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10.1

10.2

10th Practice Class
Kolmogorov’s 0-1 Law and Iterated Logarithm

Let X1, Xo,... be uncorrelated random variables on the same probability space (€2, A, P) and expected
value 0 respectively. Show that if the sum of the variances is finite then the sequence S, = X1+---+ X,
is convergent in L?.

Solution We show that the sequence (5y,) is Cauchy. By assumption, we know that 3272 ; E(X %) <
Let n < m € N. It follows

2
E(Sm—-S00=E[ [ 3 x| |Y 3 ExY)< 3 EX2) 50 asn— oo
j=n+1 j=n+1 j=n+1
We used at (%) that the variables are uncorrelated and have zero mean:
m 2 m m
( > Xj) :]D?( > Xj) Z D*(X;) = Y E(X)).
j=n+1 j=n+1 j=n+1 j=n+1
Since L%(Q, A, P) is a complete metric space, there exits a random variable S € L? such that

S, — S.

Let X1, Xo,... be independent random variables such that X, ~ Exp()\ ) and let S, := >.i" | X;.
Prove that if En 1 /\ = 0o then S,, =% oo, but if 322, /\ < oo then S, = S, where S is a random
variable with P(S < oo) 1.

Solution
(i) Suppose >, ﬁ = 00. Choose a subsequence 1 = n; < ng < ng < ... such that
nepa=l g
25
Then let us consider the blocks
Yi=Xn, + Xnpt1+ -+ X1

Then using Markov’s inequality and the independence

Nk4+1— 1
P, <1)=Ple ™ >e ") <eEB(e™)=e J] E(e
Jj=ny
where
-X < Az 1
E(e J):/ e Aje N dr = i
0 1+ )TJ
Hence,
Ng+1—1 1 npy1—1 1 -1
PY.<1)<e = e 1 + —
i 1 1+ 5 H ( ’\j>
j=ny, j J=ny,
Moreover,

It follows that
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Hence, the sequence is summable:

[e.e] oo e
S PV, <1) gZ—k—e<oo.
k=1 k=1
Therefore, by the first Borel-Cantelli lemma
P(Y; <1 for infinitely many k) = 0.

As a consequence,

Sy 225 0.
(ii) Suppose > o2 /\ < 00. Then notice
"1 1
N 1 2 — 1 N
nh_}rr;o X:IE = nl1_>rgo Zl y exits and nh—>Holo Z:I]D) nh_}rrolo 231 )\? < o0.
j J J j=

The first convergence comes by assumption. For the second once, notice that since 1/A; — 0
(necessary condition for the sum to be convergent), there is a ng such that for j > ng

1
0<—<1.
Aj
In particular, for j > ng
1 1
0<—=< —<1.
A2 TN
J
Hence,
L I I |
7=1 7j=1 Jj=ngo

Therefore, by Kolmogorov’s two series theorem there exits a finite random variables .S such that

Sy 255 5,

10.5 Let X1, Xo,... be independent random variables and let b, be a sequence such that b, ~ oc.
(a) Prove that P(limn_wo i X exists) is either 0 or 1.
(b) Suppose that é " X; 2% Z for some random variable Z. Show that Z is constant almost
surely.

Solution

(a) Since for any k > 1

lim —» X;= lim —» X; lim — X; = lim — X;
ngﬂgobZ g Z +nmgonl§+1 1&%1 ;

= 0 for any realization
it is clear that
1
=1

is a tail-event. Since the variables are independent, by Kolmogorov’s 0-1 Law it follows that

(Jl_}ﬁgobZX> =0or 1.



Probability Theory 2 28.04.2026.

(b) Let ¢ € R. Then by similar argument as above it is clear that

1 n
lim — ZXi =c
=1

is a tail-event. Therefore,

LT
P(Z:C):PCEE&@L;Xi:C) =0or 1

Since Z is a finite real-valued random variable, there exists a ¢ € R such that

10.6 Let Xg, X1, X9, ... be asequence of independent random variables. Show that the radius of convergence
of the random Taylor series 3.5, X2 is r with probability 1 for some non-random r € Ry U {0, cc}.

Solution The radious of convergence is the random variable

1

R = .
limsup,,_, . V| Xx|

For any p > 0 let
A, =A{limsup /| X.| > p}.
P { n p ’ n‘ il }

Then notice, A, is a tail event. By Kolmogorov’s 0-1 Law
P(A,) =0 or P(A4,) =1.
Moreover, if p1 < p2, then A,, C A, . In particular,
P(A,,) < P(4,,).
We have three cases.

(1) For every p > 0,

P(A4,) =1
That is,
]P’(hrnsup VX = oo) =1
n—oo
It follows
P(R=0)=1
(2) For every p > 0,
P(A,) =0
That is,
P(limsup VIXn| = O) =1.
n—oo
It follows

P(R=o0) =1.
(3) There is a p > 0 such that for p; < p < py
P(A,)=1 and P(A,,)=0.
That is,
]P<limsup VXl = ﬁ) =1
n—oo

It follows
P(R=1/p)=1.



