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9.1

9.2

9th Practice Class
Borel Cantelli lemmas and Kolmogorov’s Strong Law of Large Numbers

Let X1, X5,... be independent random variables such that
P(Xp=n?—1)=n"% PB(X,=-1)=1-n"2

Prove that for every n € N, E(X,,) = 0 but

. X+ X+ -+ X,
lim = —1 almost surely.
n—00 n

Solution The expectations are

Notice that

e ) 00 1 7T2
n=1 n=1

Hence, by the first Borel-Cantelli lemma
P(X,, = n? — 1 infinitely often) = 0.

It follows that
P(lim X, = —1)=1.

n—oo

Therefore, by Césaro averaging

X4+ X,
— P( lim Xn:1)<P<lim 1+Jr:1)

n—00 - n—00 n

which exactly means

X 4+ 4+ X
lim i e e -1 almost surely.
n—00 n

Let X,, be i.i.d random variables with X,, ~ Geo(p). That is P(X,, = k) = p(1 — p)* for k > 0. Show
that limsup,,_, o lc)ann = |log(1 — p)|~! almost surely.

Solution First notice that the event lim sup,,_, . \1og = [log(1 — p)| " exactly means that for any
N2>1
> [log(1—p)| '+ N? for only finitely many n (1)
log( )
and
Xn 1

> log(1—p)| ' =N~ for infinitely many n. (2)

log(n)

(1) We first show that (1) happens almost surely. Notice

1 g

P<b§( )=

log(n) _ log(n)

< (1 — )Ilog(l P

= exp (10g(1 —p) < |1o;g1;(n)p)| " 10%\(;%)))

exp (log(n) (—1 + log(1 — p)N*1)>
nflJrlOg(lfp)N_l

1
nl-log(1-p)N—1
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Since log(1 — p) < 0, it follows that 1 — log(1 — p)N~! > 1. Hence,

= 1

—1 —1
Z <10g >‘10g(1— )’ +N ) S;W<oo

Therefore, by the first Borel-Cantelli lemma

X,
]P<10 (n) = > [log(1 —p)|~ '+ N~! for infinitely many n) =0.

As a consequence,

> [log(1 —p)| ™' + N~! for only finitely many n) =1

P(lof;( )

In particular, we showed that (by taking the intersection over N > 1)

Pl i
(ﬂ%p og(n) =

< flog(1 ~p)| ) = 1.
(2) We next show that (2) happens almost surely. Notice

P(joggay = sl =0 =N ) =0 2 s - )

[ losle) _ logtn)
= (1 _p) [Tog(1—p)] N
> (1-p) ot~ R+
log(n) log(n)
=(1-p exp(log1p< — >)
(= prexe (el =P ot —p) ~ N

(1I-p exp(log ( 1 —1log(1— )Nﬂ))
N— 1

_ (1 7p) —1-log(1—p)

1 1
(1-p) nltlog(l—p)N—1

Since log(1 — p) < 0, it follows that 1 + log(1 — p)N~! < 1. Hence,

> 1

1 —1 =
z (oot = o1 =)+ )z<1—p>;,w—°°'

Since the variables are independent, by the second Borel-Cantelli lemma it follows that

X,
]P’(lo n) =~ > |log(1 —p)|~ L_ N~ for infinitely many n) =1.

In particular, we showed that (by taking the intersection over N > 1)

]P’(limsup > [log(1 — p)|~ 1) .Y

D )

We conclude

X 1
P(hm sup n_ = ) =1.
n—oc log(n)  [log(1 — p)|
9.4 Let X1, Xo,... be independent random variables such that P(X,, = 1) = p, and P(X,, =0) = 1 — p,,.

Which properties does p,,n = 1,2, ... have if

(a) X, S 0asn— oo
(b) X, 2250 as n — oo.

Solution
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(a) Notice that

Xp 50 e V>0P(X,>0) =0 & Yo<d§<1P(X,>5) =pn— 0.

Therefore,

Xn L0 ifand only if lim p, = 0.
n—oo
(b) If we have

[e.9] (0.9}

Y P(Xp=1)=> pn < oo,
n=1 n=1

then by the first Borel-Cantelli lemma it follows that
P(X,, = 1 infinitely often) = 0.

As a consequence

However, if we have

ZIP’(Xn: 1) = an:oo,
n=1 n=1

then since the variables are independent, by the second Borel-Cantelli lemma it follows that
P(X,, = 1 infinitely often) = 1.
As a consequence
P(nlggo X, # 0) =1.
We conclude

o0
X, &2 0 if and only if an < 00.

n=1

9.10 Let f:[0,1] — R be a continuous integrable (i.e. fol |f(x)| de < co) function. Let X, Xo,... be i.i.d.

9.12

random variables with distribution Uni(0, 1). Show that
X . X, 1
IF’(Ii_}m f(X) 4+ S ):/f(a:)dx)zl.
n—0o0 0

n

Solution Since f is continuous, the random variables f(X1),... f(X,) are well-defined and they are
independent and identically distributed. Moreover, by assumption

1
E(S(X)) = | @) de < co.
Hence, by Kolmogorov’s Strong Law of Large Numbers

JXD) + o+ [ (Xa) as,
n

BU(X) = [ f(@)d.

(Longest sequence of heads I.) Let X1, Xs,... bei.i.d. random variables with distribution P(X; = 1) =

p, P(Xx% = 0) = ¢, where p + ¢ = 1. Let us fix a parameter A > 1 and denote A,(C)‘) for k=0,1,2,...
the following event

AW = {ar c [[/\’“], (AR — k} AN:X, = X1 = = Xppho1 = 1}.

In particular, the event A,(g)‘) means that between [A\¥] and [\¥T1] —1 there exists somewhere a sequence
containing only 1 and with length & Show that

(a) If X < p~! then Al(j) happen for at most finitely many & with probability 1.

(b) If A > p~! then with probability 1, the events A,(C)‘) happen for infinitely many k.

Solution
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(a) Suppose A < p~!. That is, 0 < Ap < 1.
Notice that

| AFFL |~k
A= U Am,
m= LA’“J
where
Am = {X = Am+1l — = Am+4k—1 — 1}
Therefore,
\_)\kJrlJ—k \_}\kJrlJ—k

Since 0 < Ap < 1,

8

Ap
P <A (p)F =2
Z (427) <A X0 = A2 < o0
Hence, by the first Borel—Cantelh lemma,
(M) : _
P(A;”" happens for only finitely many k) =
(b) Suppose A > p~—!. That is, Ap > 1. Let

Bm = {XLAkJ+mk — . = XL)\kJ+(m+l)k:*l - 1}

k+1|_ k
form=0,1,..., M, where M, = UA Jk A JJ > )‘Hl;l*)‘k — 1.
Notice that
Mg
U B C A,

m=1

Moreover, since the events B,, are independent

M, My, My, My,
]P’(U Bm> :1—]P’(ﬂ B,?) =1-[[a-PBn)=1-[[QA-p") =1-(1-pH"
k=1

m=1 k=1 k=1

Using the inequality 1 — x < e™® we have

M, .
Pl | Bm | >1—eMe?
m=1

Moreover, since 0 < p < 1 and Ap > 1

)k pP (Ap)* 1
YA O S A R C') P
BoP = AT I P

My, 1
P B, | >1- —— 429" ).
mgl > exp( k:+ p)

Hence, we have the lower bound

i A(/\) > i (1 — exp <2pk - ;))

k=1

— 2p"~.

Then we have

We know that
e 1

1
Z(l—exp(ka_k>>:oo if and only if Hexp(p _k:) 0.

k=1
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Which is exactly the case, since

Therefore,

Since for large enough k the intervals [\¥, A¥+1 — 1] are disjoint, the events A,(:‘) are independent.

Therefore, by the second Borel-Cantelli lemma it follows that

IP’(A;C)‘) happens for infinitely many k) =1.



