Probability Theory 2

14th Exercise Sheet: Method of characteristic functions 20.05.2025.
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Let X, Xs, ... be i.i.d random variables with distribution UNI(—1,1). Find the limiting

distribution of the sequence
! Xi+---+ X,

"Xt 1 X2

We toss a fair coin consecutively until the number of heads reaches n. Denote v, the
number of required tosses. Find the limit distribution of (Vn —2n)/v/2n as n — oo.

Let X,, ~ POI(n) be independent random variables. Show that
X,—n
VvV Xy

Let X1, X», ... be non-negative i.i.d random variables with E(X;) = 1 and D?(X;) = o2
Show that
2(v/Sn — V) =% N(0, ).

Let X1, Xy, ... be i.i.d random variables with E(X;) = 0 and D?*(X;) = 1. Use CLT and
Kolmogorov’s 0-1 law to show limsup,,_,., S,/v/n = 0o almost surely.

i>N(0,1) as n — 00.

Prove the weak law of large numbers by using the method of characteristic functions.

Let X,, be random variables with normal distribution. Suppose that there exists a random

variable X such that X, ~%5 X. Show that X has normal distribution, or it is degenerated
(i.e. it is a constant with probability 1).

Show with the method of characteristic functions that BIN(n, p,) = POI(\) as n — oo
if lim,,—soo NP, = A.

Let X, ~ GEO(p). Show that the limiting distribution of p - X, is EXP(1) as p — 0+.

xsfl

Let X be a random variable with distribution GAM (1, s) (i.e. its density is G?T {2>0}),
and let Y be a random variable with distribution POI(X). Show that

Y -EY 4
—_— N(0,1 .
DY) — N(0,1) as s = o0

Let X, X5,... be a sequence of independent but uniformly bounded random variables
(i.e. there exists K > 1 such that P(|X;| < K) =1 for every i > 1)) such that E(X;) =0
and E(X?) = 07, where B2 = >}, 07 — o0 as n — co. Show that

X+t X,
1+B+ —25 N(0,1).

Let X,, ~ POI(n), and Y,, ~ POI(m) be independent random variables for n,m € Z,.
Show that Xn - n— (Ym

_m)

vX,+ Y,

i>N(O,1) as n,m — 00.

Show that

o n? n" 1
e l+n+——+---— ) — =z asn — oo.
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The ‘coupon collector’s problem’:

In an urn there are n many balls, enumerated from 1 to n. We pull out the balls and
after checking the number on it we return it into the urn. We continue this process until
we pull out all of the balls at least once. Denote U,, the number of required pulls.

(a) Find E(U,) and D?(U,). (We have already calculated it)

(b) Show that U, /(nlogn) 51 asn — oco. (We did this too.)

(c) Find the characteristic function of the distribution F(z) = e ¢
generating function is easier and then substitute.)

(d) Show that (U, — nlogn)/n 4 F. (For (d) use (c), and the limit
lim,, 00 % = I'(z). The limit holds uniformly on regions where the function T’
is regular.T)i
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Let 7, 7,... be ii.d. non negative random variables with E(Tz) = m € (0,00) and
D?(7;) = 02 € (0,00). Let vy :=max{n: > ; 7 < t}.
We have already seen the WLLN:

% emtast — 0.
Show the following limiting distribution:
—1
. Vg —m t
llmIP’<—<x> = ®(z),
t—00 O-w/met ( )

where ® is the distribution function of N(0,1).
Hint: The CLT says that n
Yo Ti—nm

N —%5 N(0,1).



