Probability Theory 2

List of exercises of final exam
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Let X and Y be independent random variables with distribution £X P(\) and EX P(u).
Find the density of Z := X + Y.

Find the density function of the sum of n i.i.d. random variables with distribution

EXP()).

May B. Dunn is a student in mathematics on BUTE. She tries to pass the Probability
Theory 2 course. First, she needs to get the signature in the practical part. If she fails
in one semester, she tries again in the next one. The semesters are independent and in
each of the semesters the probability that she gets the signature is 1/3. If she gets the
signature she will try the oral exam on the theory. Again, if she fails she tries in the next
semester, the semesters are independent and in each of the semesters, the probability
that she passes the oral exam is 1/4. Find the distribution of the number of semesters
required for May B. Dunn to pass.

We roll a die until we see two consecutive 6. Denote v the number of required rolls.
Determine the prob. generating functon of v, and using this, the expected value and the
variance.

Denote 6(p) the probability that a branching process with offspring distribution (pes-
simistic) GEO(p) do not extinct. Find 0(p).

Let &,&,... be iid random variables with distribution: IP’(& = 1) = D
IF’(@:O) =1—p, where 0 < p < 1. Let

Vop :=min{n >2:&,1 = a, &, = [}, a,f€{0,1}.

Determine the prob. gen. function of v,4, and using this, the expected value and
variance, for every possible combination of a;, (.

Let X1, X5, X3,... be a sequence of independent and identically distributed random
variables, with distribution function F(z) := IP)(XZ- < :13) Let v be an N-valued random
variable independent of X;’s, and denote G(z) the probability generating function of v.
Show that the distribution function of Y := max{X;, Xs,..., X, } is H(z) = G(F(x)).

Let U be a random variable with distribution UN(0,1), and let X be the random
variable, which conditional distribution is BIN(n,U) conditioned on U. Prove that the
distribution of X is UNI{0,1,...,n}.

Let A be a random variable with distribution £X P(u) and let X be the random variable,
which conditional distribution is POI(A) conditioned on A. Determine the distribution
of X.

Let X, Xo,... be i.i.d. (N valued) random variables and let v be a random variable
independent of X;’s. Let Y = >~/ | Xj. Show that

D?(Y) = D*(v)E(X1)? + E(v)D?(X,).

Let us consider a branching process, for which the probability generating function of the
offsprings is P(z). Denote X the size of the whole population (i.e. the number of all
individuals who ever lived). Denote Q(z) = E(z%). Prove that Q(z) is the inverse of
z/P(2)!
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Consider a branching process for which the expected value of the offsprings is 1 and the
variance is 0 < ¢ < 1. Denote X,, the number of individuals in the nth generation. That
is, Xo = 1, X7 is the number of children of the first individual, etc.

(a) What is the expected value of the size of the population?
(b) Give a formula for D?*(X,,)! Prove by induction!

Let X7, ..., Xy be independent random variables with distribution UNT|0, 1]. Moreover,
let Y = /X; -+ - Xy. Using Chebisev’s inequality, give a lower estimate for the probability

P(e™®3 <Y < e ¥/3)!

Let X1, X5, ... be uncorrelated random variables with finite variance, 0 expected value.
(That is, for every ¢ > 1, ]E(X,) =0, 07 := DZ(X,-) = E(Xf) < oo, and for every i # j,
E(Xin) = 0). Let S, := X; + Xy + --- + X,,. Show that if lim; ,,, 0?/i = 0 then
lim,, o P(|S,, /1| > &) = 0 for every 6 > 0.

(a) Let X be a random variable. We call the function R(t) = E(e*X) the moment
generating function of X. Show that for every x € R, P(X > x) < inf;-o R(t)e ™.

(b) Show that the function ¢ — log R(t) is convex.

(c¢) Let X be arandom variable with distribution POI()). Using the exercise FE.15a,
estimate P(X > z).

We toss a coin 60 times and denote the number of heads by X. Give an upper bound
for the probability
P(|X — 30| > 20)
by using Chebisev’s inequality. A better estimate can be given by using the turbo-Markov
inequality:
(a) Let Y5 = X, where 0 < 3. Show that E(Yj) = 270(1 4 ¢#)5.
(b) Give an upper estimate for P(X > 50) by using Markov-inequality for the non-
negative random variable Yz for all 8 > 0.
(¢) Find the optimal 3, that is, find the minimum of the estimate in (b). (This can be
done by minimizing the convex function f(8) = log(1 + ¢”) — 2.)
(d) Combining the previous points, show P(|X — 30| > 20) < 2-3% .50 < 1079,

Let us suppose that we have a biased die. That is, it has the shape of a general par-

allelepiped but the sum of the opposite sides are equal to 7. Let X; be the outcome of

the ¢th roll, and let S, = X7 + --- 4+ X,,. The rolls are independent. Using Bernstein’s
S, —n—

inequality give estimates for
P ! >
nj.
2

Let Y,, be a sequence of bounded random variable (i.e. P(|Y,,| < M) =1 for some M > 0
and every n) and suppose that Y, N (i.e. P(JY, —Y] > d) — 0 for every § > 0).
Then E(|Y, — Y|) = 0 (ie. Y, 5 Y) as n — oo, and in particular E(Y,) — E(Y).

Let X,, be a sequence of random variables and let Y, X be a random variables such that
1

P(| X, <Y) =1, X, 2% X and E(|Y]) < co. Then X,, = X.

(Hint: Apply Fatou’s Lemma for 2Y — | X,, — X|.)

Let X3, X5,... and Y be random variables on the same prob. space (Q2,.A,P) and let
Fi(x), Fy(x), ... and G(z) be their distribution functions respectively. Show that if

X, — Y then lim,_ F,(z) = G(x) at every continuity point x of G.
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Let f:[0,1] — R be continuous. Show that

1
hm// / (3:1+x2+ i )dmld@...dwn:f(_),
n—oo 2

. 1/n — 1
lim xlxg Tp) ) dridxy - dax, = f| - .
n—o00 e

Show that
2
lim/ / / £E1—|—$2 +x”dx1dx2...dxn:§.

n—00 1+ ZTo+ -+ x,

Let X1, X5, ... be independent random variables such that
IP’(Xn —n?_ 1) 3 IP’(Xn - —1) —1-n2

Prove that for every n € N, E(Xn) = 0 but

X+ Xo+- -+ X,
lim = TAa et = —1 almost surely.
n—o00 n

Let X,, be i.i.d random variables with X,, ~ GEO(p). That is P(X,, = k) = (1 — p)p~
for £ > 0. Show that limsup,,_,. X" = |log p|~! almost surely.

log

Let X1, Xs,... be independent random variables such that P(X,, = 1) = p, and
P(X,, =0) =1 — p,. Which properties does p,,n = 1,2,... have if
(a)Xni>0asn—>oo

() X, 220 as n — oo,

We make infinitely many independent experiments. The probability that the nth ex-
periment is successful is n™®, where 0 < a < 1. Let £ > 1. It makes us happy if it
happens infinitely often that we have k consecutive successful experiments. What is the
probability that we are happy?

Let X be a random variable with standard normal distribution N (0, 1). We have shown
earlier that for any = > 0

—? 2
(1 ) ;) R gy ) < Lewltfy)
xr a3 V2o T 27
(a) Let X3, Xs,... beiid with X; ~ N(0,1). Show that
P( Tims al 1) =1
imsup —==1) = 1.
n_mp v2logn
(b) Let S, := X7 + Xo + -+ + X,,, where X3, X5, ... are from (a). Show that for every
C>V2 (1 Sn
( 1§l_>sogp vnlogn
(a) Show that ¢ux4(t) = e®ox (at).
(b) Show if X,Y are independent the characteristic function ¢x,y of X + Y is the

product of the characteristic functions ¢x, ¢y .
(c) Show an example that ¢xy = ¢x¢y but X and Y are not independent.

<C) =

(a) Let ¢ be a characteristic function. Show that ¢, ¢, |¢]2 are characteristic functions
too.

(b) Let ¢1,..., ¢, be characteristic functions. Show that > | ¢;¢; is a characteristic
function for any ¢i,...,¢, > 0 with > , ¢; = 1. In fact, show that Re(¢) is a
characteristic function too.



FE.30 Let X be a random variable and let ¢x the characteristic function of X. Suppose
that there exists a t; € R such that ¢y, # 0 and |px(t9)| = 1. Show that X has
lattice distribution. That is, there exists an arithmetic sequence p, = an + b with some
a# 0,b € R such that P(X € {p,}nez) = 1.

FE.31 Show that the difference of two independent and identically distributed random variables
cannot have the distribution UNI[—1,1]. (Use characteristic functions.)

1], and let Y and Z be indepen-

FE.32 Let U be a random variable with distribution UNI|0,
1). Show that X = U(Y + Z) has

dent and independent of U with distribution EX P(
distribution EX P(1) as well.

FE.33 Let X and Y be i.i.d random variables with expected value 0 and variance 1. Denote the
common characteristic function by ¢. Suppose that X +Y and X — Y are independent.
Show that this is possible only if X and Y are standard normal random variables.

(Hint: Show that in this case p(2t) = p(t)?|¢(t)|?, and find the limit of ¢ (/2")?" |p(t/2™)|*"72".)
FE.34 Let S = [0,1] and let p, be the discrete measure such that every point k/n has weight
1/(n+1) for k =0,1,...,n. Show that pu, = p, where u is the Lebesgue measure on

S. (Use the definition of the weak convergence, not the equivalent formalisations for
distribution functions.)

FE.35 Let Xi, Xs,... be i.i.d random variables with distribution function F(x) := IP’(Xi <
x) Let M, := max{Xy, Xs,...,X,}. Suppose that F(z) < 1 for every x < oo and
lim, o0 2*(1 — F(x)) = b for some o, b € (0,00) (that is: 1 — F(z) ~ 2™ as £ — 00).
Show that the distribution of n='/*M,, converges weakly to:

]P’(n_l/o‘Mn < x) — Lyz>0) €Xp (—ba:_o‘) .

FE.36 Let X, ~ POI(n) be independent random variables. Show that

Xn —
Wnni)N(O’l) as n — 0o,

where the convergence is in distribution.

FE.37 Show with the method of characteristic functions that the distribution BIN(n, p,) con-
verges weakly to POI(A) as n — oo if lim,, o np, = A.

FE.38 Prove the weak law of large numbers by using the method of characteristic functions.



