oo we obtain
log f (00, z) =logz + f(elogf("’@ — Vudm(u).

Taking the difference of the last two equations and using u — (u A s) = (1 — 5)4 We obtain
. O

We will use (51) to show that f(s, z) is an analytic function of f (oo, z). This will help
us in showing that f (s, z) is analytic in z in a small neighborhood of 1 in the age-subcritical
case and, more importantly, we will use w = log f (o0, z) as a local coordinate to resolve
the algebraic singularity of f (s, -) at z = 1 in the age-critical case. The next lemma explains
how to find log f (s, z) in terms of w. The continuity statements are given w.r.t. the one-point
compactification [0, oo]: a function f defined on [0, 0o] is continuous when its restriction to
[0, 00) is continuous and limy_, o f(x) = f(00).

LEMMA 5.6 (A nonlinear Volterra equation). There exists § > 0 such that for each w €
Bs(0) C C, there exists a unique bounded solution F (-, w) : [0, oo] — C of the equation

o
(52) F(s,w)=w —/ (eF W) — 1) (u —s)dr(u).
)
We have F (s,0) =0 for all s. The solution depends continuously on (s, w) € [0, oc] x Bs(0).
For each fixed s, the solution depends analytically on w. When we consider the Taylor series
of F as a function of w, each Taylor coefficient is a bounded and continuous function of
s € [0, oo].

Equation (52) is a nonlinear Volterra equation of the second kind, posed as a final value
problem. It is somewhat nonstandard because the integral is with respect to 7 rather than
Lebesgue measure, and the assumption that 7w has finite mean will be crucial. We give a
detailed proof to keep our argument self-contained, and because it would take just as much
space to verify that the equation can be transformed into a standard form satisfying suitable
hypotheses to guarantee the conclusions of the lemma.

5.2. The nonlinear Volterra equation is well-posed. The goal of Section 5.2 is to prove
Lemma 5.6.

5.2.1. Proof of existence. We begin by proving the existence of a solution of (52) with
the required properties. Let us now briefly outline our construction. We break [0, co) into
finitely many intervals of form [«;, o; 1], where

(53) ap=0<ap_1 < - <o) <oy=00

and solve equation (52) piecewise for i =0, 1,2, ..., starting at co. On each interval, we
use a Picard iteration to solve a final value problem with respect to s. We will show that
on each interval [o;, o;—1] all the iterates depend analytically on w, and are continuous on
[ati, ai—1] X Bs; (0) for some §; > 0. We will also show that the iterates converge uniformly.
It follows that there exists § > O such that the limit F' of the iteration is analytic in w € Bs(0)
for each s € [0, oo] and continuous in (s, w) € [0, oo] x Bs(0), and that for each fixed value
of w € Bs(0), F(-, w) solves (52).
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Let us now start to carry this plan out in detail. Also note that F (oo, w) = w, since 7 does
not have an atom at co.

To define the pieces of the iteration, recall that [ u dw(u) < 0o, so we can choose k € N
and a finite sequence «, . .., @k satisfying (53) such that foreachi =1, ..., k, we have

o1 1

(54) / U — o) d () < -
We will prove by induction over i that for each i there exists §; > 0 such that there is a
solution F (-, w) : [a;, 00] — C with the continuity (on [¢;, 00]) and analyticity (on Bj, (0))
required by Lemma 5.6.

For i =0, equation (52) simply tells us that F (oo, w) = w.

For i > 1, suppose that we have already a solution on [&;_1, 00], continuous in (s, w) and
analytic in w. Consider s € [o;, oj—1]. Applying (52) to both F (s, w) and F(«;—1, w) and
subtracting, we obtain

F(s,w) = F(oj_1,w) — (otj—1 — ) > (eF(”’w) —1)dn(u)

oi—1

B /C{,‘—l (eF(u’w) o 1)(11 — S) dT[(M).

Note that if i = 1 then ;| = 00 by (53), so the second term on the right-hand side of (55)
is zero, and thus for i = 1 (55) just becomes (52).

We will solve (55) for s € [o;, ;—1] and w in some ball Bj, (0), where we may choose
8; € (0,6;_1]. The first two terms on the right-hand side of (55) are analytic in w and are
jointly continuous in s and w by the induction hypothesis. Only the left-hand side and the final
term on the right-hand side depend on the restriction of F to [¢;, oj—1]. We solve equation
(55) by the Picard iteration. Define F by

(56) Fo(s,w) = F(ai—1,w), (s, w) € [aj, ai—1] X Bs;(0).
Then for j > 1 define inductively

(55)

Fi(s,w) = F(ati—1, w) — (i1 — 5) /OO (eF ™) — 1) drm(u)
o]

(57) "
— / (eFi 1) ) u — s)dmw(u), s €lay, oi—1].
N
Analogously to (55), if i = 1 then we define the second term on the right-hand side of (57) to
be equal to zero.

Denote by || - ||co,; the infinity norm on the domain [«;, o;—1] X Bj, (0), where §; will be
specified later. Our next goal is to prove the following lemma.

LEMMA 5.7. With the above notation, we have

1 Moo I s , :
(58)  IFj1 = Fillooi < 5Bl By — Fy oo, 21,

PROOF. Forany s € [, @;—1] and w € Bs;(0), we have
|Fj+1(s’ w) - Fj(S, w)|

(57
<

/'Olifl |eFJ'(”’W) _ eFj_1(u,w)|(u —s)dm(u)
N
(59)

()
<

o]
/y MXUEj )L =1 D) s w) — Fiy (u, w) | (u — ) do (u)

a1
F. i F_ .
SemaX(H i lloo,is I F 1||oo,l)||Fj _ Fj—1||oo,i‘/s (u — o) dm(u),
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where in (%) we used that if x{, x, € C and |x;| < a, |x2| < a both hold then |e*! — ¢*2| <
e%|x1 — x2| also holds (this inequality follows from the fact that |(;1—Ze1| < ey, By (59) and
our assumption (54), we obtain (58). [

Lemma 5.7 implies that we will have a strict contraction in || - ||,; as long as we can keep
control of the norms || Fj||«,;. This is what we show in the next lemma.

LEMMA 5.8. One can choose §; > 0 sufficiently small so that

(60) | Folloo,i + 311 F1 — Folloo,i < 1/4,
(61) |Fillo; <1/4, j=0,1,...,
2\/~1 _
62) IFj— Fjiloos < (5) IFi = Follooss j=12.....
PROOF. First, we show (60). We have
Fi(s, w) — Fo(s, w)
(56),(57) / *  Fluw)

= o1 — S e —1dr(u

(63) ( i—1 ) a,-,l( ) ( )

_ (oF @i w) _ il _ Ly
(e 1) u—s)dm(u), s€la;,ai_1].

N

Recall from below (57) that if i = 1 then «;—1 = oo and we define the first term on the
right-hand side of (63) to be equal to zero. Our induction hypothesis implies that F' is jointly
continuous in (s, w) € [a;_1, 00] x Bs,_,(0); moreover, we have Fy(s,0) = 0 by the defi-
nition of Fy in (56) and our induction hypothesis (which implies F(o;_1,0) = 0). Putting
these observations together with (54) and (63), we see that we can choose (and fix) §; > 0
sufficiently small to ensure that (60) holds.

We will prove (61) and (62) simultaneously by induction on j. First, observe that (60)
implies (61) for j =0 and j = 1. Also, (62) obviously holds for j = 1. Now let j > 1 and
suppose that (61) and (62) hold for all indices up to j. We have

(58),(61) 161/4

2
1 Fjt1— Fjlloo,i I1Fj— Fj-1lloo,i < glle —Fi1lloc,i

thus (62) holds for j + 1. Next, we observe that
Jj+1 )
| Fjr1 — Folloo,i < Z | Fr — Fr—1lloo,i < 311 F1 — Folloo,i-
k=1
This, together with (60) implies that (61) holds for j + 1, completing the induction step. [

Now we can finish our construction: since (62) implies that F; is a Cauchy sequence with
respect to || - |lo,i» SO it converges. By considering the limit as j — oo of both sides of (57),
we see that the limit function F solves (55) on [a;, o;—1] x Bs;(0). Since each F; is jointly
continuous in (s, w), the uniform limit F also has this property. Since each F; is analytic
with respect to w on Bs; (0), the uniform limit F is also analytic by Morera’s theorem. It
is easy to see by induction on j that F;(s,0) =0 for all s € [, ; 1], so F also has this
property.

By piecing together the solutions for i =1, ..., k, and taking § = §; we obtain a solution
of (55) defined on [0, co] x Bs(0) that is continuous in (s, w) and analytic in w for each s.
Note that F (-, w) is also bounded, since it is continuous on the compact space [0, co]. Since
the Taylor coefficients of F about w = 0 can be expressed by the Cauchy integral formula,
the joint continuity of F implies the continuity of the Taylor coefficients as functions of
s € [0, oo]. The Taylor coefficients of F are also bounded, since the space [0, co] is compact.
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5.2.2. Proof of uniqueness. Itremains to show the uniqueness of the solution of (52) with
the required properties. Suppose that a value w € B;(0) is fixed, and that F (-, w) is another
bounded solution of (52) defined on [0, oo]. We may assume that both F (-,w) and F(-, w)
are bounded in absolute value by M < oo. Then for every s we have

I (52) [ F(u,w) ﬁ(u w)
{F(s,w)—F(s,w)|§/ |e W et N |(u—s)d7'r(u)

N

(%) [o° ~ M
< f |F(u, w) — F(u, w)|e” udmn(u),
N

where in (%) we used that if x;, xp € C and |x|| < M, |x2| < M both hold then |e*! — 2| <
|x1 — x2]eM also holds. Since e™u d (u) is a finite measure, Gronwall’s inequality implies
that F (-, w) = F(-, w).

The proof of Lemma 5.6 is complete.

5.3. Taylor coefficients. The goal of Section 5.3 is to prove Lemma 5.1, therefore, we
assume that 7 is age-critical in Section 5.3. Recall from Lemma 4.3(iv) that £,0 = 0, that is,

(64) 0(s) = / O(u)(uAs)dm(u)
and [0 dm =1 and 6(0) = 0. Let us define
. (64)
(65) 0(00) := Sll)ngoe(s) = f@(u)u dm(u).
Let us recall the notion of the function F from Lemma 5.6.

LEMMA 5.9 (Taylor coefficients). Suppose that 7w is age-critical. Then 0 < 6(00) < 00
and the Taylor expansion of F about w =0 is

6(s)

(66) F(s,w) = 800" + Ay (s)w? + 0 (w?),
where

3
(67) Ar(0) = _M

20(00)?

PROOF. F(s,0) =0, so the constant term in the Taylor series vanishes identically. The
coefficient of w is A((s) := Fy(s,0) := .ain(s, w)|yw=0. By Lemma 5.6, s — F,(s,0) is
bounded and continuous on [0, co]. To compute it, we differentiate both sides of (52) and

evaluate at w =0,

Fu(s,00=1— /OO Foy(u, 0)eF @0y — sy dr(u)
(68) =1- /OO Fo(u,0)(u—s)dm(u)

=1- /oo Fy(u,0)udm(u) +/-oo Fu(u,0)(u Ans)dm(u).
0 0

Denote by 1: [0, oo] — R the function 1(s) := 1. From (69), we obtain

(69) (I —Ly)Fy(-,0)= <1 — /Ooo Fy(u, 0u dn(u))l.
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(Note that the integrals in (69) and (69) converge since the first moment of 7 is finite). Take
the inner product of both sides of (69) in L?(r) with 6. Since I — Ly is self-adjoint and
annihilates 6, the left-hand side vanishes. Therefore,

(70) 0= <1 — /(;OO Fou(u,0)u dﬂ(u))/@(u) dm(u).
Now we can use [ 6(u)dm(u) =1 to conclude

1) /Ooo Foy (., Oy dor (1) = 1.

Substituting (71) into (69), we obtain Fy,(-,0) = L; Fy, (-, 0), so by Lemma 4.3(iv) we must
have Fy (-,0) = c6(-) for some ¢ € R. We have already noted that F, (-, 0) is bounded and
continuous on [0, oc], thus 6(-) is bounded and

o
(72) 12 / 0 (w)udr ) 2 c(c0).
0
Hence 0 < 6(00) < oo and ¢ = 1/6(0c0). Thus the first-order Taylor coefficient in (66) is
indeed A1(s) =6(s)/0(c0).
It remains to prove (67). Differentiating both sides of (52) twice with respect to w and
substituting w = 0, we find

As(s) = —/ (A2 (u) + A1 (u)?) (u — 5) drr (u)

™ 0 (u)?
_ _/0 (AZ(M) + 20(00)2>(u —uns)dr@).

Hence

L6? o0 6 (u)?
(I = La)As(s) — 20(032) - <A2(u)—|— 29E2)2>udn(u).

The right-hand side of this equation does not depend on s, so it must be some constant ¢’.
Therefore,

2
20(00)? L0°.

To find ¢, take the inner product of both sides of (73) with 6:
0 = (I —Lx)0, Az)ﬂ
= (0, I — Lr)A2),

@3 <

(73) (I — Lz)Ar =1+

(74) 0,c'1), +(0, L6%)_/(20(c0)?)

= (0, 1)7 +(L0,6%)_/(26(0)?)

= ¢ +(0,6%), /(26(0)?)
Substituting s = 0 into both sides of (73) and using (£, A2)(0) = 0 and 6(0) = 0 we obtain
A (0) = ¢’ and (67) follows. [

PROOF OF LEMMA 5.1. Recall the plan outlined in the paragraph before the statement
of Lemma 5.6. We have the following expression for logz as an analytic function of w =
log f (00, z), valid in some disc around w = 0:

(75) logz 2 log £(0,2) € F(0, w) & A,0)w? + 0(w),



2058 E. CRANE, B. RATH AND D. YEO

where in (x) we used Lemmas 5.5 and 5.6; moreover, in (**) we used Lemma 5.9 and
6(0) = 0. From (75), we obtain 1 — z = —A»(0)w? + O(w?>), hence w has an expansion
around z = 1 as a convergent power series in (1 — z)!/2:

1
(76) w=————x(1-2"+al-2+al -2+ .
v —=A2(0)
Recall from (46) that we defined ¢ :=1/ [ 6 (u)3 dr (u). Note that we have log f(00,2) <
0 if 0 < z < 1, which determines the correct choice of branch of square root in the above
expansion. Let /T — z denote the branch of (1 —z)!/2 that takes positive values for 0 < z < 1.
Then we have

(77) log f(s,2) = F(s, w) &L 99(2) w+ 0(w?) EO _ 2g0(s)VT—z + 01 —2).
Taking the exponential of both sides of (77), we obtain the desired (47). The implied constant
in the error term is uniform as a function of s, since the Taylor coefficients of F are bounded
by Lemma 5.6.

Now the proof of (48) follows from (47) using (49), [ dn(s) =1 and [O(s)dn(s) = 1.
The proof of Lemma 5.1 is complete. [

5.4. Critical forest fire equations. The goal of Section 5.4 is to prove Proposition 2.16. In
the proof, we will use generating functions. In fact, we will prove a more general result where
Assumption 2.15 is replaced with an assumption on the initial state v(0) which is formulated
entirely in terms of generating functions.

DEFINITION 5.10 (Analytic inverse of generating function). Let v = (vi)p2, satisfy
vk > 0and Y 22, vr = 1. We denote by f(2) =) 32, vz the generating function of v. Not-
ing that f(0) =0, f(1) =1 and f is strictly increasing on [0, 1], the inverse function f —Lof
f is well defined on [0, 1] and satisfies ' (1) =1 and (f~')’(1) > 0. We say that f has an
analytic inverse if there exists some § > 0 and a complex analytic function g : Bs(1) — C,
satisfying either g’(1) > 0 or both g’(1) =0 and g”(1) < 0, such that

(78) g =f""q), zell—-3§1]

In other words, the generating function f of v has the analytic inverse property if f~!
can be extended analytically to Bs(1) for some § > 0; moreover, the second-order Taylor
polynomial of f~! about z = 1 is not identically zero.

REMARK 5.11. Assume that v satisfies Definition 5.10.

If g’(1) > 0, then we have Y 72 kvg = f'(1) =1/g’(1) and f is analytic in a small neigh-
borhood of z = 1, and thus v; decays exponentially as k — oo by the Vivanti—Pringsheim
theorem.

If g’(1) =0 and g”(1) < 0 hold, then f cannot be extended analytically to a small neigh-
borhood of z = 1, and by Example (c) of Theorem 4 of Chapter XIIL.5 of [17] we have

00 oA [ =2 12
ZZ:]{ Vg ~ ng//(l)k as k —> OQ.

The next result is a modification of [27], Theorem 1, (but neither result follows from the
other one).

PROPOSITION 5.12 (Critical forest fire equations). Let us assume that the initial condi-
tion v(0) = (vk(0))2, satisfies Definition 5.10. Then the critical forest fire equations ((12) +
(13)) have a unique solution v(-), which also satisfies the properties listed in Proposition 2.16.
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We will prove Proposition 5.12 in Section 5.4.1. Proposition 2.16 immediately follows
from the result of Proposition 5.12 as soon as we prove the next lemma.

LEMMA 5.13 (The law of |T7| satisfies the analytic inverse property). Suppose that
Judn(u) < oo holds and 1 is either age-critical or age-subcritical. Let us define v =
(g, by v :=P(T"| =k), k =1,2,.... Under these conditions, v satisfies Defini-

tion 5.10. Moreover, if w is age-subcritical then g'(1) > 0 and if 7 is age-critical then
g (1) =0and g"(1) <O.

In other words, if v(0) satisfies Assumption 2.15 then it also satisfies Definition 5.10.

PROOF OF LEMMA 5.13. Let us recall the notion of f(z) and f(s,z) from (49) and
F (s, w) from Lemma 5.6. We will construct the analytic inverse function g of f required by
Definition 5.10 by letting g = G o H~!, where

(79) G(z) := eF'Olog@) H(z) = f eF(:108() g7 ().

Note that G(1) =1 and H(1) = 1; moreover, G and H are complex analytic functions in a
neighborhood of z = 1. By Lemmas 5.5 and 5.6, we have

(80) f(s, z) = eF (s:log(f (0.0 £(0,2) L) 7 = FOlog(f(©0.0))

therefore for any z € (1 — ¢, 1], where € > 0 is small enough, we have
49)

81) G(f(00,2)) =1z, f(@) = H(f(0,2)).

We want H to be invertible in a small neighborhood of 1, therefore our next goal is to show
that 0 < H'(1) < oo holds. First, note that H'(1) = [ F, (s, 0) dr (s) follows from the defini-
tion of H. Next, note that F(s,0) =0 and F (s, w) < 0 if w < 0 by (80), thus Fy(s,0) > 0.
Also note that sup,-( Fy, (s, 0) < oo by Lemma 5.6, thus H’(1) < oo. Finally, we have to
rule out the possibiTity that H'(1) = 0. Let us denote A;(s) = F,(s,0) and observe that
Al(s)=1-— fsoo A1 (u)(u — s)dm(u) holds by (69) (even if & is age-subcritical). Differenti-
ating this w.r.t. s, we obtain A’1 (s) = f;’o A1(u)dm(u). Now Aj(co) =1 and Ai(s) >0, so
if we indirectly assume H'(1) = [;° A (u)dm(u) =0, then A (s) =0, so A;(s) = A;(c0),
which contradicts f0°° A1 (u)dm(u) = 0. This completes the proof of 0 < H'(1) < oo, which
implies that H has a complex analytic inverse function H~! in a small neighborhood of
z = 1, so the desired inverse function g(-) of f(-) can be defined as g =G o H! by (81);
moreover, g is complex analytic in a small neighborhood of z = 1.

Note that /(1) = Y72, kv =E(|T7)).

If v is age-subcritical, then f’(1) < oo by Proposition 2.10, thus g’(1) > 0.

If 77 is age-critical, then f’(1) = oo by Proposition 2.10, thus g’(1) = 0. It remains to show
that g” (1) < 0. One can check that G’(1) = 0 and thus g” (1) = G”(1)/(H’(1))?. Noting that
by Lemma 5.9 we have H'(1) = 1/6(00), we can therefore write g”(1) = G”(1)6%(c0).
We can then use F,(0,0) = A1(0) = 6(0)/0(c0) = 0 to deduce G”(1) = 2A,(0), whence
g’(1)=—1/¢ <0 by (46) and (67). O

5.4.1. Analytic inverse property implies well-posedness. PROOF OF PROPOSITION 5.12.
Let fo(z) = 32, vk (0)z¥. The condition thaty"2 | kv (0) < oo is equivalent to fo(1) < o0,
which is in turn equivalent to g’(1) > 0, where g is the inverse function of fj.

If g’(1) > 0, then both fj and g are invertible complex analytic functions in a small neigh-
borhood of 1. In particular, this implies that f;”(1) < oo and thus Y 72, k3 (0) < 00, hence
we can apply [27], Theorem 1, to conclude the proof of Proposition 5.12.
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The condition g’(1) = 0 is equivalent to Y 32| kvr(0) = oo, which is in turn equivalent
to tge] = 0 (see (15)). Recall from [27] that we define Vo(x) = fo(e™™, (41)) — 1 for any
x € [0, 00). Recalling [27], (57), we define E(x) = —Vo/(x)3/V6’(x). In [27], Section 4.2,
Section 4.3, the uniqueness of the equations ((12) + (13)) and all of the other conclusions of
Proposition 2.16 are proved under the assumptions
(82) lim E(x) € (0,00), E'(x)=0(x""?) asx— 04

x—>0+
on the initial condition (v (0))z2 |, thus we only need to show that the assumptions of Propo-

sition 5.12 imply (82). Indeed: denote the inverse function of —Vy(x) by X(u), that is,
X(—Wo(x)) =x, x € [0, 00). By [27], (63), we have

(83) E(x)=1/X"(—Vo(x)).
Using the above definitions, we can write X (1) = —log(g(1 —u)), thus we can use g’'(1) =
0 to derive
(84) lirl(r)l E(x)=1/X"(0)=-1/¢"(1) € (0, o0)
x—>04

using the assumption of Proposition 5.12. Thus the first statement of (82) holds. Differentiat-
ing (83) with respect to x, we obtain

(85) E'(x) = Ex)2X"" (= Vo(x)) V{(x).

Now lim, o, E (x)2X""(=Vp(x)) exists and is finite by the assumption that g is analytic
near 1, and |Vj(x)| = O(x~1/2) follows from tee = 0, (84) and [27], Lemma 3, (61). This
concludes the proof of (82). [

Putting together the results of Proposition 5.12 and Lemma 5.13, we obtain the proof of
Proposition 2.16.

6. Age evolution. In Section 6, we prove our main results stated in Section 2.5. In order
to do so, we need to introduce some auxiliary Markov processes. In Section 6.1, below we
will provide the detailed definitions of these processes and state some key lemmas about
them. Let us now give a brief outline of the contents of Section 6.1.

We first recall from [11] the cluster growth process (C;) driven by a solution to the forest
fire equations ((12) + (13)) and augment it with its age process (a;) to obtain the cluster
process with age (a;, Cy) (see Definition 6.1). We will identify the probability distribution
7r; that appears in the statements of our main results (Theorems 2.19, 2.20 and 2.21) as the
marginal distribution of ;.

The dynamics of the process (C;) are approximated by the dynamics of the component
size (C/'(p™)) of a uniformly chosen vertex p" in the MFFF when n >> 1. The two processes
can be coupled in a way that with high probability they agree exactly except close to their
burning or explosion times; see Theorem 6.4.

In Theorem 6.5, we will upgrade the result of Theorem 6.4 and couple the cluster processes
(CH(pY), Ci(py)) of i.i.d. uniform vertices o and pj to a pair (C,(l), C,(Z)) of i.i.d. copies of
(Cy). In Proposition 6.7, we extend the coupling of Theorem 6.5 to the setting where we keep
track of the ages of the tagged vertices as well as the size of their clusters. In Corollary 6.8,
we conclude that, for any fixed ¢, (a;'(p!'), C'(p}'))ie(1,2) Weakly converge to i.i.d. copies
(at(i), C,(i))l-e{l,g} of the joint distribution at time ¢ of the age a; and cluster size C; in the
cluster process with age.

We prove concentration of the empirical age measure ;' around m; using Corollary 6.8
and a second moment argument, which gives the proof of Theorem 2.19. The proof of the
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local weak limit statements of Theorem 2.20 will also follow using the fact that given the
ages, the graph that we see in the MFFFA at time ¢ is an age-driven IRG.

In Lemma 6.9, we show that conditional on (as)o<s</, the law of C; agrees with the size
of the multitype Galton-Watson tree T, where the root has age a,. Finally, we show in
Lemma 6.12 that the process (a;);>¢ itself has the Markov property, and the proof of Theo-
rem 2.21 will follow as soon as we look at the Kolmogorov forward equations of (a;);>¢ the
right way.

6.1. Cluster growth processes with age. We extend the definition of the cluster growth
process associated with the forest fire model from [11], Definition 1.6, by augmenting it with
the age of the root vertex. Denote by E = (N, dg) the metric space with metric dg (i, j) =
|f@) — f(j)|, where f(i) =1/i fori € {2,3,4,...} but f(1) =0. Thus E is a compact
metric space in which lim,,_, o n = 1, and 1 is the only accumulation point of E. A function
g : E — Ris continuous if and only if limy_, o, g (k) = g(1).

DEFINITION 6.1 (Cluster growth process with age). Given an initial distribution g satis-
fying [u dmo(u) < oo that is age-critical or age-subcritical, denote by (ag, Cp) the joint real-
ization of the age of the root and the total number of vertices of 77°. Let vg (0) :=P(|]T™| =
k) and denote by (v(¢)) the corresponding solution of the critical forest fire equations (cf.
Proposition 2.16). We will use this solution to construct (in Section 6.2) the cluster growth
process with age (a;, Cy)i=0, which is an inhomogeneous ([0, 0o0) x E)-valued continuous-
time cadlag Markov process such that:

e g, increases at rate 1,

e C; jumps from state i with rate i, and conditional on jumping from i at time s, it jumps to
i + k with probability v (s),

e whenever C, explodes, C; returns immediately to state 1 and a, jumps immediately to 0.

For any ¢ € [0, c0), we denote by m; the distribution of a;.

The marginal process (C; : t > 0) is a Markov process on its own. It is the cluster growth
process studied in [11], extended to allow a critical initial cluster size distribution vg(0) =
P(|T™| = k) by Propositions 2.16 and 2.18.

Let us stress that the probability distribution 7z; from Definition 6.1 will play the role of
the 77, in our main results (i.e., Theorems 2.19, 2.20, 2.21).

Note that Definition 6.1 implies

(86) /udn;(u) =E(a;) <E(ap+1)= /udﬂo(u) +t < o0.

Note that almost surely, (C; : ¢ > 0) has infinitely many explosion times, but the set of ex-
plosion times has no accumulation points (cf. [11], Lemma 3.16). In [11], Section 3.4, it is
proved that for any ¢, » € R we have

t+h
(87) / @(s)ds =E(#{s € [t, 1+ h] : C explodes at time s}),
t

where ¢(s) is defined in Proposition 2.16 for s > fge] and ¢(s) =0 if 5 < 7ge.

Let us recall [11], Proposition 1.9, about the marginal distributions of C. Again the proof
of this extends to include our critical initial condition once we have Propositions 2.16 and
2.18.
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PROPOSITION 6.2 (The law of C; isv(t)). Forallt > 0and all k € N, the cluster growth
process C satisfies

(88) PICr =kl = v (1),

where (v(t)) denotes the solution of the critical forest fire equations (cf. Proposition 2.16)
with initial condition v(0).

The main result of [11] is stated in Theorem 6.4 below. Loosely speaking, Theorem 6.4
states that for large n, the time evolution of the cluster size of a uniformly chosen vertex
o' in the self-organized critical MFFF looks like the cluster growth process C. In particular,
burning times of p" correspond to explosion times of C. For further intuitive discussion of
the cluster growth process C and how it arises from the MFFF, see [11], Section 1.2.

DEFINITION 6.3 (Components and cardinalities at time ¢). Given a MFFF(n, 1) process
(see Definition 2.1) and a vertex i € [n], let C/'(i) denote the connected component of vertex
i in the graph at time ¢; moreover, let C}' (i) denote the number of vertices in C;' (i), that is,
Cr (i) = 1€ ().

The next theorem is [11], Theorem 1.7, extended to include the case where the limiting
initial condition (v (0)) is the law of |770| for an age-critical g with finite mean. The proof
in [11] extends to this case once we have Propositions 2.16 and 2.18.

THEOREM 6.4 (Coupling of (C}(p")) and (C;)). Let (G") be a sequence of MFFF pro-
cesses satisfying the conditions of Proposition 2.18, and let p" be a uniformly chosen vertex
from [n]. There exists a coupling of (C}'(p")) and (C;) such that for any tmax > 0,

sup de(Cl(p"), Cy) L0 asn— oco.

1€[0,fmax]

We will show a convergence result analogous to Theorem 6.4 when we study the clusters
of two uniformly chosen vertices in a sequence of MFFF processes, and show that they are
asymptotically independent.

THEOREM 6.5 (Coupling of (Ct”(,of’))l.z:1 and (Ct(i))iz:l). Let (G") be a sequence of
MFFF processes as in Theorem 6.4 and let p{, p5 be independent uniform choices of vertices
from [n]. For each n, there exists a coupling of the process (C}(p7), C}(p5); t € [0, tmax]) to
the process (C ,(1), C ,(2); t €10, tmax]) consisting of two independent copies of the limit cluster
growth process (Cy), such that

(89) sup dg(C"(p"), C"Y 50 asn— oo, fori=1,2.

€[00, fmax]

We will prove Theorem 6.5 in Section 6.3.

REMARK 6.6. Letus fix kK € N. The proof of Theorem 6.5 can be easily adjusted to the
case of (C/' (,ol."))f.‘zl, where pf, ..., p} are ii.d. with uniform distribution on [n], and in this
case the joint distributional limit (C,(’))i-‘:1 consists of k i.i.d. copies of (C;). Thus, in the
terminology of statistical physics, the MFFF model has the propagation of chaos property.

Note that (C;) fits into the framework of McKean—Vlasov equations with jumps. McKean—
Vlasov equations are stochastic differential equations whose coefficients at each time depend
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on the law of their own solution at that time (similarly to our Proposition 6.2). McKean—
Vlasov equations arise as weak limits of the motion of a tagged particle in an exchangeable
interacting particle system which, similar to our Theorem 6.5, exhibit propagation of chaos
(cf. [30]).

We now lift Theorem 6.5 to the setting with ages. Let us stress that we start the MFFFA
from an age-driven IRG with possibly random initial ages (cf. Assumption 2.5).

PROPOSITION 6.7 (Coupling of cluster size and age processes). Let (G") be a sequence
of MFFFAs satisfying the conditions of Theorem 2.19, and let p{, p} be i.i.d. uniformly cho-
sen vertices in [n]. There is a coupling of (G", pf, p3) with ((at(’), Ct(l)), t € [0, tmax1)ie(1,2}»
which are two i.i.d. copies of the process defined in Definition 6.1, such that we have both

(89) and

ngn (@)
atn(pln) _ af(.) ' Lo asn— oo, fori=1,2.
Cr(p) c,'

1€[0,7max]

In the coupling the age of the tagged vertex p;' does not jump to O at exactly the same

times as the age at(l) jumps to zero, so there are short intervals during which one age is close
to zero and the other is not. The odd-looking division of the age by the cluster size takes care
of this, since during this interval where the ages disagree substantially, one cluster size is very
large and the other age is very small.

We deduce Proposition 6.7 from Theorem 6.5 in Section 6.4.

Proposition 6.7 implies the following statement, which is in fact all we will need for the
proof of Theorems 2.19, 2.20 and 2.21.

COROLLARY 6.8 (Convergence of ages and cluster sizes at a fixed time).  In the situation
of Proposition 6.7, for each fixed t > 0 we have

(af (pi'). CF(07))icq1 0y = (a”, C,(’))l.e{l’z} asn — oo,

where the convergence in distribution is with respect to ([0, 00) X E )2,

We will deduce Corollary 6.8 from Proposition 6.7 in Section 6.4.

Recall the notion of the empirical age measure 7;' from (6). In Section 6.5, we will use
Corollary 6.8 and a second moment argument to prove the convergence of 7/’ g 7, stated in
Theorem 2.19.

In Section 6.6, we will use Theorem 2.19 to deduce Theorem 2.20 about the weak local
convergence of the MFFF graph G' to the MBP tree 77.

Recall from Definition 2.8 the notion of the age-driven MBP tree 7" where the age of the
root is specified to be s.

The following statement bears some resemblance to Theorem 2.6.

LEMMA 6.9 ((C;) and (a;) are intertwined). Conditional on (as)o<s<r» C; % ||
We will prove Lemma 6.9 in Section 6.7.

REMARK 6.10. Similar to Remark 2.7, in the terminology of of [29], Section 3.2, the
Markov process (C;) is intertwined on top of (a;) (cf. [29], Proposition 3.4).
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Recall the notion of the control function () associated to the solution of the critical
forest fire equations from Proposition 2.16. For 7 < fge] we may assume that ¢(7) = 0. Note
that [ s dm,(s) < oo forall t > tgel by (86). For 1 > gy, the probability distribution ; is age-
critical by Theorem 2.20(iii). Moreover, the eigenfunction 6;(-) of £, corresponding to the
eigenvalue A =1 is uniquely defined for all # > 0 by Lemma 4.3(iv).

Let us define an auxiliary [0, co)-valued continuous-time inhomogeneous Markov pro-
cess that we will use to give an autonomous description of the time evolution of the ages in

(ar, Ct)tZO-

DEFINITION 6.11 (An auxiliary Markov process). Let us define a Markov process
(Ay)r>0, with initial distribution Ay ~ 7o and infinitesimal generator

1
(90) i EE(f(At—I—h) — F®IAr=5) = f'(s) + p(1)0: () (£ (0) — f(5)),
—U+
for every f :[0, o0) — R, a compactly supported smooth test function.

So A increases deterministically at speed 1 and if A; = s then A jumps to zero at time ¢ at
rate ¢(7)6;(s).

LEMMA 6.12 (The age process is Markov). The process (a;);=0 (defined in Defini-
tion 6.1) has the same law as the process (A;);>0 (defined in Definition 6.11).

We will prove Lemma 6.12 in Section 6.8. As an ingredient of that proof, we will also
prove ¢(t) = ([ 6;(s)3 dr, (s)) ™! when t > tge1 (€., (21)).

REMARK 6.13. Similar to Remark 6.6, the McKean—Vlasov analogy applies to the age
process (a;), which arises as the weak limit of the motion of a tagged particle in an exchange-
able interacting particle system which exhibits propagation of chaos (cf. Proposition 6.7). In
addition, (a;) is a Markov process governed by its own distribution: on the one hand the co-
efficient ¢(#)6;(s) in the infinitesimal generator (90) (which governs (a;) by Lemma 6.12) is
determined by m; (cf. (21) and Lemma 4.3(iv)), on the other hand 7; is the distribution of a;
(cf. Definition 6.1).

Finally, in Section 6.9 we deduce Theorem 2.21, that is, that (7;) satisfies the age differ-
ential equations, which turn out to be closely related to the Kolmogorov forward equations
of the Markov process (a;).

6.2. Construction of the cluster growth process with age. In our construction of (a;, C;)
satisfying Definition 6.1, we rely on [11], Lemma 3.16, about the almost sure explosion in
finite time of C;, where the stated hypotheses require the initial condition to be subcritical.
However, the proof of [11], Lemma 3.16, extends to the case of a critical initial cluster size
distribution v (0) = P(|T7| = k) once we have Propositions 2.16 and 2.18.

We give a doubly-inductive construction, using an array (€¢ u)een,,men Of independent
Exp(1) r.v.s and an independent array of (Ug m)eeny,meN Of independent U0, 1] r.v.s. The
pair (ag, Cp) is random and independent of these arrays, jointly distributed as the root age
and the number of vertices of the age-driven MBP tree 77, defined in Definition 2.8.

We construct (Cy);~0 given Cp, by concatenating a countably infinite sequence of time-
inhomogenous continuous-time branching processes, each of which almost surely explodes in
finite time. The outer induction is indexed by £ > 0 and for £ > 1 the £th explosion time will
be denoted 74. Given some £ > 0, the inner induction constructs the ¢th branching process
which jumps at times (J¢ ) meN.
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We define Jy o =0. If £ > 1 then we suppose that 7; has already been defined and C; has
already been constructed up to time 7;, and define Jy o := tp if £ > 1. If £ = 0, then define
Cy, = Co, and if £ > 1 then we define Ciro=0Cr = 1. Given some ¢ > 0, we recursively
define for each m > 1,

Eg,
On Jom :=Jem—1+ -,
CJl,mfl
92) Ci:=Cy,y, TortelJom—1,Jem),
93) Crom =Crppy + XUm,Urm), where

k—1 k
(94)  x:[0,00) x [0, 1) — N, x(t,x)=k, Vxe [Z ve(1), Y Uz(t)).
=1 (=1

So x(¢,-) is the inverse of the cumulative distribution function which corresponds to the
distribution v(r). We define 7,41 := limy—oo Jom. Lemma 3.16 in [11] shows that the
properties of (v (s))2; (see in particular (17)) imply that 7y is almost surely finite. Since
Tg+1 — T > Jg1 — Te = €4,1, we have 1; — oo as £ — oo. The inductive construction there-
fore constructs C; for all # > 0 almost surely. We have lim;,_.o, Cr,—; = 00 w.r.t. the usual
topology of N. This means that lim;,_,o, Cr,—, = 1 w.r.t. the topology of E, so (C;) is con-
tinuous from the left at time 7, since C, = 1.
We now construct a, for all # > 0. Denote 7y := —agp and define the age a; at time ¢ by

95) ar:=t—r1r,, where L;:=max{{>0:71, <t}.

This completes the construction of (a;, C;). The marginal (C;) is precisely the cluster growth
process of [11], therefore the properties of (C;) discussed in Section 6.1 apply to it.

6.3. Asymptotic independence of cluster processes. Section 6.3 is devoted to the proof
of Theorem 6.5.

Recall from Definition 6.3 the notion of the connected cluster C/' (i) of vertex i at time ¢ as
well as the size C}' (i) of this cluster.

Our proof of Theorem 6.5 proceeds by showing that the evolutions of C/ (o) and C}'(p5
are well approximated by the limiting cluster process whenever they are not too large, and
are approximately independent except when Cf' (o}) = C;' (03). The following lemma controls
the probability of this pathological event.

LEMMA 6.14 (The clusters of p} and p5 do not merge). Let

(96) " :=inf{t > 0:C (p}) =C/'(py)} =inf{r > 0: p5 € C}(p])}.
Then for any tmax > 0, we have
97 lim P(t" < fmax) =0.

n—oo

PROOF. We begin by observing that the model asymptotically almost surely never in-
cludes a giant component, that is, for any € > 0,

(98) nli)rgo P(3r € [0, tmax], Jv € [n] s.t. C}'(v) > ne) =0.

The proof of (98) follows from Propositions 2.16 and 2.18, as we now explain. Recall the
notion of the solution (vg(#)) of the critical forest fire equations ((12) + (13)). Recall the
notion vy (¢) of the fraction of vertices contained in components of size k at time ¢ from (11).
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It follows from (13) and Dini’s theorem that there exists K € N such that Zle ve()=>1— %
for all ¢ < tax. Then we can use (18) to derive

K
(99) nlLr&P(fé?ixgvf(t)zl—e) =1.
Now (98) follows from (99) as soon as we observe that if ne > K and if C/'(v) > ne for some
t < tmax and v € [n] then Zle vE(t) <1 —e.

Next, consider the number N of fires involving p] up to time ¢. Since C"(p}') spends
an Exp(1 + A(n)) holding time at size 1 after each fire, N is stochastically bounded by
1 + Poisson(fmax(1 + A(n))). So we can bound in expectation the total number /\/l’;max of
vertices which are ever in the same component as p{' on time interval [0, fmax] as

U crof) ]
1€[0,max]
< nP(3t € [0, tmax], ;' (p]) = n€) + (1 + tmax (1 + A(n)))ne.

B(M;,) =E|

Since this holds for all € > 0, using (98) we obtain lim,,_, 5o %E(M;’max) =0, from which (97)
follows as soon as we note that p{' and p; are i.i.d. with uniform distribution on [n]. [J

PROOF OF THEOREM 6.5. The proof of Theorem 6.4 (cf. [11], Section 4) involves a
coupling of the pair (C"(p}), C) such that these processes are close with respect to dg
throughout [0, fhax] With high probability. This means they are equal at all times when nei-
ther is very large, and when either is very large then the other is either very large or equal
to 1. We will restate this coupling, and explain how it may be extended to a coupling of
(C"(p}),C"(py),C () €@), where the final two processes are independent copies of the
limit cluster growth process C. We will follow the style of [11] and state the coupling in
explicit detail, from which it will be easy to derive the rigorous results required.

As in [11], Section 4, we work with a modified version of the MFFF process, which alters
the rates of clocks on edges within clusters, and introduces clocks on loop edges (i.e., edges
from a vertex to itself). Precisely, we demand:

(100) edge clocks within a cluster ring at rate 2/n rather than 1/n
and each loop edge has an independent clock with rate 1/n.

These adjustments have no effect on the evolution of the cluster sizes, but simplify the state-

ments of some Poisson process calculations to follow.
For each n, we define the (random) function x” : [0, o0) x [0, 1) — N similar to (94):

k—1 k
(101) x"(t,x) =k, Vxe [ng(;), Zv?(t)).
=1 =1

We also introduce a truncation parameter K € N, which will be taken large enough at the end.

We now describe the coupling of (C"(p!), C, S), where C will be a copy of the cluster
growth process C; moreover, we augment the coupling with a failure parameter S € {0, 1},
which, informally, will switch from O to 1 at a stopping time when the coupling of C"(p})

and C ceases to be effective.

(i) Sample Ug ~ U[0, 1], and set CN'O = x(0, Up), and select p} uniformly at random
from the vertices v € [n] for which |Cjj (v)| = x" (0, Up), so Cy(p7) = x" (0, Up). From now
on, we write C}' for C;' (o). If Co = Cp.» set § =0, otherwise, set S = 1.
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(ii) Enumerate the burning times and growth times of C/' (o) as follows. Set I o = 0 and
inductively

(102) Ipo:=inf{s > I;_1,0:C"(p]) is burned at time s}, £ > 1.

So 1y is the time of the £th fire involving p}. Now, define Iy | < Ipp <--- < I 4, to be
the sequence of times between I; o and I;41,0 at which an edge clock rings, for which at
least one incident vertex is in C" (o) at that time. This sequence includes times when a clock
corresponding to an edge within C;' (p!') rings, which does not lead to a change in C;'.

(iii) For every £ >0, m € [1, g¢], as a result of the assumption (100), the random variable
I¢.m — Iy.m—1 has exponential distribution with rate C7z o (p1). Moreover, we may assume
that the edge whose clock rings at time Iy, 1S (i¢,m, jg,’m), where iy, is sampled uniformly
from CZJ}H (p7) and, independently, jg , is sampled uniformly from [n]. So if we define
LZm = x"Up.m— Uem), where (Up s, € > 0,m > 1) are i.i.d. U[0, 1] variables, we may
assume that j, ,, is chosen uniformly from those vertices v € [n] for which C ;’Lm_(v) = LZ m

(iv) For each growth time Iy y,, if max(C;’l - C Iim—) < K and § =0, we do the follow-
ing. Set ig,m =xUe.m—> Up.m), and C’;Z,m = C‘;Z’m_ + Zg’m. Then:

o if l’:gvm #* Lz’m, set S =1;
o if jy € C’;[ m_(p{’), then C;’M = C;’M_, and set S =1;

e otherwise, we have C?Z,m = C?Z,m_ + L?’m and élz,m = C‘Ié,m_ + ig’m (in this case we have

Z,g’m = LZ"m) and we retain S = 0.

(v) Whenever max(C?”, C‘,) > K, or when § = 1, then let the two processes evolve inde-
pendently. During this, preserve the value of S, unless one process jumps away from 1 while
the other process is greater than K. If this happens while S = 0, move to the failure state
S=1.

(vi) For each burning time Iy o, if C}’[ o— < K, set § =1 thereafter.

The effect of these dynamics is that while S = 0, we either have C7' = C; < K, or
(CrChe{K+1,. . PU()x{K+1,.. )UK +1,...} x{1}).

Crucially, at all times the evolution of C matches with the construction of the cluster growth
process given in Section 6.2, and so we have

(103) clc.

For the purposes of this article, we require a similar coupling (C" (o), C"(p}), c, 6(2))
for two independently chosen watched vertices pp, p2 € [n], which we now describe. The use
of the “phantom clocks,” though notationally heavy, ensures that independence of C", C®
is immediate.

e The evolution of (C"(p7), CD) is exactly as in the original coupling, with failure param-

eter SV, and the additional stipulation that whenever C(1)’s evolution was specified to be
independent of C"(p}), it is now also independent of C"(p5) and C @),

e The construction of C® will mostly be the same, but we require extra machinery to ensure
that it stays independent of CD . The addition required is a family of independent phantom
clocks, all with rate 1/n, attached to edges between C/'(p}) and C/'(py) for t < " (see
(96)). We define the rate of phantom clocks to be zero for t > 7.

e Now, to determine the evolution of C® before 7", we use the regular edge clocks from
the forest-fire model associated to the edges between C}'(p5) and [1n]\C; (o] ), but use the
phantom clocks between C/' (o) and Cf' (7).
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e We define 7" to be the first time that a phantom clock rings, which we think of as a phantom
growth time for C"* (p5). Note that 7" > t"* implies 7" = oo. We also define Ip.0 = 0 and the
burning times (I_g’o, £ >1) for C! (py) exactly as in (102), and the growth times (I_g’m, >
0,m=1,..., g similarly, up to and including the phantom growth time t”. It remains
the case, as in (iii), that whenever a regular (nonphantom) clock attached to the component
of pj rings, the incident vertices may be given by a uniform choice from CZ m_(pg), and

a uniform choice from [n].

e We define the evolution of C®, and its failure parameter S® using the burning times and
growth times (I_g’m) exactly as in (iv), (v), (vi) above; moreover, we add the stipulation
that S@ moves to the failure state S@ =1 at t A T". So C® evolves independently of
the forest-fire model and of C") whenever max(C/ (p3), CP) > K, or when S@ =1.1t
follows, analogously to (103), that C® is a copy of C.

e The jumps of CD and C? are independent, as we now explain. In the case where all
Cl(p]), CH(p3), ét(l), C‘t(z) < K and §® =0, the jumps of CV and C® are driven by
disjoint sets of edge clocks in the underlying forest fire model. This is because C;(p})
and C/'(p3) are disjoint if § (2) =0, and the true edges between them drive C(!), while the
phantom edges drive C®. The other cases are independent by definition, since at least one
of CV, €@ is evolving independently of everything else. In other words,

(104) C™V and C® are i.i.d. copies of C.
Theorem 1.7 of [11] shows that for any € > 0, for large enough K we have

(105) lim P( sup dg(Cl(p}), (") > €) =0.

n—oo
t€[0,7max]

Now note that while S@® = 0, the times 7" and t” are reached at the same (random,
time-dependent) rates, being given by the number of real and phantom edges, respectively,
between the two watched clusters. Since the rate of the phantom clocks is set to zero after 7,
if T" > 7" then " = oco. Hence 7" stochastically dominates 7", and so using Lemma 6.14,
we have, as n — 00,

P(t" AT" < tmax) =P({t" < tmax} U {T" < fmax}) < 2P(t" < tmax) = 0.
Then we may obtain, similar to (105), that

(106) lim P( sup de(CP(p}),CP) > €) <O+ lim P(x" A 7" < tmax) =0

n—oo n—oo
1€[0,fmax]

and so the proof of Theorem 6.5 follows from (104), (105) and (106). [

6.4. Coupling of cluster size and age processes. Section 6.4 is devoted to the proof of
Proposition 6.7 and Corollary 6.8.

We want to deduce the result about the coupling of the age processes from the properties
of the coupling of the cluster size processes of the watched vertices (i.e., Theorem 6.5). The
t = 0 case will follow from Proposition 3.5. As for the proof of the coupling of the whole
age processes, the main idea is that the last burning time (cf. Definition 2.1) of the vertex o'
can almost be read off from the evolution of the cluster size C;'(p;'), since it is the same as
the elapsed time since the cluster size last dropped to one, except in the unlikely case that
lightning strikes the vertex p!' while it is a singleton.

We will slightly modify the notion of the age of a vertex j at time ¢ in the MFFF (cf.
Definition 2.3).
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DEFINITION 6.15 (Modified ages). Fort > 0, let a;'(j) denote the minimum of ag (1) +¢
and the time that has elapsed since the last burning time s of vertex j for which C!_(j) > 1
(and we let s := —oo if [0, ¢] does not contain such a burning time).

In other words, a}'(j) ignores instances where vertex j is struck by lightning while a
singleton.

We will prove Proposition 6.7 by first showing in (107) that with asymptotically high
probability the above modification of ages does not actually change the ages during [0, #max].
Then we will show that the analogue of Proposition 6.7 holds if we use the modified ages.

PROOF OF PROPOSITION 6.7.  The rate of lightning striking the vertices p} and p5 while
they are singletons is A(n) < 1 (by assumption (5)), thus we have

107y  P@@'(p!") =a(pl'),i €{1,2},t € [0, tmax]) > exp(—2A(n)tmax) = 1 — 0, (1).
Fori € {1, 2}, we have
ap (p) =t — (=ag(pf")) v sup{u <t : Cy_(p}") > 1, C;j(pi') = 1},
a! =t — (—a(()i)) vsupfu <t: c~1,cH= 1}.

The key point here is that in both cases the modified age process is a function of the initial
age and the cluster size process.

We will improve the coupling that we gave in the proof of Theorem 6.5, by augmenting it
with initial ages.

We will show that for any €, § > 0 there exists ng such that for any n > ng the event that
SUP; 0.1 17 (1) / CT(0}) — a’/C| < € occurs for both i = 1,2 is greater than or equal
to 1 — 86.

We use Proposition 3.5 to control the initial coupling at time 0. We couple the pairs

(a5 (), Cy(p))ieq1,2) to (a(()i), C(()i))ie{lyz} so that for n large enough we have |ag(p}') —

a(()l)| <eand C§(p!) = C(()’) for both i = 1, 2 with probability at least 1 — §.

Choose apmax sufficiently large that 7o ([amax, 00)) < 8, so with probability at least 1 — 24
we have a(()l) < amax for i = 1,2, and for sufficiently large n, with probability at least 1 — 34
we have a;(p') < amax for i =1,2. Suppose that these events occur. Then all four ages

cannot exceed dmax + fmax during the time interval [0, fnax]. Recall the threshold parameter
K in the coupling of Theorem 6.5, and set K > (@max + fmax)/€. Then whenever Ct(’) > K,
we have at(i)/C,(i) < €, and similarly whenever C}'(p!') > K, we have a;'(p]')/C}'(p}') < €.
Take n large enough that with this choice of K the probability of coupling failure occurring
at a strictly positive time ¢ < fpax 1S at most 8.

Finally, we will bound the probability that some pair of corresponding explosion and burn-
ing times in the coupling differ by at least €. Because the interexplosion times of Ct(’) stochas-
tically dominate a sequence of independent Exp(1) random variables, there exists N depend-
ing on fmax and & such that with probability at least 1 — 4§, C,(l) explodes at most N times
during [0, fmax]. If we take K sufficiently large, then (conditional on coupling success) the
probability that the ¢/ burning time of p!' is at least € away from the £th explosion time of
C% is at most 8/(2N) for n sufficiently large. This follows from [11], Lemmas 4.1 and 4.2,
which say that the watched cluster burns quickly with high probability once it is sufficiently
large, and the corresponding statement for the cluster growth process. A union bound now
shows that with probability at least 1 — & all of the corresponding explosion and burning times
in both CY and C® differ by less than .

Now the modified age processes can be read off as above from the initial ages and the
cluster size processes. We find that with probability at least 1 — 85 we have for both i =1
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and i = 2 that |at(i) —a; (p}')| < € throughout [0, fyax] except at times when exactly one

of C,(i) and C/'(p}') is at least K and the other is equal to 1. During those times, we have
0<a’/C” <eand0<a(p!)/Crpl) <e.

The proof of Proposition 6.7 follows using (107) to replace a” by a”, with an asymptoti-
cally negligible probability of failure. [J

PROOF OF COROLLARY 6.8. Letus fix 0 < € < #,.2,. Suppose that for i = 1,2 we have

ag (p) < e 12, aéi) <e 12

ar(ph)  a®

de(c"(p"),CP) <€, and :
E(ct (pl) t )—6 an C;’L(pln) C;(l)

<e.

(This happens with high probability if € is small and then n = n(¢) is sufficiently large.) A
calculation using the definition of the metric dr shows that one of the following three options
must hold:

1. crphy =CP <1//€, in which case |a? (p!) — a”| < /€, or
2. ¢V >1/./€, or
3. ¢V =1and CI'(p") > 1/, in which case

ai' (p;')
Ct (o)

<elaf(op) +1) <262,

SO a,(i) <e+42el/2,

For any fixed time ¢ > 0, the probability that Ct(i) > 1/4/€ tends to 0 as € — 0 by Proposi-
tions 6.2 and 2.16, thus the probability of option 2 above is small.

The probability that C®) has an explosion in the time interval [t — e — 2¢!/2, ¢] also tends
to 0 as € — 0, because the expected number of explosions of C; in any interval [a, b] is
/ ab @(s)ds (see [11], Section 3.4) and ¢(s) is bounded on [0, tmax] (see Proposition 2.16),
thus the probability of option 3 above is also small.

It follows that option 1 above occurs with asymptotically high probability, completing the
proof of Corollary 6.8. [

6.5. Convergence of empirical age evolution. The goal of Section 6.5 is to prove Theo-
rem 2.19. We will prove that for any fixed ¢ € [0, 00), we have

(108) Al Sy,

where 7; is the distribution of a; (cf. Definition 6.1). By Definition 2.12, we only need to
check that for any bounded continuous function f : [0, 00) — R we have

(109) Jim B( [ f0)dr)) = [ £5)dmito,
(110) ngrrgoVar</ f(s)dn,”(s)) —0.

First, we show (109). Corollary 6.8 gives a;' (o]') = ;. This immediately gives (109), since
E(f f(s)dnr['(s)) =E(f(a (o]))).
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Corollary 6.8 also implies
2
Jin B[ ([ f)an))" | = tim B (o) £ @7 63)]
(111) =E[f(a;") f (/)]

_ (/ f(s)dn,(s))z.

The required variance statement (110) follows from (109) and (111). This completes the proof
of (108). The proof of Theorem 2.19 is complete.

6.6. The local weak limit of MFFFA at time t. The goal of Section 6.6 is to prove Theo-
rem 2.20.

We begin by proving (i). We have /' =]P)> 7; by Theorem 2.19. Moreover by Theorem 2.6,
the MFFFA(n, ag, 1) graph G} is an age-inhomogeneous random graph G*¢¢(n, a}'). We may
thus use Proposition 2.13 to conclude that the graph G}' converges in probability in the local
weak sense to the age-driven multitype branching process tree 7™ as n — oco. This proves

().
Next, we prove (ii). Recall from (11) that v} (¢) is the proportion of vertices of G} in size k
components at time 7. On the one hand, (i) implies that v} () LP) P(|T™| =k) as n — oo for

any k > 1 and ¢ > 0. On the other hand, Propositions 2.16 and 2.18 imply that v} (¢) £ Vi (1)
as n — oo where v(-) is the unique solution to the critical forest fire equations ((12) + (13))
with initial state v(0) given by v (0) = P(|T™| = k). This proves (ii).

It remains to prove (iii). By Proposition 2.16, we have Y 2 | vi (1) = 1,

Y ku(t) <oo, f<tgl, and Y ku(t) =00, > lgl
k>1 k>1

By (ii), we have P(|T7| < 00) = > 72, vk(¢) and E(|T7|) = Y22 | kvk (¢), thus (iii) follows
by Proposition 2.10. The proof of Theorem 2.20 is complete.

6.7. (Cy) and (a;) are intertwined. In Section 6.7, we prove Lemma 6.9.
Theorem 2.19 gives n/! = 7;, and so we may apply Proposition 3.5 to G;', to obtain

(af' (p"), €' (p")) = (alp), |T™]),

where p" is uniformly distributed on [r] and a(p) is the age of the root in the age-labeled
tree 7™ . However, Corollary 6.8 gives

(@' (p"), C(p")) = (ar, Cy),

T

.. d
and so we know that conditional on a;, we have C; = |Ta7f’ .

It remains to show that conditional on a;, C; is independent of (a,)o<s<:-

Recall that 0 < 71 < 72 < --- are the consecutive explosion times of C and t9p = —ag.
Recall from (95) that we denote by L; := max{{ > 0: 7, < ¢} the index of the last explosion
time 77, before ¢.

Assume that we are given the value of a;. If a; > ¢, then we know that C did not explode
on [0, 7], thus for all s € [0, t] we have a;g = a; — (t — s). So in this case, conditional on the
value of a;, the cluster size C; is independent of (as)o<s<;, since the latter is fully determined
by the value of a;.
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Now assume that we are given the value a;, and we have a; € [0, ). This is equiva-
lent to assuming that t;, =t — a;. Under this assumption, one has a; = s — 77, for any
s € [tr,, t], therefore we only need to show that conditional on 7j,, C; is independent of
(as)o<s <tr,-

Note that (as)ofoLt is determined by ag and (Cs)0§s<rL, via (95), so it is enough to
show that that conditional on 7/, (CS)TL[ES is independent of (ao, (Cs)0§s<rL,)- This state-
ment follows from the construction of the cluster growth process with age given in Sec-
tion 6.2: (Cs)rL,fs is constructed via (91)—(93) using the value of Jy, ¢ (i.e., 7z,) and the
arrays (€¢,m)r,<¢,1<m and (Ug m) 1, <¢,1<m, and the joint distribution of these arrays does not
depend on (ag, (Cy)o< S<TL1) (in particular, it does not depend on the number L; of explosions
in [0, t]). The proof of Lemma 6.9 is complete.

6.8. The age process is Markov. The goal of Section 6.8 is to prove Lemma 6.12 and
also the formula (21).

The processes (a;) and (A;) have the same initial distribution, and as long as ¢ € [0, fge1),
both processes simply increase deterministically at speed 1. Indeed, for (A;), this follows
from Definition 6.11 and our assumption that ¢(z) = 0 if € [0, ge1). On the other hand,
the cluster growth process (C;) does not explode in [0, fge|) (see [11], Lemma 3.11), thus by
Definition 6.1 we have a; = ag + ¢ for any 7 < fge.

Thus w.l.o.g. we may assume fg] = O for the rest of Section 6.8 (cf. Remark 2.23(i)).
Under this assumption 7; is age-critical for any ¢ > 0, by Theorem 2.20(iii). Moreover, the
eigenfunction 6, (-) of L, corresponding to the eigenvalue A = 1 is well defined for all # > 0
by Lemma 4.3(iv).

Our next step in the proof of Lemma 6.12 is to show (21), that ¢(¢) = ([ 6; ()3 drm ()~}
when £ > fge.

PROOF OF (21). Equation (48) of Lemma 5.1 implies

(112) slin&TE( — (1 =)™ = /24,

where, following (46), we take ¢; =1/ [ 6, (s)3 dm(s). Let us compare this with (17), which
is equivalent to

1
113 lim —|(1— H(— =2p(t
(113) 8_13{)1“/-( ka()( 8)) V20(1)
by Example (c) of Theorem 4, Chapter XIIL.5 of [17].

By Theorem 2.20(ii), we have

(114) S w1 - =E(1-)T"), ee(,1),

k=1
whence ¢; = ¢(t), which proves (21). [

PROOF OF LEMMA 6.12.  We now assume fge] = 0. The initial distribution of a( agrees
with the initial distribution of Ag. Both a and A increase deterministically at speed 1 and
occasionally jump back to zero. Recalling the definition of L; from (95), it follows that 77,4
is the time of the first explosion after . We only need to show

1
(115) lim —P(rz,41 €[, 7+ h]|(a(s))0§s§t) =¢(1)6;(a(t))

—)+h
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in order to conclude the proof of Lemma 6.12. Let us define
(116) Vian(t) = =P(tr, 41 >1+h|C, =1).

(We explain the history of this notation in Remark 6.16).

Let us make the following observation, which follows from the branching structure un-
derlying Definition 6.1. The cluster growth process started at time ¢ from the state C; =k
evolves until the first explosion according to the same dynamics as the sum of k i.i.d. copies
of the cluster growth process started at time ¢ from the state C; = 1, where the explosion
time of the sum is the minimum of the k i.i.d. explosion times for its summands. From this
observation, we conclude

(117) P(tp 41 > 1 +hIC, = k) = Yren (0,
therefore by Lemma 6.9 we have

(118) P(tr,+1 € [0+ 1I(@@))gzye) = 1 = E@rn® " ay).

Thus in order to prove (115), we only need to show

(119) lim %(1 ~EWn 0T ) =06 (s), s >0.

—>0+

First, we observe that

o) ¥ lim hP(rL,+1 elt.t +h])
h—04
88),(117
(120) LD Jim wa+h(z> v (1)
h—0y4 h =
(19) .1 i
= h1_1>fg+z(1—E(%+h(l)lT ).
If we denote (¢, h) =1 — 45 (¢), then
(120)

o()h + o(h) 1—E((1 — e, b))

(121)

GO o Vel, h) + o(Ve, 1), h— 0.

Taking the squares of both sides of (121) and rearranging the terms, we obtain@h2 +
o(h®) = &(t, h) + o(e(t, h)), that is,

(122) Vipn(t) =1— %t)hz +o(h?), h—04.
Equation (47) of Lemma 5.1 together with ¢, = ¢(¢) (i.e., (21)) imply
(123) E((1 — &) 51 = 1 — ey200)0:(s) + o(v/e)e — 04

Putting the above formulas together we obtain (119):

— B ™) 1 (1= (22 o ) >|T3m>

(1é3)\/<<p;t)+ (1))h2\/2(p79,(s)+0(h)

= ¢®)0;(s)h +o(h), h— 0.
This completes the proof of Lemma 6.12. [
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REMARK 6.16. For any y > fg|, the characteristic curve ¥,(¢),1 € [0, y] is defined in
[11], Lemma 3.5, to be the unique solution of the ODE

d o0
124 Y=L A O=%hO0-X0).  X@ =) Fuo
k=1
for which ¥ (f) < 1 forall t € [0, y).
This definition and our definition (116) are equivalent by [11], (3.16).

6.9. Age differential equations. The goal of Section 6.9 is to prove Theorem 2.21.

Let us first note that for any 7 € [0, 7ge]) We have % [ f(s)dm(s) = [ f/(s)dm,(s), since
7; is the distribution of the age a; by Definition 6.1, and we have already seen at the beginning
of Section 6.8 that a; = ag + t for any ¢ € [0, fg1). This proves (20) for # < zg]. We can thus
assume ¢ > tge] W.L0.g. for the rest of Section 6.9.

Denote by 7; the distribution of A;; cf. Definition 6.11. Integrating (90) with respect to 7,
we obtain the weak formulation of the Kolmogorov forward equation of A:

%ff(S)dﬁt(S)=/f/(S)d5ft(S)—@(t)ff(S)Qz(S)dﬁz(S)+<ﬂ(t)f(0)f9z(S)dﬁz(S)-

By Lemma 6.12, the marginal distributions of a;, and A; agree, that is, we have
7 = m;. Plugging this identity in the above equation and using [ 6;(s) dm;(s) = 1, we ob-
tain the desired (20) for 7 > 7ge). Noting that we have already proved (21) in Section 6.8, the
proof of Theorem 2.21 is complete.
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