INAME: .ottt NEPTUN code: ....ccoevvveeniieniiieieeene. Major: .....cccveenneee.

Probability Theory 1 exam, 20th January 2026
Working hours: 100 min. A non-programmable calculator without an internet connection can be used.
Maximal amount of points (with the Bonus): 110 points, but 100 points are already considered as 100%.

The. 1. (a) (2+6 points) Let (), F,P) be a probability space. Let A, ..., A, be events. State and prove the
inclusion-exclusion (sieve) formula for the probability P(A; U--- U A,,).
(b) (4 points) Let B and C be general events such that P(B) = 0.7 and P(C) = 0.8. Give a lower
bound for the probability P(B N C'). Justify your answer!

The. 2. (a) (6 points) Let (X,Y) be jointly absolutely continuous random variables with joint probability
density function f(x,y). Define the following quantities using f: the marginal density fy of
Y’; the conditional density f x|y of X under the condition Y = y; the conditional expectation
E(X|Y = y) of X under the condition Y = y.

(b) (6 points) State and prove the tower rule of conditional expectations.

The. 3. (a) (2 points) Define the moment generating function M (t) of a random variable X.
(b) (5 points) Let X be a random variable and let Y = a X + b, where a, b € R. What is the relation
between the moment generating functions M (¢) and My (¢)? Prove it!
(¢) (9 points) Let Z ~ N(0, 1) be a standard normal random variable. What is the moment generat-
ing function M (t) of Z? Prove it!
(d) (2 points) Let W ~ N(u,0?), where u € R and o > 0. What is My (t) =7

Prac. 1. Find the marginal density functions of the random variables X and Y and decide whether they are
independent or not, if

(a) (8 points) the joint probability density function is

A-(2Py+axy?) if0<zr<1,0<y<l,
flz,y) = .
0 otherwise,

where the value of A shall be calculated!
(b) (12 points) The point (X,Y) is uniformly distributed on the domain D = {(z,y) € R? :
20z| + 4 <1},

Prac. 2. An ice cream shop sells ice cream in 10 different flavours (vanilla, chocolate, strawberry, cherry,
raspberry, lime, peach, mango, caramel and pistachio). A party of 15 friends visits the shop. Each
member of the party orders two scoops of ice cream, each with two different flavours. The members
choose ice cream independently and at random.

(a) (4 points) What is the probability that no one orders vanilla?
(b) (8 points) Let X be the total number of different flavours they ordered. What is the expected
value of X?
Bonus: (/0 points) What is the variance of X ?

Prac. 3. Let Xy, X5,..., X,,.1 be independent and identically distributed random variables with standard

normal distribution, and let Y = %

(a) (10 points) At least how large is n if P(|Y| < 0.03) > 0.99?
(b) (8 points) Find the covariance matrix of (X;,Y").
(c) (8 points) What is P(|Y| < | X,44]|) =7
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