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Introduction

Recap

Definition (Separable permutation)

A permutation is separable if it can be obtained from the permutation
1 € S; by a sequence of & and &.
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Introduction

Recap

Definition (Separable permutation)

A permutation is separable if it can be obtained from the permutation
1 € S; by a sequence of & and &.

o Av(2413,3142) .

@ Bijection with signed trees where the signs alternate (level to level)
1 2 3 ¢
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Recap

Theorem (Limit of separable permutations (Bassino et al., 2018))

@ o,: a uniform random separable permutation of size n
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Theorem (Limit of separable permutations (Bassino et al., 2018))
@ o,: a uniform random separable permutation of size n

® (i, the random permuton associated with o,
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Introduction

Recap

Theorem (Limit of separable permutations (Bassino et al., 2018))
@ o,: a uniform random separable permutation of size n

® (i, the random permuton associated with o,

There exists a random permuton p, called the Brownian separable
permuton, such that (ji,,)n = | as n — oo.
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Introduction

Recap

Theorem (Limit of separable permutations (Bassino et al., 2018))
@ o,: a uniform random separable permutation of size n

® (i, the random permuton associated with o,

There exists a random permuton p, called the Brownian separable
permuton, such that (ji,,)n = | as n — oo.

e (occ(m,op) @ m permutation) = (A, : m permutation)
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Introduction

Recap

Theorem (Limit of separable permutations (Bassino et al., 2018))
@ o,: a uniform random separable permutation of size n
® (i, the random permuton associated with o,

There exists a random permuton p, called the Brownian separable
permuton, such that (ji,,)n = | as n — oo.

e (occ(m,op) @ m permutation) = (A, : m permutation)

@ A, are obtained by a sample of a signed Brownian excursion whose
strict local minima are decorated with uniform i.i.d. signs in {4, —}
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Introduction

Motivation

Two natural questions arise:
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Introduction

Motivation

Two natural questions arise:

@ Is this limit specific to separable permutations, or is it a universal
phenomenon? (Bassino, Bouvel, Féray, Gerin, Maazoun, Pierrot, 2020)

permutation
classes
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Introduction

Motivation

Two natural questions arise:
@ Is this limit specific to separable permutations, or is it a universal
phenomenon? (Bassino, Bouvel, Féray, Gerin, Maazoun, Pierrot, 2020)
@ Geometrically, what does this random measure look like on the unit
square? (Maazoun, 2020)

- 1
Separable
permutations
Brownian Geometry? —‘»
separable | --=-=--=2
Some other permuton? 4
permutation Universality?
1
classes 0
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Universality: the biased permuton

@ Universality: the biased permuton
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Universality: the biased permuton

Blocks

Definition (Block)

A block of a permutation is an interval of indices whose values also form a
contiguous interval of integers.
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Universality: the biased permuton

Blocks

Definition (Block)
A block of a permutation is an interval of indices whose values also form a
contiguous interval of integers.

Trivial blocks: blocks of length 1 and the permutation itself
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Universality: the biased permuton

Blocks

Definition (Block)

A block of a permutation is an interval of indices whose values also form a
contiguous interval of integers.

Trivial blocks: blocks of length 1 and the permutation itself
Example: 1 =45231867
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Marton Sz8ke Brownian Separable Permuton March 27, 2026 6 /30



Universality: the biased permuton

Substitution

Definition (Substitution)

The substitution of permutations o, . .., am into a permutation o of
length m, denoted o|a, ..., an], is obtained by replacing the i-th element
of o with a block isomorphic to «;.
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Substitution

Definition (Substitution)

The substitution of permutations o, . .., am into a permutation o of
length m, denoted o|a, ..., an], is obtained by replacing the i-th element
of o with a block isomorphic to «;.

Example: 12[aq, ap] = a1 @ oo, 21[aq, az] = a1 © o
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Substitution

Definition (Substitution)

The substitution of permutations o, . .., am into a permutation o of
length m, denoted o|a, ..., amnm], is obtained by replacing the i-th element
of o with a block isomorphic to «;.

Example: let 0 = 12

oc=12
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Substitution

Definition (Substitution)

The substitution of permutations o, . .., am into a permutation o of
length m, denoted o|a, ..., amnm], is obtained by replacing the i-th element
of o with a block isomorphic to «;.

Example: let 0 = 12 and a1 = 21, ap = 132:

oc=12
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Substitution

Definition (Substitution)

The substitution of permutations o, . .., am into a permutation o of
length m, denoted o|a, ..., amnm], is obtained by replacing the i-th element
of o with a block isomorphic to «;.

Example: let 0 = 12 and a1 = 21, ap = 132:

oc=12 a1 =21, ap = 132

Marton Sz8ke Brownian Separable Permuton March 27, 2026 7/30



Substitution

Definition (Substitution)

The substitution of permutations o, . .., am into a permutation o of
length m, denoted o|a, ..., amnm], is obtained by replacing the i-th element
of o with a block isomorphic to «;.

Example: let 0 = 12 and a1 = 21, ap = 132:

o =12 ay =21, ap = 132 12[21,132] = 21354
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Substitution

Definition (Substitution)

The substitution of permutations o, . .., am into a permutation o of
length m, denoted o|a, ..., anm], is obtained by replacing the i-th element
of o with a block isomorphic to «;.

Example: let o = 3142

o = 3142
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Substitution

Definition (Substitution)

The substitution of permutations o, . .., am into a permutation o of
length m, denoted o|a, ..., anm], is obtained by replacing the i-th element
of o with a block isomorphic to «;.

Example: let 0 = 3142 and a1 = 21, ap = 132, a3 = 1, vy — 231:

o = 3142 a1, Q2, 3, (4
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Substitution

Definition (Substitution)

The substitution of permutations o, . .., am into a permutation o of
length m, denoted o|a, ..., anm], is obtained by replacing the i-th element
of o with a block isomorphic to «;.

Example: let 0 = 3142 and a1 = 21, ap = 132, a3 = 1, vy — 231:
[o]
o ()
s i

o = 3142 1, O, (3, (g a[al,ag,a3,u4]
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Universality: the biased permuton

Substitution-closed classes and decomposition

Definition (Substitution-closed class)

A permutation class C is substitution-closed if any substitution of
elements from the class remains in the class:

o,01,...,am€C = olaq,...,am] €C.
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Universality: the biased permuton

Substitution-closed classes and decomposition

Definition (Substitution-closed class)

A permutation class C is substitution-closed if any substitution of
elements from the class remains in the class:

o,01,...,am€C = olaq,...,am] €C.

@ Example: class of separable permutations
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Universality: the biased permuton

Substitution-closed classes and decomposition

Definition (Substitution-closed class)

A permutation class C is substitution-closed if any substitution of
elements from the class remains in the class:

o,01,...,am€C = olaq,...,am] €C.

@ Example: class of separable permutations

@ Goal: study substitution-closed classes
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Universality: the biased permuton

Substitution-closed classes and decomposition

Definition (Substitution-closed class)

A permutation class C is substitution-closed if any substitution of
elements from the class remains in the class:

o,01,...,am€C = olaq,...,am] €C.

@ Example: class of separable permutations

@ Goal: study substitution-closed classes

Decomposition of permutations:
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Universality: the biased permuton

Substitution-closed classes and decomposition

Definition (Substitution-closed class)

A permutation class C is substitution-closed if any substitution of
elements from the class remains in the class:

o,01,...,am€C = olaq,...,am] €C.

@ Example: class of separable permutations

@ Goal: study substitution-closed classes

Decomposition of permutations:

@ Any permutation has a canonical decomposition using substitution
(Albert, Atkinson, Klazar, 2003)
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Universality: the biased permuton

Substitution-closed classes and decomposition

Definition (Substitution-closed class)

A permutation class C is substitution-closed if any substitution of
elements from the class remains in the class:

o,01,...,am€C = olaq,...,am] €C.

@ Example: class of separable permutations

@ Goal: study substitution-closed classes

Decomposition of permutations:

@ Any permutation has a canonical decomposition using substitution
(Albert, Atkinson, Klazar, 2003)

@ The decomposition can be encoded in a tree
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Universality: the biased permuton

Tree representation of a substitution

Every substitution can be represented as a tree

@ Q (D .
4135 .
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Universality: the biased permuton

Tree representation of a substitution

Every substitution can be represented as a tree
Question: is it unique?

EDRNGC (D .
4135 .
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Universality: the biased permuton

Tree representation of a substitution

Every substitution can be represented as a tree
Question: is it unique? Nol!
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Universality: the biased permuton

Simple permutations

Definition (Simple permutation)

A permutation 7 (|| > 3) is called simple if it has only trivial blocks. It
cannot be decomposed into smaller nested structures.
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Universality: the biased permuton

Simple permutations

Definition (Simple permutation)

A permutation 7 (|| > 3) is called simple if it has only trivial blocks. It
cannot be decomposed into smaller nested structures.

Examples and counterexamples:
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Universality: the biased permuton

Simple permutations

Definition (Simple permutation)

A permutation 7 (|| > 3) is called simple if it has only trivial blocks. It
cannot be decomposed into smaller nested structures.

Examples and counterexamples:

@ 12 and 21: usually simple in the literature, but we exclude them
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Universality: the biased permuton

Simple permutations

Definition (Simple permutation)

A permutation 7 (|| > 3) is called simple if it has only trivial blocks. It
cannot be decomposed into smaller nested structures.

Examples and counterexamples:
@ 12 and 21: usually simple in the literature, but we exclude them

@ 2413 and 3142 are the shortest simple permutations
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Universality: the biased permuton

Simple permutations

Definition (Simple permutation)

A permutation 7 (|| > 3) is called simple if it has only trivial blocks. It
cannot be decomposed into smaller nested structures.

Examples and counterexamples:
@ 12 and 21: usually simple in the literature, but we exclude them
@ 2413 and 3142 are the shortest simple permutations
@ 3124 is not simple

N -
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Universality: the biased permuton

Canonical trees

Definition (Canonical tree / decomposition tree / substitution tree)

e °
B Q (D .
24135 .
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Universality: the biased permuton

Canonical trees

Definition (Canonical tree / decomposition tree / substitution tree)

A canonical tree is a rooted planar tree such that

e °
ONYS, (D .
Q4135 .
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Universality: the biased permuton

Canonical trees

Definition (Canonical tree / decomposition tree / substitution tree)
A canonical tree is a rooted planar tree such that

@ internal nodes are labeled by @, © or by a simple permutation c,

e °
ONYS, (D .
Q4135 .
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Universality: the biased permuton

Canonical trees

Definition (Canonical tree / decomposition tree / substitution tree)
A canonical tree is a rooted planar tree such that
@ internal nodes are labeled by @, © or by a simple permutation c,

@ a node labeled by o has |«| children,

e °
ONYS, (D .
Q4135 .
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Universality: the biased permuton

Canonical trees

Definition (Canonical tree / decomposition tree / substitution tree)
A canonical tree is a rooted planar tree such that
@ internal nodes are labeled by @, © or by a simple permutation c,
@ a node labeled by o has |«| children,

@ nodes labeled by & (resp. ©) have degree at least 2, none of their
children is labeled by & (resp. ©).

e °
ONYS, (D .
Q4135 .
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Universality: the biased permuton

Canonical trees

Definition (Canonical tree / decomposition tree / substitution tree)
A canonical tree is a rooted planar tree such that
@ internal nodes are labeled by @, © or by a simple permutation c,
@ a node labeled by o has |«| children,

@ nodes labeled by & (resp. ©) have degree at least 2, none of their
children is labeled by & (resp. ©).

Canonical
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Universality: the biased permuton

Canonical trees

Definition (Canonical tree / decomposition tree / substitution tree)
A canonical tree is a rooted planar tree such that
@ internal nodes are labeled by @, © or by a simple permutation c,
@ a node labeled by o has |«| children,

@ nodes labeled by & (resp. ©) have degree at least 2, none of their
children is labeled by & (resp. ©).

NOT canonical °

. [ ]
B Q © .
Q4135 .
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Universality: the biased permuton

Representation of substitution-closed classes

Proposition (Substitution-closed classes as trees)

o C: a substitution-closed permutation class such that 12,21 € C
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Universality: the biased permuton

Representation of substitution-closed classes

Proposition (Substitution-closed classes as trees)
o C: a substitution-closed permutation class such that 12,21 € C

o S: the set of simple permutations in C

Marton Sz8ke Brownian Separable Permuton March 27, 2026 12 /30



Universality: the biased permuton

Representation of substitution-closed classes

Proposition (Substitution-closed classes as trees)

o C: a substitution-closed permutation class such that 12,21 € C
o S: the set of simple permutations in C

The set of canonical trees encoding permutations of C is the set of all
canonical trees built on the set of nodes {®, 5} U {a: a € S}.
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Universality: the biased permuton

Representation of substitution-closed classes

Proposition (Substitution-closed classes as trees)
o C: a substitution-closed permutation class such that 12,21 € C
o S: the set of simple permutations in C

The set of canonical trees encoding permutations of C is the set of all
canonical trees built on the set of nodes {®, 5} U {a: a € S}.

Consequence:

Every substitution-closed class C is uniquely generated by the simple
permutations it contains
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Universality: the biased permuton

Representation of substitution-closed classes

Proposition (Substitution-closed classes as trees)
o C: a substitution-closed permutation class such that 12,21 € C
o S: the set of simple permutations in C

The set of canonical trees encoding permutations of C is the set of all
canonical trees built on the set of nodes {®, 5} U {a: a € S}.

Consequence:

Every substitution-closed class C is uniquely generated by the simple
permutations it contains: C = (S)
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Universality: the biased permuton

Representation of substitution-closed classes

Proposition (Substitution-closed classes as trees)
o C: a substitution-closed permutation class such that 12,21 € C
o S: the set of simple permutations in C

The set of canonical trees encoding permutations of C is the set of all
canonical trees built on the set of nodes {®, 5} U {a: a € S}.

Consequence:

Every substitution-closed class C is uniquely generated by the simple
permutations it contains: C = (S)

@ The class of separable permutations is the smallest such class
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Universality: the biased permuton

Representation of substitution-closed classes

Proposition (Substitution-closed classes as trees)
o C: a substitution-closed permutation class such that 12,21 € C
o S: the set of simple permutations in C

The set of canonical trees encoding permutations of C is the set of all
canonical trees built on the set of nodes {®, 5} U {a: a € S}.

Consequence:
Every substitution-closed class C is uniquely generated by the simple
permutations it contains: C = (S)
@ The class of separable permutations is the smallest such class:
it is the only one that contains no simple permutations of length > 4,

e, S=10
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Universality: the biased permuton

Universality theorem

Theorem (Universality theorem (Bassino et al., 2020))

o C = (S): a substitution-closed permutation class
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Universality: the biased permuton

Universality theorem

Theorem (Universality theorem (Bassino et al., 2020))
o C = (S): a substitution-closed permutation class

@ o, a uniform permutation in C of size n
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Universality: the biased permuton

Universality theorem

Theorem (Universality theorem (Bassino et al., 2020))
o C = (S): a substitution-closed permutation class
@ o, a uniform permutation in C of size n

® [y, the random permuton associated with o,
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Universality: the biased permuton

Universality theorem

Theorem (Universality theorem (Bassino et al., 2020))
o C = (S): a substitution-closed permutation class
@ o,: a uniform permutation in C of size n
® [y, the random permuton associated with o,

If the simple permutations S are ‘rare enough’, then p,, = puP) as n — oo

where 11(P) js the p-biased Brownian separable permuton for some
parameter p € (0, 1).

Marton Sz8ke Brownian Separable Permuton March 27, 2026 13 /30



Universality: the biased permuton

Universality theorem

Theorem (Universality theorem (Bassino et al., 2020))
o C = (S): a substitution-closed permutation class
@ o,: a uniform permutation in C of size n
® [y, the random permuton associated with o,

If the simple permutations S are ‘rare enough’, then p,, = puP) as n — oo

where 11(P) js the p-biased Brownian separable permuton for some
parameter p € (0, 1).

Questions:
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Universality: the biased permuton

Universality theorem

Theorem (Universality theorem (Bassino et al., 2020))
o C = (S): a substitution-closed permutation class
@ o,: a uniform permutation in C of size n
® [y, the random permuton associated with o,

If the simple permutations S are ‘rare enough’, then p,, = puP) as n — oo

where 11(P) js the p-biased Brownian separable permuton for some
parameter p € (0, 1).

Questions:

@ What is the p-biased Brownian separable permuton?
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Universality: the biased permuton

Universality theorem

Theorem (Universality theorem (Bassino et al., 2020))
o C = (S): a substitution-closed permutation class
@ o,: a uniform permutation in C of size n
® [y, the random permuton associated with o,

If the simple permutations S are ‘rare enough’, then p,, = puP) as n — oo

where 11(P) js the p-biased Brownian separable permuton for some
parameter p € (0, 1).

Questions:

@ What is the p-biased Brownian separable permuton?
What does its parameter p represent?
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Universality: the biased permuton

Universality theorem

Theorem (Universality theorem (Bassino et al., 2020))
o C = (S): a substitution-closed permutation class
@ o,: a uniform permutation in C of size n
® [y, the random permuton associated with o,

If the simple permutations S are ‘rare enough’, then p,, = puP) as n — oo

where 11(P) js the p-biased Brownian separable permuton for some
parameter p € (0, 1).

Questions:

@ What is the p-biased Brownian separable permuton?
What does its parameter p represent?

@ What does ‘rare enough’ mean?
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Universality: the biased permuton

Universality theorem

Theorem (Universality theorem (Bassino et al., 2020))
o C = (S): a substitution-closed permutation class
@ o,: a uniform permutation in C of size n
® [y, the random permuton associated with o,

If the simple permutations S are ‘rare enough’, then p,, = puP) as n — oo
where 11(P) js the p-biased Brownian separable permuton for some
parameter p € (0, 1).

Questions:

@ What is the p-biased Brownian separable permuton?
What does its parameter p represent?

@ What does ‘rare enough’ mean?
What happens when it is not satisfied?
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The bias parameter p

o The parameter p € (0, 1) characterizes the limiting measure 1(P)
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The bias parameter p

o The parameter p € (0,1) characterizes the limiting measure 7.(P)
o Simulations of 1(P) for different values of p:
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The bias parameter p

@ The parameter p € (0,1) characterizes the limiting measure (P
o Simulations of 1(P) for different values of p:

p=0.2 p = 0.45 p=0.>5

@ The parameter p only depends on the number of occurrences of the
patterns 12 and 21 in the elements of S
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Universality: the biased permuton

The bias parameter p

@ The parameter p € (0,1) characterizes the limiting measure (P
o Simulations of 1(P) for different values of p:

p=0.2 p = 0.45 p=0.>5
The parameter p only depends on the number of occurrences of the
patterns 12 and 21 in the elements of S

It represents the overall macroscopic bias between upward () and
downward (&) patterns
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Universality: the biased permuton

The bias parameter p

@ The parameter p € (0,1) characterizes the limiting measure (P
o Simulations of 1(P) for different values of p:

% < T
SN L N

p=0.2 p = 0.45 p=0.>5

@ The parameter p only depends on the number of occurrences of the
patterns 12 and 21 in the elements of S

@ It represents the overall macroscopic bias between upward (&) and
downward (&) patterns

o Separable permutations: S = 0, hence p = 0.5
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Universality: the biased permuton

Biased Brownian separable permuton

e Random permuton
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Universality: the biased permuton

Biased Brownian separable permuton

e Random permuton
o Defined by giving the expected pattern densities E [occ (7, u(P))] for
any permutation 7
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Universality: the biased permuton

Biased Brownian separable permuton

e Random permuton

o Defined by giving the expected pattern densities E [occ (7, u(P))] for
any permutation 7:
It is the probability that a uniform binary tree

= 4123

Marton Sz8ke Brownian Separable Permuton March 27, 2026 15 /30



Universality: the biased permuton

Biased Brownian separable permuton

e Random permuton
o Defined by giving the expected pattern densities E [occ (7, u(P))] for
any permutation 7:

It is the probability that a uniform binary tree

o with k leaves, = 4123
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Universality: the biased permuton

Biased Brownian separable permuton

e Random permuton
o Defined by giving the expected pattern densities E [occ (7, u(P))] for
any permutation 7:
It is the probability that a uniform binary tree
o with k leaves,
o whose internal vertices have i.i.d. signs of bias p,

= 4123
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Universality: the biased permuton

Biased Brownian separable permuton

e Random permuton

o Defined by giving the expected pattern densities E [occ (7, u(P))] for
any permutation 7:
It is the probability that a uniform binary tree

o with k leaves, = 4123
o whose internal vertices have i.i.d. signs of bias p,

produces the pattern =
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Universality: the biased permuton

Biased Brownian separable permuton

e Random permuton
o Defined by giving the expected pattern densities E [occ (7, u(P))] for
any permutation 7

It is the probability that a uniform binary tree
o with k leaves, = 4123
o whose internal vertices have i.i.d. signs of bias p,

produces the pattern =

@ Can be constructed from a biased signed Brownian excursion

A

»
>
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Universality: the biased permuton

The ‘rare enough’ condition of the theorem

o Given in terms of the generating function of S: S(z) ==Y, ¢ 2
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The ‘rare enough’ condition of the theorem

o Given in terms of the generating function of S: S(z) ==Y, ¢ 2

@ Intuition: the class doesn't contain too many large simple blocks that
they ‘take over’ the entire structure

@ There are natural and easy sufficient conditions to ensure this:

o Rs > /2 — 1, where Rs is the radius of convergence of S,

e.g. |Sn| grows subexponentially (where S, := {m € §: |n| = n})
o S'(+) is divergent at Rs,

e.g. S(z) is a rational generating function
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Universality: the biased permuton

The ‘rare enough’ condition of the theorem

o Given in terms of the generating function of S: S(z) ==Y, ¢ 2

@ Intuition: the class doesn't contain too many large simple blocks that
they ‘take over’ the entire structure

@ There are natural and easy sufficient conditions to ensure this:

o Rs > /2 — 1, where Rs is the radius of convergence of S,

e.g. |Sn| grows subexponentially (where S, := {m € §: |n| = n})
o S'(+) is divergent at Rs,

e.g. S(z) is a rational generating function

@ Satisfied by most sets S studied in the literature so far
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Universality: the biased permuton

The ‘rare enough’ condition of the theorem

Given in terms of the generating function of S: S(z) := 3", 52/

Intuition: the class doesn’t contain too many large simple blocks that
they ‘take over’ the entire structure

There are natural and easy sufficient conditions to ensure this:
o Rs > /2 — 1, where Rs is the radius of convergence of S,
e.g. |Sn| grows subexponentially (where S, :={m € S : |7| = n})
o S'(+) is divergent at Rs,
e.g. S(z) is a rational generating function

Satisfied by most sets S studied in the literature so far
Counterexample: Av(2413)
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Beyond universality
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Universality: the biased permuton

Beyond universality

When the condition is not satisfied, the asymptotic '
behavior of 1, is qualitatively different: d

© Degenerate case:

e ‘Too many' simple permutations *
o A typical large permutation consists of a single
giant simple block at the root, containing almost

all elements Giant
e . impl
o The limit is a degenerate (trivial) permuton o

@ Critical case:

o The generating function hits a specific critical
boundary constraint

o Infinite variance in node degrees yields
macroscopic, dense simple blocks
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Universality: the biased permuton

Beyond universality

When the condition is not satisfied, the asymptotic .
behavior of 1, is qualitatively different:

© Degenerate case: .
e ‘Too many' simple permutations
o A typical large permutation consists of a single
giant simple block at the root, containing almost

all elements Giant
e . impl
o The limit is a degenerate (trivial) permuton o

@ Ciritical case:
o The generating function hits a specific critical
boundary constraint
o Infinite variance in node degrees yields
macroscopic, dense simple blocks
e The limit is a non-trivial permuton related to
stable trees
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Main steps of the proof

o Separable permutations: Galton—Watson-trees conditioned on having
a given number of leaves
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o General S: require delicate results on the asymptotic behavior of
conditioned multitype Galton—Watson-trees

o Different strategy:

@ Tree encoding: transform to a combina-
torial problem using canonical trees

@ Analytic combinatorics: study the asymptotic frequencies of
sub-patterns within these trees using generating functions and
singularity analysis
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Main steps of the proof

o Separable permutations: Galton—Watson-trees conditioned on having
a given number of leaves

o General S: require delicate results on the asymptotic behavior of
conditioned multitype Galton—Watson-trees

o Different strategy:

@ Tree encoding: transform to a combina-
torial problem using canonical trees

@ Analytic combinatorics: study the asymptotic frequencies of
sub-patterns within these trees using generating functions and
singularity analysis

© Transfer: translate the obtained singularity exponents into a limiting
behaviour for E [occ (, 0,)]
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Geometric construction of the limit

© Geometric construction of the limit
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Geometric construction of the limit

The signed Brownian excursion

Fix a parameter p € (0,1)
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Geometric construction of the limit

The signed Brownian excursion

Fix a parameter p € (0,1)

Goal: construct u(P) directly from the
Brownian excursion

y

Definition (Signed Brownian excursion)

Let e be a normalized continuous Brownian excursion on [0, 1].
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Geometric construction of the limit

The signed Brownian excursion

Fix a parameter p € (0,1)

Goal: construct u(P) directly from the
Brownian excursion

Definition (Signed Brownian excursion)

Let e be a normalized continuous Brownian excursion on [0, 1]. For every
strict local minimum b;, assign a random sign S; € {®, S} independently,
that is & with probability p, and © with probability 1 — p.
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Goal: construct u(P) directly from the
Brownian excursion

Definition (Signed Brownian excursion)

Let e be a normalized continuous Brownian excursion on [0, 1]. For every
strict local minimum b;, assign a random sign S; € {®, S} independently,
that is & with probability p, and © with probability 1 — p.

@ Local minima correspond to the branch- A %
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Geometric construction of the limit

The signed Brownian excursion

Fix a parameter p € (0,1)

Goal: construct u(P) directly from the
Brownian excursion

Definition (Signed Brownian excursion)

Let e be a normalized continuous Brownian excursion on [0, 1]. For every
strict local minimum b;, assign a random sign S; € {®, S} independently,
that is & with probability p, and © with probability 1 — p.

@ Local minima correspond to the branch- A %

ing points of the continuous tree

@ The signs will dictate where to ‘shuffle’ the branches of the tree
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The partial order <2 on the points of [0, 1]
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The partial order <2 on the points of [0, 1]

For two points x,y € [0,1] (x < y), let S; be the sign of the unique
minimum of e on the interval [x, y] (the most recent common ancestor)
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The partial order <2 on the points of [0, 1]

For two points x,y € [0,1] (x < y), let S; be the sign of the unique
minimum of e on the interval [x, y] (the most recent common ancestor)

o If S; = @, the order is preserved: x<1;5y
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Geometric construction of the limit

The partial order <2 on the points of [0, 1]

For two points x,y € [0,1] (x < y), let S; be the sign of the unique
minimum of e on the interval [x, y] (the most recent common ancestor)

o If S; = @, the order is preserved: x <2y Shuffle’ at &
o If S; = ©, the order is reversed: y <2 x
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Geometric construction of the limit

The partial order <2 on the points of [0, 1]

For two points x,y € [0,1] (x < y), let S; be the sign of the unique
minimum of e on the interval [x, y] (the most recent common ancestor)

o If S; = @, the order is preserved: x <2y _'Shuffle at O
o If S; = ©, the order is reversed: y <2
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For two points x,y € [0,1] (x < y), let S; be the sign of the unique
minimum of e on the interval [x, y] (the most recent common ancestor)

o If S; = @, the order is preserved: x <2y _'Shuffle at O
o If S; = ©, the order is reversed: y <2
Mw/ M Shufﬂe at ©

The relation <2 is uniquely defined for almost every pair of points
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Geometric construction of the limit

The partial order <2 on the points of [0, 1]

For two points x,y € [0,1] (x < y), let S; be the sign of the unique
minimum of e on the interval [x, y] (the most recent common ancestor)

o If S; = @, the order is preserved: x <2y _'Shuffle at O
o If S; = ©, the order is reversed: y <2
Mw/ M Shufﬂe at ©

The relation <2 is uniquely defined for almost every pair of points

= ‘shuffled’ order of [0, 1]

Brownian Separable Permuton
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Shuffling of the Brownian CRT

‘Shuffle’ at ©

‘Shuffle’ at ©
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Geometric construction of the limit

The transformation function

Now let's ‘count’ how many points precede a given point t in this new,

shuffled order

‘Shuffle’ at ©
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Geometric construction of the limit

The transformation function

Now let's ‘count’ how many points precede a given point t in this new,
shuffled order

‘Shuffle’ at ©

Definition (The transformation function)
Let @e s :[0,1] — [0,1] be defined as:
pe.s(t) ;= Leb{u € [0,1] : u < t}.

Marton Sz8ke Brownian Separable Permuton March 27, 2026 24 /30



Geometric construction of the limit

The transformation function

Now let's ‘count’ how many points precede a given point t in this new,
shuffled order

‘Shuffle’ at ©

Definition (The transformation function)
Let @e s :[0,1] — [0,1] be defined as:
pe.s(t) ;= Leb{u € [0,1] : u < t}.

@ The Lebesgue measure (Leb) gives the ‘mass’ of points preceding t
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Geometric construction of the limit

The transformation function

Now let's ‘count’ how many points precede a given point t in this new,
shuffled order

‘Shuffle’ at ©

Definition (The transformation function)
Let @e s :[0,1] — [0,1] be defined as:
pe.s(t) ;= Leb{u € [0,1] : u < t}.

@ The Lebesgue measure (Leb) gives the ‘mass’ of points preceding t

@ This function provides the direct link between the continuous
excursion and the geometry of the permuton
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Geometric construction of the limit

The construction: from excursion to permuton

Theorem (Construction of (P (Maazoun, 2020))

The p-biased Brownian separable permuton (1(P)) is almost surely the
pushforward of the Lebesgue measure via the function ¢, s:

He,S = (Id, QDe,S)*Leb'
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Geometric construction of the limit

The construction: from excursion to permuton

Theorem (Construction of (P (Maazoun, 2020))

The p-biased Brownian separable permuton (1(P)) is almost surely the
pushforward of the Lebesgue measure via the function ¢, s:

He,S = (Id, QDe,S)*Leb'

Pesvs(@)
. . % e

Geometric meaning: | e

We take a uniform distribution of mass '5\‘. A

along the x-axis, and lift each particle at 1A .y

position x to the height y = ¢, s(x) VS

e(x)
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Properties of the permuton

© Properties of the permuton
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The support of the permuton

Question: geometrically, what does this random measure look like?
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The support of the permuton

Question: geometrically, what does this random measure look like?

Theorem (Geometric properties (Maazoun, 2020))

The support of the permuton pP) is almost surely 7
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The support of the permuton

Question: geometrically, what does this random measure look like?

Theorem (Geometric properties (Maazoun, 2020))
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@ totally disconnected: it contains no continuous i
line segments; it is completely ‘dust-like’, CLA T
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The support of the permuton

Question: geometrically, what does this random measure look like?

Theorem (Geometric properties (Maazoun, 2020))

The support of the permuton pP) is almost surely 7

@ totally disconnected: it contains no continuous S

line segments; it is completely ‘dust-like’, o

@ has Hausdorff dimension 1: although totally W

disconnected, it macroscopically aligns into (
I-dimensional structures.
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Properties of the permuton

The support of the permuton

Question: geometrically, what does this random measure look like?

Theorem (Geometric properties (Maazoun, 2020))

The support of the permuton y(P) is almost surely L

Q totally disconnected: it contains no continuous Eo
line segments; it is completely ‘dust-like’, o

@ has Hausdorff dimension 1: although totally (;&_/,«:,_

disconnected, it macroscopically aligns into X
I-dimensional structures.

v

Intuition: due to the infinitely dense local minima of the Brownian
excursion, random shuffling happens at every microscopic scale, creating
this infinitely fractured dust
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Self-similarity

1P inherits the self-similarity of the Brownian excursion
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Self-similarity
1P inherits the self-similarity of the Brownian excursion
Theorem (Self-similarity (Maazoun, 2020))

The Brownian separable permuton 11(P) can be decomposed into three
smaller, independent permutons that have the same distribution as 1(P).
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Self-similarity
1P inherits the self-similarity of the Brownian excursion
Theorem (Self-similarity (Maazoun, 2020))

The Brownian separable permuton 11(P) can be decomposed into three
smaller, independent permutons that have the same distribution as 1(P).

L .,f ' x',; . -
K B N
fx‘\ ° : " -i.‘ "K
L : o't R | x
W L * ¥
= o L L /’,'ul// b
] wt
(X0,Y5) I o

Intuition: deleting a random branching point from the underlying Brownian
CRT splits the tree into exactly 3 components
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Properties of the permuton

The averaged permuton

o A single realization of 4(P) is a 1-dimensional, infinitely fragmented
dust
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Properties of the permuton

The averaged permuton

o A single realization of 4(P) is a 1-dimensional, infinitely fragmented
dust

o Taking the expectation of the permuton (E[1(P)]) yields a nice,
continuous 2D density function:
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T
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e | :
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Summary

@ The limit of separable permutations is
part of a much broader (substitution-
closed) universe, parameterized by p
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closed) universe, parameterized by p
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Hausdorff dimension 1

Marton Sz8ke Brownian Separable Permuton March 27, 2026 30/30



Summary

@ The limit of separable permutations is
part of a much broader (substitution-
closed) universe, parameterized by p

@ This limit is not just an abstract
distribution; it can be visually
constructed from the signed Brownian
excursion via the function ¢, s

@ The resulting geometric object is a
totally disconnected fractal with
Hausdorff dimension 1

Thank you for your attention!
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