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Abstract

We study a variant of the color-avoiding percolation model introduced by
Krause et al., namely we investigate the color-avoiding bond percolation setup
on (not necessarily properly) edge-colored Erdés—Rényi random graphs. We say
that two vertices are color-avoiding connected in an edge-colored graph if after
the removal of the edges of any color, they are in the same component in the
remaining graph. The color-avoiding connected components of an edge-colored
graph are maximal sets of vertices such that any two of them are color-avoiding
connected.

We consider the fraction of vertices contained in color-avoiding connected
components of a given size as well as the fraction of vertices contained in the
giant color-avoiding connected component. It is known that these quantities
converge and the limits can be expressed in terms of probabilities associated
to edge-colored branching process trees. We provide explicit formulas for the
limit of the fraction of vertices contained in the giant color-avoiding connected
component, and we give a simpler asymptotic expression for it in the barely
supercritical regime. In addition, in the two-colored case we also provide
explicit formulas for the limit of the fraction of vertices contained in color-

avoiding connected components of a given size.
Keywords: Erdés—Rényi random graph; giant component; generating function

2020 Mathematics Subject Classification: Primary 60J80
Secondary 05C80

1. Introduction

The mathematical analysis of the robustness of random graphs and networks has
been in the focus of research interest in the last two decades [1,5,18,28]. The robustness
of a network refers to the ability to maintain the overall connectivity against random
error or targeted attack, i.e., how its structure varies when a fraction of its vertices or
edges are removed. This question can be investigated using the tools of an established
field of statistical physics called percolation theory.

Most of the works have focused on classical percolation on networks, meaning that
each vertex (site) or edge (bond) is kept (occupied) with probability p and removed
(vacant) with probability 1 — p, see, e.g., [18]. This way of keeping or removing edges



Color-avoiding percolation and branching processes 3

models how the network performs under random failures. One fundamental question
is whether there is a giant connected component of macroscopic size in the remaining
graph. Percolation theory studies the emergence of such a component when we increase
the probability p. Usually there is a well-defined critical point p. above which there
exists a unique giant component. This critical point is also called the percolation
threshold and this phenomenon is referred to as percolation phase transition.

Besides classical network percolation, another well-studied model is when the ver-
tices or edges are removed with preference, for example the nodes can be targeted
preferentially according to a structural property such as the degree or betweenness
centrality. Scale-free networks were found to be robust under random failures, and
extremely vulnerable for targeted attacks [1].

Several other network percolation frameworks have been proposed in the literature
throughout the years including k-core percolation [7], bootstrap percolation [4], I-hop
percolation [27] and limited path percolation [21]. For an extensive review on network
percolation, we refer to Li et al. [18].

In this paper, we focus on another recent network percolation framework developed
by Krause et al., called color-avoiding percolation [13,15,16]. In this framework, each
vertex or edge is assigned a color from a color set; a color may represent a shared
eavesdropper, a controlling entity, or a correlated failure. Two vertices are color-
avoiding connected if they can be reached from each other on paths that avoid any
color from the color set. Therefore, while in the traditional percolation framework a
single path provides connectivity, here connectivity refers to the ability to avoid all
vulnerable sets of vertices or edges. The main rationale behind this percolation model
is that in real-world networks some nodes or links may mutually share a vulnerability
and it is interesting to see whether the network is robustly connected in the sense that
its overall connectivity is maintained in every possible attack scenario.

The color-avoiding percolation framework differs substantially from k-core percola-
tion where any k paths are sufficient between two nodes in the percolating cluster [7,33]
and it is also different from k-connectivity, where k pairwise disjoint paths are re-
quired [25]. Another relevant framework is percolation on multiplex networks [11,23,30]
where the layers can be considered as colors. However, this approach also differs in the

definition of connectivity as it is discussed in detail by Krause et al. in [15]. Kryven
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also investigated percolation on colored networks, however, in that setup, colors do not
indicate shared vulnerabilities, but the removal probability depends on the color [17].

In [15], Krause et al. investigated networks with colored vertices. The authors
not only presented a heuristic analytical framework for the configuration model to-
gether with a numerical algorithm to determine the color-avoiding connected pairs of
nodes, but they also demonstrated the applicability of the color-avoiding percolation
in cybersecurity. The authors extended the theory of color-avoiding site percolation
by studying the phase transition for Erdés—Rényi random graphs and by introducing
novel node functions to generalize the concept [16]. Shekhtman et al. further developed
this framework to study secure message-passing in networks with a given community
structure [29]. Giusfredi and Bagnoli investigated color-avoiding percolation in diluted
lattices [10] and also showed that color-avoiding site percolation can be mapped into
a self-organized critical problem [9].

In [13], Kadovi¢ et al. studied (not necessarily properly) edge-colored networks.
The authors presented both analytical and numerical results about the size of the
giant color-avoiding connected component for Erd6s—Rényi and for scale-free graphs.

A similar concept called courteous edge-coloring was studied by DeVos et al. [6]
in 2006. Graphs with 1-courteous edge-colorings are exactly the edge-color-avoiding
connected graphs. In that article, they gave interesting upper bounds on the number
of colors needed to courteously color an arbitrary graph.

Molontay and Varga investigated the computational complexity of finding the color-
avoiding connected components both in the vertex- and edge-colored setup [24]. The
authors found that the complexity of color-avoiding site percolation highly depends
on the exact formulation: a strong version of the problem is NP-hard, while a weaker
notion makes it possible to find the components in polynomial time. However, in
the bond percolation setup, the color-avoiding connected components can be found in
polynomial time.

The goal of this paper is to study some key observables associated with the color-
avoiding bond percolation setup on Erdés—Rényi random graphs. We explicitly cal-
culate the empirical density of the giant color-avoiding connected component (if it
exists) with an arbitrary number of randomly distributed colors. Moreover, we also

give an explicit formula for the empirical density of the sizes of color-avoiding connected
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components in the case of two-colored Erd6s—Rényi random graphs. The methods we
apply are classical (e.g. local approximation of random graphs by Galton-Watson trees,

method of generating functions), but the analysis is more involved.

Let us note that a few months after we posted an earlier, longer version [26] of
this paper on arXiv, a new paper [20] on color-avoiding percolation on edge-colored
Erdds—Rényi graphs also appeared on arXiv. The results of [20] include simplification
and generalization of some of our results in [26] and the answers to some of the open
questions that we posed as well as some finer results on the size of the largest color-
avoiding component; see Section 2.2 for more details. Lichev also described the phase
transition of the largest color-avoiding connected component between the supercritical
and the intermediate regime [19]. Our current paper only contains results that are
already stated and proved in [26], but we removed the proofs of those results concerning
the convergence of the color-avoiding component structure of edge-colored Erdés-Rényi

graphs that are also proved in [20].

The paper is organized as follows. In Section 2, we collect the basic definitions
needed for this paper, state our main results and then recall some key results of [26]
and [20] that help to put our main results in context. In Section 3, we introduce some
further notation and we prove some preliminary results about the survival of certain
edge-colored branching processes. In Section 4, we give formulas for the asymptotic
size of the giant color-avoiding connected component (if it exists) and we also study its
barely supercritical behaviour. In Section 5, we give a formula for the distribution of
the sizes of the small components when there are only two colors. Finally, in Section

6, we propose some open questions.

2. Main results and their context

We denote the sets of real, positive real, non-negative integer, and positive integer
numbers by R, R, N, and N, respectively. Let us use the notation [n] = {1,2,...,n}
for any n € Ny. If A is an event, we denote by 1[A] the indicator variable of the event:
1[A] = 1 if A occurs, 1[A] = 0 if the complement of A, i.e., A® occurs. Throughout the
article, by edge-colorings we always mean not necessarily proper ones and by paths we

always mean simple paths (and not walks).
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Definition 2.1. (Edge-colored (multi)graph.) We say that G = (V, E) is an edge-
colored (multi)graph with k € N colors if E = (F4,...,E)) and E; C (‘2/) for every
i € [k]. We say that V is the vertex set of G and E; is the set of edges of color i for
every i € [k].

Note that the edge sets Fq,..., E} are not necessarily disjoint and the edges of F;
are not necessarily independent in the graph theoretical sense for any i € [k] (i.e., the

graph G is not necessarily properly edge-colored).

Definition 2.2. (Uncolored color-subgraphs.) Given an edge-colored graph G = (V, E)
with k € N colors, where E = (Ey, ..., Ey), let GI denote the simple uncolored graph
(V, Uiex El) :

In addition, let us use the notation G'¢ := G*I and G\* := GIF\# for any i € [k].

For an example, see Figure 1.
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FIGURE 1: In the picture, the colors red, blue, and green are denoted by (red) triangles, (blue)

rectangles, and (green) stars, respectively. Above, an edge-colored graph G is shown, and in the

second row, we can see its color-subgraphs Gred. blue - Ggred, green - gblue, green ' pogpectively.

2.1. Statements of main results

Definition 2.3. (Color-avoiding connectivity.) Let G = (V, E) be an edge-colored
graph with k& € N colors. For any color ¢ € [k], we say that the vertices v,w € V(G)

are t-avoiding connected, briefly denoted by

G\
v w,
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if v and w are in the same component in the graph G\?, i.e., there exists a path between
v and w in G which does not contain any edges of color i; such a path is called an
i-avoiding v-w path.

We say that the vertices v,w € V(G) are color-avoiding connected if they are i-

avoiding connected for all ¢ € [k].

Definition 2.4. (Edge-colored Poisson branching process (ECBP) tree.) Let k € N,
and \ € Rﬁ_. We say that G, := Goo(r) is an edge-colored Poisson branching process
tree (or ECBP tree for short) with color intensity parameter vector A — briefly denoted
by Goo(1) ~ Goo(A) — if Goo = (V, E) is a (possibly infinite) edge-colored tree on a
random vertex set V' with a distinguished root vertex r € V, and with a random edge
set E = (E,...,Ey) colored with k colors, and G can be recursively generated in
the following way. Assume that we have already generated the graph G, up to the
d-th generation (i.e., up to graph distance d from the root) for some d € N. Given a
vertex v in the d-th generation, let X, ; denote the number of vertices in the (d + 1)-
th generation which are connected to v by an edge of color i, where i € [k]. Then

Xy,i ~ POI(\;). Moreover, the family
{X,; : visa vertex in the d-th generation and i € [k]}

of random variables are conditionally independent given the graph up to generation d.

Since in this article all the edge-colored branching process trees have Poisson off-

spring distribution, we do not include the word Poisson in the abbreviation ECBP.

Definition 2.5. (Friends in ECBP trees.) Let k € N; and A\ € R%. Given an ECBP
tree Goo := Goo(T) ~ Goo(A), a vertex v € V(Gw) and a color ¢ € [k], we say that v is

i-avoiding connected to infinity, briefly denoted by

G

v & 00,

if there exists an infinitely long path from v which does not contain any edges of color
i and all of the vertices on this path are descendants of v.

We say that the root r and the vertex v are i-avoiding friends if the event

(& u({r S en{o @ o))
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occurs. In words: r and v are i-avoiding friends if and only if there is an i-avoiding r-v
path or both of them are i-avoiding connected to infinity (in which case we say that
they are i-avoiding connected through infinity).

We say that r and v are (color-avoiding) friends if they are i-avoiding friends for all

i € [k]. The set of friends of the root r are denoted by C*(r) := C*(r, Goo).

Note that the root r is always a friend of itself.

Although the notation c (which includes a tilde and an asterisk) might seem
complicated, but this notation has a purpose, as we now explain. Throughout the paper
we use a tilde to denote the generalization of a standard graph theoretical notation (in
this case the component of a vertex) to the case of color-avoiding connectivity. The
asterisk reminds us that in the case of branching process trees, we are allowed to make

a connection through infinity as well.

Definition 2.6. (Probability of ¢ friends in ECBP trees.) Let k € N4 and \ € R’i.
Given an ECBP tree Goo (1) ~ Goo(A) and £ € N1 U {0}, let

fi = £ =p( |F] =)

denote the probability that the root r has exactly ¢ friends.

The next claim directly follows from this definition.

Claim 2.1. (Number of friends in ECBP trees.) Let k € N_, A € RY | and Goo(r) ~
Goo(A) an ECBP tree. Then

fo+ > fi=1

£eNL

Definition 2.7. (Intensity parameters of uncolored color-subgraphs.) Let k € N,
A= (A1,...,Ax) € R and for any i € [k] or I C [k], let us denote A; := 3., A;,
AU = )\[k], and /\\l = /\[k]\{z}

Definition 2.8. (Fully supercitical/critical-subcritical A.) Let k € N1. We say that a
vector A € R’j is fully supercritical if \\* > 1 for all i € [k], and we say that ) is fully

critical-subcritical if \\' < 1 for all i € [k].

Note that a vector might be neither fully supercritical nor fully critical-subcritical.
In Section 4.2, we make the following simplifying assumption on the color intensity

parameter vector .
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Assumption 2.1. (Simplifying assumption.) Let k € N, k > 2, let A\ € ]Rff_ and
assume that A\ < 1 for any I C [k] with |I| <k — 2.

Heuristically, if A is fully supercritical and Assumption 2.1 holds, then one really
needs to use all of the other k£ — 1 colors to create an infinitely long i-avoiding path for

each i € [k] in an ECBP tree.

Proposition 2.1. (Characterization of positivity of f%.) Let k € Ny. A wvector
A€ Rﬁ is fully supercritical if and only if f2 > 0.

We prove Proposition 2.1 in Section 3.2. In Section 4, we provide formulas for
f%. These formulas are explicit in the sense that they can be obtained by a recursive
composition of elementary functions and the Lambert W function. The depth of our
recursive formulas increases as the number k of colors increases. We provide two
different methods for the calculation of f3 : the method described in Section 4.1 works
even if we do not assume Assumption 2.1, while the method described in Section 4.2
only works under Assumption 2.1, but it can be used to study the asymptotic behaviour

of f% in the barely supercritical regime, cf. Theorem 2.1.

Proposition 2.2. (Characterization of positivity of f;.) Let k € Ny and let A € R’i

for which Assumption 2.1 holds.
(1) If X is fully critical-subcritical, then f; = 1[¢ = 1] for any £ € Ny.
(i) If A is not fully critical-subcritical, then f; >0 for any £ € Ny.

‘We prove Proposition 2.2 in Section 3.2.
A vector A = (A\q,...,\) € Ri for some integer k > 2 is called homogeneous if

AM=...= A

Definition 2.9. (Barely supercritical homogeneous setup.) Let k € N, k > 2. For

any € > 0, let us define A(e) := (if‘i, e if‘i) €RY and f2 (g) := i (A(e)).

Note that if € > 0, then f* (¢) > 0, but if € = 0, then f% (¢) = 0 by Proposition 2.1.
Also note that if £ < %5 then Assumption 2.1 holds for A(e).

Our next result is about the asymptotic behaviour of f% (¢) as e — 04.
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Theorem 2.1. (Asymptotic decay of the probability of having infinitely many friends
in the barely supercritical homogeneous setup.) Let k € Ny, k > 2. Then there exists

a constant C(k) € Ry such that

im 22 o).

e—=04 €

In particular, C(2) = 4, C(3) = 32, and C(4) = 624.

In Section 4, we provide a method for computing the value of C'(k) for any integer

k > 2 and prove Theorem 2.1.

2.2. Context

In the following, we give some motivation for studying the above problems on ECBP
trees. As is known (see, e.g., [31]), branching process trees arise as local limits of
Erd6s—Rényi graphs. We show that analogously, ECBP trees can be used for studying

color-avoiding percolation in edge-colored Erd6s—Rényi multigraphs.

Definition 2.10. (Edge-colored Erdés—Rényi multigraph (ECER graph).) Let k,n €
Ny and A = (Aq,..., M) € R’j_. We say that the edge-colored random multigraph
G = (V, E) is an edge-colored Erdés—Rényi multigraph (or ECER graph for short) with
parameter n and color density parameter vector A — briefly denoted by G ~ G, (V,A) —
if V| <nand E = (Fy,...,E), where Ey, ..., Ey are independent in the stochastic
sense and F; is the edge set of an Erdés—Rényi graph with vertex set V' and edge
probability p; = 1 — exp (—A;/n) (i.e., each possible edge of (‘2/) is included in E;
independently of each other with probability p;) for all i € [k].

Clearly, the relation of color-avoiding connectivity (cf. Definition 2.3) is an equiva-

lence relation and thus it defines a partition of the vertex set.

Definition 2.11. (Color-avoiding connected components.) The equivalence classes of
the relation of color-avoiding connectivity are called color-avoiding connected compo-
nents.

The set of vertices of the color-avoiding connected component of a vertex v in an

edge-colored graph G is denoted by C(v) := C(v, G).

Recall that the tilde above C(v) is there to stress that the standard notion of the

connected component of graph theory is generalized to the color-avoiding framework.
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Note that even if v and w are in the same color-avoiding connected component C. , 1t
might still happen that there exists a color ¢ for which every i-avoiding v-w path has

vertices outside C. For an example, see Figure 2.
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FIGURE 2: In the picture, the colors red and blue are denoted by (red) triangles and (blue) rectangles,
respectively. The color-avoiding connected components of this graph are {vi,v2} and {v3,va}. Note

that the red-avoiding v1-v2 path leaves the component {v1,v2}.

Definition 2.12. (Empirical density of vertices in color-avoiding connected compo-
nents of size £.) Let k € Ny and A € RE. Given an ECER graph G ~ G, ([n], ),
let
1 ~
FiG) = 1i(0.G) 1= - %1“‘3(“)’ f
denote the fraction of vertices contained in color-avoiding connected components of

size ¢ for any ¢ € Ny.
The next claim directly follows from this definition.

Claim 2.2. (Size of color-avoiding connected components in ECER graphs.) Let
k,neNp A e R , and G ~ G,([n], A) an ECER graph. Then

> L(G) =

Le(n]

Theorem 2.2. (Convergence of empirical component size densities.) Let k € N4,

A€ RY and let G, ~ G, ([n], A) for alln € Ny.. Then

Lf*

1
— max i

n veln]

Cv,Gy)

, n — o0

and for any £ € N, we have
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Theorem 2.2 is proved in an earlier version of this paper [26] using Assumption 2.1,
and a short alternative proof is given in the recent paper [20] without using Assump-
tion 2.1.

From Theorem 2.2 and Claim 2.1, we can conclude the following.

Corollary 2.1. (Existence and uniqueness of giant color-avoiding connected compo-
nent in ECER graphs.) Let k,n € Ny, A € RE and let G, ~ Go([n], ). If fZ >0,
then G,, has a unique largest color-avoiding connected component asymptotically almost

surely as n — 0.

Let us point out that Theorem 2.2 provides the motivation for the main results of
this paper: e.g., Proposition 2.1 gives a characterization of the existence of the giant
color-avoiding connected component in ECER graphs and Proposition 2.2 characterizes
the case when the fraction of vertices of an ECER graph contained in singleton color-
avoiding components is close to 1.

We note that the recent paper [20] includes results about the size of the largest color-
avoiding component for certain parameter vectors A which are neither fully supercritical
nor fully critical-subcritical (see (ii) of Theorem 1.1 in [20]) as well as fully subcritical

vectors A (see (iii) of Theorem 1.1 in [20]).

3. Preliminaries

In this section, we introduce some notation that we use throughout the paper,

moreover we prove Propositions 2.1 and 2.2.

3.1. Notation

We say that two edge-colored graphs G and G5 are isomorphic — briefly denoted by
G1 ~ G5 — if there exists a bijection between their vertex sets which is an isomorphism
for the set of edges of each color.

We say that an edge-colored graph is rooted if it has a distinguished vertex. We say
that the rooted edge-colored graphs G; and G5 with distinguished vertices v; and wvs,
respectively, are isomorphic if there exists an isomorphism between them mapping vy
to vs.

Let G = (V,E) be a graph without an edge-coloring. For a vertex v € V, let
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C(v) :=C(v,G) denote the set of vertices of the connected component of v in G.

For two vertices v, w € V(G), let dist(v, w) := distg(v, w) denote the distance of v

and w (i.e., the number of edges on a shortest v-w path) in G.

Definition 3.1. (Color strings of length h without repetition.) Let k € Ny and let
h € {0,1,...,k}. Let Sp denote the set of strings s = (i1,...,i,) of colors without
any repetition, i.e., i1,...,9, € [k] and ’{z’l, .. ,ih}| = h; whereby the set Sy has one

element, namely the empty string 0.

Let us define set(s) := {i1,...,i,} for a string s = (i1,...,i) € Sh.
Note that |Sy| =k -(k—1)-...-(k—h+1) for any h € [k].

Definition 3.2. (Color string operations.) Let k € Ny. For any color string s =
(i1,...,ip) € Sp, where h € [k], let s7 := (i1,...,%h—1) € Sp_1 denote the color string
that can be obtained from s by deleting its last coordinate. For any s = (i1,...,ip) €
Sh, where h € {0,1,...,k—1}, and for any i € [k]\set(s), let si := (41,...,%p,%) € Spt1

denote the concatenation of s and 3.

Definition 3.3. (Set of vertices reachable by a fized chronology of colors.) For an
edge-colored rooted tree G := G(r) colored with k& € N, colors, and a color string
s = (i1,...,%n) € Sh, where h € [k], let us define the following sets of vertices. Let
Eé(r) = Eé(r, G) denote the set of vertices that can be reached from r with a path
whose edges are of color iy, ..., i, and the new colors on this path appear in this specific
order. Let ]V§(r) = ]\~f§(r, @) denote the set of vertices that can be reached from r
with a path whose edges except the last one are of color i1, ...,4i,_1, the last edge is of

color iy, and the new colors on this path appear in this specific order. In addition, let

N ) =N (G = | M),
SESK_1:
set(s) = [K)\ (i}

For an example, see Figure 3.
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FIGURE 3: In the picture, the colors red, blue, and green are denoted by (red) triangles, (blue)

rectangles, and (green) stars, respectively. In this graph,

ﬁ(red) (r) = {v1,vs3}, R(blue)(r) = {v2}, E(green)(r) =0, E(red,blue)(r) = {va4,v7,v10,v11},
R(blue,red) (r)= {U5}7
R(red,blue,green)(r) = {U& U12}= R(blue,green,red) (T’) = {U9}7

N(red) (T) = {vl }7 N(red,blue) (T) = {1}4, 1}7}, N(red,blue,green) (T) = {U87 'U12}'

Definition 3.4. (Exploring up to distance d.) Let G = (V, E) be a graph, v € V a
vertex, and d € N. Let us define

Rq4(v) := R4(v,G) := {u € V: dist(u,v) = d},
i.e. the set of vertices of G at distance d from the root, and let
R3(v) := RS (v,G) := {u € V: dist(u,v) < d},

i.e. the set of vertices of G at distance at most d from the root.
For an ECBP tree Goo := Goo (1) ~ Goo(A), where A € R for some k € N, and for

a color i € [k] or for a subset of colors I C [k], we use the notation
i K\{i
Rgo’d = Rq(r,GL.), Réqd = RLcl\d{ }
The next claim directly follows from the definition of ECBP trees (cf. Definition 2.4).

Lemma 3.1. (Distribution of uncolored color-subtrees of ECBP trees.) Let k €
Ni, A € RY, and let Go(r) ~ Goo(A). Then (|R£O)d|)d€N

with offspring distribution POI(A;) for any I C [k]. In particular, (|R¥7d|)d€N is a

is a branching process

branching process with offspring distribution POI(A\) for any i € [k].
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Definition 3.5. (Probability of being i-avoiding connected to infinity.) Let k € N,
1€ [k] and let A € R’i. Let us denote by 6\ the survival probability of the branching
process with offspring distribution POT(A\?).

Note that if G := Goo (1) ~ Goo(A), then by Lemma 3.1,
, \i
9\ =P (r &=, oo)
holds.

Definition 3.6. (Supercritical indices.) Let k € N,. Given A € Rﬁ, we say that
i € [k] is a supercritical index if AVt > 1, and let us define the set I » of supercritical
indices of A by
I = {ie [k]:A\i>1}.
Note that A is fully supercritical (cf. Definition 2.8) if and only if Iy = [k] and A is
fully critical-subcritical if and only if Iy = (). Also note that 6\* = 0 holds if and only
ifi e k]\ I

Definition 3.7. (Type vectors and their probabilities in ECBP trees.) Let k € N,
A € RE and let G := Goo (1) ~ Goo(A). The (color-avoiding) type vector of a vertex
v in the ECBP tree G is

() = 1 (0, Gay) 1= (]1 [u &=, oo])ie“.

Given any v € {0, 13" let us denote

In words: for any ¢ € I, the i-th coordinate of the type vector of a vertex v in
an ECBP tree is 1 if v is i-avoiding connected to infinity through its descendants,
otherwise it is 0. The reason why we only use the indices in I is that we expect the

branching process G, to survive without the edges of color ¢ if and only if ¢ € I).
3.2. Characterization of existence of giant and non-triviality of asymptotic
component structure

Here we prove Propositions 2.1 and 2.2, but first we prove a lemma.

Let 1 € R* denote the vector whose every coordinate is equal to 1.
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Lemma 3.2. (The root has infinitely many friends iff its type vectoris 1.) Let k € N,
Ale Rﬁ and let Goo '= Goo (1) ~ Goo(A). Then the events

{

P-almost surely coincide.

CN*(T’)‘ = oo} and {t*(r) =1}

In particular, f = p*(1).

Proof. Tf X is not fully supercritical (cf. Definition 2.8), then there exists a color i €
[k] for which A\ < 1; let i € [k] be such a color. Clearly, i ¢ I, thus t*(r) # 1 since the
lengths of these vectors are not equal. Now we need to show that { |C’~ * (r)| = oo} almost
surely does not occur. By Lemma 3.1, the branching process (|RC\; d|) almost surely
dies out, which means that r is not i-avoiding connected to infinity (cf. Definition 2.5),
thus the set of i-avoiding friends of r is C(r, Géé), which is almost surely finite. Since
each friend of 7 is also an i-avoiding friend of it, C~*(r, Gw) C C(r, Géé) holds, which

implies that r has almost surely finitely many friends.

5*(7")’ = oo} occurs.

If ) is fully supercritical, then assume first that the event {
We need to show that r is i-avoiding connected to infinity for all ¢ € [k]. Let i € [k] be

an arbitrary color. Since ‘5*(7“)’ = 00, clearly

(oo ({85 s r 5 )

holds for infinitely many vertices v. Now this event is the union of two events and the

second one contains the desired event

Gy
r+= o0,

therefore if the second event occurs for any vertex v, then we are done. So assume
that the first event holds for infinitely many vertices v. Noting that the degree of every
vertex of G is P-almost surely finite, we obtain by Konig’s lemma [14] that there
exists a path from the root r to infinity in Géé, and we are done.

Now let us assume that t*(r) = 1, and we need to show that this implies {|5* (r,Goo)|
= oo}. Let

Voo (1) :={v € V(Go) : t*(v,Gc) = 1}.
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By the definitions of friendship and type vectors (cf. Definitions 3.7 and 3.7, respec-

tively), we only need to show that

]P)<|V<>O(l)’ = 400

v =1)=1 (3.1)

Let ¢ € [k] be an arbitrary color. By Lemma 3.1, we have that (|R¥7d‘)d€N is a
supercritical branching process and the Kesten—Stigum theorem (see, e.g., Theorem A

of [22]) implies that conditional on (L*(r))i = 1, we have
‘Rli’d| i>oo7 d — oo.

For any d € N, conditional on G, [Rg (r, Géé)} , the vertices of Rli’ 4 have type vectors
1 independently of each other with probability p*(1), thus the distribution of RC\;’ 4N
Ve (l)| is BIN(|R¥,d|,p* (l)) By the Harris-FKG inequality [8,12] and by the fully

supercriticality of A, we obtain

p) = [T (' m), =1) = [[ 6" >o0.
]

1€[k] i€lk
Therefore, conditional on the event {t*(r) = 1}, we have

‘Rli,dmvoo(;)‘ L o0, d — oc.

Hence (3.1) holds. U

Proof of Proposition 2.1. As we saw in the proof of Lemma 3.2, if A is not fully
supercritical, then r has almost surely finitely many friends, i.e. fi = 0, and if A is

fully supercritical, then f% = p*(1) > 0. O

Proof of Proposition 2.2. Let Goo := Goo(T) ~ Goo(A).

We begin with the proof of (i). Let A € R’j be fully critical-subcritical. We need to
show that r has almost surely no friends other than itself (cf. Definition 2.5). Since A
is fully critical-subcritical, A\ < 1 holds for all i € [k], thus by Lemma 3.1, the root
r is almost surely not i-avoiding connected to infinity. Let v € V(G ), v # r be an

arbitrary vertex and let i € [k] be a color appearing on the unique path connecting r

and v in G4,. Then
Gy

VT
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thus r and v are almost surely not i-avoiding friends, so they are not friends either.

Therefore, IP’(CN* (r) ={r}) =1 and thus by Claim 2.1, we are done.

Next, we prove (ii). Let A € Ri be not fully critical-subcritical. By the definition
of I, we have Iy # 0; let 4; € I, and ip € [k]\ {i1}, and let £ € Ny. Let F be the
following rooted, edge-colored tree: the root of F' is r, which has exactly ¢ neighbors
v1,...,Vp, each of which with one further neighbor w1, ..., wy, respectively, and the
color of the edges rvy,...,rve_1 is i1, and the color of the edges rvy and viwy, ..., vowy

is io. It is not difficult to see that if the event
G\t
{Goo2(r) @ F}nN {Vj el :w; <= oo}

occurs, then C*(r, Goo) = {r,v1,...,ve_1} (where we identified the vertices of Goo2(r)
and F). All we are left to show is that the above event occurs with positive probability.

Clearly, we have
P <{G00,2(7”) ~F}n {Vj € :w; % oo}) = (9\“)[ ‘P(Goop(r) =~ F).

Since 41 € Iy, we have 6\i* > 0, and it is not difficult to see that ]P)(GDO,Q(T) ~ F) > 0,

therefore we are done. O

4. Explicit formula for fX and asymptotic behaviour of fX (¢)

The goal of the section is to give explicit formulas for f% and to prove the asymptotic
formula stated in Theorem 2.1. We provide two different methods for the calculation
of f* in Sections 4.1 and 4.2. On the one hand, the method presented in Section 4.1
is simpler and works without Assumption 2.1. On the other hand, the method of
Section 4.2 only works under Assumption 2.1, but it can also be used to prove Theo-

rem 2.1.

Our formulas for f* use the Lambert W function, which satisfies
W(z)eW® = 2 (4.1)

for any z € C. When restricted to real numbers, (4.1) is solvable if and only if
z € [=1/e,+00). Moreover, it has exactly one solution if z € [0,400) and has exactly

two solutions if z € [—1/e,0). The solutions satisfying W(z) > —1 form a branch
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(usually denoted by Wp) called the principal branch of the Lambert W function. The

Taylor series of the principal branch is

neN,
whose radius of convergence is 1/e. Throughout this section, we denote by W (x)
the principal branch of the Lambert W function and we always specify which further
properties of W we use.

We also use the Borel distribution with parameter p € [0,1], probability mass
function of which is
)’I’L*l

e H (un

P,(n)= , n=12,...

n!
If the offspring distribution of a Galton—Watson branching process is POI(A) with
some A < 1, then the total number of vertices in the branching process tree has Borel
distribution with parameter A, see, e.g., Section 2.2 of [3]. The generating function of
the Borel distribution with parameter p can be expressed in terms of the Lambert W
function:

W(—e Huz)

> Pun)t = ———, z€[0,1). (4.2)
n=1 H

4.1. Using a system of equations

Here we give an explicit formula for f* in terms of the Lambert W function (cf.
(4.1)). Let us emphasize that in this subsection we do not assume that Assumption 2.1
holds for A.

Let G '= Goo (1) ~ Goo(A). By Lemma 3.2, we have

f;ko:p*(l):IP(ViE[k‘]: 7°<G—¥>oo>. (4.3)

Definition 4.1. (Probability of avoiding a color from a fixed set of colors.) Let k €
Ny, Ae Ri and Goo := Goo(r) ~ Goo(A). Let us define

pp =0

and

for any nonempty I C [k].
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Definition 4.2. (Extended color-avoiding type vectors and their probabilities in ECBP
trees.) Let k € Ny, A € RY, and let Goo := Goo(r) ~ Goo(A). The extended (color-
avoiding) type vector of a vertex v in the ECBP tree G is

-~ -~ i
(W) =t (v,Geo) = (]1 [1} E= oo}) .
i€ (k]

Given any v € {0, 1}*, let us denote

v € {0,1}F:
Zie[ vi > 1

holds for any nonempty I C [k].

To determine f%, first note that by Proposition 2.1, we can assume that A € Rﬁ
is fully supercritical (otherwise f3 = 0). Then I = [k], thus p*(y) = p*(y) holds for
any v € {0, I}M. By (4.3) and (4.4), and by the inclusion-exclusion formula, we obtain

fo=p@=> (-)a-pp), (4.5)

ICIK]
so it is enough to give an explicit formula for the probabilities p; for all I C [k].

Lemma 4.1. (Implicit equation for p;.) Let k € Ny, A € RY and Goo(r) ~ Goo(A).
Then

pr=1—exp| — Z)\jpz\{j} —Pr Z Aj
jerI Jek\I

holds for any nonempty I C [k].

Proof. By the definition of p;, the independence of the branches, and the definition
of J\Nfé(r) (cf. Definition 3.3), we obtain

)

\j
= H]P’ (VU € ]v(i)(r) vjeI\{i}: {U gﬁ oo})

iel
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\j
. H P(Vveﬁ(i)(r)VjEI: {Uéﬁm}),

i€[kI\I
where (i) denotes the color string consisting of the color ¢ only. Since the number of
i-colored children (i.e., the number of children that are connected to r by an edge of
color ) has distribution POI();), its generating function is exp ( — A;(1 — z)) for any

i € [k]. Thus we obtain

1 —pr=exp (— Z)\ipl\{i}> ~exp | —pr Z Ai

i€l i€[k]\I

Let ke Ny, A e R’i and consider the following system of equations.

g =0

(4.6)
v =1=exp (= X Nengy — o1 Sy Ai) VIS LT 0.

By Lemma 4.1, we have that (21)7c(x) = (r)rcx) is a solution of this system, but
note that this is not a unique solution, for instance (x7);cpr = 0 is also a solution.
Observe that if 2* = (27)rcx is a solution to the system of equations (4.6), then

x5 < 1 holds for any I C [k].

Definition 4.3. (Relevant solution.) We say that a solution z* = (27);cpx of the
system of equations (4.6) is relevant if 0 < =7 < 1 holds for any nonempty I C [k].

Otherwise z* is said to be irrelevant.

The next lemma gives a necessary and sufficient condition for (pr);cix) to be a

relevant solution.

Lemma 4.2. (The relevance of the probabilistic solution.) Let k € Ny and A € RE.
The probability vector (pr)icy is a relevant solution of the system of equations (4.6)
if and only if X is fully supercritical.

Proof. Let Goo := Goo (1) ~ Goo ().

First, assume that A is fully supercritical. Then for any nonempty I C [k], we obtain
that pr =P (Uiel {r & oo}) > P (r <G—¥> oo) > 0 holds, hence (pr)rc is indeed

a relevant solution.
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Now assume that A is not fully supercritical, i.e., there exists a color i € [k] such
. G \?
that A\* < 1. Then py =P (7’ % oo) =0, thus (pr)rcx) is not a relevant solution.

O

Lemma 4.3. (Uniqueness of relevant solution.) Let k € Ny and A € Rﬁ_. If A is fully

supercritical, then (pr)rck) 45 a unique relevant solution of (4.6).

Proof. By the definition of a relevant solution, it is enough to show that the equation

rr=1—exp —Z)\jpl\{j} — 7 Z Aj (4.7

JeI JERI\T

has a unique solution in (0, 1), namely py, for any nonempty I C [k]. We prove this by
induction on |I].

First, assume that |I| =1, i.e., I = {i} for some i € [k]. Then we need to show

vy =1—exp | —zqy Z Al (4.8)
jelk\{i}
Now the left-hand side of (4.8) is linear in the variable x;,, while its right-hand side
is exponential in zg;y, and it is well-known that such equations have at most two
solutions. As we saw earlier, z;;3 = 0 and x(;; = pyy) are both solutions, and by
Lemma 4.2, pr;3 > 0. Thus, (4.8) has indeed a unique solution in (0, 1).

Now let I C [k] with |I| > 2 and assume that (4.7) holds for any I’ C [k] with
[I'| < 1.

Case 1: I # [k].

Again, the left-hand side of (4.7) is linear, while its right-hand side is exponential
in xy, so there are at most two solutions. Clearly, p; is a solution, and by Lemma 4.2,
it is in (0,1). In addition, in 2y = 0 the left-hand side of (4.7) is clearly 0, while its
right-hand side is

1—exp <— Z )\ipl\{i}> >1-¢e"=0
icl
so by the continuity of the linear and exponential functions, the other solution of (4.7)
is negative.

Case 2: I = [k].
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Then equation (4.7) becomes

T =1—exp | — APy |
i€ [Kk]

which clearly has a unique solution. By Lemma 4.1, this solution is p; and it is in

(0, 1). O

As is clear from the proof of Lemma 4.3, we should solve the equations of the
system (4.6) in a nondecreasing order according to the size of their indices I. Using

the Lambert W function (cf. (4.1)), we obtain the following.
Corollary 4.1. Let k € N and )\ € R’j_. If A\ is fully supercritical, then

w (_ (Zie[k]\[ Ai) exp (_ Dier MPI(i} — Zie[k]\] AZ))

pr = 1+ s
Zie[k]\[ Ai

for any nonempty I C [k], and

Py =1—exp | — AiDk\{i}
i€[k]

Substituting these into equation (4.5), we get the required formula for fX. We
note that using the values p; (and the help of computer software capable of symbolic
computations), we can also prove the convergence statement of Theorem 2.1 in the
case when k € {2,3,4} and obtain the values C(2) = 4, and C(3) = 32, and C'(4) =
624, as stated in Theorem 2.1. Note that in Section 4.2, we introduce an alternative
method with which the convergence statement of Theorem 2.1 can be proved for any
integer k > 2 and at the end of Section 4.2, we obtain the same values for C(k) when

k € {2,3,4} using this alternative approach.

4.2. Using generating functions

The aim of Section 4.2 is to give an explicit formula for f% and to prove Theorem 2.1.
By Proposition 2.1, we can assume that the color intensity parameter vector A €
R (where k € N.) is fully supercritical. In this section, we also assume that
Assumption 2.1 holds for A\. Recall that this assumption heuristically means that one
really needs to use all of the other £ — 1 colors to create an infinitely long i-avoiding

path for each i € [k].
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In order to find an explicit formula for f , we first calculate the joint generating

function of the random variables |]§§(r)|, s € Sy for any h € {0,1,...,k —2}. Note

set(s)

od ) den 18 a branching process with offspring

that by Lemma 3.1, we have that (R
distribution POI(Aset(s))-

Definition 4.4. (Generating function of Borel distribution.) Let k € N, A € Rf_,
Goo = Goo(r) ~ Goo(A), h € {0,1,...,k — 1} and let s € S),. Let us define

F:0)»[01) 2o E (),

i.e. the generating function of the total number of individuals in the branching process

set(s)
(Roo,d )dEN'

Let us denote Fg(1_) := lim,_,; Fy(z), i.e. the probability of the event that the
branching process (Rsoitéf)) deN dies out.

Note that F, can be expressed using the Lambert W function as

(42) -w (_)‘set(§) e~ Aset(®) Z)

Fy
) Aset(s)

, z€[0,1). (4.9)

Note that if set(s) = set(s’) holds for some color strings s,s’ € S with h €
{0,1,...,k — 2}, then F, = Fy.

Also note that if ) is fully supercritical and Assumption 2.1 holds, then Fs(1_) =1
for any s € Sp with h € {0,1,...,k —2}, and F,(1_) <1 for any s € S_;.

Definition 4.5. (Joint generating function of the number of vertices reachable by
different color chronologies in an ECBP tree.) Let k € Ny, A € RE, Goo(r) ~ Goo(N)
and h € {0,1,...,k — 2}. Let us define

B [0, 5 [0.1) (), ~ B[ ]I R

SESh

Let us denote

On <(1*)§esh) =l @, ((Z§>§esh) :

zs—1_

It follows from the definition of Sy (cf. Definition 3.1) that ®q(z) = 2.
Note that if Assumption 2.1 holds, then P(}ﬁé(rﬂ < +00) =1 for any s € S), with
h € {0,1,...,k — 2}. Therefore,

2 ((1-);cs,) =1
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for any h € {0,1,...,k —2}.
Now we give a recursive formula for ®;; in terms of @, for any h € {0,1,...,k —
3}. Note that this formula can be viewed as “explicit” since it can be written as a

composition of elementary functions and the Lambert W function (cf. (4.9)).

Lemma 4.4. (Recursion for the joint generating function of the number of vertices
reachable by different color chronologies.) Let k € Ny, A € RY and Goo(r) ~ Goo(A).
Then

D1 ((2§)§65h+1) = H exp ()\i . (Féi(zéi) B 1)>

i€ K]\set(s) \cs
holds for any h € {0,1,...,k— 3}.

In words: one has to plug [T;c i\ et(s) P (Ni+ (Fsi(25i) —1)) in place of the variable

zs for every s € Sy, in the function @y, ((2s)ses, )-

Proof of Lemma 4.4. First, note that each color string of length h+1 can be uniquely
written as the concatenation of a color string of length h and a color not appearing in

this color string. Therefore, by the tower rule,

Pht1 ((2§)§65;L+1) = Ppt1 ((Zéi)éesiuie[’f]\set(é))

s€Sh,
i€[k]\set(s)

By the independence of the different branches of an ECBP tree,

E (zj )

sl I AR (o) |- T

s€ESh, SESh,

ésm)
i€[k]\set(s) i€[k]\set(s)
holds.

Let s € Sy and i € [k] \ set(s). Using that for any v € Ry(r), the function
Z > exp ()\i . (Fﬁ(z) — 1)) is the generating function of the cardinality of the set

of descendants of v belonging to Eéi(r), we obtain

E(ﬁ”“’” ’ Es(r)> - (exp (Ai (Falz) - 1)))

Ra(r)|
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Therefore and by the definition of the function @, we obtain

Ra(r)]
Phy1 ((Z§)§ES,L+1) =E H <exp ()\i - (Fai(2) = 1)))
ietnai(o)
Ra(r)]

=F H H exp (Ai - (Failz) - 1))

s€8n \i€[k]\set(s)

— o, H exp (Ai - (Failzsi) — 1))

i€ [k]\set(s) SESH

O

Definition 4.6. (Color strings of length k — 1 avoiding color i.) Let k € Ny. For any
i € [k], let
Sy, o= {s € Sy :set(s) = [K]\ {i}}.

Proposition 4.1. (Explicit formula for f%.) Let k € Ny, let A € RE for which
Assumption 2.1 holds, and let Goo := Goo (1) ~ Goo(A). Then

Jo% = Z (=DM @y H ALy si ;

JCIK] i€[k]\set(s) SESK_2

where we define
Ly=J8,, JCH,
JjeJ
and we define
exp ()\1- . (Féi(l,) — 1)) if si €L,

1 if si¢ L

qL,si ‘=

for any L C Si_1, s € Sp—2 and i € [k] \ set(s).

Proof. If v € V(G&) and i € [k], let us denote by J\Nf(*z)(v) the set of children of v

that are connected to v by an edge of color i. Let F denote the sigma-algebra

k—2
Fi=o [1[{u1,uz} € E;] : u; € U U Ry(r), up € V(Goo), i € [K]

j=0s€S;
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In words: F contains the information that we collect if we explore the set of vertices
of G that can be reached by a path from the root that uses at most k£ — 2 colors,

and all edges emanating from this set. Assumption 2.1 implies that this set is almost

surely finite.
By Lemma 3.1 and using that each offspring of any vertex in a branching process

tree span a branching process tree with the same offspring distribution, and by the

definition of ®j_o, for any L C Sk_1, we obtain

P OL{ ‘E§,(r)) < +oo}

—ele| [T I I 0 tffr(ucee)| <+ #

8€5k-2 veR, (r) 1€[K]\set(s): ue Ny, (v)
- si€L K

=E| J] ]I 11 I Fa(o)

SE€Sk—2 yeR,(r )le[ks]z\geLt( 5): weN(; (v)

=E| J] ]I II  exp((Fau(1o)—1)

8€Sk-2 yeR,(r) 1€[K]\set(s):
sicL

=dy Il s . (4.10)
i€[k]\set(s) €Sk _»
By the definition of Eﬁ(r) (cf. Definition 3.3) we have
Gq\J
f:O:P(Vje[k]:r<—°°>oo>:IP ﬂ {‘R )<—|—oo}
jelkl \ sres) |

Then by the inclusion-exclusion formula, the definition of L, and (4.10), the previous

equation implies

e S ee( (A {[e]<) ) -

JC[K] €T yesM |



28 B. RATH et al.

S e | N {‘ﬁsx(r)’ < +oo}

JCIk] s'€Ly

= > ()7 By I @

JC[K] i€[k]\set(s) SESK_2

O

Proof of Theorem 2.1. Let € > 0 and let G5, := G5(r) ~ Goo (A€)), where A(e) =

1+4e¢ 1+e k : :
(k_l, ce k_1> € R’. Since A(e) is homogeneous,

0\F(e) ::P(r@oo) =P<r<(i'°)\i>oo>

holds for any i € [k].

Note that if ¢ < 25, then Assumption 2.1 holds. It implies that Uf;g Uses, Ry(r)
is almost surely finite (cf. Definition 3.3), thus every i-avoiding path from r to infinity

must pass through N,y_l(r) (cf. Definition 3.3), thus we have

fole)="P (Vi € k] v e ]\7,}11(7’, G:): v (@ oo) .

So by (4.3) and the disjointness of the sets N,:il(r, G<,) for all ¢ € [k], the previous

equation implies

e =E{]] (1— (1_9\k(5))|ﬁ’yl(r’gf’°)> . (4.11)

i€[k]
Clearly,
ME(g) = Z Xife) =1+¢
i€[k—1]
holds, thus by Corollary 3.19 of [31], we have
\k
im &) g
84)04, E
Hence,
lim ﬂL,EE) = 2% lim M (4.12)
e—=04 € e—04 (Q\k({;‘))
and now we show
lim M ~E( ] ‘N,}"_l(r,cgo)( . (4.13)

e=0+ (e\k(f)) i€[k]
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By Assumption 2.1, there exists €9 > 0 such that

E( |86
i€ k]

< fo0. (4.14)

Then by the monotone coupling the random variables ’Jv ,}il(r, Gf,c)‘ for all € € [0, &),

and by Bernoulli’s inequality, we obtain

1 (1_ (1_9\k(5)>ﬁgil<r,c;>l> < [T|M e
]

ielk] i€k

< [1 Mo co|. @as)

i€[k]
By (4.14) and (4.15), we may apply the dominated convergence theorem (using the
random variable that appears on the r.h.s. of (4.15) as the dominating random vari-
able) to conclude that the first equality below holds. Then we can calculate (using

L’Hospital’s rule in the last equality):

1— (1 _ 9\1@(8))|1\7211(7’7G2)\

lim E
e—04 zg[k] G\k(g)
1— (1 o 9\19(6))'&1:11(74’6;20 ) |
=E| lim \:
=0 Ein O\ (e)

—E| lim ]I[Vie[k]: ‘N,}il(r,G;)’=’@il(r,GEﬁo)”

54)0+

1 (1= gV (e))Min(ns) |
6\k ()

11

i€[k]

+]1[3i e[k : ‘1\7,}11(7", G;)’ # ‘ﬁgil(ﬁ Ggo)”

1—-(1- 9\k(g))|ﬁfiil(rvcio)|
O\k(e)

11

1€ (k]

1-(1- e\k(g))|ﬁlzil(7'7ago )|
=E] lm G
U en) (e)
1-(1- e\k(s))W;}il(TvG& )|
0\ (e)

. lim
9\ (E)—)0+ ic [k]
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—E | [ N0 6%)
i€ k]
Thus by (4.11), we obtain that (4.13) holds.
Therefore, by (4.12), we obtain

. fo(€) _ ok NaY 0 .
lim 5 =2t m | ] ‘Nk_l(r,Goo)‘ — O(k).
i€ (k]
Now we want to express this constant C(k) using the generating function ®j_o,
where we take the underlying parameter A\ to be A = A(0) = (ﬁ, cee ﬁ)
Since the sets ]Vﬁ(r, GY) for all s € S_1 are disjoint, it follows that

H‘Z\Z}il(r,Go ’ =F H Z ‘ rGO ‘

i€[k] iclk] ses)t |

- Y E[II|M06%)
(sesiiy) ey VEW
holds.
Let s; € S;il for all ¢ € [k]. Since the random variables |]\~f§i (r,G%,)| for all
i € [k] are conditionally independent given (|Rg(r, GO)),e s,_,» and their conditional
distribution is Poisson with parameter |E§(r, G|/ (k- 1), we obtain

H ‘Néi(r,Ggo)‘ = H ) (r,G%) ‘

i€[k] i€ (k]
Let us define the multivariate moment generating function
¢ ((25)sesi_s) = P2 ((€™)ses,_) =E | exp < Z ‘éé(r, Ggo)) .%)
SESK_2

Since the function ¢ is the multivariate moment generating function of the random

vector (‘Ei(r, GY%)

) , we obtain
sESK_2

8k
3o aa P (@sesis)

Sk

e[ ] ‘EQ (r, Ggo)‘

(Iﬁ)ﬁesk,zzg i€ (K]
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Hence,

C(k)=2" . E H]ﬁ,}il(r,ago)‘ —2*. Y E H’&i(r,c;go)‘

e (o) VM
ok ~ 0
o X B IR, (r,G%)|
(§,iES;’;1)i€[k] i€[k]
k k
S TARD DR e L (GO P 7
(§ieslsi1)i€[k] . o (Ts)sesy_p=0

which can be expressed explicitly using an iterated composition of the Lambert W

function and elementary functions since the same is true for ®;_5 by Lemma 4.4.

In particular, when k = 2, then ®y(e”) = e, thus C(2) = 4.
When k£ = 3, then by Lemma 4.4,

1€[3]
where by (4.9),
—W(=%-e72.2)
F(i) (Z) - 2;
2
for any 7 € [3]. Using the identities
d W(z) .
W)= 2L ifag {0, -1
&V w0

and
W(ze*) =z ifz>0
we obtain C(3) = 32.
Similarly (but with significantly more work), we obtain the value C(4) = 624. Recall

that we obtained the same values for C'(k) when k € {2, 3,4} using a different approach
at the end of Section 4.1, too. O

5. The case of two colors

By Theorem 2.2, we know that the empirical color-avoiding connected component
size densities converge. In this section, we give explicit formulas for their limit when

there are only two colors.
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First, we introduce some notation. Let X ~ Borel(x) be a random variable. Given

X, let us consider the random variable Y ~ BIN(X — 1,0) for some 6 € [0,1]. Let
Qo) =P(Y +1=20), (=12, ..

It is not difficult to see that

auo(l) =D ((m_l)ml(l—a)m@.e@(“'(19)'m)'(u(19)-m)m>

-1 !
meNL E m

for any ¢ € Ny.

Proposition 5.1. Let Aed, Ablue € Ry, £ € Ny and Goo:= Goo (1) ~ Goo ((/\red, )\blue))
be a two-colored ECBP tree. Let Opue := A\ and O,eq := A\PUC. Then

f; = ]l[é = 1] ]/5*((0) O)) + qArcd(lfercd);ebluc(e) ]/7\*((1,0))

T @ rpiue (1=6b1ue), Orea (f) p* ((1’ 0))) (5-1)

where

Z’)\* ((O’ 0)) = exp ( - >\red - W( - Aredei)\red) - /\blue - W( — )\blueei)\bl“e))}
W( - )\rcdei)\red)

/\red
W( - /\bluee_)\blue)

)\blue

1/7\*((170)) = —]/7\*((0,0)) -

)

ﬁ*((o, 1)) = 72/7\*((070)) -

Proof. By the definition of f; and by the total law of probability, we obtain

fi= Y B

7€{0,1}?

5*(7“)| =/

P =v) 5" ().

Now let us look at the summands separately. Note that any red-avoiding path
contains only blue edges, and similarly, any blue-avoiding path contains only red edges.

If v = (1,1), then by Lemma 3.2, we obtain

P(

If v = (0,0), then clearly,

C*(r)| = ¢

C~*(r)‘ < o0

Z*(r):(m)) gIP(

t(r) = (1,1)) = 0.

P(|5*(r)| — ] () = (0,0)) — 1t =1].
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If v = (1,0), then conditional on t*(r) = (1,0), the branching process (|Rg§(}d )deN is
subcritical and has offspring distribution POI()\red(l — Hred)) by Theorem 3.15 of [31].
has distribution BOREL ()\red(l — 9red)).

](;Z(,ld )deN

is of type either (0,0) or (1,0) independently of

Thus the number of vertices of (|R

oy d
In addition, each vertex of (Rgi,d)deN

each other with probabilities

]/)\*((0, O)) _ (]- - ablue)(l — ered) =1— ebl

p*((0,0)) +p*((1,0)) (1 = Orea)

and
p*((1,0)
p*((0,0) +p*((1,0))

respectively. Thus by the total law of probability,

= abluev

() = (1,0), e G| =m)

~

-P( C(r, GEH| = m ‘ t(r) = (1,0))>
= G vea(1=6rca), Ootae (0)-
If v = (0,1), then similarly,
B(IC 0] = €[ E0) = 0.1)) = Gruunctt-tme) 0
Therefore (5.1) holds. By (4.4), we obtain

]/)\* ((07 O)) =1- P{red,blue} s

i)\* ((17 O)) = P{red,blue} — P{blue}>

font 3

p ((07 1)) = P{red,blue} — P{red}»

and by Corollary 4.1, the stated result follows. O

6. Open questions

Let us conclude our paper with a list of open questions and conjectures that we

propose for future research.
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In Section 4, we gave explicit, recursive formulas for the asymptotic density f% of
the giant color-avoiding connected component, and in Section 5, we gave a formula
for the asymptotic density f; of the set of vertices that belong to a color-avoiding

connected component of size ¢ for any ¢ € N in the case of k = 2 colors.

Question 6.1. Is there an explicit formula for f; for any £ € Ny and for k > 3

colors?

It is well-known (see [2] and the references therein) that the cardinality of the union
of the largest components in an (uncolored) critical Erdés—Rényi graph G,, with n
vertices is of order n?/3. It follows from Theorem 2.2 and Proposition 2.1 that if

A\ =1 for some i € [k], then

Clv,Gyp)| —

— max — 0, n — o0.

n veV(G,)

Question 6.2. Let k € Ny, A € R and let G, ~ G,([n],)) for alln € N;. What
is the order of magnitude of max,¢cy) |C~(U,Gn)| if \\' = 1 for some i € [k], and in
particular, if \\* =1 for all i € [k]?

Let us note that the recent paper [20] contains some results in the vein of our
Question 6.2, see Theorem 1.1 and Proposition 1.3 of [20].
We know from Theorem 2.1 that C(k) is an integer if k € {2, 3,4}.

Question 6.3. Is C(k) an integer for all k € Ny ¢

Our results pertain to one of the most fundamental edge-colored random graph
models, i.e., the edge-colored Erd6s—Rényi graph. A natural, more heterogeneous
model of edge-colored random graphs is the following generalization of the well-known
configuration model (see Section 1.3 in [32]). Let k € Ny and let p : N¥ — [0,1]
satisfying > den’ p(d) = 1. Let us consider a sequence of edge-colored graphs G,
where the edge-colored degree sequence satisfies

1
lim f’{v €V(G,,) : the number of half-edges of color ¢ incident to v is d;, i € [k]}’

n—o00 N

:p(dl,...,dk)

and the half-edges of the same color are matched according to the rules of the config-

uration model.
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Question 6.4. Does Theorem 2.2 have an analogue in the above described edge-colored
configuration model? Is there an explicit formula for the asymptotic density of the

largest color-avoiding connected component?

Color-avoiding percolation was first introduced for vertex-colored graphs, see [15,16].
The definition of color-avoiding connectivity in vertex-colored graphs is ambiguous.
The two most interesting versions are as follows. In the first version, two vertices are
color-avoiding connected in a vertex-colored graph if there exists a path between them
whose internal vertices are not of color ¢ for any color ¢. Whereas in the second version,
two vertices are color-avoiding connected if there exists a path between them using any
colors and either at least one of the vertices is of color ¢ or there exists a path between
them whose vertices are not of color i for any color i. In [24], we showed that these

two definitions can yield problems with highly different computational complexity.

Question 6.5. Does Theorem 2.2 have an analogue in a vertex-colored Erdés—Rényi
random graph, i.e., in an Erddés—Rényi random graph whose vertices are randomly
colored? Is there an explicit formula for the asymptotic density of the largest color-

avoiding connected component?
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