Probability Theory 2 05.05.2026.

11th Practice Class
Characteristic functions I
11.1 (a) Show that ¢,x4p(u) = ™o x (au).

(b) Show if X,Y are independent the characteristic function ¢ x4y of X + Y is the product of the
characteristic functions ¢x, ¢y

(c) Show an example that ¢x+y = ¢x ¢y but X and Y are not independent.
Solution
(a) , . . . .
d’aX—l—b(u) _ E(em(aXer)) — E(embez(au)X) _ elbu ]E(ez(au)X) _ ezbud)X(au)'
(b) Since X,Y are independent, /X and €™ are also independent. It follows
Ox () = B = B(eX M) = B E(e™) = x(u)gy (1)
(¢c) Let X =Y ~ Cau(0,1). Then X +Y = 2X ~ Cau(0,2). The characteristic functions are
dx(u) = oy (u) = e " = Gx(u)gy(u) = e eIl = g2l
Oxty (U) = dox(u) = dpx(2u) = e 12l = 721,
However, clearly X and Y are not independent.

11.2 Find the characteristic functions of the following distributions: Bin(n,p), Geo(p), Poi(\), Exp(A),
N(u,0?), Cau(a,b) and Uni(a, b).

Solution

o Let X ~ Bin(n,p).

n

¢X(U) — zn: eiukz <Z>pk(1 _p)n—kz _ Z <Z> (peiu)k(l _p)n—k _ (1 _p_i_peiu)n.
k=0

k=0
Different solution. Notice that
X2y, +...v,
where Y7, ...,Y, are i.i.d with P(Y; = 1) = 1 — P(Y}, = 0) = p. Then the characteristic function
of Y7 is ‘ ‘ A
Oy, (u) = (1 = p)e™® +pe’ =1 —p 4 pe™.
It follows that the characteristic function of X is
ox (u) = ¢y (u)"(1 = p + pe'™)".
o Let X ~ Exp(1). Then

0o . S ) e:r(iufl) T—00 -1 e:p(iufl)
ox(u) = / e dr = / e dg = . = + lim ,
0 0 ui — 1 o0 ur—1 z—=oc0 yi—1
=0
since ‘ ‘
emu_l)’ =" |le|=e" =0 asxz— .
I
Hence,
-1 1
ox(W) = T T T
Now, let Y ~ Exp(A) for some A > 0. Then notice that
a1
Y =-X.
A
Therefore, its characteristic function is
U 1 A
Oy (u) = d4x(u) = d)X()\) Tl N
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o Let X ~ N(0,1). We know that its moment generating function is

u2

Z(u) = E(e"¥) = exp <2>

For X, all absolute moments are finite and u — Z(u) is analytic on R. In that case, there is a
unique analytic extension to C. Therefore, we can express the characteristic function as

(iu)? u?
dx(u) = Z(iu) = exp ( 5 ) = exp (—2>.

Now, let Y ~ N (11, 02). Then notice that

Y Lu+0X.

Therefore, its characteristic function is

' (ou)? o202
by (1) = durox (u) = ™o (ou) = exp (iups) exp ( )zexp <iuu )

Different solution. With direct complex integration. Stay tuned.

11.3 (a) Let ¢ be a characteristic function. Show that ¢, ¢?,|¢|* are characteristic functions too.

(b) Let ¢1,..., ¢, be characteristic functions. Show that Y"1 ; ¢;¢; is a characteristic function for any
q1,---,qn > 0 with >7"; ¢; = 1. In fact, show that Re(¢) is a characteristic function too.

(c) Show an example that |¢| is not a characteristic function.

Solution

(a) Let X has characteristic function ¢.

e Let Y = —X. Then Y has characteristic function by linearity of the expectation

E(e") = E(e™"Y) = E(e™X) = E(e™X) = ¢(u).

e Let Y1,Ys be i.i.d having the same distribution as X. Then the characteristic function of
Y1+ Ysis A _ A
E(e0 ) = B (™) B(e2) = 6(u)(u) = o(u)®

e Let Y1,Ys be i.i.d having the same distribution as X. Then the characteristic function of
Y1 — YQ is )
E(e™M 7)) = E(iuYy) E(—iuY2) = ¢(u)d(u) = |¢(u)|*.

(b) Let Xi,..., X, be independent with characteristic functions ¢1, ..., ¢,. Let Y be independent of
Xi,..., X, with distribution

PY=k)=q, fork=1,...,n.

Consider the variable

Then Z has characteristic function
E(eiuZ) _ E(eiqu) — Z]P)(Y = k) E(eiuXY Y =k) = Z m E(eka) — Z Qo (u).
k=1 k=1 k=1

In particular, let X; have characteristic function ¢. Let X5 be independent of X; with the same
distibution as —X;. Moreover, let P(Y = 1) = P(Y = 2) = 1/2. Then Z has characteristic
function
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11.5 Are the following functions characteristic function for some random variable?

1 A ) 1+ cosu
(@) 7 (D) e (o) sinu, (d) cosu, (e) —5—

Solution

(a) Let X1, Xy be i.i.d with distribution Exp(1). Then X; — X» has characteristic function

21
R

’ 1
1—u

(b) Suppose X has characteristic function ¢(u) = e%". Since %' € C? and 2 is an even number,
the existence of the 2nd derivative guarantees the existence of the 2nd moment. Moreover,

9@)(0) = P E(X?) = —E(X?).

Then )

d

¢@(0) = We*“[l = 16ufe ™" — 120%™ =0.

u u=0 v

Hence,
E(X?) =0
It can happen if and only if
P(X=0)=1

However, it that case A A \
plu) =E(e™¥)=1-e"0 =144,

Therefore, it is not a characteristic function.
(c) Since sin(0) = 0 # 1, it is not a characteristic function.

(d) Let X be uniform on the set {—1,1}. Then it has characteristic function
1 —iu
5¢ +

(e) Let X has distribution

1 1
]P’(X:—l):IP’(le):Z, P(XzO)za
Then X has characteristic function
1 1 . 1 1 1 1
Lo temmg L Ly L sy = OO



