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Auxiliary Sheet
Method of characteristic functions and the Central Limit Theorem

• Lévy’s continuity theorem
Let (Xn)∞

n=1 be a sequence of random variables with characteristic functions (ϕn)∞
n=1. If

(i) for every u ∈ R
lim

n→∞
ϕn(u) =: ϕ(u) exists,

(ii) u 7→ ϕ(u) is continuous at u = 0,

then there exists a random variable X with characteristic function ϕ such that

Xn
d−→ X.

• Method of characteristic functions
Let (Xn)∞

n=1 be a sequence of random variables with characteristic functions (ϕn)∞
n=1 and let X be a

random variable with characteristic function ϕ. The following are equivalent.

(i) Xn
d−→ X

(ii) For any u ∈ R
lim

n→∞
ϕn(u) = ϕ(u).

• The Central Limit Theorem
Let X1, X2, . . . be independent and identically distributed random variables with finite second moment
E(X2

1 ) < ∞. Denote µ := E(X1), σ2 = D2(X1) and Sn = X1 + · · · + Xn. Then

Sn − nµ√
n

d−→ N (0, σ2).


