INAME: .ottt NEPTUN code: ....ccoevvveeniieniiieieeene. Major: .....cccveenneee.

Probability Theory 1 exam, January 23rd, 2025
Working hours: 100 min. Non-programable calculator without internet connection can be used.
Maximal amount of points (with the Bonus): 110 points, but 100 points are already considered as 100%.

The. 1. (a) (2+2 points) Define the binomial distribution BIN(n, p) based on its descriptive meaning and
derive from this the probabilities P(X = k) for the possible values of k if X ~ BIN(n, p).
(b) (3+4 points) Determine the expected value and variance of BIN(n, p).
(¢c) (2+4 points) State and prove the Poisson approximation theorem.
Bonus (10 points) Let X ~ BIN(n, p). Give a closed formula for E(X#H)
The. 2. (a) (6 points) Define the probability density function fx(z) of an absolutely continuous random
variable X. Give and prove the defining properties of fx.
(b) (10 points) Let Y be a non-negative absolutely continuous random variable. Show that E(Y) =

fooo P(Y > y)dy.

The. 3. Let (X,Y") be jointly absolutely continuous random variables with joint density function f(z,y).

(a) (I1+1+1 points) Define the marginal density fx, the conditional density fy|x(y|z) and the con-
ditional expectation E(Y'| X).

(b) (I points) State the tower rule.

(¢) (I points) Using the conditional expectation, define the conditional variance D?(X|Y).

(d) (1+5 points) State and prove the formula for conditional variance.

(e) (2+4 points) Denote the number of customers of a shop on a day by N, which is random. Let &;
be the spending of the ith customer, which is also random. We know that E(N) = 200, D*(N) =
81, moreover, E(&;) = 5000 and D?(&;) = 10000 for every i. Suppose that N, &;, &, ... are
independent. Denote Y the total income of the shop on a day. Find the expected value and
variance of Y.

Prac. 1. In the Bonferroni factory, there are two production lines: every third car is made on the first line, while
the rest is made on the second. Every Bonferroni car stalls at the ignition with a small probability
(independently at each ignition). However, this probability depends on the production line where the
car was made. The probability that a car made on the first production line stalls at least once in a year
is 1/4, while the probability of the same is 1/2 on the second production line.

(a) (8 points) Lewis is an average customer who bought a Bonfferroni car and he wants to use it
for two years. What is the probability that Lewis’ car stalls exactly two times during this two
years?

(b) (8 points) Max is an another average customer who is already using his Bonfferroni car for a
year, and during this year his car did not stall at all. What is the probability that Max’s car won’t
stall in the next year?

Prac. 2. (8+9 points) We throw an unbiased dice 30 times. Let X be the number of occasions when an even
number is followed by an odd. What is the expected value and variance of X?

Prac. 3. (17 points) Given 48 random real numbers, we round them one by one to the closest integer. Assume

that the rounding errors for different numbers are independent, identically distributed, and uniform on
the interval [—%, %} Denote S the sum of these 48 numbers and denote 7" the sum of the integers that
we obtain after rounding each of the summands. What is the probability that we get 7' by rounding

S? Use normal approximation. (Hint: if ¢ ~ UNI(a,b) then D?(¢) = %.)
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