
Probability Theory 2 2nd Midterm

2nd Midterm
Working time: 45 minutes

Ex1 Let X2, X3, . . . be independent random variables such that Xn has distribution Exp(log(n)).

(a) (7 points) Show that
Xn

P−→ 0 and Xn
L2
−→ 0 as n → ∞.

(b) (13 points) Show that
P(lim sup

n→∞
Xn = 1) = 1.

(Hint: For which values of c > 0 do the events {Xn > c} happen infinitely often?)

Solution

(a) Since Xn ∼ Exp(log(n)), we know that

E(Xn) = 1
log(n) and D2(Xn) = 1

log(n)2 .

Hence,

E(X2
n) = D2(Xn) + E(Xn)2 = 1

log(n)2 + 1
log(n)2 = 2

log(n)2 → 0 as n → ∞.

It exactly means that
Xn

L2
−→ 0 as n → ∞.

Moreover, this implies Xn
L1
−→ 0, which implies Xn

P−→ 0 as n → ∞.
(b) • Let c > 1. Then

∞∑
n=1

P(Xn > c) =
∞∑

n=1
e− log(n)·c =

∞∑
n=1

1
nc

< ∞.

Therefore, by the first Borel-Cantelli lemma

P(Xn > c for infinitely many n) = 0.

It follows
P(lim sup

n→∞
Xn ≤ 1) = 1.

• Let 0 < c < 1. Then
∞∑

n=1
P(Xn > c) =

∞∑
n=1

e− log(n)·c =
∞∑

n=1

1
nc

= ∞.

Since the events {Xn > c} are independent, by the second Borel-Cantelli lemma

P(Xn > c for infinitely many n) = 1.

It follows
P(lim sup

n→∞
Xn ≥ 1) = 1.

We conclude
P(lim sup

n→∞
Xn = 1) = 1.
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Ex2 (10 points) Let X1, X2 be i.i.d. random variables with distribution Uni(0, 1), and let Y = max{X1, X2}.
Find the characteristic function of Y .
Solution Clearly, P(0 ≤ Y ≤ 1) = 1. Let x ∈ [0, 1]. Using that max{X1, X2} < x if both variables are
strictly less than x and the independence, we get

F (x) = P(Y < x)
= P(max{X1, X2} < x)
= P(X1 < x, X2 < x)
= P(X1 < x) · P(X2 < x)
= x · x

= x2.

Hence, the probability density function of Y at x ∈ [0, 1]

f(x) = d
dx

F (x) = 2x.

Therefore, the density of Y is

f(x) =
{

2x if 0 ≤ x ≤ 1,

0 otherwise.

The characteristic function of Y at any real u ̸= 0 is

ϕ(u) = E(eiuY )

=
∫ 1

0
eiuy · 2y dy

=
[

eiuy

iu
· 2y

]y=1

y=0
−

∫ 1

0

2eiuy

iu
dy

= 2eiu

iu
+

[
2eiuy

u2

]y=1

y=0

= 2eiu

iu
+ 2eiu

u2 − 2
u2

= 2ueiu + 2i(eiu − 1)
iu2

= 2(eiu − 1) − 2iueiu

u2

Moreover, by definition ϕ(0) = 1. We conclude

ϕ(u) =


2(eiu − 1) − 2iueiu

u2 if u ̸= 0,

1 if u = 0.


