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Öntapadó jegyzet
here is a more general limit theorem where the limiting distribution is symmetric stable

rath
Öntapadó jegyzet
this assumption is about the polynomial rate of decay of the tail of the distribution of X_k.
Note that now we do not assume that X_k has a p.d.f.

rath
Öntapadó jegyzet
now  we exclude the alpha=2 case to avoid the log-corrections that appeared in the borderline case of the CLT on page 121

rath
Öntapadó jegyzet
so Z_n converges weakly to the symmetric stable distribution with scaling parameter c and index alpha

rath
Öntapadó jegyzet
and we proved that special case. The proof of the more general result stated above is similar.

rath
Öntapadó jegyzet
to see why it is a special case,
 compare equation F on page 149 
with equation B above
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Öntapadó jegyzet
Note: we still assume that X_k has symmetric distribution

rath
Öntapadó jegyzet
so now we do not assume that alpha is in (0,2)

rath
Öntapadó jegyzet
we will now prove a limit theorem 
about the scaled running maximum M_n
(by showing that the c.d.f.'s converge pointwise)

rath
Öntapadó jegyzet
M_n <= n^(1/alpha) * x 
if and only if 
X_k <= n^(1/alpha) * x for all k in {1,...,n}
and then we use independence

rath
Öntapadó jegyzet
by eq C above
(but in eq C it was x that went to infinity, whereas now x is fixed and n goes to infinity)

rath
Öntapadó jegyzet
an error term that goes to zero as n goes to infinity

rath
Öntapadó jegyzet
one of the famoes distributions from extreme value theory

rath
Öntapadó jegyzet
this is the c.d.f. of the Fréchet distribution

rath
Öntapadó jegyzet
by the CLT

rath
Öntapadó jegyzet
by the calculation above

rath
Öntapadó jegyzet
Since alpha > 2.

rath
Öntapadó jegyzet
so in this case the largest term of the sum is negligible compared to the sum

rath
Öntapadó jegyzet
since the sum S_n is much bigger than sqrt(n)

rath
Öntapadó jegyzet
by the limit theorem stated on the previous page

rath
Öntapadó jegyzet
by the limit theorem above 
(see equations D and E)

rath
Öntapadó jegyzet
because S_n/n does not converge to zero weakly.
In fact S_n/n is not tight

rath
Öntapadó jegyzet
but if alpha > 1 then 
E( |X_k| ) is finite, so E(X_k) = 0 
and thus the law of large numbers hold:
S_n/n goes to zero 
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Öntapadó jegyzet
the law of large numbers is about the arithmetic mean of i.i.d. random variables.
Let's see what happens if we consider the harmonic mean:

rath
Öntapadó jegyzet
so X_k has symmetric distribution

rath
Öntapadó jegyzet
we assume that the density function takes a positive value at x=0

rath
Öntapadó jegyzet
the harmonic mean of X_1, ... , X_n weakly converges to Cauchy distribution 

rath
Öntapadó jegyzet
recall the notation of CAU(0,a) from page 105

rath
Öntapadó jegyzet
Y_k also has symmetric distribution

rath
Öntapadó jegyzet
we want to apply the theorem from page 164
( with alpha=1 )

rath
Öntapadó jegyzet
since f is continuous
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rath
Öntapadó jegyzet
by equation F on page 164
( now b = f(0) )

rath
Öntapadó jegyzet
equation D on page 113

rath
Öntapadó jegyzet
the harmonic mean H_n is the reciprocal of Z_n

rath
Öntapadó jegyzet
by equation C above

rath
Öntapadó jegyzet
in words: the reciprocal of a standard Cauchy r.v. is also a standard Cauchy r.v.

rath
Öntapadó jegyzet
transformation of p.d.f.

https://en.wikipedia.org/wiki/Probability_density_function#Scalar_to_scalar

rath
Öntapadó jegyzet
so it remains to prove that 1/Z_n also converges weakly to Cauchy
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Öntapadó jegyzet
if W has standard Cauchy distribution then

rath
Öntapadó jegyzet
now we prove that H_n weakly converges to Cauchy
(see eq C on page 166)

rath
Öntapadó jegyzet
note that this does not follow trivially from H_n=1/Z_n and the weak convergence of Z_n to Cauchy, because the function that maps x to 1/x is not continuous

rath
Öntapadó jegyzet
H_n has symmetric distribution

rath
Öntapadó jegyzet
by symmetry, it is enough to prove pointwise convergence of the c.d.f. of non-negative values of x

rath
Öntapadó jegyzet
H_n = 1/Z_n

rath
Öntapadó jegyzet
Z_n is negative with probability 1/2

rath
Öntapadó jegyzet
since Z_n converges weakly to Z and the c.d.f. of Z is continuous
(see eq J and eq H on the previous page)

rath
Öntapadó jegyzet
W has CAU(1) distribution

rath
Öntapadó jegyzet
since 1/W has the same law as W

rath
Öntapadó jegyzet
since P( W<=0 ) = 1/2 by symmetry

rath
Öntapadó jegyzet
the c.d.f. of H_n converges pointwise to the c.d.f. of W/(pi*f(0))
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Öntapadó jegyzet
characterisation theorem of all stable distributions

rath
Öntapadó jegyzet
b is the shift parameter
(not very interesting)

rath
Öntapadó jegyzet
what comes after |t|^(alpha) is just a constant that only depends on the sign of t

rath
Öntapadó jegyzet
the alpha=1 case is a bit more complicated because of the log factor

rath
Öntapadó jegyzet
If the skewness is negative then there is more weight on the left side. If it is positive then there is more weight on the right side.

rath
Öntapadó jegyzet
stable distribution with parameters alpha, kappa, c and b
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Öntapadó jegyzet
if the shift parameter is zero and the skewness is also zero then we get back the formula exp(-c*|t|^(alpha)) for the char.fn.

rath
Öntapadó jegyzet
in words: a stable r.v. with arbitrary skewness can be obtained as the difference of independent totally skewed stable r.v.'s
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Öntapadó jegyzet
phi denotes the char.fn. of Lévy distribution

rath
Öntapadó jegyzet
by equation B on the previous page

rath
Öntapadó jegyzet
we want this formula to match equation A from page 169

rath
Öntapadó jegyzet
given kappa, we can solve this system of equations for p and q to obtain

rath
Öntapadó jegyzet
for example ln(x) is a slowly varying function
for example x^(alpha) is not a slowly varying function
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Öntapadó jegyzet
note: if a function can be decomposed as the product of a power function and a slowly varying function then such a decomposition is unique

rath
Öntapadó jegyzet
positive skewness: "more weight on the positive side"
negative skewness: "more weight on the negative side"

rath
Öntapadó jegyzet
now we give a recipie for 
the scaling parameter a_n and 
the shift parameter b_n

rath
Öntapadó jegyzet
the shifted and scaled sum of i.i.d. copies of X_k converges in distribution to a stable distribution with these parameters

rath
Öntapadó jegyzet
we will not prove this theorem

rath
Öntapadó jegyzet
but let us see an example and let us calculate the scale parameter a_n and the shift parameter b_n in that special case

rath
Öntapadó jegyzet
if we define the p.d.f. f(x) by F, then G and H also hold

rath
Öntapadó jegyzet
if kappa=1 then f(x)=0 for x<0
(so in this case X_k is a non-negative random variable)
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Öntapadó jegyzet
in this example the scaling is the same as on page 148-149
(quite simply because that was the kappa=0 special case of our current example)

rath
Öntapadó jegyzet
by the def of f(x) 
(see eq F on the previous page)

rath
Öntapadó jegyzet
so this is just the order of magnitude of the shift parameter b_n
(which can be negative if kappa is negative)

rath
Öntapadó jegyzet
again, there is a log-correction if alpha=1, just like in eq B on page 169

rath
Öntapadó jegyzet
there is so much more that we could not talk about
(e.g. infinitely divisible distributions and Lévy processes)




