Midterm Exam - May 13, 2026, Limit thms. of probab.

1. (a) (2 points) Calculate the characteristic function of the standard Cauchy distribution (please write
down the steps of the derivation).

(b) (2 points) Let X be a random variable with standard Cauchy distribution. Let Z = XY, where Y
is independent of X with distribution P(Y = 1) = 1, P(Y = 2) = 1. Calculate the characteristic
function of Z.

(¢) (4 points) Let Z3, Zs, ... denote independent copies of Z. Find v € Ry such that % weakly
converges to a non-degenerate random variable Z*. Find the distribution of Z*.

Hint: Use the method of characteristic functions!

Solution:

(a) The char. function is () = e~!!l. For the derivation, see page 105-106 of scanned lecture notes.
(b) ¥(t) =E(e??) =E(e? |Y = 1)P(Y = 1) + E(e? | Y = 2)P(Y = 2) = Le7ltl + Le—20
(c) Let Z; := ZttZn and o) (t) := E(e'*Zn). Then, using that e = 1+ z + o(z) as z — 0, we get

i(t) = (Wlt/n")" = (i“‘”' + ;2"‘”“) _
(; (1= o) 5 (120 o(n—ﬂ)) - <1 o+ o(n—”>) ©

(1 - gn*1|t\ + o(nl)) — exp (3|t|) , n — 00,

where in (x) it became clear that v = 1 because we want to use that (1+Z+40(2))" — e® as n — oc.
In conclusion, we have v} (t) — exp (—3|t|). Recalling that exp (—alt|) is the char. function of the
CAU(a) distribution (see page 106), we obtain that Z* = Z*, where Z* ~ CAU(3/2).
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Let S, = X7 4+ -+ + X,,. Find a,, € R and b,, € R, such that S"b;n“” = N(0,1)

Instructions: Find the simplest possible closed formula for a,, and b,,. If you use a theorem that we have
learnt in class, please check that the theorem is applicable in this case.

Solution: We will use Lmdeberg s theorem. Let p = E(U, 15 ) and 0% = Var(Uk_l/5). We can calculate
o= fo 2=5dz = 2 and 0 = fo( _1/5)2dac pr=3-03)2=2x
pn = E(Sn) = S0 B(Xy) = u 3oy gz = 1 )" Jede +0(1) = p2v/n+ O(1).

= Var(S,) = > p_, Var(Xy) =023 p_, £ =02 [ 2dz + O(1) = 6?In(n) + O(1). Let 0, = \/02.

2. (7 points) Let Uy, Us, ... be iid. with UNI[0, 1] distribution. Let X =

Now let us check Lindeberg’s condition. Let us fix some € > 0. Let )?k =X, —E(Xy) = ﬁUk_l/E) — %
The condition |)?k\ > eo0,, holds if either ka /5 _ % > o, or if ka /5 _ ﬁ < —e&o,, but the

latter cannot happen for any k if n is large enough since Uy > 0. Thus, assuming that n is large enough,

\)Z'k| > €0, occurs if and only if ﬁU,;l/S - ﬁ > e0p, ie., iff Uy < 21, := (Vkeo, + p)~5. Thus
~ - Th,n 1 L 2 1 [Tk 15 35 5 .
E(X21[|X, > o, :/ <:z: 1/5) dx<—/ x5 de:ff:z:/ < Zk5/2 30n3
(k“ k| ]) 0 \/E \/E _kO ( ) kSnk—S
and
1 & 5 3 _5 - —5/2
72; \Xk|>€on])§g o, kzﬂk 2 50 n — 0o,

since > p_, k=5/? < 00 and o, —> oo as n — co. Thus Lindeberg’s condition holds and we can apply
Lindeberg’s theorem to conclude ”g te = A(0,1). We may use Slutsky to conclude Z==% = A(0,1),

where
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