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Method of characteristic functions 20.05.2025.

• Lévy’s continuity theorem
Let Xn be random variables and ϕn their characteristic functions. If

(i) for any t ∈ R lim
n→∞

ϕn(t) = ϕ(t) exists

(ii) t 7→ ϕ(t) is continuous at t = 0

then
Xn

d−→ X,

where ϕ is the characteristic function of X.

• Cramer-Slutsky theorem
Let Xn, Yn, Zn and X be random variables over the same probability space (Ω,F ,P). If

(i) Xn
d−→ X

(ii) Yn
P−→ y ∈ R

(iii) Zn
P−→ z ∈ R

then
XnYn + Zn

d−→ X · y + z.

• Central limit theorem
Let Xn be i.i.d. random variables with µ := E (Xn) and σ2 := D2 (Xn) < ∞. Let

Sn = X1 + · · ·+Xn.

Then
Sn − nµ√

nσ

d−→ X,

where X ∼ N(0, 1).

• Some characteristic functions

BIN(n, p) t 7→ (1 + p (eit − 1))
n

POI(λ) t 7→ exp (λ (eit − 1))
GEO(p) t 7→ p

1−(1−p)eit

EXP(λ) t 7→ λ
λ−it

UNI(a, b) t 7→ eitb−eita

it(b−a)

N(µ, σ2) t 7→ exp
(
itµ− t2σ2

2

)
CAU(a, b) t 7→ exp (ita− b |t|)


