Midterm Exam - March 25, 2026, Limit thms. of probab.

Family name Given name

Signature Neptun Code

No calculators or electronic devices are allowed. One formula sheet with 15 formulas is allowed.

1. Let Y1,Y5,... denote i.i.d. random variables with POI(2) distribution. Let S, =Y; +--- + Y.

(a) (2 point) Calculate the formula for the logarithmic moment generating function T of Y;. For which

values of A do we have f()\) = +00?
(b) (2 points) Calculate the formula for the Legendre transform I of the function I. For which values
of x do we have I(z) = +o00?

(c) (2 points) Calculate lim,, o £ In (P (22 < 2)) for all z € R using Cramér’s theorem.

(d) (2 points) In class we have learnt an identity that relates the large deviation rate function of the
BER(p) distribution and the large deviation rate function GEO(p) distribution. Propose a similar
identity between the large deviation rate function I of the POI(2) distribution and the large deviation
rate function of another famous probability distribution. Please provide a sketch proof of the identity
that you propose using Cramér’s theorem (twice).

2. (7 points) Let X1, Xo,... denote i.i.d. random variables with p.d.f.

V2 o1
J@ =" ek

Let
M, = max{Xy,...,X,}

Find the value of o € R for which M,, /n® weakly converges to a non-degenerate probability distribution
and find the c.d.f. F' of the limiting distribution.

Hint: Use that if a,, — oo, |b,| = 0, a,, - b, — ¢ then (14 b,)% — e°.



