Probability Theory 2
Borel-Cantelli lemmas & Kolmogorov’'s SLLN 08.04.2025.

e Borel-Cantelli lemmas
Let (2, F,P) be a probability space and A,, € F a sequence of events. Let us denote

[ e o]

By = ﬂ U A, = {A,, happen for infinitely many n} .

N=1n=N

— 1st lemma
Y P(A) <o = P(Bx)=0
n=1

— 2nd lemma

(A,):2, are fully independent and ZIP’ (Ap) =00 = P(Bx)=1

n=1

¢ Kolmogorov’s inequality
Let (Xj)p—, be independent random variables with E (X}) = 0 and o7 := E (X}) < 0.
If we denote S; := X; + --- 4+ X, then for any A > 0

1
P (i 15120) < 5 3ed

¢ Kolmogorov’s two series theorem
Let (Xj),—, be independent random variables with E (X7?) < co. If

JLH;OZE(Xk) exists

k=1
and .
ZDQ (Xk) < 00,
k=1
then

P (hm g X} exists) =1
n—oo
k=1

¢ Kolmogorov’s SLLN
Let (Xj),—, be ii.d. random variables with E (|X}|) < co. If we denote p := E (X},) and
S, =X14+ -+ X,, then
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