Midterm Exam - April 14, 2026, Limit thms. of probab.
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No calculators or electronic devices are allowed. One formula sheet with 15 formulas is allowed.

1. (3+2+1+2 points) Let X7, Xs,... denote i.i.d. random variables with probability density function (p.d.f.)
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(a) Derive that the logarithmic moment generating function of X is

f(@) = —= e "1z > 0]
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) = sn(1—X), ?f/\<1
+00, if A>1.

Hint: You may use without proof that f is indeed a probability density function.
(b) Calculate the Legendre transform I(x) of I(\). For which values of 2 do we have I(z) < 400?
(c) Draw a sketch of the function I(x), indicating where the local minimum is.

(d) Use Cramér’s theorem to calculate the following two limits:

1 Xi+---+X 1 Xi+---+X
lim —In (P (M§1)>, lim —In (]P’ (M21>)
n—oo N n n—oo n n

2. Let Y1,Ys,... denote ii.d. random variables with p.d.f. g(z) = e + e 2* if > 0 and g(z) = 0
otherwise.
(a) (2 points) Find the cumulative distribution function (c.d.f.) of ;.

(b) (5 points) Let M,, = max{Y7,...,Y,}. Show that M, — In(n) converges in distribution as n — co
and identify the c.d.f. of the limiting distribution.



