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10th Practice Class
Kolmogorov’s 0-1 Law and Iterated Logarithm

10.1 Let X1, X2, . . . be uncorrelated random variables on the same probability space (Ω, A,P) and expected
value 0 respectively. Show that if the sum of the variances is finite then the sequence Sn = X1+· · ·+Xn

is convergent in L2.
Solution We show that the sequence (Sn) is Cauchy. By assumption, we know that

∑∞
j=1 E(X2

j ) < ∞.
Let n ≤ m ∈ N. It follows

E((Sm − Sn)2) = E


 m∑

j=n+1
Xj

2
 (∗)=

m∑
j=n+1

E(X2
j ) ≤

∞∑
j=n+1

E(X2
j ) → 0 as n → ∞.

We used at (∗) that the variables are uncorrelated and have zero mean:

E


 m∑

j=n+1
Xj

2
 = D2

 m∑
j=n+1

Xj

 =
m∑

j=n+1
D2(Xj) =

m∑
j=n+1

E(X2
j ).

Since L2(Ω, A,P) is a complete metric space, there exits a random variable S ∈ L2 such that

Sn
L2
−→ S.

10.2 Let X1, X2, . . . be independent random variables such that Xn ∼ Exp(λn) and let Sn :=
∑n

i=1 Xi.
Prove that if

∑∞
n=1

1
λn

= ∞ then Sn
a.s.−−→ ∞, but if

∑∞
n=1

1
λn

< ∞ then Sn
a.s.−−→ S, where S is a random

variable with P(S < ∞) = 1.
Solution

(i) Suppose
∑∞

n=1
1

λn
= ∞. Choose a subsequence 1 = n1 < n2 < n3 < . . . such that

nk+1−1∑
j=nk

1
λj

≥ 2k.

Then let us consider the blocks

Yk = Xnk
+ Xnk+1 + · · · + Xnk+1−1.

Then using Markov’s inequality and the independence

P(Yk ≤ 1) = P(e−Yk ≥ e−1) ≤ eE(e−Yk) = e

nk+1−1∏
j=nk

E(e−Xj ),

where
E(e−Xj ) =

∫ ∞

0
e−xλje−λjx dx = 1

1 + 1
λj

.

Hence,

P(Yk ≤ 1) ≤ e

nk+1−1∏
j=nk

1
1 + 1

λj

= e

nk+1−1∏
j=nk

(
1 + 1

λj

)−1

.

Moreover,
nk+1−1∏

j=nk

(
1 + 1

λj

)
≥

nk+1−1∑
j=nk

1
λj

≥ 2k.

It follows that
P(Yk ≤ 1) ≤ e

2k
.
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Hence, the sequence is summable:
∞∑

k=1
P(Yk ≤ 1) ≤

∞∑
k=1

e

2k
= e < ∞.

Therefore, by the first Borel-Cantelli lemma

P(Yk ≤ 1 for infinitely many k) = 0.

As a consequence,
Sn

a.s.−−→ ∞.

(ii) Suppose
∑∞

n=1
1

λn
< ∞. Then notice

lim
n→∞

n∑
j=1

E(Xj) = lim
n→∞

n∑
j=1

1
λj

exits and lim
n→∞

n∑
j=1

D2(Xj) = lim
n→∞

n∑
j=1

1
λ2

j

< ∞.

The first convergence comes by assumption. For the second once, notice that since 1/λj → 0
(necessary condition for the sum to be convergent), there is a n0 such that for j ≥ n0

0 <
1
λj

≤ 1.

In particular, for j ≥ n0

0 <
1
λ2

j

≤ 1
λj

≤ 1.

Hence,
∞∑

j=1

1
λ2 ≤

n0−1∑
j=1

1
λ2 +

∞∑
j=n0

1
λj

< ∞.

Therefore, by Kolmogorov’s two series theorem there exits a finite random variables S such that

Sn
a.s.−−→ S.

10.5 Let X1, X2, . . . be independent random variables and let bn be a sequence such that bn ↗ ∞.
(a) Prove that P

(
limn→∞

1
bn

∑n
i=1 Xi exists

)
is either 0 or 1.

(b) Suppose that 1
bn

∑n
i=1 Xi

a.s.−−→ Z for some random variable Z. Show that Z is constant almost
surely.
Solution

(a) Since for any k ≥ 1

lim
n→∞

1
bn

n∑
i=1

Xi = lim
n→∞

1
bn

k∑
i=1

Xi︸ ︷︷ ︸
= 0 for any realization

+ lim
n→∞

1
bn

n∑
i=k+1

Xi = lim
n→∞

1
bn

n∑
i=k+1

Xi,

it is clear that
lim

n→∞
1
bn

n∑
i=1

Xi

is a tail-event. Since the variables are independent, by Kolmogorov’s 0-1 Law it follows that

P
(

lim
n→∞

1
bn

n∑
i=1

Xi

)
= 0 or 1.
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(b) Let c ∈ R. Then by similar argument as above it is clear that

lim
n→∞

1
bn

n∑
i=1

Xi = c

is a tail-event. Therefore,

P(Z = c) = P
(

lim
n→∞

1
bn

n∑
i=1

Xi = c

)
= 0 or 1.

Since Z is a finite real-valued random variable, there exists a c̃ ∈ R such that

P(Z = c̃) = 1.

10.6 Let X0, X1, X2, . . . be a sequence of independent random variables. Show that the radius of convergence
of the random Taylor series

∑∞
k=0 Xkzk is r with probability 1 for some non-random r ∈ R+ ∪ {0, ∞}.

Solution The radious of convergence is the random variable

R = 1
lim supn→∞

n
√

|Xn|
.

For any ρ > 0 let
Aρ = {lim sup

n→∞
n

√
|Xn| ≥ ρ}.

Then notice, Aρ is a tail event. By Kolmogorov’s 0-1 Law

P(Aρ) = 0 or P(Aρ) = 1.

Moreover, if ρ1 ≤ ρ2, then Aρ2 ⊆ Aρ1 . In particular,

P(Aρ2) ≤ P(Aρ1).

We have three cases.

(1) For every ρ > 0,
P(Aρ) = 1.

That is,
P
(

lim sup
n→∞

n

√
|Xn| = ∞

)
= 1.

It follows
P(R = 0) = 1.

(2) For every ρ > 0,
P(Aρ) = 0.

That is,
P
(

lim sup
n→∞

n

√
|Xn| = 0

)
= 1.

It follows
P(R = ∞) = 1.

(3) There is a ρ̃ > 0 such that for ρ1 < ρ̃ < ρ2

P(Aρ1) = 1 and P(Aρ2) = 0.

That is,
P
(

lim sup
n→∞

n

√
|Xn| = ρ̃

)
= 1.

It follows
P(R = 1/ρ̃) = 1.


