
Midterm Exam - May 13, 2026, Limit thms. of probab.

1. (a) (2 points) Calculate the characteristic function of the standard Cauchy distribution (please write
down the steps of the derivation).

(b) (2 points) Let X be a random variable with standard Cauchy distribution. Let Z = XY , where Y
is independent of X with distribution P(Y = 1) = 1

2 , P(Y = 2) = 1
2 . Calculate the characteristic

function of Z.
(c) (4 points) Let Z1, Z2, . . . denote independent copies of Z. Find γ ∈ R+ such that Z1+···+Zn

nγ weakly
converges to a non-degenerate random variable Z∗. Find the distribution of Z∗.
Hint: Use the method of characteristic functions!

Solution:

(a) The char. function is φ(t) = e−|t|. For the derivation, see page 105-106 of scanned lecture notes.
(b) ψ(t) = E(eitZ) = E(eitZ |Y = 1)P(Y = 1) + E(eitZ |Y = 2)P(Y = 2) = 1

2e
−|t| + 1

2e
−2|t|.

(c) Let Z∗
n := Z1+···+Zn

nγ and ψ∗
n(t) := E(eitZ∗

n). Then, using that ex = 1 + x+ o(x) as x→ 0, we get

ψ∗
n(t) = (ψ(t/nγ))

n
=

(
1

2
e−n−γ |t| +

1

2
e−2n−γ |t|

)n

=(
1

2

(
1− n−γ |t|+ o(n−γ)

)
+

1

2

(
1− n−γ2|t|+ o(n−γ)

))n

=

(
1− 3

2
n−γ |t|+ o(n−γ)

)n
(∗)
=(

1− 3

2
n−1|t|+ o(n−1)

)n

→ exp

(
−3

2
|t|
)
, n→ ∞,

where in (∗) it became clear that γ = 1 because we want to use that (1+ x
n +o(

1
n ))

n → ex as n→ ∞.
In conclusion, we have ψ∗

n(t) → exp
(
− 3

2 |t|
)
. Recalling that exp (−a|t|) is the char. function of the

CAU(a) distribution (see page 106), we obtain that Z∗
n ⇒ Z∗, where Z∗ ∼ CAU(3/2).

2. (7 points) Let U1, U2, . . . be i.i.d. with UNI[0, 1] distribution. Let Xk = 1√
k
U

−1/5
k .

Let Sn = X1 + · · ·+Xn. Find an ∈ R and bn ∈ R+ such that Sn−an

bn
⇒ N (0, 1)

Instructions: Find the simplest possible closed formula for an and bn. If you use a theorem that we have
learnt in class, please check that the theorem is applicable in this case.

Solution: We will use Lindeberg’s theorem. Let µ = E(U−1/5
k ) and σ2 = Var(U

−1/5
k ). We can calculate

µ =
∫ 1

0
x−1/5dx = 5

4 and σ2 =
∫ 1

0
(x−1/5)2dx− µ2 = 5

3 − ( 54 )
2 = 5

48 .

µn := E(Sn) =
∑n

k=1 E(Xk) = µ
∑n

k=1
1√
k
= µ

∫ n

1
1√
x
dx+O(1) = µ2

√
n+O(1).

σ2
n := Var(Sn) =

∑n
k=1 Var(Xk) = σ2

∑n
k=1

1
k = σ2

∫ n

1
1
xdx+O(1) = σ2 ln(n) +O(1). Let σn =

√
σ2
n.

Now let us check Lindeberg’s condition. Let us fix some ε > 0. Let X̃k := Xk −E(Xk) =
1√
k
U

−1/5
k − µ√

k
.

The condition |X̃k| > εσn holds if either 1√
k
U

−1/5
k − µ√

k
> εσn or if 1√

k
U

−1/5
k − µ√

k
< −εσn, but the

latter cannot happen for any k if n is large enough since Uk ≥ 0. Thus, assuming that n is large enough,
|X̃k| > εσn occurs if and only if 1√

k
U

−1/5
k − µ√

k
> εσn, i.e., iff Uk < xk,n := (

√
kεσn + µ)−5. Thus

E(X̃2
k1[|X̃k| > εσn]) =

∫ xk,n

0

(
1√
k
x−1/5 − µ√

k

)2

dx ≤ 1

k

∫ xk,n

0

(x−1/5)2dx =
1

k

5

3
x
3/5
n,k ≤ 5

3
k−5/2ε−3σ−3

n

and
1

σ2
n

∞∑
k=1

E(X̃2
k1[|X̃k| > εσn]) ≤

5

3
ε−3σ−5

n

n∑
k=1

k−5/2 → 0 n→ ∞,

since
∑n

k=1 k
−5/2 < ∞ and σn → ∞ as n → ∞. Thus Lindeberg’s condition holds and we can apply

Lindeberg’s theorem to conclude Sn−µn

σn
⇒ N (0, 1). We may use Slutsky to conclude Sn−an

bn
⇒ N (0, 1),

where

an =
5

2

√
n, bn =

√
5

48
ln(n).

1


