Probability Theory 2 28.04.2026.
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10th Exercise Sheet
Kolmogorov’s 0-1 Law and Law of the Iterated Logarithm

Let X1, Xo,... be uncorrelated random variables on the same probability space (€2, .4, P) and expected
value 0 respectively. Show that if the sum of the variances is finite then the sequence S,, = X1+---+ X,
is convergent in L2.

Show an example for a sequence of independent non-negative random variables X7, Xo,... such that
the sum of the variances is divergent (that is 352, D?(X;) = oo) but the sequence S,, = X7 +---+ X,
converges almost surely to a finite random variable.

Let X1, Xo,... be independent random variables such that X,, ~ Exp(\,) and let S, := > ; X.
Prove that if > 02, ﬁ = 00 then S, =2 oo, but if Yoo i < oo then S,, =2 S, where S is a random
variable with P(S < c0) = 1.

Let 6, be a sequence and let X7, Xo,... be a sequence of independent random variables such that
Xy, ~ Uni(0, 6,). Show that the series S,, = X1 + --- + X, converges almost surely to a finite random
variable if and only if >>7° ; 6, < occ.

Let Xo, X1, X9, ... be a sequence of independent random variables. Show that the radius of convergence
of the random Taylor series 3.5, X 2" is r with probability 1 for some non-random r € Ry U {0, cc}.

Let X1, X5, ... be independent random variables and let b, be a sequence such that b, " oc.

(a) Prove that IP’(lim,HOO i Yo Xi exists) is either 0 or 1.

(b) Suppose that é ", X; 2% Z for some random variable Z. Show that Z is constant almost
surely.

Suppose that Xg, X1,... are i.i.d. Show that the radius of convergence of the random Taylor series
S0 0 Xi2¥ is 1 if E(log™ | X;]) < oo and 0 if E(log™ | X;|) = oo with probability 1, where logt(x) =
max{0, log(z)}.

(Not-iterated logarithm) Let X be a random variable with standard normal distribution N(0,1). We
have shown earlier that for any x > 0
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(a) Let X1, Xo,... be i.i.d with X; ~ N (0,1). Show that
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(b) Let Sy, := X1 + X5 + -+ + X,,, where X1, X»,... are from (a). Show that for every C' > /2
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Note: The Iterated logarithms theorem claims that ]P’(lirlln_> sogp m = 1) = 1.
Let X, Xo,... be ii.d. random variables with distribution Poi(u).
(a) Let Y; = p— X;. Find the rate function I(z) of Y;!
(b) Show that for every x > 0, I(z) > 22/(2u)!
(c) Let S, = X1 +---+ X,,. Show that
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