NAME: ..o NEPTUN-CODE: ........cccocoviiiiiiiiiinnnn MAT or PHYS?: ....ccoceeiis

Probability theory exam, 2025. dec. 18.
Working time: 100 minutes. Non-programmable, offline calculator can be used,
standard normal distribution table on the other side.
Maximum possible score (including bonus): 110 points, but even 100 points is considered as 100%.

The. 1. (a) (4 points) Define the expected value and standard deviation of discrete probability distributions.
(b) (4 points) Give an example of a distribution with a finite expected value but an infinite variance.

(c) (4 points) There are two formulas for the standard deviation (one: the squared distance from the
expected value; the other: expressed in terms of the first and second moments). Write down the
formula that you did not write down in task (a) and prove that the two formulas give the same value.

(d) (4 points) Derive the formula for the standard deviation of the binomial distribution.

The. 2. Let X and Y be independent absolutely continuous random variables. Let Z = X + Y. Derive the
formula for the distribution function of Z (6 points). From this, derive the formula for the density
function of Z (3 points). If X and Y are both uniformly distributed on the interval [2, 4], then give the
formula for the density function of Z and draw the graph of the density function of Z (4 points), and
calculate the probability P(Z > 7) (4 points).

The. 3. Let (X,Y") be jointly absolutely continuous. Define the conditional expectation of X under the con-
dition Y = y (3 points), and the conditional expectation of E( X | Y") (2 points). State and prove the
tower rule of conditional expectation (5 points). Define the meaning of the terms in the conditional
variance formula (3 points) and prove the formula (4 points).

Prl. 1. Gaspard carries 3 pices of gold, 2 frankincense and 1 myrrh in his gift package, Melchior carries 2
pieces of gold, 1 frankincense and 3 myrrh in his package, and Balthazar carries 1 piece of gold, 3
frankincense and 2 myrrh in his package. The three Wise Men arrived at the Holy Family in random
order. Mary blindly reaches into the gift package of the wise man who arrived first and takes out two
gifts.

(a) (6 points) What is the expected number of myrrhs in Mary’s hand? Hint: It’s easier if you use the
method of decomposition as a sum of indicators!

(b) (6 points) Assuming that Mary holds a piece of gold and a piece of frankincense, what is the
probability that Gaspar arrived first?

(c) (5 points) Assuming that she holds a piece gold and a piece of frankincense, what is the expected
number of myrrhs in the same package?

Pr2. 2. (16 points) We roll two independent fair dice. What is the joint probability weight function of X and
Y if X is the minimum of the two throws and Y is their sum?

Pr3. 3. On average, the Tume parcel delivery company receives an online Christmas gift order every two
seconds. Independently of this, the rival Azla parcel delivery company also receives an order every
two seconds on average.

(a) (4 points) What is the variance of the time of the fifth order received by Azla after 10.00am?

(b) (5 points) What is the variance of the number of orders received by both companies together in the
next 10 seconds?

(c) (8 points) Estimate the probability that Tume will receive at least 50 more orders than Azla in the
next hour. Instructions: ® table on the opposite page.

Bonus (10 points) Estimate the probability of the joint occurrence of events that Azla will receive
more orders between noon and 6 pm today and also between noon and midnight today. Instructions:
® table on the opposite page.
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