Probability Theory 2
Characteristic functions I and I1 29.04.2025. and 06.05.2025.

e Characteristic function
Let X be a real-valued random variable. The characteristic function of X is ¢ : R — C

o(t) == E (e"¥).

e Some characteristic functions
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e Properties of the characteristic function
(i) ¢(0) =1
(i) |o() <1
(iii) t — ¢(t) is uniformly continuous
)

(iv) t +— ¢(t) is of positive type. L.e. for any n € NT and z1,...2, € C, t1,...,t, € R

Zzzk71¢ (tk —t;)) >0

k=1 =1

e Bochner’s theorem
A function ¢ : R — C is a characteristic function if and only if the following properties
hold

(i) ¢(0) =1
(ii) ¢~ ¢(t) is continuous at t =0
(iii) ¢+ ¢(t) is of positive type

e Moments
Supose for some n € N E (] X"|) < 400. Then

(i) t—o(t)is C
(ii) for any 0 < k <n ¢®(0) = i*E (X*)



Inversion formula
Let X be a random variable with cumulative distribution function F and characteristic
function ¢. If a < b are continuity points of F', then

P(a <X <b) = F(b) — F(a) = lim i/T e e byt

and :
1 o] e—zta _ e—ztb 5242
P(a< X <b)=F(b)— F(a) = lim —/ C T )t

[e.9]

Inversion formula (in case of absolute continuity)
Let X be a random variable with probability density function f and characteristic function
¢. If f € C? then for any v € R

fa) = - / (e dt.

:% N

The characteristic function uniquely determines the distribution
Let X and Y be random variables with characteristic functions ¢x and ¢y. Then the
following are equivalent

() X2y

(ii) forallt € R ¢x(t) = by (t)



