Probability Theory 2 17.02.2026.

1st Exercise Class
Convolutions 1

1.1 Let X and Y be independent random variables with distribution
(a) Bin(n,p) and Bin(m, p) respectively, where 0 < p < 1 and n,m € N;
What is the distribution of X +Y?

Solution

(a) For0<k<n+m

P(X+Y =k) =

Therefore, X +Y ~ Bin(n + m,p).
1.4 Let X and Y be independent random variables with distribution Exp(A) and Exp(u). Find the density
of Z:=X+Y.

Solution The PDFs are f(z) = Ae %10,
density of Z. Then for x < 0 we have h(z)

)(z) and g(x) = pe #*1[0,00)(z). Let h(z) denote the
=0 and for x > 0

h(x) = /_O:O fWg(r —y)dy = /0m FW)g(z —y) dy = Ape /Om e~ =1 qy

Let us consider the following two cases.

(i) A=p

h(z) = )\Qe_m/ 1dy = Nze ™
0

(i) A #p

z —-(A—pyY=" A
h(z) = )\/w_’“”/ e~ (A—my dy = A\pue™H* ¢ = M (e_)‘x — e_’””)
0 w—A g P A

1.8 Let X1, Xy and X3 be i.i.d random variables with distribution Uni(0, 1). Find the density functions of
the random variables Y := X; + Xy and 7 := X7 + Xy + X3.

Solution The density of a random variable with Uni(0, 1) distribution is f(z) = 1 ;). Let g(z) denote
the density of Y. Then

o) = [ fw)fe-y)dy

—0o0

Clearly for any = < 0 and 2 < x we have g(x) = 0. Considering the following cases
() o<z<l

g(ac):/oxldy:x
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(i) 1<z <2
1
g(a:):/ ldy=2—=x
z—1

We concluded
g(x) =zl 1y (7) + (2 — 2) 11 2)(2).

Clearly for any z < 0 and 3 < x we have h(z) = 0. Now let h(x) denote the density of Z. Then we
have

hw) = [ gl - p)y

o0

Considering the following cases
i) o<z<1
T T 2
h@%ﬁ/gwﬂyz/zMy=5
0 0
(i) 1<z <2
T 1 T
mm:/Amw@:/Aww®+Ag@my

3

1 T
:/ ydy+/ 2—ydy=3c—2>-=
z—1 1 2

(i) 2 <z < 3
2

2 2 9 T
h@%=/ Q@Myz/ 2-ydy = —3v+
rz—1 x—1
We concluded
x2 3 9 x2
h(ib) = ?]1[071) (.%') + <3$ — x2 — 2) ]1[172) (.CE) + (2 — 3x + 2) ]1[2,3) (l‘)
g9(z) h(x)
7 N\

1.9 Let X1, Xo,...,X,,... beiid random variables with distribution Uni(0, 1). Denote f,(x) the density
function of S, := > p_; Xi. Prove that

g .
fn(z) = (n_ll), z::(—l)k <k> (x — k)" 1.

Using a computer program (e.g. Mathematica, Python) plot the graph of the function

~ [n n [n
forn=1,2,...,10. What do we see? Interpret the result!

Solution We will prove it by induction on n € N*. Clearly for n = 1 we have

fi(z) = 11y (2),
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which is exactly the density of S; = X; ~ Uni(0,1).

Now suppose it holds for some n € N*. Then

fn-I—l / fn - 01 dy*/ fn x_ y
Thus by the induction hypothesis

{zy (n =1 =
I I
Where
B 1 [x] L (n (x—y k) y={z}
I (n_1)|];)(—1) <k> [ n! L:O
1 n | L
= > (D </<;> (o= fa} =By = Y (1! <k> (o b
" k=0 k=0
and
1 [z]-1 L (n ([I;—y k)n 1
I (n—1)! l;)(—l) (k){ n L @)
—im*l( 1)’““(") (2 1_@“_&@]71( 1)k+1< )(x—{x} k)
nl k=0 k n! Pt k
Then
foy1(x) =1 + Iy
L ) @ g - )
. =0
Ly IDLany I 1—k)" Ly k(T k)"
e BLC A U Kk et D DU VS Lt

| ] )
(e R (e
" 1[‘”] n n N
(s J*(k))“—’”
1Y n+1 .

= nlz ( )(l‘—k)

1 & n+1 .

n'z k( >(m—k)

Therefore, the formula also holds for n + 1.
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1.10 Let X and Y be independent r.v. with dist. Poi(A) and Uni(0, 1). Find the distribution of Z := X +Y.
Solution Let F' denote the CDF of X and g the density function of Y. Then for z > 0

P(Zgz):/_o:oF(z—x)y(m)dx
:/1F(z—:n)dx
0

:/(]1P(X<z)dx

1 lz—=] k
= e_)‘/\—d:v
0 k=0 k!
{z} le—z] Ak 1 lz—=] k
_ A -A4
= kz%e k'dx—i- {Z}’;)e k'dm
(=) L2 G 1 lz)-1 k
—A A
= Ze —dx + Z e "—dx
o iz M {z} =0 k!
e 2
= {#} 192:06 ﬁ—i—(—{z}) 1;)6 T
e k
={z}-e? + Z e N —
L) = K



