INAME: .ottt NEPTUN code: ....ccoevvveeniieniiieieeene. Major: .....cccveenneee.

Probability Theory 1 exam, 13th January 2026
Working hours: 100 min. A non-programmable calculator without an internet connection can be used.
Maximal amount of points (with the Bonus): 110 points, but 100 points are already considered as 100%.

The. 1. Let (2, 7, P) be a probability space.
(a) (2 points) Define the conditional probability with respect to an event E.
(b) (2 points) Give the definition of complete event systems (partitions)!
(c) (2+3 points) State and prove the theorem of complete event systems (also known as the law of
total probability).
(d) (243 points) State and prove Bayes’ Theorem.

The. 2. (a) (2 points) Give the probability density function (p.d.f.) of a random variable with normal distri-

bution N (p, 02).

(b) (7 points) Prove that it is indeed a p.d.f. Hint: why is it enough to prove it in the standardized
case?

(c) (4 points) Give the joint probability density function of the random variables (X, Y") with joint
normal distribution.

(d) (7 points) Suppose that X ~ N(juy,07) and Y ~ N(us,02) and X and Y are independent. Give
the distribution of X + Y, and verify it. Hint: why is it enough to prove it in the standardized
case?

The. 3. Let (2, F,P) be a probability space, and let X and Y be random variables.
(a) (2+2 points) Define the covariance cov(X,Y) and the correlation corr(X,Y") of X and Y.
(b) (2+6 points) State and prove the Cauchy-Schwartz inequality.
(¢) (4 points) What can we say about the relation of X and Y if corr(X,Y) = —1? Verify your
statement!

Prac. 1. The arrival times of the trams at the tram stops of Randomopolis follow a Poisson process. The
Poisson processes of different tram lines are independent. On average, there are 12 trams per hour at
a tram stop.
(a) (5 points) 1 arrived to the stop at 8:00 a.m. What is the probability that I have to wait for a tram
for more than 6 minutes?
(b) (8 points) 1 will have an appointment at 8:40. To get there, I have to commute once. I take the
first tram that arrives and travel with it for 15 minutes, when I get off. Then, at the stop where
I got off, I waited for another tram and travelled with it for 10 minutes. What is the probability
that I arrive at my appointment on time?
(¢) (5 points) On each of the trams that arrive at a particular stop, there are always 30 passengers,
and each of them takes off independently with probability 1/3. What is the expected value of
the passengers taking off at the stop between 8:00 and 10:00?
Bonus: (/0 points) What is the variance of the number of passengers taking off at the stop between 8:00 and
10:00?

Prac. 2. (16 points) I have two coins: an unbiased one and a biased one, which lands on heads with probability
3/5. I forgot which is which. I picked one at random and tossed it 100 times; it landed heads 58 times.
Estimate the probability that I picked the unbiased one using de Moivre-Laplace.

Prac. 3. Take a P(Q) line segment of length 2 and break it into two parts at a uniformly chosen point R. Let
X denote the length of the line segment P R. We broke the other R() segment again at a uniformly
chosen point S. Let Y denote the length of the line segment RS.

(a) (6 points) What is the joint probability distribution function of (X, Y")?
(b) (4 points) Find E(Y | X = z).
(c) (6 points) Calculate cov(X,Y").
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