Probability Theory 2 17.03.2026.

5.1 (a)

(b)

5th Practice Class
Concentration inequalities I

Show that the Markov inequality is sharp. Namely, for every fixed real numbers 0 < m < X there

exists a random variable X such that E(X) = m and P(X > X\) = m/\.
Show that the Markov inequality is not sharp. Namely, for every fixed non-negative random

variable X with finite expected value limy_,oc AP(X > A\)/E(X) = 0.

Solution

(a)

Let 0 < m < X and X such that

]P’(X:)\)zl—IP’(X:O):%.
Then
m m
E(X)—O-(lA)Jr)\-)\_m
and

First notice

E(X)=EX1[X > \)+EXL[X <))
> AE(L[X > A\]) + E(X1[X < A])
=AP(X > \) +E(X1[X < A]).
Therefore,
0<AP(X > )\) <EX)-EX1L[X < )A]).
Moreover, notice that
lim E(X1[X < A]) =E(X).
A—00
It follows from monotone convergence since X 1[X < A] /' X almost surely as A — oo. Thus,

lim AP(X > \) = 0.
A—00

Dividing by E(X)
lim AP(X > \)/E(X) = 0.

A—00

5.4 Let X1, X5,... be random variables with finite variance, and 0 expected value (i.e. for every i > 1,
E(X;) = 0, 07 := D*(X;) = E(X?) < 00). Let r, be a sequence such that lim, o7, = 0 and
suppose that Cov(X;, X;) = E(X;X;) < rj;,_; for every i,j > 1 (In particular, o7 < ro). Let S, :=
X1+ Xo + -+ 4+ X,,. Show that lim,, oo P(|S,/n| > 0) = 0 for every § > 0.

Solution Notice

and

E(S,) = E(i X,-) = zn:E(Xi) =0
=1 i=1 :'0

n n

D?(S,,) = Cov(Sy, S,) = Cov (Z X,y X]) =) Cov(Xi, X;) <> D 1y
=1 =7 i=1j=1

i=1j=1

Now notice r|;_; only depends on the distance between ¢ and j. The distance is zero in n cases (i=17)
and the distance is k (k=1,...,n— 1) in 2(n — k) cases (i = j + k or j = i + k). Therefore,

n n n—1

n—1
DD g =nro+2 3 (n— K)r < nrg + 20 Y 7.
k=1

i=1j=1 k=1
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We can use Chebyshev’s inequality for § > 0

P(|Sp/n| > ) = P(|Sy| > nd) = P(|S,, — E(Sy)| > nd) < WDz(Sn).
Using the previous bounds on D?(S,,) as n — oo
2 1« 2 n—l
P(|Sn/n|>5)§ﬁ-ﬁ+5—2-fz_: 62.7 =
- X\ , . ,
—0 —1
—0

The last convergence holds since 1 >ohs rk is the Césaro average of the sequence (r,). Therefore,
it is convergent and has the same hrmt

n—1
lim TR = hm r, = 0.
n—oo N, — kzl k= n

5.9 We toss a coin 60 times and denote the number of heads by X. Give an upper bound for the probability

P(|X — 30| > 20)
by using Chebysev’s inequality. A better estimate can be given by using the turbo-Markov inequality:

(a) Let Y3 = X, where 0 < 3. Show that E(Yj) = 2750(1 4 ¢#)%0.

(b) Give an upper estimate for P(X > 50) by using Markov-inequality for the non-negative random
variable Y3 for all 8 > 0.

(c) Find the optimal §, that is, find the minimum of the estimate in (b). (This can be done by
minimizing the convex function f(8) = log(1 + €’) — 213.)

(d) Combining the previous points, show P(|X — 30| > 20) < 2-3%.5750 < 1076,

Solution We know that X ~ Bin(60,1/2). Therefore,

1 1 1
E(X)=60-5=30 and ID)Q(X)—60.2.<1_)_15.
Chebysev’s inequality implies

P(|X — 30| > 20) = P(|X — E(X)| > 20) < = ==

_ eﬂ _ n eﬁk n 1 k 71 60—k o0 n <7’L> 618 k  5—60 eﬂ 60
(¥V3) = E(<™) kzzo (k) <2> (1 2) 27> & (¢7) =200+

(b) Applying the "Turbo" Markov inequality with the function z — €5® (its range is in R and it is
non-decreasing)
E (eBX )

P(X 2 50) < — 557

=E(Yp)e ™% =2790(1 + 7).

This bound holds for any 5 > 0.

(c) The optimal 5 > 0 is the one which minimizes the right hand side of the inequality. Moreover,
since log is strictly monotone increasing it is enough to minimize

log(2750(1 + ¢7)5%=%%9) = —601og(2) + 601log(1 + ) — 505.

Clearly, it attains its minimum at the same 3 as the function

S8,

f(8) =log(1+¢”) — 2
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The derivatives are

, e? 5
f (ﬁ) = 1+é8 - 6
1! 616
Notice
0= f"(8)
0=¢%/(1+¢)—5/6
P =5
B = log(5)

Therefore, the best bound using this method is
]P)(X > 50) < 2760(1 + elog(5))60675010g(5) —_ 2*60 i 660 . 5*50 — 360 i 5*50'

(d) Notice that
P(|X — 30| > 20) = P(X < 10) + P(X > 50).

Moreover, since X ~ Bin(60,1/2)
P(X < 10) = P(X > 50).

It follows that
P(|X —30] >20) <2-P(X >50)=2-3%.5750 < 107°,



