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4.1

4.4

4th Practice Class
Generating functions II

Let G(s,t) be the joint probability generating function of the random variables X and Y. That is
G(s,t) = E(sxty). Prove that G(s, 1) is the prob. gen. function of X, and G(1,¢) is the prob. gen.
function of Y. Moreover, show that

82
0sot
What does the relation G(s,t) = G(s,1) - G(1,t) mean? What is G(s, s)?

Solution We have

E(XY) = G(s,t)

s:t:l'

By the definition

G(s,t) = E(thY) = Z ZP(X =n,Y =k)s"tk
n=0 k=0
thus
82 n—1g7.4k—1
550 ZZP =n,Y =k)ns" kt" .
n=0 k=0
It follows that )
0
—_— t) = P(X =k)nk =E(XY).
asatG % ‘ s=t=1 RZOI;] ) (XY)

The realtion G(s,t) = G(s,1) - G(1,t) means that for any s,t € [0,1)

ZZP =n,Y = k)s"t*

n=0 k=0
:iP(X:n)sn-iP(Y ZZP Y = k)s"tF
n=0 k=0
Thus for any n,k € N we have
P(X =n,Y =k)=P(X =n)P(Y =k).

It exactly means that X and Y are independent.

By definition
G(s,s) = E(SXSY) = E(3X+Y).

Thus G(s, s) is the probability generating function of X + Y.

Denote 0(p) the probability that a branching process with offspring distribution Geo(p) never extinct.
Plot the graph of p — 0(p)!

Solution Let P be the PGF of the offsprings. That is, the PGF of Geo(p)

p
PE =10z

Then we know that

1 — 6(p) = P(the branching process dies out in finite time)
=inf{z € [0,1]: P(z) = z}.
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Then

The fixed points are
z1=1 and z9=-—.

If p> % then zo < 21, otherwise z; < z5. Then

L ifo<p<1/2

1-0(p) = {”

1 if1/2<p<l.

Thus the function p — 6(p) is

179(19)
0.8 |
0.6 |

s O(p) = % if 0<p<1/2,
0.4 | PRI 0 if1/2<p<1.
0.2 |
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4.5 Let us consider a branching process, for which the probability generating function of the offsprings is
P(z). Denote X the size of the whole population (i.e. the number of all individuals who ever lived).
Denote Q(z) = E(zx) Prove that Q(z) is the inverse of z/P(z)!

Solution Let X, be the size of the nth generation. Then by definition X = >">° X,,. The PGF of X
is

G(Z) = E(ZX) = E(zzzo:1) = E(21+ZZO:2 Xn)
_E(T ) = > (-5 o
k=0

X = k)P(Xs = k).

Notice that > 0% o Xi|k =2 4 X1+ -+ Xk, where Xl, ... ,Xk 4 X are i.i.d. since we start k inde-
pendent branching processes from the descendants of the first individual with the same distribution.
Therefore,

Qz) =z i E (55X = k)
k=0

[o.¢] o0
. : k
=2 Y B(:5) B(2N)P(X = k) = 2 Y B(2Y) P(X, = k),
k=0
Since X5 has the same distribution as the offsprings, we have

Q(z) = 2P(Q(2)).

Q(z) is the inverse of z/P(z) since

Q(2)

— . — <.

P(Q(2))
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4.7 Let &1,&,... be i.i.d random variables such that P(§; = +1) = % Denote S, = >_1"; & the simple
random walk on Z. Let 7 = min{n > 1: S, = 1}. Calculate P(7 = k)! What is the limit
Jim K3PPP(r = 2k — 1) =?
— 00

Solution We know that the PGF of 7 is

P(z) = 1_7 V1-—2? i

First let us find the Taylor expansion of H (z) =1— /1 — 22. The derivatives are

Therefore,
H(z)zz o —ZE? (2 — 1)z
k=1 k= i=1
Moreover,
H(ZQ) >01 1 2k—1
k=1 =1
P(r=2k—1)
We need to calculate the limit of
3 s 11

as k — oo. First, let us find a closed formula for the term [[¥=(2i — 1). Notice that

k—1 k—1
[Tei-1-T1@)=E-1)!
i=1 j=1

kfl

k—
2k1Hj_ _1|

1

kl:[l(Zi -1)- 2’“*1(14: — 1) = (2(k —1))!

kol 2(k — 1))!
g@“”—z(k—(uk_)l))r

Thus, the limit we want to calculate as k — oo is

11 (20k—1)

3
- W)
2R 261 1)1

We use Stirling’s approximation. That is,

nl~n"-e"-V2mrn asn — oco.

It follows as k — oo

_\2(k—1) —2(k—1) —
P =k 1)~ ki L DD 2m2(k — 1)
2261 khek /27 - (k — 1)k=te=(k=1)\/2m(k — 1)
3 . 1 3 kE—1 (k‘ _ 1)k—1
k2P(T—2k—1)Nﬁ-k2- k;(k;fl).e' o
: _ Y
k%IP’(Tzzk_UNL.k.\/g. k-1 (k-1)

2/ k(k—1) K
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3 1 E(k—1) (kE—1)k1
p— —_ 1 ~Y . . .
k2P(r =2k — 1) N RS =
N————’

3 1
k2P(r=2k—1) ~ —.
2 (T ) 2\/77_
We conclude
lim k2P(r = 2k — 1) =

k—o00

Or in other words as k — 0o 1

P(T:2k—1)~2\1/E~\/k73.



