Probability Theory 2 12.05.2026.

12th Practice Class
Characteristic functions 11

12.1 (a) Let U be a random variable with distribution Uni(0, 1), and let ¥ and Z be independent and
independent of U with distribution Exp(1). Show that X = U(Y + Z) has distribution Exp(1) as
well.

(b) For which distributions F' does it hold that if Y and Z are independent random variables with
distribution F', and U is independent of Y and Z with distribution Uni(0,1) then X = U(Y + 2)
has distribution F'?

Solution
(a) The characteristic function of Y + Z is
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dy+z(t) = =i

Then characteristic function at t # 0 of U(Y + Z) is
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For t = 0 it is clearly 1 and
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Hence, the characteristic function of U(Y + Z) for all t € R is

1
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which is the characteristic function of Exp(1). Therefore, U(Y + Z) ~ Exp(1).

12.5 (a) Show by using a probabilistic approach that [*°_ 2 (t) dt = .

% if a > 0,
(b) Show that L feo o2l gy — J 1 ¢4 < 0,
0 if a =0.

(¢) (Inversion formula II) Let ¢ be the characteristic function of the random variable X with distri-
bution function F'. Then show that

— — T ,—ita _ _—itd
P(a<X<b)+IP’(X—a)+IP’(X_b):hm 1/ et e
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$(t)dt.

Solution

(a) If ¢ is the characteristic function of X ~ Uni(—1, 1), then

Notice that
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Since integral is absolute convergent and —1 and 1 are points of continuity of the distribution X,
by the inversion formula

1 [ it — et 1 T it _ ot
2m /—oo it o(t) dt T 27 /_T it ¢(t) dt (X <1) (X <-1) 0

It follows that

00 «in?
/ Sm(t)dt:ﬂ~1:7r.
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Let X = 0 almost surely. Then X has characteristic function ¢(¢) = 1. Then by the inversion
formula

1 T _,tat _ ,—tat 1 T t
P(X <a) —P(X < —a) = lim 7/ e = tim 7/ sin(at)
T—o0 2T J_T it T—oom J_7
= lim f/ SI(0) 14— 9 Jim 7/ Sm(a)dt:2./ sin(at)
T—oom .J-T t T—oo T Jo t 7 Jo t
Moreover, the left hand side
1 ifa>0,
P(X <)~ P(X < —a) = {—1 ifa<o,
0 if a =0.

Remark. The integral is not absolute convergent for a # 0.

By the definition of the characteristic function

1 T e—iat _ e—ibt 1 T e—iat _ e—ibt ) 1 T e—iat _ e—ibt .
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Since |e" — €%| < |r — s, the next upper bound holds:
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Therefore, using Fubini’s theorem the expression equals to

T Lit(X—a) _ Lit(X—b)
E(l / ¢ ¢ dt).
2 J_1 it

Using Euler’s formula e® = cos(x) + isin(z), the real part cos(x)/t is an odd function, so its
integral from —7 to T vanishes. Therefore,

E( 1 /T isin(t(X —a)) —isin(t(X — b)) dt)

% -T it
(1 Tsin(t(X —a) 1 [Tsin(t(X — b))
_E< /O s\ A — a)) 4, /Odt>.

™ t s t

Using the convergence in part b) there exists a Ty > 0 such that for all T' > Ty

1 (Tsin(t(X —a)) 1 (T sin(t(X — b))
/0 A =) g /O A2 =)

T t p t

<2

Hence, by the Dominated convergence theorem

) 1 (Tsin(t(X —a)) 1 [T sin(t(X — b))
lim E(/O —dt—f/o dt)

T—00 s t T t
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Moreover, using the convergence in part b) again

lim —
T—o0 T t ™

1 (T sin(t(X —a)) 1 (T sin(t(X — b))
| [ RS

S0 X <O} 1 M{X=a) +1-Da<X <b}+ 7 L{X =B} +0-1{b < X}.
This exactly means that the random variable inside the expectation is
I{a < X < b} + %IL{X =a}+ %H{X = b}.
Taking the expected value yields the final result:

I 1/T Mqﬁ(t)dt—[@(]l{ <X <b}41{X = }+1]l{X—b})
e 2r oo it - ¢ g T T AT IR =
P(X = a) + P(X = b

=Pla< X <b)+ ( @) + B )

2
12.7 (a) Let X be a random variable with characteristic function ¢. Show that
— T —ita
PO =)= i o [ ot)
(b) Find the value of imp o0 5 [ [6(t)]* dt.
Solution
(a) By the definition of the characteristic function
| A 1 T, ; 1
= —tat h (1) At = — 71atE ti 7/ zt X—a) dt
zr/;f o(t) zr/;? () at = 57
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2T )7 2T
—1/T E(1{X = a})dt (”(Xall{X;éa})dt_
2T )7
P(X = L [ p(ett-oyqx dt
(X =a)+ 55 [ B {X #a})
Since ‘e‘it(X ~)| < 1, using Fubini’s theorem

% /:;IE(ez‘t(X—a)]l{X # a}) dt = E<21T /:; M=) g 1{X # a})
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By calculating the integral we get

sm(t(X —a)?
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Notice that
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Therefore, by dominated convergence

) sin(T'(X — a)) . sin(T(X — a))
TIEEOE(M_@ XA a}) (Tf;om_a) X # “})
= E(0-1{X #a}) =0.

Hence,

T
Tlgréo o7 | pt)dt =P(X =a)+0=P(X =a).

(b) Let X be independent from X with the same distribution. Then X — X has characteristic function

o).

Applying the formula in part a) with a =0 to X — X

P(X-X:@):Tlimﬁ/ e0o(t) [ dt = lim T/ ()P dt.

Moreover, if F'is the distribution function of X, then —X has distribution function 1 — F(—z).
Then X — X has distribution function
o0
G@)= [ (1= Fly-w)dF(y)
—00
Then by dominated convergence
e¢]

P(X — X =0) = lim G(z) — G(0) = lim oo(F(y) —F(y—x))dF(y)

x*)0+ x—0+ J_

— [ lim (Fly) ~ Fly— ) dF(y) = [ P(X = y)dF(y) = 3 P(X =

x—0
o0 + zeR

Since a random variables can only have countable many points of discontinuity, the expression
makes sense.

12.9 Let X and Y be i.i.d random variables with expected value 0 and variance 1. Denote the common
characteristic function by ¢. Suppose that X +Y and X —Y are independent. Show that this is possible
only if X and Y are standard normal random variables.

Solution Notice, that
2X=(X+Y)+ (X -Y).

Since X +Y and X — Y are independent, taking the characteristic function of both sides yields

(2u) = o(u)* - |o(u)|”.
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For n = 1 it clearly holds. Suppose it is true for some n > 1. Then using the induction formula and
then our first result

Hence, for every u € R

We now prove by induction that
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Therefore, it is true for n + 1.

Since E(X) = 0 and E(X?) = 1, as u — 0 we have

w2
d(u)=1- 5 + o(u?).

Hence, as n — oo

Since

for the first term we have

. u? 1 2 0
7}1_{20(1—2‘471—1-0(471) =e =1.

u? 1 u?
: n __ on . _ —
i (47 =2 )< 2.4n+0<4"> -2

Moreover, since

for the second term we have

u? 1 e u?
lim (1 — + 0()) = exp (—)
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This exactly means that X and Y have standard normal distribution.

It follows

=1.




