
Midterm Exam - May 13, 2026, Limit thms. of probab.

Family name Given name

Signature Neptun Code

No calculators or electronic devices are allowed. One formula sheet with 15 formulas is allowed.

1. (a) (2 points) Calculate the characteristic function of the standard Cauchy distribution (please write
down the steps of the derivation).

(b) (2 points) Let X be a random variable with standard Cauchy distribution. Let Z = XY , where Y
is independent of X with distribution

P(Y = 1) =
1

2
, P(Y = 2) =

1

2
.

Calculate the characteristic function of Z.

(c) (4 points) Let Z1, Z2, . . . denote independent copies of Z. Find γ ∈ R+ such that

Z1 + · · ·+ Zn

nγ

weakly converges to a non-degenerate random variable Z∗. Find the distribution of Z∗.
Hint: Use the method of characteristic functions!

2. (7 points) Let U1, U2, . . . be i.i.d. with UNI[0, 1] distribution. Let

Xk =
1√
k
U

−1/5
k .

Let Sn = X1 + · · ·+Xn. Find an ∈ R and bn ∈ R+ such that

Sn − an
bn

⇒ N (0, 1)

Instructions: Find the simplest possible closed formula for an and bn. If you use a theorem that we have
learnt in class, please check that the theorem is applicable in this case.
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