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Probability Theory 1 exam, 6th January, 2026

Working hours: 100 min. A non-programmable calculator without internet connection can be used.
Maximal amount of points (with the Bonus): 110 points, but 100 points are already considered as 100%.

The. 1.

The. 2.

(a) (242 points) Define the binomial distribution BIN(n, p) based on its descriptive meaning and
derive from this the probabilities P(X = k) for the possible values of k if X ~ BIN(n, p).

(b) (3+4 points) Determine the expected value and variance of BIN(n, p).

(¢) (2+6 points) State and prove the Poisson approximation theorem.

(a) (2 points) Define the cumulative distribution function (c.d.f.) Fx(x) of a random variable X.

(b) (4+8 points) State and prove the defining properties of the c.d.f.

(¢) (2 points) Define the probability density function (p.d.f.) fx(x) of an absolutely continuous
random variable X .

(d) (3 points) State the relation between the c.d.f. and the p.d.f. of an absolutely continuous random
variable.

The. 3. Let (2, F,P) be a probability space.

Prac. 1.

Bonus:

Prac. 2.

Prac. 3.

(a) (2+2 points) Define when we call two events A, B € F independent. Define when we call a
countable collection of events A;, As, ... independent.

(b) (2 points) Define when we call two random variables X : 2 — R and Y: €2 — R independent.

(¢) (3 points) Give equivalent conditions for two random variables being independent (in the discrete
case and the jointly absolutely continuous case)

(d) (1+2 points) Define the covariance cov(X,Y') of X and Y and calculate the covariance of a pair
of independent, jointly absolutely continuous random variables X and Y.

An archer is practicing shooting. The bull’s eye (i.e. the center of his target) is the origin of the
coordinate system, and the impact coordinates (X, Y") of his arrows are random variables such that
X ~ N(0, %), Y ~ N(0, %), and X and Y are independent, where o is the distance of the archer
from the target in meters.
(a) (4 points) What is the probability that the archer hits the recrangle [—2, 2] x [—1, 1] if he stands
exactly o = 10 meters away from the target?
(b) (7 points) What is the probability that the archer hits the square {(z,y) : || + |y| < 2} if he
stands exactly o = 20 meters away from the target?
(¢) (8 points) If the target he aims is a disc of radius 1 meter (centered at the origin), what is the
probability that the archer hits it as a function of o?
(10 points) In the previous exercise, derive the explicit formula for the expected Euclidean distance
of the impact point of the arrow from the bull’s eye as a function of o.

Let X1, Xo,...and Y;, Ys, ... be independent and identically distributed random variables with dis-
tribution EXP(X). Let P, = (3, Xg, D, Vi) forn = 1,2,... and let S be the following
random set of random points on the plane: S = {F, : n = 1,2,...}. In other words: S consists of
(X1, Y7), (X5 + X0, Y1 +Y5), ...
(a) (4 points) What is the probability that there are no points from S in the square [0, ¢] x [0, ¢]?
(b) (6 points) What is the probab. that there are at least two points from S in the square [0, ¢] x [0, ¢]?

Santa’s elves are in a hurry. There are 5 socks and 10 elves. Each elf throws one gift in a randomly
chosen sock.

(a) (6 points) What is the expected value of the number of gifts in the first sock?

(b) (7 points) What is the expected value of the number of non-empty socks?

(c) (8 points) What is the variance of the number of non-empty socks?
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