
Midterm Exam Solutions
Limit Theorems of Probability — April 14, 2026

Problem 1

Let X1, X2, . . . be i.i.d. with p.d.f.

f(x) =
2√
π

√
x e−x 1[x > 0].

(a) Logarithmic moment generating function

We compute the moment generating function (MGF):

M(λ) = E[eλX1 ] =

∫ ∞

0

eλx
2√
π

√
x e−x dx =

∫ ∞

0

2√
π
x1/2 e−(1−λ)x dx.

This integral converges if and only if λ < 1. For λ < 1, substitute u = (1 − λ)x, so
x = u/(1− λ) and dx = du/(1− λ):

M(λ) =

∫ ∞

0

2√
π

(
u

1− λ

)1/2

e−u du

1− λ
=

1

(1− λ)3/2

∫ ∞

0

2√
π
u1/2 e−u du.

Using that f is a probability density function:∫ ∞

0

2√
π
u1/2 e−u du = 1.

Therefore, for λ < 1:
M(λ) = (1− λ)−3/2.

The logarithmic MGF is thus

Î(λ) = lnM(λ) =

−3

2
ln(1− λ), λ < 1,

+∞, λ ≥ 1.

(b) Legendre transform

The Legendre–Fenchel transform (rate function) is

I(x) = sup
λ∈R

[
λx− Î(λ)

]
= sup

λ<1

[
λx+

3

2
ln(1− λ)

]
.
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For x > 0, we maximise over λ < 1. Differentiating with respect to λ:

d

dλ

[
λx+ 3

2
ln(1− λ)

]
= x− 3

2(1− λ)
= 0 =⇒ 1− λ =

3

2x
=⇒ λ∗ = 1− 3

2x
.

This critical point satisfies λ∗ < 1 if and only if x > 0, confirming the domain.
Substituting λ∗ back:

I(x) =

(
1− 3

2x

)
x+

3

2
ln

(
3

2x

)
= x− 3

2
+

3

2
ln

(
3

2x

)
.

For x ≤ 0 the supremum is +∞ (take λ → −∞).

I(x) =

x− 3

2
+

3

2
ln

(
3

2x

)
, x > 0,

+∞, x ≤ 0.

So I(x) < +∞ if and only if x > 0.

Mean check. The mean of Xi is

µ = Î ′(0) =
3/2

1− 0
=

3

2
.

Indeed I(3/2) = 3/2 − 3/2 + (3/2) ln(1) = 0, as expected (the rate function vanishes at
the mean).

(c) Sketch of I(x)

Key features:

• Domain: (0,∞); I(x) = +∞ for x ≤ 0.

• I(x) ≥ 0 for all x and I(x) = 0 at x = 3
2
(the mean).

• I is strictly convex; it decreases on (0, 3
2
) and increases on (3

2
,∞).

• As x → 0+: I(x) → +∞ (logarithmic blow-up).

• As x → +∞: I(x) → +∞ (linear growth dominates).

3
2

0

min = 0

x

I
(x
)

The global minimum of I is 0, attained at x = 3
2
.
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(d) Cramér’s theorem applied

Let X̄n = (X1 + · · ·+Xn)/n and µ = 3/2.

First limit: lim
n→∞

1

n
lnP

(
X̄n ≤ 1

)
.

The set (−∞, 1] is a closed set not containing the mean µ = 3/2 > 1. By Cramér’s
theorem (large-deviation upper bound, which is sharp for closed convex sets):

lim
n→∞

1

n
lnP

(
X̄n ≤ 1

)
= − inf

x≤1
I(x) = −I(1).

Computing:

I(1) = 1− 3

2
+

3

2
ln

(
3

2

)
= −1

2
+

3

2
ln

3

2
.

(Here infx≤1 I(x) = I(1) because I is decreasing on (0, 3/2), so the infimum over
(−∞, 1] is attained at x = 1.)

lim
n→∞

1

n
lnP

(
X̄n ≤ 1

)
= −I(1) =

1

2
− 3

2
ln

3

2
.

Second limit: lim
n→∞

1

n
lnP

(
X̄n ≥ 1

)
.

The mean µ = 3/2 belongs to [1,∞), so P (X̄n ≥ 1) → 1 by the law of large numbers,
and in particular

1

n
lnP

(
X̄n ≥ 1

)
→ 0.

More formally, infx≥1 I(x) = I(3/2) = 0, so Cramér’s theorem gives

lim
n→∞

1

n
lnP

(
X̄n ≥ 1

)
= 0.

Problem 2

Let Y1, Y2, . . . be i.i.d. with p.d.f.

g(x) =

(
1

2
e−x + e−2x

)
1[x > 0].

Verification that g is a valid p.d.f.:∫ ∞

0

g(x) dx =
1

2

∫ ∞

0

e−x dx+

∫ ∞

0

e−2x dx =
1

2
· 1 + 1

2
= 1. ✓

(a) Cumulative distribution function

For x ≤ 0: G(x) = 0.
For x > 0:

G(x) =

∫ x

0

g(t) dt =
1

2

∫ x

0

e−t dt+

∫ x

0

e−2t dt

=
1

2

[
−e−t

]x
0
+

[
−1

2
e−2t

]x
0

=
1

2
(1− e−x) +

1

2
(1− e−2x).
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G(x) =

0, x ≤ 0,

1− 1

2
e−x − 1

2
e−2x, x > 0.

Check: G(∞) = 1− 0− 0 = 1. ✓

(b) Convergence in distribution of Mn − lnn

Let Mn = max{Y1, . . . , Yn}. Since the Yi are i.i.d., the CDF of Mn is

P (Mn ≤ x) = G(x)n.

We study the shifted sequence Mn − lnn. For any fixed t ∈ R:

P (Mn − lnn ≤ t) = G(t+ lnn)n.

For all large enough n, t+ lnn > 0, so we may use the formula for G:

G(t+ lnn) = 1− 1

2
e−(t+lnn) − 1

2
e−2(t+lnn) = 1− e−t

2n
− e−2t

2n2
.

We take the logarithm and use ln(1 + u) = u+O(u2) as u → 0:

n lnG(t+ lnn) = n ln

(
1− e−t

2n
− e−2t

2n2

)
= n

(
−e−t

2n
− e−2t

2n2
+O

(
1

n2

))
= −e−t

2
− e−2t

2n
+O

(
1

n

)
n→∞−−−→ −e−t

2
.

Therefore:
P (Mn − lnn ≤ t) = en lnG(t+lnn) n→∞−−−→ e−e−t/2.

We conclude that Mn − lnn converges in distribution, with limiting CDF

F (t) = exp

(
−1

2
e−t

)
, t ∈ R.

Identification of the limiting distribution. This is a Gumbel (Type-I extreme value)
distribution. Recall that the standard Gumbel CDF is exp(−e−(t−µ)/σ). Writing

exp

(
−1

2
e−t

)
= exp

(
−e−(t−ln 1

2
)
)
= exp

(
−e−(t+ln 2)/1

)
,

we identify location parameter µ = − ln 2 and scale parameter σ = 1.
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