
Probability Theory 2 26.05.2026.

14th Practice Class
Method of characteristic functions and the Central Limit Theorem

14.4 Let X1, X2, . . . be non-negative i.i.d random variables with E(Xi) = 1 and D2(Xi) = σ2. Show that
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Solution Notice that
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Hence, by the Cramér-Slutsky theorem
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a.s.−−→ 1 by the SLLN
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d−→ N (0, σ2) by the CLT

d−→ N (0, σ2).

14.8 Show with the method of characteristic functions that Bin(n, pn) ⇒ Poi(λ) as n → ∞ if limn→∞ npn =
λ.
Solution The characteristic function of Bin(n, pn) is

ϕn(u) = (pneiu + 1 − pn)n = (1 + pn(eiu − 1))n.

The characteristic function of Poi(λ) is

ϕ(u) = eλ(eiu−1).

Since
lim

n→∞
n · pn(eiu − 1) = λ(eiu − 1),

we have
lim

n→∞
ϕn(u) = lim

n→∞
(1 + pn(eiu − 1))n = eλ(eiu−1) = ϕ(u).

This exactly means that
Bin(n, pn) ⇒ Poi(λ).

14.15 Show that
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2 as n → ∞.

Solution Notice that if Xn ∼ Poi(n), then
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)
=

n∑
k=0

e−n nk

k! = P(Xn ≤ n).

Notice that if Y1, Y2, . . . are i.i.d. with distribution Poi(1), then

Xn
d= Y1 + · · · + Yn.

Since E(Y1) = D2(Y1) = 1, by the CLT

Y1 + · · · + Yn − n√
n

d−→ N (0, 1).

Since the cumulative distribution function Φ of N (0, 1) is continuous at zero,

P(Xn ≤ n) = P(Y1 + · · · + Yn ≤ n) = P
(

Y1 + · · · + Yn − n√
n

≤ 0
)

→ Φ(0) = 1
2 .


